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FOREWORD 


The  Meeting  was  held  in  ordei  to  clarify  understanding  of  t  ,e  basic  physical  structure 
of  tuibulent  shear  flows  such  as  boundary  layers,  jets  and  wakes,  in  non-reacting  flows  of 
gas.  Factors  considered  were  the  basic  structure  of  “equilibrium”  shear  flows  and  the 
influence  of  compressibility,  pressure  gradients,  surface  curvature,  three-dimensional  flows, 
noise,  density  and/or  temperature  gradients. 

Thirty-four  papers  were  presented,  four  being  invited  from  internationally  known 
authors  to  present  an  overview  of  the  field  of  turbulent  shear  flows.  Papers  in  Session  I 
present  new  information  on  the  structure  of  the  boundary  layer.  Session  O' covers 
theoretical  treatments.  Papers  in  Sessions  III  and  "V  are  particularly  concerned  with  new 
experimental  boundary  layer  results,  and  in  Session'lv  with  jets  and  wakes.  Papers  in 
Session  VI  cover  a  scries  of  special  areas  in  turbulent  shear  flows. 

By  invitation  of  the  British  National  Delegates  to  AGARD,  the  Specialists’  Meeting 
recorded  in  this  document  was  held  at  the  Royal  Zoological  Society  of  London,  during 
i  3  15  September  5  971. 
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variations  on  a  theme  of  psandt;. 

Peter  Bradshaw 

Department  of  Aeronautics,  Imperial  College,  Lcr.don 


SUMMARY 


Because  Reynolds  streis  gradients  art  usually  significant  only  in  fairly  thin  shear  layers,  many  of 
the  complex  turbulent  flows  that  are  important  in  engineering  are  recognizable  as  perturbations  of  the 
classical  thin  shear  layers  to  which  Prandtl's  approximation  applies.  We  distinguish  (i)  interacting 
shear  layers  (ii)  shear  layers  perturbed  by  small  extra  rates  of  strain,  which  can  nevertheless  produce 
appreciable  changes  in  the  turbulence  (iii)  shear  layers  perturbed  by  large  extra  rates  of  stiain. 
rramplas  are  (i)  aerofoil  bound  -ry  layers  merging  into  a  wake  (ii)  boundary  layers  on  curved  surfaces 
(iii)  reattaching  shear  layers.  In  this  paper  we  discuss  the  essential  phenomena  that  appear  in  these 
complex  turbulent  flews  sod  show  that  they  are  not  excessively  numerous,  so  that  a  moderate  programme  of 
turbulence  measurements  should  enable  calculation  methods  to  be  extended  to  a  wide  range  of  complex  flows. 
A  short  discussion  of  the  general  types  of  calculation  method  suitable  for  complex  flows  is  included. 


I .  INTRODUCTION 

Prandtl's  boundary  layer  approximation  was  first  developed  for  two-dimensional  laminar  boundary 
layers.  It  has  since  bee-.  !-rd  to  flows  that  are  three-dimensional,  or  turbulent,  and  to  fres  shear 

layers:  let  -<r  thf  .c;  ore  cali  it  the  "thin-shear-layer  approximation".  It  can  be  expressed  in  several 
ways:  in  th>  pr.-smt  ■  untext  the  essential  feature  of  a  thin  shear  layer  is  that  the  only  stress  gradients 
that  affect  the  mean  motion  are  shear-stress  gradients  in  the  direction  normal  to  thfc  plane  of  the  layer. 

In  laminar  flow  this  is  just  a  mathematical  simplification,  since  we  know  what  the  neglected  stress 
gradients  are  -  simply  the  viscosity  times  the  appropriate  rate  of  strain.  In  turbulent  flow,  where  ws 
have  no  exact  expressions  for  the  stress  gradients,  it  is  a  useful  physical  simplification  to  be  able  to 
neglect  most  of  them.  Melville  Jones'  concept  of  the  "streamlined  aeroplane"  was  an  aeroplane  entirely 

covered  by  a  thin  shear  layer:  real  aeroplanes  are  near  enough  to  this  ideal  for  the  study  of  thin  shear 
layers  to  have  bean  popular  and  profitable.  Moreover,  it  was  net  possible,  until  the  advent  of  computers, 
to  make  more  than  very  limited  calculations  of  viscous  flows  other  than  thin  shear  layers  -  that  is,  flows 
described  by  the  full  Navier  Stokes  equations.  However,  the  importance  of  thin  shear  layers  in  research 
work  has  perhaps  exceeded  their  importance  in  real  life. 

Recently,  numerical  analysts  have  successfully  attacked  laminar  flows  other  than  thin  shear  layers 
(which  1  shall  call  "complex"  laminar  flows  -  see  Fig.  l,i  and  have  Turned  tneir  attention  to  complex 
turbulent  flows  also.  Now  the  calculation  of  complex  laminer  flows  is  purely  a  numerical  problem  -  which 
is  not  to  say  an  easy  problem  -  but  to  calculate  complex  turbulent  flows  we  need  a  greet  deal  of  ufflpi-.icai 
information  about  the  behaviour  of  the  Reynolds  stresses.  Not  only  may  normal  stress  gradients  become 
important,  but  the  behaviour  of  the  shear  stresses  is  likely  to  be  more  complicated  than  in  a  thin  shear 
layer.  Furthermore,  extra  rates  of  strain  (such  as  accelerations)  which  are  small  compared  to  :.he  mean 
shear,  and  which  would  therefore  produce  only  small  extra  stresses  in  a  laminar  flow,  nay  produce  large 
effects  on  turbulence:  thus  even  withir  the  thin-shear-layer  spptoximation  there  are  many  flows  whose 
turbulence  structure  must  he  regarded  as  complex. 

Complex  turbulent  flowr  like  those  shown  in  Fig.  1  are  important:  engineers  want  to  calculate  them, 
numerical  analysts  try  to  calculate  them,  but,  for  the  most  part,  basic  research  workers  do  not  try  to 
measure  them  (by  a  basic  research  worker  X  mean  someone  who  is  trying  to  understand  a  general  phenomenon 
rather  than  solve  a  particular  engineering  problem).  There  ate  of  course  exceptions,  groups  like  those  at 
McGill1,  Queen  Mary  College  and  Rutgers2  which  have  long-standing  programmes  of  research  on  the  subject, 
and  some  individual  workers  referenced  below.  In  general,  however,  there  is  surprisingly  little  informa¬ 
tion  on  turbulence  in  complex  flows  that  is  of  any  real  use  in  developing  engineering  calculation  methods 
(which  is  surely  the  main  justification  "or  studying  turbulence).  As  a  result  the  development  of 
prediction  methods  for  complex  turbulent  flows  amounts  to  making  bricks  without  straw.  What  seems  to  be 

lacking  is  a  point  of  view  from  which  to  study  these  flows  experimentally:  the  point  of  view  that  I  offer 
in  this  paper  is  that  quite  a  wide  range  of  complex  flows  can  be  explained  in  terms  of  only  a  few  extra 
phenomena ,  and  progress  is  more  likelv  to  result  from  basic  research  on  a  small  number  of  phenomena  than 
from  disconnected  work  on  a  large  number  of  flows.  Furthermore,  basic  research  is  more  likely  t:  produce 
results  of  practical  use  if  it  is  broadly  motivated  by  the  needs  of  calculation  methods  than  if  the 
stimulus  is  pure  scientific  curiosity  -  though  it  would  be  a  mistake  to  tie  .1  researcli  programme  too 
closely  to  a  particular  calculation  irethod.  Therefore,  I  want  to  discuss  both  the  dominant  phenomena  of 
complex  turbulent  flows  and  the  kind  of  empirical  information  one  needs  to  calculate  them:  neither  part  of 
the  discussion  is  exhaus  ive,  but  I  hope  to  convince  at  least  some  readers  that  progress  can  and  should  be 
made  with  complex  flows  of  engineering  importance. 

As  my  title  implies,  most  of  the  complex  turbulent  flows  of  engineering  importance  are  not  too 
different  from  Prandtl's  thin  shear  layer.  Typical  Reynolds  stresses  in  a  turbulent  flow  are  of  the  order 
of  0.01  of  a  typical  dynamic  pressure,  whereas  typical  static  pressure  differences  are  of  the  order  of  the 
dynamic  pressure;  therefore,  Reynolds  stress  gradients  will  in  general  be  negligible  compared  to  longitu¬ 
dinal  pressure  gradients  unless  the  typical  transverse  scale  of  the  turbulent  flow  is  small  compared  to  a 
typical  longitudinal  scale.  We  are  therefore  interested  in  shear  layers  that  are  perturbed,  for  instance 
by  interaction  with  another  shear  layer  or  by  accelerations  imposed  by  the  boundary  conditions:  the 
"extra  phenomena"  mentioned  above  are  perturbations  of  various  sorts.  A  wide  range  of  complex  flows, 
steady  or  unsteady,  can  be  classified  as  either 

(i)  interacting  shear  layers 

(ii)  perturbed  shear  layers  with  small  extra  rates  of  strain 

(iii)  perturbed  shear  layers  with  large  extra  rates  of  strain  or  other  strong  perturbations. 
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Fig.  1  shows  examples  of  each  (mainly  two-dimensional,  for  ease  of  drawing).  Type  (iii)  alone 
necessarily  disobeys  rhs  thin-shear-layer  approximation  although  some  examples  of  type  vi),  such  as  flows 
along  a  streanwise  corner,  may  not  fully  obey  it.  It  is,  of  course,  important  to  recognise  that  these 
flows  do  differ  significantly  from  simple  thin  shear  layers  -  in  the  past,  theoreticians  have  tended  to 
minimise  those  differences,  for  instance  by  assuming  that  a  reattaching  shear  layer  inmediately  obeys  ail 
the  empirical  formulae  derived  for  fell-behaved  boundary  layers. 

Section  2  of  the  paper  is  a  brief  outline  of  the  type  of  calculation  method  needed  for  complex 
curbulent  flows:  this  shows  that  measurements  of  fairly  complicated  turbulence  quantities  are  desirable. 
Sections  3  to  5  are  discussions  of  topics  (i)  to  (iii)  above.  In  general  1  have  included  only  references 

actually  needed  in  the  discussion,  with  a  few  pioneering  pipers  or  recent  reviews.  A  "Bibliography  of 

complex  curbulent  flows"  containing  about  600  references,  selected  for  their  relative  usefulness  from  a 
rather  larger  number,  will  be  available  -  probably  at  a  price  -  from  the  Aeronautics  Department,  Imperial 
College:  these  references  are  mainly  studies  of  particular  engineering  problems  without  the  sort  of 

turbulence  measurements  that  would  contribute  to  a  more  general  understending  of  the  subject,  but  they  are 

Che  only  available  background  to  Che  kind  of  study  chat  I  am  proposing. 


2.  CALCULATION  METHODS  FOR  COMPLEX  TURBULENT  FLOWS 

The  essential  problem  is  to  find  empirical  expressions  for  the  Reynolds  stresses.  From  the 
instantaneous  Navier  Stokes  equations  one  can  derive  exact  "transport"  equations  for  the  rate  of  change, 
along  a  mean  streamlire,  of  any  of  the  components  of  the  Reynolds  stress  (Ref.  3,  pp  25-26).  The  right 
hand  sides  of  chesc  equations  contain 

(i)  "source"  te-ms  representing  generation  of  Reynolds  stress  by  the  action  of  the  mean  rates  of 
s Crain  on  the  turbulence; 

(ii)  "sink"  terms  representing  destruction  of  Reynolds  stress,  or  exchange  ^•"‘y.rzzTi  cr.e  stress 
component  and  another,  by  the  action  of  pressure  fluctuations.  The  Poisson  equation  for  the  pressure 
contains  the  mean  rates  of  strain  and  it  has  been  shown  (Ref.  4)  that  they  may  affect  these  "sink"  terms  as 
well  as  the  "source1'  terms  (i),  though  there  is  still  some  controversy  about  this; 

(iii)  "sink"  terms  representing  destruction  of  Reynolds  stress  by  the  action  of  viscosity  after  its 
transfer  from  large  eddies  to  small; 

(iv)  "transport"  terms  (expressible  in  divergence  form)  representing  spatiel  transfers  by  the 
action  of  velocity  fluctuations,  pressure  fluctuations  or  (usually  negligibly)  viscosity. 

To  make  the  equations  soluble  one  must  represent  the  terms  (i)  to  (iv)  by  empirical  functions  of  the 
Reynolds  stresses  lor  which  equations  are  being  considered;  since  the  terms  in  the  equations  have 
dimensions  [p<  velocity3/length]  some  sort  of  length  scale  must  be  inserted,  in  addition  to  the  velocity 
scales  provided  by  the  Reynolds  stresses  themselves.  Possible  approaches  are  discussed  in  the  other 
invited  lectures:  it  is  worth  making  the  general  point  that  since  these  are  equations  for  rate  of  change 
of  Reynolds  stress,  temporal  rates  of  change  (unsteady  flow)  car.  be  accommodated  in  the  same  way  as  spatial 
rates  of  change. 

In  simple,  shear  layers,  the  only  significant  Reynolds  stress  gradients  are  3(-puv)/3y  and  -  in 
three-dimensional  flow  -  3(-pvw)/3y  ;  the  only  significant  rates  of  strain  are,  correspondingly,  3U/3y 
and  3W/3y  ;  the  rates  of  change  of  Reynold}  stress  along  a  mean  streamline  are  small;  and  the  eddy 
length  scale  is  closely  related  to  the  thickness  of  the  shear  layer.  Thus  some  of  the  "transport" 
equations  can  be  neglected  altogether,  and  some  of  the  terms  in  the  remaining  ones,  neglected  according  to 
taste  (even  to  the  point  of  neglecting  the  transport  terms  and  rate-of-change  terms  altogether  and  thus 
converting  a  differential  equation  for  Reynolds  strebs  into  an  algebraic  formula  of  the  "eddy  viscosity" 
type) . 


In  complex  turbulent  flows  some  or  all  of  these  simplifications  disappear:  very  roughly  speak'ng, 
we  expect  shear-layer  interactions  to  be  dominated  by  transport  terms,  while  in  strongly-perturbed  flows 
the  rate  of  change  of  Reynolds  stress  will  be  large  and,  of  course,  more  Reynolds  stresses  have  to  be 
considered,  especially  in  three-dimensional  flows.  It  is  difficult  to  see  how  eddy  viscosity  concepts  can 
be  used  even  as  a  rough  approximation  except  in  very  restricted  cases,  and  one  is  faced  with  the  problem  of 
finding  empirical  representations  of  many  terms  in  many  equations,  including  equations  for  eddy  length 
sca'es.  Some  people  hope  that  this  can  be  done  by  trial-ai.J-error  adjustment  of  a  moderate  number  of 
"universal"  constants  or  functions  to  optimise  mean -flow  predictions;  whether  or  not  this  is  true  in 
principle  it  is  certainly  impossible  to  do  it  by  using  thin-shear-layer  data  alone  because  some  of  the 
terms  do  not  even  appear  in  thin  shear  layers.  Both  this  approach,  and  the  more  reliable  approach  of 
deriving  empirical  functions  from  actual  turbulence  measurements,  will  remain  futile  until  we  have  more 
experimental  data,  either  to  improve  our  knowledge  of  phenomena  or  to  act  as  test  cases.  It  seems  likely 
that  we  shall  not  in  the  near  future  devise  a  calculation  method,  based  on  a  single  set  of  empirical 
functions,  capable  of  treating  all  of  the  complex  turbulent  flows  in  Fig.  1:  almost  certainly  we  shall 
have  to  use  different  empirical  functions  for  different  regions  (strictly,  for  different  phenomena) .  This 
is  analogous  to  the  finite-element  techniques  used  in  structural  analysis,  where  it  has  been  found  more 
efficient  to  devise  complicated  elements,  a  few  of  which  will  cover  the  field,  rather  than  tc  use  many 
simple  elemc-fs  and  ignore  regional  peculiarities.  In  structural  analysis,  where  the  equations  are  simple, 
this  is  a  matter  of  economy;  in  turbulent  flow  it  is  likely  to  be  a  necessity. 

Up  to  the  present,  engineers  concerned  with  complex  flows  have  predicted  them  by  using  direct 
correlations  (of  the  eddy  viscosity  type  but  not  necessarily  so  explicit)  between  the  mean  flow  and  the 
Reynolds  stresses  or  other  turbulence  quantities.  The  choice  is  between  a  single  eddy  viscosity  formula 

to  cover  the  whole  flow  or  a  more  rational  approach  of  applying  different  formulae  in  different  regions: 
unfortunately  the  reliability  of  the  results  is  not  likely  to  increase  with  the  number  of  formulae  because 
it  is  difficult  to  establish  the  range  of  validity  of  a  formula  that  is  not  based  on  a  realistic  physical 
model,  unless  one  has  a  vast  quantity  of  data.  The  advantage  of  an  approach  based  on  the  Reynolds-stress 
transport  equations  is  that,  since  it  is  based  on  an  exact  turbulence  equation  rather  than  a  hypothetical 
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connection  between  turbulence  and  mean  flow,  it  requires  fewer  different  experimental  cases  to  pv  vide  the 
empirical  information,  while  the  range  of  validity  can  be  estimated,  for  the  most  part,  by  examination  of 
the  assumptions  rather  than  exhaustive  comparisons  with  experiment.  Against  this,  however,  one  req'  ires 
more  detailed  information  from  each  experiment. 

Having  dismissed  the  eddy  viscosity  concept  as  a  means  of  calculating  complex  turbulent  flows  (and 
noting  with  satisfaction  the  crumbling  of  two  of  the  remaining  bastions  of  eddy  viscosity,  at  Los  Alamos 
(Ref.  i)  and  the  Mechanical  Engineering  Department  of  Imperial  College  (Ref.  6))  I  must  now  excuse  myself 
for  using  eddy  viscosity  in  discussing  the  effect  of  small  extra  strain  rates  on  turbulent  flow  (section  4)! 
At  present  our  experimental  and  theoretical  knowledge  of  this  subject  relates  mainly  to  self-preserving 
flows,  in  which,  purely  for  dimensional  reasons,  the  eddy  viscosity  for  the  dominating  shear  stress  obeys 
simple  rules  and  is  therefore  a  suitable  measure  of  changes  in  turbulence  structure  (it  is  for  the  same 
reason  that  a  simple  eddy  viscosity  formula  gives  good  results  in  thin  unear  layers  that  are  not  too  far 
from  self-preservation).  I  do  not  suggest  that  the  apparent  eddy  viscosity  is  the  same  for  all  the 
Reynolds  stresses  in  complex  flews:  it  is  known  (Refs.  7-9)  that  it  is  not  even  the  same  for  the  two 
components  of  shear  stress  in  a  thin  or  slender  shear  layer  in  three-dimensional  flow. 


3.  INTERACTING  ShEAR  LAYERS 

In  this  section  we  suppose  that  the  thin-shear-layer  or  slender-shear-layer  approximation  applies 
throughout  the  flow,  except  for  minor  regions  ("Navier  Stokes  regions")  near  trailing  edges  or  other 
discontinuities  in  boundary  conditions.  The  interaction  between  two  shear  layers  can  be  classified 
according  to  the  relative  orientation  of  the  shear  stresses  in  the  two  layers.  If  the  two  shear  stresses 
are  in  the  same  plane  and  in  the  same  direction  we  call  the  smaller  layer  an  "internal  shear  layer";  an 
example  is  the  internet  boundary  layer  growing  from  a  step  change  of  surface  roughness  into  a  pre-existing 
boundary  layer.  If  t.ie  two  shear  stresses  are  in  planes  inclined  at  an  angle  we  have  a  "corner  flow". 

If  the  two  shear  stresses  are  in  the  same  plane  but  have  opposite  sign  ue  have  the  most  femiliar  form  of 
interaction,  found  in  a  duct,  plcne  jet,  wake  or  wall  jet. 

3. 1  Internal  shear  layers 

The  internal  shear  layer  has  been  studied  by  many  authors,  generally  however  in  its  simplest  mani¬ 
festation,  the  interna),  boundary  layer  following  a  roughness  change.  If  the  internal  boundary  layer  lies 
within  the  inner  layer  of  the  main  boundary  layer  the  flow  depends  cn  comparatively  few  variables, 
similarity  can  be  invoked,  and  if  the  roughness  change  is  not  too  large  the  turbulence  is  not  too  far  from 
locai  energy  equilibrium.  Ref.  10  gives  a  good  discussion.  In  other  cases,  only  waak  interactions  are 
amenable  to  treatment  because  a  strong  interaction  produces  what  is  in  effect  a  single  new  shear  layer 
which  must  be  treated  as  such.  Eskinazi  (Ref.  11)  performed  a  pioneering  experiment  which  has  not  been 
followed  up. 

3.2  Corner  and  edge  flows 

A  flow  along  a  streamwise  corner  can  be  more  usefully  regarded  as  an  interaction  because  at  large 
distances  from  the  corner  each  shear  layer  is  unaffected,  except  for  any  lateral  component  of  velocity 
resulting  from  the  displacement  thickness  of  the  other  shear  layer.  If  the  corner  angle  approaches 
180  deg.  the  interaction  is  again  difficult  to  treat  as  such,  but,  since  it  is  certain  to  be  weak,  rules 
developed  for  sharper  corners  may  suffice.  External  edges  (angles  significantly  larger  than  180  deg.) 
produce  flows  with  some  features  in  common  with  concave  corners.  In  all  cases,  Reynolds  stress  gradients 
in  the  plane  normal  to  the  primacy  flow  direction  produce  "secondary  flows"  of  Prandtl's  second  kind, 
partly  opposed  by  pressure  gradients  in  the  same  plane.  The  moct  common  cases  of  a  90  deg.  corner  and  a 

360  deg.  corner  (i.e.  a  streamwise  edge)  have  been  studied  experimentally  by  quite  a  large  number  of 

workers  (Ref3  12-16:  see  also  the  paper  by  Mojola  and  Young  in  these  Proceedings). 

These  secondary  flows  are  of  course  quite  weak  (the  maximum  yaw  angle  in  a  90  deg.  corner  is  about 
3  deg.)  and  I  feel  that  in  many  practical  cases  they  are  likely  to  be  overwhelmed  by  asymmetry  of  the  flow 
about  the  bisector  of  the  corner  (i*  is  really  difficult  to  set  up  a  symmetrical  earner  flow).  A  typical 
corner  boundary  layer  flow  is  that  in  the  junction  between  an  aerofoil  (wing,  turbomachi”p  blade)  and  the 

body  (fuselage,  hub)  supporting  it:  when  the  body  boundary  layer  meets  the  leading  edp  he  aerofoil 

longitudinal  vorticity  is  generated  and  fed  into  the  corner,  and  in  general  there  will  L.  ^atic  pressure 
difference  between  ti;»  aerofoil  and  the  body  so  that  even  the  external  streamlines  will  not  be  parallel  to 
the  corner.  The  flow  round  the  tip  of  a  turbomachine  blade,  moving  relative  to  the  outer  casing,  will  be 
even  more  asymmetrical,  and  the  flow  round  the  tip  of  i  wing  will  be  complicated  by  spanwise  flow.  It 
might  be  thought  that  duct  f.ows  are  more  likely  to  be  symmetrical  about  the  corner  but.  this  is  strictly 
true  only  of  a  straight,  squive  duct.  Surface  shear  stress  measurements  in  rectangular  ducts  show 

appreciable  asymmetry  (e.g.  Ref.  17).  Moreover,  commercial  ducts  are  often  curved,  or  preceded  by  a  bend, 

again  leading  to  net  longitudinal  vorticity.  I  feel  that  we  need  measurements  on  an  asymmetrical  corner 
flow  to  see  whether  the  work  cn  idealized  corners  is  relevant.  Work  on  longitudinal  vortices  imbedded  in 
plans  boundary  layers  (Ref.  18)  may  be  at  least  as  useful. 

The  maintenance  of  secondary  flows  of  Prandtl's  second  kind,  and  the  diffusion  of  extraneous  longitu¬ 
dinal  vorticity,  both  rest  on  delicate  balances  of  Reynolds  stress  gradients:  for  instance  the  main  stress 
terms  ir  the  longitudinal  vorticity  equation  (e.g.  Ref.  16)  are  the  second  derivatives  of  the  difference  of 
two  stresses.  It  appears  that  rather  accurate  representations  of  the  Reynolds  stresses  is  needed  if  the 
vorticity  is  to  be  predicted,  as  it  must  be  even  if  the  practical  interest  is  only  in  the  streamwise 
velocity  component.  Therefore  corner  und  edge  flows  must  be  treated  via  separate  equations  for  each 
stress:  local-equilibrium  assumptions  (mixing  length,  eddy  viscosity)  will  be  particularly  inapprcpviate 
since  turbulent  transport  of  Reynolds  stress  in  both  the  y  and  z  directions  will  occur. 

3 . 3  Opposing  the  ":  layers 

The  simplest  kind  oi  shear-layer  interaction  is  that  between  two  layers  with  shears  of  opposite  sign, 
such  as  the  two  nalves  of  a  wake  flow.  Because  the  mean  shear  changes  sign,  any  shear-stress-bearing 
eddies  that  cross  the  line  of  zero  mean  shear  lend  to  be  damped  out  as  the  rates  of  production  of  turbjlent 


energy  or  of  shear  stress  (-pcv  VJ/iy  or  >U/Jy)  become  nega tivc  (this  it  a  slightly  loose  statement; 
one  hac  :o  consider  averages  over  the  intiuding  eddies  rather  than  conventional  averager.,  but  the 
qualitative  conclusion  is  vaiid).  This  means  that  the  effect  of  the  interaction  on  the  turbulence 
structure  will  pet  extend  very  far  either  side  of  the  line  of  zero  mean  shear.  Of  course,  tne  profiles  of 
velocity,  shear  stress,  turbulent  intensity  and  so  on  will  be  affected  by  whit  amounts  to  a  change  in 
boundary  condition.  Some  work  we  have  done  at  Imperial  College  shows  that  even  in  the  interaction  region 
the  turbulence  structure  of  each  shear  layer  is  not  grossly  altered,  almost  as  if  the  two  turbulence  fields 
could  be  superposed.  This  is  consistent  with  the  idea  that  spreading  of  turbulent  flow  it  effected  by 
the  large  eddies,  carrying  the  small-scale  eddies  with  theta.  Near  the  list  of  xero  mean  shear  the  large 
eddies  will  arrive,  more  or  less  alternately,  from  either  shear  layer,  displacing  fluid  belonging  to  the 
other  shear  layer;  a  true  interaction  between  the  random  vorticity  fields  of  the  two  layers  will  occur 
only  when  a  particularly  intense  eddy  frem  one  side  entrains  weaker  turbulence  frea  the  other. 

Ihe  practical  value  of  these  observations  is  that  interactions  between  oppositely-sheered  layers  can 
be  predicted  to  good  u, curacy  by  superposing  calculations  of  shear  stress  for  the  separate  shear  layers 
(but  of  course  using  a  coaaon  velocity  profile)-  Clearly  this  is  possible  only  with  calculation  methods 
that  dc  not  relate  the  shear  stress  directly  to  the  velocity  profile  but  allow  for  turbulent  transport  of 
stkess  from  elsewhere;  if  the  flow  is  sysnetricsl,  the  line  of  zero  shear  stress  coincides  with  the  line 
of  zero  mean  shear, but  in  general  the  eddy  viscosity  (— uv) /(3U/3> )  becomes  in  turn  zero,  negative  and 
infinite.  important  examples  of  asysnetrical  interactions  include  the  wake  of  a  lifting  aerofoil,  the 
flov  in  an  annular  duct  and  the  wall  jec,  but  it  is  necessary  to  realise  that  the  interaction  mechanism  ia 
much  the  some  in  a  synsaetrical  flow  ks  an  atysmetrical  one;  symmetry  just  disguises  the  more  striking 
results  of  the  interaction.  More  complicated  uniltiple  interactions  occur  on  aerofoils  with  slotted  flaps 
and  in  the  rolling  up  of  gpanwise  or  longitudinal  vortices. 

Our  own  calculation  method  has  so  far  been  programed  only  for  a  symmetrical  duct  flow  (Ref.  19) 
which  requires  relatively  little  alteration  to  the  basic  boundary  layer  program,  except  that  the  shear 
layer  thickness,  which  provides  e  length  scale  for  the  turbulence  functions,  is  now  obtained  (more  logical¬ 
ly)  f rcu  the  shear  stress  profile  rather  than  the  velocity  profile.  The  asymmetrical  case  requires  more 
computing  but  no  more  empirical  information;  we  can  calculate  duct  flows  quite  well  enough  using  data 
obtained  solely  from  boundary  layeis.  Hanjalic  (Ref.  6)  hat  produced  a  more  elaborate  calculation  method 
using  a  differential  equation  for  length  scale;  the  main  point  of  this  is  to  incorporate  turbulent 
transport  effects  on  the  length  scale  but  because  the  interaction  region  is  airly  thin  this  refinement 
may  not  be  necessary  except  in  extreme  cates. 

A  problem  related  co  shear-lzyer  interaction  ia  the  spread  of  a  shear  layer  into  a  Gon-turbulent  but 
rotational  stream.  Th?  problem  appears  exactly  in  this  form  in  the  boundary  layer  on  a  body  carrying  a 
curved  detached  shock  wave,  where  it  appears  (Ref. 20)  that  the  rate  of  growth  of  the  boundary  layer  can  be 
considerably  increased.  An  internal  snear  layer  growing  into  e  weaker  external  shear  layer  may  behave 
similarly  but  if  the  mean  vorticity  in  the  external  layer  is  significant  the  fluctuating  vorticity  (i.e.  tne 
turbulence)  may  be.  -ignificant  also,  nt  least  when  the  ti  o  shear  layers  have  the  same  sign  of  swan  shear. 

Of  course  the  spreading  of  a  turbulent  s.'ream  into  irrotationel  flew  still  takes  piece  via  a  non- 
turtulent  but  rotational  region,  the  viscous  super  layer.  At  low  Reynolds  numbers  where  the  superlayer  is 
thick  it  may  be  necessary  to  treat  its  interaction  with  the  fully  turbulent  flow  explicitly:  apparently 
the  turbulence  structure  in  the  whole  intermittent  region  is  affected. 

The  true  interaction  of  a  turbulent  shear  layer  with  surface  waves  or  internal  waves  has  been  little 
studied,  ir  contrast  with  the  popular  problem  of  the  effect  of  turbulence  on  wsve.r.  If  the  wavelength  is 
long  compared  to  a  typical  eddy  size  the  flow  can  be  treated  a3  an  unsteady  turbulent  flow  (the  turbulence 
structure  being  the  same  as  in  a  steady  flow  if  3(-uv)/3t  { s  £a(riy  small  compared  to  the  rate  of. 

generation  of  -uv,  vl  3U/3y) ,  but  if  the  wavelength  is  of  the  same  order  as  the  eddy  size  (as  when  the 
turbulence  produces  the  waves)  strong  interaction  is  to  be  expected  (Rei.  21).  It  seems  to  be  esteblished 

that  sound  waves  generated  by  turbulence  do  not  affect  the  turbulence  greatly,  at  least  at  non-hypersonic 
Mach  numbers.  Paradoxically,  shock-wave/boundary-layer  interaction  is  better  regarded  as  a  perturbed 
flow  than  an  interaction  in  the  present  sense,  and  we  postpone  discussion  to  the  next  section. 


h.  PERTURBED  SHEAR  LAYERS  WITH  SMALL  EXi'KA  RATES  OF  STRAIN 

Only  recently  has  it  been  realized  how  frequently  small  extra  rates  of  strain  (in  different 
directions  from  the  initial  simple  shear)  can  cause  large  differences  in  shear  stress  If  one  represents 
the  effect  on  the  eddy  viscosity  -  say  -  by  a  factor  of  the  form 

C(extra  rate  of  strain) 

1  ♦  - ; - 

3U/3y 

the  constant  C  is  commonly  of  order  tlO.  This  implies  that  the  fractional  changes  in  uv  are  of  the 
order  of  10  times  as  large  as  the  fractional  change  in  the  generation  terms  ((i*  in  the  list  at  the 
beginning  of  Section  2).  There  is  even  evidence  that  shear  stress  can  be  increase;,  by  an  extra  rate  of 
strain  3W/3z  (normal  to  the  plane  of  the  shear  stress)!  If  the  "Poisson’s  ratio"  c.  turbulent  fluid  is 
really  of  order  10  it  is  truly  ein  ganz  besonder  Saft.  We  proceed  co  discuss  the  affects  of  various  types 
ot  f Woi  "tffb  tn  all  (SMali  s’appofW  T'.et  ff.m  BfTaiF  Olmk  an  twit  IWIUtJli  lof  IM 

letter  of  the  thin-shear-layer  approximatior  to  apply. 

A.c  Normal  ~tcele 'a  '.ion  (rotation,  surftce  curvature  or  streamline  curva'.jre) 

In  this  cas-  fe  extra  rate-ot- sfain  component  is  3V/3x,  oi  l'/R  where  R  is  the  radius  of 
curvature  of  a  meen  streamline  in  the  x,y  plane.  Direct  experiments  and  empirical  adjustment  of 
calculation  methods  both  suggest  that  the  fractional  change  in  apparent  mixing  length,  /(x/p)/(3U/3y) ,  in 
a  curved  flo"  is  -cughly  -10(U/R)/(3U/3y)  (S  ■  5  in  the  notation  of  Rei  '.2),  This  is  of  the  order  of 
30f/R  in  the  outer  layer  of  a  boundary  layer  and  produces  significant  selects  even  on  a  moderately- 
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caef.cred  aerofoil.  In  impinging  jets,  wall  jets  on  cur'--d  surfaces,  turbocxchine  blades  or  highly-curved 
or  rotating  ducts  spectacular  changes  can  be  seen;  cu. vature  in  a  stabilizing  sense  (angular  noaentua 
increasing  outwards,  as  os  the  tcp  surface  of  an  aerofoil)  can  induce  reverse  transition,  and  destabilizing 
curvature  can  generate  longitudinal  vortex  rolls.  In  all  case*  the  enacts  of  curvature  on  the  turbulent 

eddies  far  exceed  the  effect  of  the  extra  terms  in  the  mean -not  ion  equatior  r  even  the  extra  rate-of- 
strain  terms  in  the  Reynoids-stress  transport  equations. 

There  are  still  large  gaps  in  ocr  knowledge,  even  at  the  empirical  level:  for  instance  it  sees* 
likely  that  curvature  effects  in  the  outer  layer  of  a  boundary  layer  will  depend  acre  or.  integrated 
properties  of  the  outer  isyer  than  on  the  turbulence  at  the  point  considered,  buc  wc  have  -ata.  The 

problem  is  of  the  same  order  of  difficulty  as  the  probier  of  buoyancy  effects  in  meteorology  ai  1  more 
measurements  of  turbulence  structure  would  b*  very  valuable. 

One  important  general  point  it  that  if  small  values  of  3V/3x  have  a  large  effect,  we  canr.,  .  assume, 
as  Townsend  did,  that  the  turbulence  depends  solely  on  the  rate  of  strain  3V/3x  *  3U/3y  and  not  on  rha 
vorticity  3V/3x  -  3>:/3y.  In  a  thin  shear  layer  the  two  are  equal  and  opposite,  but  evidently  small 
differences  between  ti,e  numerical  values  of  the  two  appreciably  change  the  turbulence  structure.  This 
casts  doubt  on  the  immediate  relevance  of  experiments  on  irrotstiocal  plane  strain  (Ref.  23)  to  the 
behaviour  of  shear  layer  turbulence. 

4 . 2  Lateral  divergence  or  convergence 

There  is  evidence  that  here,  too,  the  effect  on  properties  of  the  turbulence  is  of  greater  order 
than  the  ratn-of-strain  ratio  (3W/3z)/(3U/3y) .  The  rate  of  growth  of  a  radial  vail  jet  it  about  the  same 
os  that  of  a  plane  wall  jet  which  implies  that  the  entrainment  rate  or  typical  «’  ar  stress  is  about  twice 
as  large  although  (3W/cz)/(3U/3y }  is  roughly  equal  to  dd/dx,  about  0*1:  again  the  fractional  change  in 
"eddy  viscosity”  is  ten  times  the  rste-of-strain  ratio. 

Keffer  (Refs  24,  25)  has  reported  large  changes  in  a  diverging  wake  but  negligible  changes  in  a 
converging  one:  it  appeared  that  large  divergence  greatly  augmented  the  z-component  vorticity  of  the 
larger  eddies  whereas  the  effect  of  contraction  of  spanwise  vortex  lir.es  in  the  converging  flow  was  small 
compared  to  other  sources  of  vorticity  fluctuation.  This  implies  that  simple  linear  formulae  like  that 
in  the  last  section  are  not  to  be  trusted  for  large  total  strains,  just  as  linear  forau1 ee  for  buoyancy 
effects  break  down  at  large  Richardson  number. 

it  is  probable  that  divergence  was  among  the  miscellany  of  special  influences  affecting  the  waisted- 
body  flow  of  Winter,  R.otta  and  Smith  (Ref,  26):  the  increase  in  surface  shear  stress  near  the  rear  of  the 
body  in  the  subsonic  tests  is  larger  than  expected  due  to  pressure  gradient  alone. 

4.3  Longitudinal  acceleration 

In  two-dimensional  flow  a  longitudinal  rate  of  strain  3U/3x  is  accompanied  by  an  equal  and  opposite 
value  of  3V/3y  and  it  is  difficult  to  say  which  is  the  first  cause  of  any  changes  in  turbulence  structure. 
The  change  in  the  generation  terms  in  the  transport  equation  for  uv  is  exactly  zero  and  the  change  it 

the  turbulent  energy  equation  for  u2  ♦  vi  *  is  small.  It  is  therefore  not  surprising  that  positive 

3U/3x  has  not  so  far  been  found  to  affect  the  turbulence  structure  until  reverse  transition  occurs 
(probably  due  to  secondary  causes  rather  than  the  direct  effect  of  3l73x  on  the  turbulence).  I  shall 
not  discuss  reverse  transition  because  there  are  enough  labourers  in  that  particular  vineyard  already. 

Prolonged  application  -i  appreciable  negative  values  of  3U/3x  to  a  boundary  layer  produces 
separation.  In  separation  from  the  rear  of  a  body  (as  opposed  to  separation  induced  by  a  shock  or  a 

forward-facing  step)  the  ratic  of  ?C/3x  ->r  SV/3x  (sic)  to  3U/3y  is  not  necessarily  large  even  though 

the  thin-sheai— layer  approximation  may  be  technically  violated,  but  it  is  more  convenient  to  discuss 
separation  in  Section  5. 

It  is  not  certain  how  strongly  turbulence  is  affected  by  moderate  negative  ratios  of  3U/3x  to 
3U/3y.  A  cind  film  by  Head  of  Cambridge  clearly  shows  distortion  of  the  eddies  in  a  smoke-filled 
separating  boundary  layer,  and  Gartshore  (Ref  27)  has  suggested  that  the  fractional  change  in  eddy 
viscosity  is  (once  more)  about  -10(3U/3x)/(3U/3y) .  Gartshore’s  result  is  based,  in  effect,  on  comparing 
th  growth  rates  of  pairs  of  self-preserving  flows  snd  assuming  that  changes  are  all  due  to  3U/3x  (or 
3V/3y).  Hcwever  dubious  this  process  may  be,  the  results  are  certainly  credible  in  view  of  the  discussion 
in  the  last  two  sub-sections. 

Further  work  is  needed  to  decide  whether  3U/3x  or  3V/3y  is  the  first  cause.  Since  turbulent 
mixing  is  the  result  of  the  eruption  of  large  eddies  in  the  positive  y  direction  it  is  plausible  that 
3V/3y  should  be  the  sensitive  strain  rate.  Obviously  one  cannot  decide  except  by  considering  a  range  of 
flows  with  -  say  -  the  same  value  of  3V/3y  and  different  v  lues  of  3U/3x.  But  this  requires  variations 
of  3W/3z  which  is  known  to  produce  effects  of  its  own  on  th,  turbulence.......  clearly  a  coherent 

programme  of  research  work  will  be  needed  to  give  us  even  an  empirical  understand' ng  of  the  large  effects 
of  small  extra  strain  rates. 


5.  PERTURBED  SHEAR  LAYERS  WITH  LARGE  EXTRA  RATES  OF  STRAIN  OR  OTHER  STRONG  PERTURBATIONS 

We  now  turn  to  flows  which  are  so  strongly  influenced  by  extra  strain  rates  or  other  outside  agencies 
that  they  violate  the  thin-shear-lnyer  approximation  of  slow  strearawise  change  so  that  normal-stress 
gradients,  as  well  as  shear  stress  gradients,  affect  the  flow.  Not  only  does  the  need  to  preu’et  the 
norm,  1  stresses  complicate  a  calculation  method  but,  if  the  phenomena  mentioned  in  the  last  section  are 
anything  to  go  by,  the  behaviour  of  both  the  shear  stresses  and  normal  stresses  will  differ  greatly  from 
that  in  a  thin  shear  layer.  ft  is  unlikely  that  simple  linear  formulae  like  those  of  the  last  section 
will  be  valid  for  large  rates  of  strain  (in  the  atmosphere,  for  instance,  the  linear  formulae  for  change  of 
turbulence  structure  with  buoyancy  forces  fsil,  and  the  extreme  states  are  free  convection  on  the  one  hand 
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and  complete  damping  jf  turbulence  on  the  other). 

Strong  perturbation*  nf  a  shear  layer  in  the  plane  cf  the  mean  shear  (i.e.  large  values  of  »V/»x 
or  of  3i!/3x  z  -3V/3y)  usually  involve  solid  surfaces  and  separation  or  teattachaent  of  the  shear  ?«]-er: 
an  exception  is  perturbation  by  a  shock  wave,  considered  separately.  We  therefore  concentrate  on 
perturbations  involving  separation  and/or  reattachaent. 

5. 1  Separation  and  reattachaent 

If  separation  is  followed  quickly  by  reattachaent,  as  in  the  flow  over  a  narrow  tpanvise  cavity,  the 
shear  layer  is  recognizable  throughout  as  a  (perturbed)  boundary  layer.  If  separation  or  reat'.arr.tant 
are  permanent,  as  in  the  flew  from  a  nozzle  or  the  impingement  of  a  jet,  the  shear  layer  changes  evi.tually 
to  another  species  cf  thin  shear  layer  (respectively  a  nixing  layer  or  a  wall  jet  in  these  two  e-taaples) . 
The  aain  classification  of  perturbations  of  an  initially  thin  shear  layer  is  therefore  into  those  that 
cause  a  change  of  species,  called  "overwhelaing"  perturbations  by  Bradshaw  and  Wong  (kef.  28)  »hd  those 
that  do  not.  Overwhelming  perturbations  do  not  necessarily  involve  more  spectacular  violations  .if  tbs 
thin  shear  layer  approximation  than  other  types  of  perturbation  but  they  do  produce  larger  changer  in 
turbulence  structure.  For  it* tan  ,  flow  over  a  narrow  apaowise  cavity  or  step  can  be  treated  c*  a 
perturbation  of  the  boundary  layer,  using  the  same  inner-layer  similarity  arguments  ss  a  change  in  suiface 
roughness,  out  permanent  separation  at  the  lip  of  a  nozzle  can  be  so  treated  only  in  its  early  stages 
where  Che  perturbation  is  confined  to  the  inner  iayer.  Further  downstream  it  it  no  longer  profitable  to 

regard  the  shear  layer  at  a  perturbed  boundary  layer;  it  is  a  perturbed  mixing  layer.  If  the  region 

where  the  flow  is  recognizably  a  perturbed  boundary  layer  overlaps  the  region  where  it  is  recognizably  t 
perturbed  mixing  liyer,  then  we  can  use  a  technique  analogous  to  that  of  matched  expansions  to  continue  a 
calculation  from  one  to  the  other,  providing  that  we  have  rules  for  including  perturbations  in  calculation 
of  each  type  of  shear  layer.  Paradoxically,  perturbations  which  do  not  produce  a  change  of  cpeciza  may 
be  more  difficult  to  treat  tnan  overwhelming  ones.  Consider  the  case  of  flow  over  a  downstream-facing 
step  of  height  h  .  If  h/<  «  1  the  perturbation  of  the  boundary  layer  can  be  treated  by  a  roughness 
analysis.  If  h/4  w  1,  the  flow  at  reattachment  is  a  boundary  layer  with  its  inner  layer  -  at  least  - 

in  the  process  of  changing  into  the  low-speed  side  of  a  mixing  layer.  After  reattachaent,  the  flow 

nearest  the  surface  starts  to  change  back  into  a  boundary  layer  so  that  three  shear  layers  -  outer  boundary 
layer,  quasi-mixing-layer  and  inner  quasi-boundary-layer  -  are  all  interacting.  Bearing  in  mind  the 
difficulties  of  dealing  with  interactions  of  shear  layers  with  the  same  sign  cf  mean  shear  we  can  see  that 
the  reattached  flow,  in  which  the  shear  layers  are  not  even  well-developed,  it  highly  intractable.  By 
contrast,  if  h/i  »  1  the  shear  layer  at  reattachment  it  recognizably  a  well-developed  fixing  layer, 
perhaps  weakly  perturbed  by  streamline  curvature  and  re-entrainment  from,  the  recirculating  flow  region. 
There  is  at  least  some  hope  of  calculating  the  interaction  between  this  and  the  inner  boundary  layer  in  a 
rational  fashion. 

Separation  does  not  necessarily  involve  such  lzrge  extra  rates  of  strain  as  rcattachment,  and  in 
permanent  separation  from  a  bluff  body,  the  boundary  layer  thickness  at  separation  is  usually  small 
compared  with  the  size  of  the  recirculating-flow  region:  therefore,  the  entrainment  of  fluid  from  the 
recirculating  firm  (the  key  factor  in  the  wake  behaviour)  will  not  he  greatly  affected  by  extra  strain 
rates  near  separation.  It  remains  to  discuss  whether  the  extra  strain  rates  influence  the  turbulence 
structure  upstream  of  separation  enough  to  affect  the  separation  point.  Undoubtedly  we  must  expect  large 
effects  in  the  outer  layer  of  the  boundary  layer;  but  in  the  inner  layer  3U/3y  is  large  and  U  is 
small  so  that  (3U/3x)/(3U/3y)  -  or  any  other  rate-of-strain  ratio  -  is  small.  On  the  other  hand,  the 
stress  gradients  in  the  outer  iayer  are  too  snail,  compared  vith  the  pressure  gradient  that  induces 
separation,  to  have  any  appreciable  effect  on  the  flow:  therefore,  only  the  inner-layer  turbulence  matters 
and  we  have  just  seen  that  this  is  not  likely  to  be  affected  by  extra  strain  rates.  Therefore,  perhaps 
surprisingly,  b’.uff-body  separation  is  not  primarily  a  strongly-perturbed  flow  (for  a  fuller  discussion, 
see  Ref.  29). 


5 . 2  Splitting  of  a  turbulent  flow 

Large  changes  must  occur  in  turbulent  flows  which  are  split  by  contact  with  a  solid  body.  The 
random  vortex  lines  which  are  forced  to  wrap  around  the  body  are  stretched  out  in  the  stream  direction  and 
it  is  not  immediately  clear  whether  or  not  the  extra  turbulent  energy  thus  created  appears  only  very  close 
to  the  solid  surface.  The  larger  eddies  split  by  the  body  probably  tend  to  lose  shear  stress  (if  any) 

and  turbulent  energy.  The  most  important  cases  are  the  flow  round  an  obstacle,  such  as  a  turbomachine 

blade  in  a  turbulent  oncoming  flew  or  a  building  in  the  atmospheric  boundary  layer,  the  impingement  of  a 
jet,  and  the  reattachmenc  ri  a  shear  layer,  in  which  part  of  the  mass  flow  is  deflected  upstream  to  supply 
the  entrainment  from  the  s jparated-f low  region.  The  flow  of  an  unsheared  turbulence  field  round  an 
obstacle  hns  been  studied  theoretically  by  Hunt  and  experimentally  by  Searman  (both  unpublished)  in  the 
region  near  the  leading  edge  where  classical  rapid-distortion  theory  is  expected  to  apply,  but  little 
seems  to  be  known  of  the  flow  further  downstream.  Turbulence  measurements  near  reattachment  have  been 
made  by  Arie  and  Rouse  (s.ef.  30),  Tani  et  al.  (Ref.  31),  and  others  (for  a  review,  see  Ref.  28):  among 
the  curious  features  are  the  rapid  decrease  of  uv  along  the  reattaching  streamline  prior  to  reattachment 
and  the  apparent  decrease  of  turbulent  length  scale  after  reattachment.  Thin-shear-layer  calculation 

methods  fail  to  represent  the  flow  accurately  for  a  long  distance  downstream  of  reattachaent. 

5. 3  Passage  of  turbulence  through  shock  waves 

A  normal  shock  wave  produces  a  very  large  negative  value  of  3U/3x  for  a  very  short  time,  without 
significant  values  of  3V/3y  or  3W/3z  ;  thus  yie  density  of  a  fluid  element  increases.  The  compression 
does  work  against  the  Reynolds  normal  stress  -pu?  ,  increasing  the  turbulent  energy  per  unit  mass;  the 
shear  stress  -puv  is  increased  both  immediately  via  the  term  puv  3U/3x  and  eventually,  following  the 
increase  in  v2 ,  via  pv?  3U/3y.  An  oblique  shock  wave,  which  shears  a  fluid  element  as  well  as 
compressing  it,  causes  a  larger  immediate  change  in  -puv.  As  far  as  I  am  aware,  most  of  the  work  on 
passage  of  turbulence  through  a  shock  wave  relates  to  the  emission  of  noise  (a  recent  example  is  Ref.  32) 
rather  than  the  Ufectc  on  the  Reynolds  stresses  and  the  phenomena  mentioned  above  have  been  ignored  in 
calculation  methids.  It  s  easy  enough  to  include  the  extra  terms  in  the  Reynolds-stress  transport 
equations  but  the  actual  change  in  Reynolds  stress  may  be  smaller  than  predicted  because  of  the  effects  of. 
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the  m;i  rates  of  strain  on  tents  involving  the  pressure  fluctuation,  as  in  the  analysis  of  Crow  (Kef .  4) 
for  a  step  change  in  9U />y.  Alternatively  the  fractional  change  in  Sey no 1 ds  »trt;»  might  he  larger  than 
predicted  solely  f roc  the  extra  tents,  as  seems  to  be  the  case  with  piolooccd  ext  1,1  rates  of  strain 
(Section  4) . 


6.  CONCLUSIONS  AM)  SUGGEST  IONS  FO »  FUTURE  WORE 

In  many  copies  turbulent  flows,  such  as  those  shown  in  Fig.  1,  the  flow  is  recogftizsbly  s 
perturbation  of  one  of  the  classical  thin  shear  layers  to  which  Praodtl's  approximation, applies.  Mavar- 

t he  less  the  three  phenomena  represented  in  Fig.  1,  namely 

(i)  interaction  between  shear  layers, 

(ii)  significant  changes  in  turbulence  structure,  due  to  small  extra  rates  of  strain, 

(iii)  large  changes  in  turbulence  structure  and  appearance  of  more  significant  stress  gradients, 
due  to  large  extra  rates  of  strain, 

cannot  be  adequately  treated  by  calculation  ~tfcsCt  Jcvc'csed  for  si^ie  thin  shear  layers.  Further 
experimental  work  it  needed  before  «  can  develop  the  more  refined  calculation  methods  required  for  coaqtlax 
turbulent  flows.  It  yeeas  prob-wl*  char  ti.e  only  calculation  methods  with  a  worthwhile  range  us  validity 
arc  those  based  explicitly  on  esyirical  closures  of  the  erect  "transport"  equation*  for  Reynold*  stress 
and  turbulence  length  scale.  These  calculation  methods  sre  supnoacd  to  modsl  turbulence  phenomena 
without  being  too  closely  linked  co  particu.ar  flow  configurations  or  boundary  conditions:  therefore,  the 
kind  of  experimental  work  indicated  is  a  detailed  study  of  turbulence  quantities  in  a  few  sitapia  flows 
exhibiting  phenomena  like  (i)  to  iiii),  above,  rather  than  a  large  number  of  unconnected  me  an- flew 
measurements  (with  a  few  hoc  wire  readings  thrown  in)  in  many  different  engineering  situations,  as  in  the 
past.  Briefly,  since  we  can  now  atte&yt  the  development  of  calculation  methods  which  are  oriented 
towards  general  phenomena  rather  than  particular  hardware,  we  should  do  experismnts  that  ara  phenomenon- 
oriented  rather  than  hardware-oriented. 

A  personal  choice  of  the  oust  ieportset  tasks  for  experimenters  on  the  abova  three  phenomena, 
representing  three  types  of  corslex  turbulent  flow,  is 

(i)  Study  of  turbulent  transport  of  energy  or  Reynolds  stress  acroes  a  velocity  extremum  or  into 
another  field  of  turbulence.  Conditional  sampling  ("sidy  chasing")  is  a  powerful  teat  for  such  studies. 

(ii)  Improvement  of  current  techniques  which  crudely  represent  the  effects  of  small  extra  strain 
rates  by  multiplying  the  eddy  viscosity  by  il  v  B(extra  strain  rate)/(>U/3y)]  when  I  ii  a  constant  of 
order  10. 

(iii)  Studies  of  the  effect  c-f  extra  strain  rates  (in  the  xy  plane  at  least)  which  are  too  Urge 
for  linear  formulae  like  the  above  tc  be  acceptable;  clao,  studies  of  bifurcation  of  impinging  shear 
layers.  Since  separated  flows  are  very  luily  disturbed  by  inserting  protas,  tha  Doppler  (laser) 
anemometer  may  be  preferable  to  the  hot  wire  in  some  cases. 
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SUMMARY 

Experimental  studies  of  the  flow  field  near  the  wall  in  a  turbulent  boundary  layer  using  hot  wire  probes 
ait  icported.  Measurements  of  the  product  uv  are  studied  using  the  technique  of  conditional  sampling 
with  a  large  digital  computer  to  single  out  special  events,  bursting,  when  large  contributions  to  turbulent 
energy  and  Reynolds  stress  occur.  The  criteria  used  to  determine  when  the  product  uv  is  sampled  are 
that  the  streamwise  velocity  at  the  edge  of  the  sublayer  has  attained  a  certain  value.  With  this  simple 
criteria  we  find  that  60  percent  of  the  contribution  to  uv  is  produced  when  the  sublayer  velocity  is  lower 
than  the  mean.  This  result  is  true  at  both  low,  R^  =  4230,  and  high,  R  -  38,000,  Reynolds  number. 

With  more  strict  sampling  criteria,  that  the  filtered  sublayer  velocity  at  two  side-by-side,  points  is  simul¬ 
taneously  low  and  decreasing,  individual  contributions  to  uv  as  large  as  62  uv  have  been  identified.  Addi¬ 
tional  measurements  using  correlations  between  truncated  u  and  v  signals  reveal  that  the  largest  contri¬ 
butions  to  Reynolds  stress  and  turbulent  energy  occur  when  u  <  0,  v  >  0  or  during  an  intense  bursting 
process  and  the  remainder  of  the  contributions  occur  during  a  less  intense  recovery  process.  Thus, 
contributions  to  the  turbulent  production  and  Reynolds  stress  at  a  point  near  the  wall  are  of  relatively 
large  magnitude,  short  duration,  and  occur  intermittently.  A  rough  measure  of  the  intermittency  factor 
for  uv  at  a  point  near  the  vail  is  0.  55  since  99  percent  of  the  contribution  to  uv  is  made  during  only  55 
percent  of  the  total  time. 


1.0  INTRODUCTION 

This  paper  is  a  report  of  ar,  experimental  study  of  the  nature  of  the  unsteady  flow  near  the  wall  that 
is  responsible  for  the  Reynolds  stress  developed  in  the  boundary  layer  on  a  smooth  flat  plate.  Information 
about  the  flow  field  in  the  region  near  the  wall  is  of  great  importance  for  a  proper  understanding  of  the 
structure  of  turbulence  in  the  boundary  layer.  Just  outside  the  sublayer  in  the  region  20  <  y+  <  200  the 
Reynolds  stress  and  the  turbulent  kinetic  energy  are  a  maximum.  Somewhat  nearer  the  wall,  y+  ~  10, 
the  production  and  dissipation  of  turbulent  kinetic  energy  are  a  maximum.  Based  upon  local  mean  va'.ues 
the  turbulent  kinetic  energy  is  a  maximum  of  roughly  20  percent  of  the  local  mean  kinetic  energy  at  approx¬ 
imately  y+  =  15  and  maintains  a  high  value,  greater  than  60  percent  of  the  maximum  value  all  the  way  to 
the  wall  within  the  sublayer. 

In  the  past  fifteen  years,  there  have  been  numerous  studies  of  the  turbulent  flow  field  near  the  wall. 

We  do  not  have  the  space  for  a  comprehensive  review  of  all  the  literature  and  will  confine  our  discussion 
*o  the  papers  and  results  pertinent  to  the  present  investigation  of  the  structure  of  the  Reynolds  stress 
The  primary  motivation  for  the  present  work  on  turbulent  structure  was  provided  by  the  studies  of  Kim, 
Kline  ?•  Reynolds  {1},  the  work  of  Corino  and  Brodkey,  {2},  and  by  our  interest  in  a  model  for  the  turbu¬ 
lent  structure  near  the  wall,  {3}. 

The  recent  studies  by  Kim,  et  al.  ,  {1},  show  that  the  low  speed  fluid  in  the  region  near  the  wall  oc¬ 
casionally  erupts  violently  into  the  high  speed  outer  region  of  the  boundary  layer.  Following  Kim,  et  al. 
this  process  is  called  bursting.  During  the  bursting  process  Kim  et  al.  measured  (from  the  trajectories 
of  small  hydrogen  bubbles)  the  rate  of  production  of  turbulent  energy.  They  concluded  that  "essentially 
all  th'  turbulent  production  occurs  during  bursting  periods  in  the  zone  0  <  y+  <  90.  "  The  burst:ng  process, 
as  described  in  {11,  began  with  a  lifting  motion  of  a  streak  or  filament  of  low  speed  fluid  within  the  sub¬ 
layer.  The  streaks  of  low  speed  fluid  were  identified  by  filamentary  concentrations  of  tracer  particles 
introduced  into  the  fluid  very  near  the  wall.  When  the  rising  filament  of  low  speed  fluid  reached  a  height 
in  the  range  8  <  y+  <  12,  an  oscillatory  motion  of  marked  fluid  lines  (streak  lines)  within  the  parcel  was 
observed.  The  oscillatory  motions,  which  were  of  various  types,  appeared  to  be  associated  with  a  swir¬ 
ling  motion  of  the  fluid.  As  the  amplitude  of  the  swirling  motion  of  the  rising  fluid  became  iarger,  the 
pattern  "broke  up"  at  a  distance  from  the  wall  in  the  range  10  <  y+  <  40.  During  the  break-up  process,  a 
significantly  more  random  chaotic  motion  occurred  in  which  marked  lines  of  fluid  were  obliterated  owing 
to  the  sudden  increase  in  turbulent  mixing. 

The  detailed  observations  of  Kim,  et  al.  were  obtained  by  marking  the  fluid  (water)  passing  over  a 
slender  wire  normal  and/or  parallel  to  the  wail.  A  succession  of  current  pulses  passing  from  the  water 
into  the  wire  caused  electrolysis  of  the  water  and  subsequent  deposition  of  the  lines  of  small  hydrogen 
bubbles  in  the  water  moving  past  the  wire.  The  motion  of  the  lines  of  bubbles  could  be  observed  until  the 
break-up  process  occurred.  In  this  way,  a  significantly  greater  amount  of  qualitative  information  about 
the  flow  field  near  the  wall  was  obtained  than  had  ever  been  available  before. 

Corino  and  Brodkey,  {2},  used  a  high  speed  motion  picture  camera  to  photograph  the  trajectories  of 
very  small  particles  suspended  in  the  flow.  The  camera  was  nr  unted  on  a  traversing  mechanism  so  that 
the  motions  within  the  convected  flow  structure  responsible  for  the  bursting  phenomena  could  be  kept  in 
view  as  the  pattern  was  swept  downstream.  The  observations  of  the  bursting  phenomena  reported  by 
Corino  and  Brodkey  are  in  essential  agreement  with  the  observations  reported  by  Kim,  et  al  Corino  and 
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Brodkev  observed  the  motion  of  all  the  fluid  particles  passing  through  the  field  of  view  of  the  camera 
They  were  able  to  identify  additional  features  cf  tht  break-up  process  that  could  not  be  observed  by  mark¬ 
ing  only  the  fluid  elements  that  passed  over  the  upstream  bubble  generating  wire  used  by  Kim,  et  al. 

The  sequence  cf  events  before  and  after  chaotic  breakdown  during  the  bursting  process,  that  Corino 
and  Brodkey  reported,  began  with  the  formation  of  a  low  speed  parcel  of  fluid  near  the  wall,  0  <  y+  <  10. 

The  velocity  of  the  low  speed  region  was  often  as  low  as  50  percent  of  the  local  mean  velocity  with  very 
little  streamwise  velocity  gradient  within  the  low  speed  region.  After  a  low  speed  region  had  formed 
within  the  view  of  the  camera,  the  next  step  occurred,  called  acceleration  by  Corino  and  Brodkey.  Dur¬ 
ing  acceleration  a  much  larger  scale  high  speed  parcel  of  fluid  came  into  view  and  by  "interaction"  began 
to  accelerate  the  fluid.  The  high  speed  fluid  often  entered  almost  parallel  to  the  wall  or  moving  slightly 
downward  toward  the  wall.  Occasionally,  the  high  "peed  fluid  entered  with  larger  vertical  velocity,  20 
percent  of  the  streamwise  component,  and  moved  towards  the  wall  at  an  angle  of  5°  to  15° 

At  various  times  the  entering  high  speed  fluid  appeared  to  occupy  the  same  region  on  the  photograph 
as  the  low  speed  fluid.  The  explanation  is  that  the  high  speed  region  was  within  the  field  of  vievr  but  at  a 
different  spanwise  station  to  one  side  or  the  other  of  the  low  speed  parcel  of  fluid.  It  appears  that  the 
spanwise  variation  revealed  by  the  above  observation  may  be  related  to  the  observation  of  a  streaky  struc¬ 
ture  of  spanwise  variation  within  the  sublayer  reported  by  Kline,  Reynolds,  Schraub  Sr  Runstadler,  {4}. 

This  is  supported  by  the  fact  that  the  field  of  view  was  of  the  right  order  cf  magnitude  z+  ~  18  to  allow 
observation  of  a  single  transverse  shear  layer  formed  by  adjacent  high  and  low  speed  regions  near  the 
wall  where  the  streaks  have  a  typical  spanwise  spacing  of  z+  =  100.  On  the  other  hand,  one  must  be  cau¬ 
tious  because  the  Reynolds  number  of  Corino  and  Brodkey's  flow  was  considerably  higher  than  that  of  the 
flow  studied  by  Kim,  et  al.  Laufer,  (5),  has  reported  that  as  the  Reynolds  number  increases,  the  length 
scale  of  the  spanwise  variation  within  the  sublayer  is  changed. 

Continuing  with  the  description  of  the  acceleration  phase,  if  the  high  and  low  speed  fluid  met  at  the 
same  spanwise  station,  the  interaction  was  often  immediate  and  the  low  speed  fluid  above  a  particular  y+ 
location  was  accelerated  and  often  a  very  sharp  interface  nr  shear  layer  between  accelerated  and  retarded 
fluid  was  formed.  If  the  high  and  low  speed  fluid  were  at  different  spanwise  stations,  acceleration  of  the 
low  speed  fluid  took  a  longer  time  and  gradually  the  spanwise  velocity  variation  began  to  disappear.  The 
next  step  in  the  process  was  called  ejection  by  Corino  and  Brodkey.  During  ejection  one  or  more  corre¬ 
lated  (in  time)  or  sometimes  uncorrelated  (in  time)  eruptions  of  low  speed  fluid  occurred  immediately  or 
shortly  after  the  start  of  the  acceleration  process.  The  ejections  of  low  speed  fluid  were  of  rather  small 
scale,  the  maximum  dimension  (streamwise  length)  of  the  field  of  view  was  only  x+  -  62.  Once  ejection 
began,  the  process  proceeded  rapidly  to  a  fully  developed  stage  during  which  a  continuing  ejection  of  low- 
speed  fluid  persisted  for  varying  periods  of  time  ar  ’  then  gradually  ceased.  The  length  scale  of  ejected 
fluid  elements  was  small,  of  *he  order  of  7  <  z  <  and  20  <  x4  <  40.  Most  of  the  ejections  occurred  at 
distances  from  the  wall  in  the  range  5  <  /  <  15.  When  the  ejected  low  speed  fluid  encountered  the  inter¬ 
face  between  high  and  low  speed  fluid,  at  the  high  shear  layer,  a  violent  interaction  occurred  with  intense 
abrupt,  and  chaotic  movements.  The  entire  interaction  structure  was  of  very  small  scale  and  destroyed 
the  identity  of  individual  fluid  elements.  The  intense  interaction  continued  as  more  fluid  was  ejected. 

The  end  result  was  the  creation  of  a  relatively  large,  scale  region  of  turbulent  motion  reaching  into  the  sub¬ 
layer  as  the  violent  interaction  region  spread  out  in  all  directions  and  disrupted  the  ejected  fluid  parcels. 

The  ejection  or  bursting  phase  ended  with  the  entry  from  upstream  of  fluid  directed  primarily  in  the 
stream  direction  with  a  velocity  approximating  the  normal  mean  velocity  profile.  The  entering  high  speed 
fluid  carried  away  the  retarded  fluid  remaining  from  the  ejection  process  and  was  called  the  sweep  event 
by  Corino  and  Brodkey. 

Both  Corino  and  Brodkey  and  Kim,  et  al.  agree  that  the  bursting  phenomena  is  an  important  process 
for  turbulent  energy  production.  Corino  and  Brodkey  conclude  that:  “the  results  do  indicate  that  the  ejec¬ 
tions  are  very  energetic  and  well  correlated  so  as  to  be  a  major  contributor  to  the  Reynolds  stress  and 
thus  the  production  of  turbulent  energy.  "  Their  rough  estimates  of  the  Reynolds  stress  contribution  dur¬ 
ing  bursting  from  a  small  sample  of  bursting  events  indicated  that  70  percent  of  the  Reynolds  stress  was 
produced  during  ejections. 

Using  the  above  information  as  a  background  we  have  designed  a  number  of  experiments  using  hot 
wire  anemometers  to  make  quantitative  measurements  of  the  flow  field  near  the  wall.  The  experiments 
are  designed  to  provide  additional  information  about  the  turbulent  velocity  field  that  is  difficult  to  obtain 
with  flojv  visualization  methods.  It  should  be  noted  that  fluid  velocity  measurements  at  a  given  point  in 
the  flow  cannot  be  made  using  photographs  of  bubble  trajectories  downstream  of  the  bubble  generating 
wire  unless  the  bubbles  happen  to  pass  through  the  given  point.  Also,  fluid  velocity  measurements  at  a 
given  point  in  the  flow  cannot  be  made  using  the  motion  picture  photographs  of  numerous  small  suspended 
particles  unless  the  field  of  view  can  be  made  very  small  relative  to  the  flow  field  in  question.  In  Corino 
and  Brodkey's  photographs  the  depth  of  field  was  of  the  order  z  =20  which  is  as  large  as  the  typical  size 
of  an  ejected  region  of  low  speed  fluid  near  the  wall. 

The  experiments  that  are  discussed  in  the  body  of  this  report  consist  primarily  of  various  fluid  velocity 
measurements  near  the  wall  that  we,  have  made  at  random  times  during  the  past  few  years.  The  measure¬ 
ments  show  substantial  agreement  with  the  process  of  bursting  as  observed  and  described  by  Kim,  et  al. 
and  by  Corino  and  Brodkey.  We  are  able  to  give  quantitative  support  to  the  idea  that  the  bursting  process 
is  important  for  the  production  of  turbulent  energy.  In  addition,  the  above  flow  visualization  results  for 
the  bursting  process;  the  results  of  our  present  measurements  and  of  our  previous  pressure-velocity 
correlation  measurements,  {6}.  all  agree  with  a  simplified  model  that  we  have  proposed,  Willmarth  and 
Tu,  {3},  for  the  turbulent  structure  near  the  wall. 
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Z.  0  EXPERIMENTAL  APPARATUS  AND  METHODS 

The  experiments  were  conducted  ir.  a  thick  turbulent  boundary  layer  developed  on  the  smooth  floor  of 
the  5x7  ft.  low  speed  wind  tunnel  of  the  Department  of  Aerospace  Engineering  at  The  University  of  Michi¬ 
gan.  Some  pertinent  characteristics  of  this  facility  are  discussed  in  {7} 

2.  1  Mean  Boundary  Layer  Characteristics 

Most  of  the  detailed  measurements  were  done  in  a  boundary  layer  with  a  thick  sublayer  that  is  pro¬ 
duced  at  low  free  stream  speeds,  U  ~  20  ft.  /sec.  Some  measurements  were  also  made  at  higher  free 
stream  speeds,  U  ~  200  ft. /sec.  ,  in  this  case  the  sublayer  is  much  thinner.  Owing  to  the  small  scale 
of  the  bursting  phenomena  near  the  wall,  we  preferred  *.c  use  the  boundary  layer  with  as  large  a  sublayer 
thickness  as  possible  but  found  that  at  very  low  speeds  5  <  U  <  10ft.  / see.  ,  with  natural  transition,  the 
turbulent  boundary  layer  was  not  fully  developed  at  the  rearmost  station,  x  =  35  ft.  of  the  test  section. 

The  lowest  possible  speed  was  20  ft  /sec. 

Typical  mean  velocity  profiles  measured  with  an  impact  pressure  tul>e  and  with  a  hot  wire  are  dis¬ 
played  in  fig.  1  and  Table  1  lists  the  pertinent  parameters  for  the  two  fully  developed  flat  plate  boundary 
layers.  We  emphasize  here  that  artificial  tripping  and  roughness  were  not  used  because  we  did  not  de¬ 
sire  to  introduce  additional  unnatural  flow  disturbances  which  might  not  die  out  before  reaching  the 
measurement  station.  We  believe  that  flow  structure  measurements  and/or  measurements  of  fluctuating 
quantities  are  more  sensitive  to  artificial  upstream  disturbances  than  are  measurements  of  mean  quantities. 

Table  1 

Properties  of  the  Actual  and  Ideal  Turbulent  Boundary  Layer 
(as  tabulated  by  Coles,  {13}) 
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2.  2  Hot  Wire  Anemometer  Probes 

The  bulk  of  the  measurements  were  made  with  hot  wire  anemometer  probes  of  various  types.  The 
measurements  of  streamwise  velocity  very  near  the  wall  were  made  with  platinum  wires  of  diameter 
1.5xl0"4in.  The  wires  were  glued  directly  on  the  wall  0.  002  in.  from  the  surface  and  were  .  032  in. 
long  for  the  high  speed  measurements.  The  technique  has  been  described  by  Tu  and  Willmarth,  (3).  For 
low  speed  measurements  the  wires  were  soldered  to  the  tips  of  needles  protruding  through  the  wall.  The 
dimensions  of  the  wire3  used  at  low  speeds  were  .  037  in.  from  the  wall  with  lengths  cf  0.  10  in.  and  0.  C4S 
in.  These  wires  were  made  by  etching  the  silver  away  from  the  platinum  wire,  soldering  the  wire  to  one 
needle  tip  and  letting  it  hang,  with  a  small  weight  on  the  end,  near  the  lower  needle  tip.  Then  the  hanging 
wire  was  soldered  to  the  lower  needle  tip.  The  surface  tension  of  the  molten  solder  wac  very  effective  in 
pulling  the  wire  onto  the  needle  tip. 

The  streamwise  vorticity  component  was  measured  using  a  probe  construction  described  by  Kovasznay 
{8}.  The  probe  was  constructed  by  Dr.  Bo  Jang  Tu  in  1968  using  /our  2x  ‘.O'4  in.  diameter  tungsten  wires 
that  were  copper  plated  before  soldering  to  the  four  needle  probe.  Careful  matching  of  the.  resistance  ot' 
the  four  wires  using  a  process  of  individual  erciiing  of  copper  from  individual  wires  made  the  probe  insen¬ 
sitive  to  velocity  fluctuations  of  a  scale  iarg-r  than  il-e  probe.  The  etching  process  was  accomplished 
using  a  tiny  bubble  of  copper  sulfate  solution  suspended  in  a  loop  of  thin  platinum  wire.  The  wires  wore 
matched  so  that  the  difference  ir,  the  resistance  of  the  four  wires  was  less  than  three  percent  of  the  nom¬ 
inal  wire  resistance.  The  probe  was  calibrated  u3ing  a  specially  constructed  oscillating  mechanism  and 
gave  a  linear  response  to  the  imposed  vorticity  caused  by  rotating  the  probe  about  its  streamwise  axis. 

_4 

The  Reynolds  stress  was  measured  using  the  usual  x  wire  configuration  of  2  x  10  in.  diameter  cop¬ 
per  plated  tungsten  wires.  Each  wire  was  soldered  on  needles  0  07  in.  anarf  at  angles  of  45°  to  the 
flow.  The  distance  between  the  w;re  centers  was  0  C4  in.  and  the  wires  were  0.  035  in.  lur.g.  The  wire 
resistance  was  approximately  three  ohms  when  cold  and  the  difference  in  resistance  between  a  pair  of 
wires  was  less  than  three  percent  of  the  nominal  wire  resistance. 

2.  3  Hot  Wire.  Anemometer  Equipment 

The  hot  wire  signals  were  processed  using  ootb  constant  current  and  constant  temperature  equipment. 
The  electrical  signals  from  the  vorticity  probes  und  the  x  wire  probes  were  obtained  when  the  wires  were 
heated  using  constant  current  operation.  The  signals  were  amplified  and  compensated  using  techniques 
as  described  by  Kovasznay.  (8). 

In  the  case  of  the  streamwise  vorticity  probe  the  four  wires  were  connected  in  a  Wheatstone  bridge 
configuration  with  a  constant  current  supply  across  two  arms  of  the  bridge  ana  the  input  of  a  differential 
amplifier  across  the  other  two  arms.  In  our  system  we  used  a  Shapiro  and  Edwards  amplifier  snd  com 
pensator  which  has  one  side  of  the  input  grounded.  The  conotant  current  supply  was  obtained  from  a  pack 
of  batteries  isolated  from  ground. 

Each  wire  of  the  x  wire  probe  was  separately  heated  at  constant  current  and  a  separate  channel  of 
amplification  and  compensation  was  used  for  each  wire  The  wires,  amplifier  gain,  and  amount  of 
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compensation  in  each  channel  were  carefully  matched  so  that  they  were  identical  within  a  few  percent 
Each  wire*  was  separately  calibrated  in  a  steady  laminar  flow  at  various  velocities.  The  calibrations 
differed  by  less  than  three  percent  and  obeyed  King's  law  with  good  accuracy.  The  wires  were  operated 
at  an  overheating  ratio  of  one-half.  The  time  constant  of  each  wire  was  approximately  9.  5x  10"*  sec. 
near  the  wall  in  the  low  speed  boundary  layer  and  5x  10"*  sec.  in  the  high  speed  boundary  layer.  The 
above  values  represent  the  maximum  amount  of  compensation  necessary  near  the  wall.  We  carefully 
compared  the  gain  and  phase  shift  of  each  channel  with  compensation  \etwork  operating  over  the  entire 
frequency  band,  1  <  f  <  20,  000  Hz.  ,  using  a  Lissajous  figure  displsyed  on  matched  x  and  y  channels  of  a 
Hewlett  Packard  oscilloscope .  The  gain  and  phase  shift  did  not  differ  by  more  than  three  percent  over 
the  entire  bandwidth. 

The  streamwise  velocity  signal  at  the  edge  of  the  sublayer  that  was  used  for  conditional  sampling 
measurements  was  produced  with  a  Miller  constant  temperature  hot  wire  set  or  occasionally  with  a  DISA 
Model  55  DOS  constant  temperature  hot  wire  set.  The  Miller  hot  wire  set  is  based  on  a  design  reported 
by  Kovasznay,  et  al.  {9}.  We  did  not  use  linearizers  for  the  hot  wire  signals  from  the  wires  in  the  sub¬ 
layer.  We  know  that  some  error  in  the  signal  uw  is  introduced  on  this  account.  However,  the  signal 
represent:  lg  streamwise  sublayer  velocity,  u  ,  was  only  used  to  determine  the  condition  of  the  sublayer 
in  the  conditional  sampling  measm ements .  T'fie  actual  values  of  the  vorticity  and  Reynolds  stress  in  the 
sampled  measurements  are  not  affected. 

2.  4  Other  Electronic  Equipment 

The  signals  obtained  from  the  hot  wires  were  recorded  on  magnetic  tape  using  a  frequency  modulated 
system  installed  in  a  three-channel  Ampex  Model  FR-1100  tape  recorder.  We  also  used  a  six-channel 
Ampex  Modei  300A  recorder  with  the  same  frequency  modulated  electronic  system.  The  analog  data 
were  stored  on  reels  of  magnetic  tape  and  could  be  played  back  later  at  faster  or  slower  speed. 

The  initiai  data  reduction  was  accomplished  using  an  analog  schtme.  We  constructed  a  small  analog 
computer  to  compute  the  Reynolds  stress  from  the  signals  produced  by  the  two  wires  on  the  x  probe.  The 
scheme  is  outlined  in  fig.  2.  The  summing  amplifier  was  a  Fairchild  ADO-25  and  the  multiplier  was  an 
lntronics  Model  M502  wide -band  analog  multiplier.  The  analog  computation  was  accuiate  within  one  per¬ 
cent  in  amplitude  and  phase  in  the  range  0  <  f  <  20,  000  Hz. 

The  Reynolds  stress  signal  from  the  multiplier  was  detected  by  a  Princeton  Applied  Research  Model 
TDH-9  Wave  Form  Eductor.  The  sampling  cycle  of  the  Wave  Form  Eductor  was  triggered  by  a  signal 
derived  from  a  comparitor  and  pulse  shaping  circuit  made  up  from  Fairchild  2N2422  and  2N3904  transis¬ 
tors.  We  gratefully  acknowledge  the  assistance  of  Professor  V.  Kibens  who  showed  us  how  to  design  the 
circuit.  The  circuit  was  designed  to  produce  an  output  pulse  when  the  input  signal,  the  velocity  at  the  sub¬ 
layer  edge,  reached  a  certain  level  (which  could  be  adjusted)  with  either  positive  or  negative  slope.  De¬ 
tails  of  the  circuit  are  available  by  w*  ting  to  the  authors.  The  stored  samples  in  the  wave  form  eductor 
were  plotted  out  on  a  Mosley  x-y  plotter. 

Figure  3  is  a  sketch  of  the  scheme  for  the  conditional  sampling.  The  trigger  level  circuit  produces 
a  pulse  which  accuates  a  single  sampling  cycle  of  the  wave  form  Eductor.  The  wave  form  Eductor  con¬ 
sists  of  a  bank  of  100  capacitors  with  appropriate  switching  transistors  that  sequentially  store  samples  of 
the  .Reynolds  stress  signal,  uv.  Figure  3  is  a  simplified  version  of  the  actual  procedure  because  the  trig¬ 
gering  signal  in  tig.  3  occurs  too  late(in  the  middle  of  the  desired  sample)  if  the  Reynolds  stress  signal 
uv  is  sent  to  the  eductor  at  the  same  time  as  the  triggering  signal.  What  was  done  to  eliminate  this  prob¬ 
lem  was  to  introduce  a  time  advance  equal  to  one -half  the  sampling  time  into  the  channel  carrying  the  sig¬ 
nal,  u  ,  representing  the  velocity  at  the  wall.  This  was  accomplished  with  a  movable  playback  head  on 
the  FlT-llOQ  tape  recorder. 

Numerous  samples  of  Reynolds  stress  data  were  required  to  obtain  stable  average  values.  We  did 
completely  reduce  the  data  from  a  single  high  speed  run.  However,  it  required  a  great  deal  of  time  and 
careful  work  owing  to  the  long  averaging  time  required  by  the  wave  form  Eductor.  So  much  time  was 
required  for  the  single  run  (about  two  man-weeks  of  continuous  running  of  the  tape  recorder)  that  the 
magnetic  tape  finally  began  to  wear  out.  If  the  data  had  been  reduced  without  a  tape  recorder  the  wind 
tunnel  running  charge  would  have  been  prohibitive.  Further  details  about  the  analog  data  reduction  pro¬ 
cess  are  given  in  the  next  section  where  the  actual  experimental  measurements  are  discussed. 

We  were  force-  to  find  a  better  way  to  reduce  the  data.  We  decided  to  use  the  large  IBM  360/67  digi¬ 
tal  computer  at  The  University  of  Michigan.  To  obtain  efficient  usage  of  the  computer,  it  was  necessary 
to  convert  the  analog  data  to  digital  form  and  record  it  on  magnetic  tape.  The  only  analog-to-digital  con¬ 
verter  available  for  our  use  was  a  Redcor  Model  632  A/D  Converter  which  was  a  part  of  a  Control  Data 
Corporation  Model  160A  digital  computer  which  controlled  a  Control  Data  Corporation  Model  164  digital 
magnetic  tape  system.  The  A/D  converter  and  multiplexer  could  operate  with  three  or  four-channel 
input  at  a  rate  of  1000  conversions  per  second  for  each  channel.  This  conversion  rate  was  deemed  ade¬ 
quate  for  a  100  Hz.  signal  (i.  e.  ,  one  would  have  ten  data  points  per  cycle).  It  was  therefore  necessary 
to  reduce  the  speed  of  the  magnetic  tape  recorder  when  playing  back  data.  The  speed  was  reduced  by  a 
factor  of  eight  by  recording  data  at  60  in. /sec.  and  playing  it  back  at  7 .  5  in. /sec.  In  this  way,  our  digi¬ 
tized  data  were  accurate  to  frequencies  of  the  order  of  1000  Hz.  Fortunately,  the  signals  from  the  hot 
wires  in  the  low  speed,  =  20  ft.  / sec.  ,  boundary  layer  contain  very  little  energy  above  1000  Hz. 

After  converting  he  raw  data  to  digital  form,  the  rest  of  the  data  reduction  — including  plotting  in  some 
cases  — was  done  by  the  IBM  360/67  computer  using  simple  FORTRAN  programs. 

Further  details  of  the  data  reduction  are  given  later  when  the  experiments  are  discussed.  We  would 
like  to  point  out  at  this  time  that  digital  data  reduction  for  conditional  sampling  measurements  has  definite 
advantages  over  analog  sampling  methods  using  capacitor  storage  devices.  The  advantage  takes  the  form 
of  flexibility  in  that  various  operations  like  comparison  of  signals,  integration  over  short  intervals,  single 
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samples  or  samples  of  clipoed  (i  e  ,  truncat'd  signals),  are  very  simple  to  program.  Also,  another 
very  important  advantage  is  that  less  raw  data  is  required  for  digital  conditional  sampling  measurements 
because  none  of  the  data  is  lost  or  used  to  cha,',_  up  capacitors  as  in  the  weve  form  Eductor  where  each 
capacitor  starts  out  with  zero  charge  ?,nd  is  provided  with  a  finite  "leak"  or  time  constant.  It  turned 
out  that  the  amount  of  raw  data  required  to  obtain  stable  averages  of  digital  data  was  about  one-twentieth 
the  amount  required  using  analog  methods. 

3.  0  EXPERIMENTAL  ME  \SUREMENTS 

The  measurements  described  below  were  made  over  a  considerable  time  span.  F o  -  example,  tlio 
velocity  measurements  at  the  wall  using  a  ladder  array  of  hot  wires  were  made  in  1968  by  Or.  Bo  Jang 
Tu  in  the  high  speed  boundary  layer  as  well  as  the  measurements  of  Q  C  which  were  made  at  approxi¬ 
mately  the  same  time.  During  the  last  year,  1970,  we  made  most  of  ffie^measurements  in  the  low  speed 
boundary  layer. 

3 .  1  Measurements  of  the  Velocity  in  the  Sublayer 

The  instantaneous  streamwise  velocity  distribution  in  the  sublayer  was  measured  using  four  hot  wires 
arranged  in  a  ’’ladder"  array  as  shown  in  fig.  4.  The  hot  wire  array  was  constructed  by  Dr.  Bo  Jang  Tu. 
One  w'il  note  that  the  wires  are  rather  long,  being  about  z+  -  265,  when  immersed  in  the  sublayer  of  the 
high  speed  boundary  layer.  Note  that  the  spanwise  variation  represented  by  the  low  speed  streaks  in  the 
sublayer  at  low  Reynolds  number  reported  by  Kline,  et  al.,  {14},  had  a  spanwise  separation  of  z+  =  100. 

The  data  obtained  from  the  wires  is  displayed  in  fig.  5.  The  data  shows  that  the  largo  scale  stream- 
wise  velocity  fluctuations  that  occur  in  the  sublayer  can  be  thought  of  as  a  time  varying  mean  shear. 

This  indicates  that  the  streamwise  velocity  above  a  given  point  on  the  wall  can  be  represented  approxi¬ 
mately  by  the  formula 

u  =  const,  y  f(t)  (1) 

w 

There  are  obviously  transverse  and  vertical  velocity  fluctuations  occurring  also  in  and  near  the  sub¬ 
layer;  however,  these  are  of  much  smaller  magnitude.  For  example,  the  root-mean- square  fluctuating 
velocity  u’  (here  and  elsewhere  in  this  paper  a  prime  denotes  a  root-mean-square  value'  is  about  three 
times  and  six  times  as  large  as  w’  and  v‘,  respectively  at  yT  =  10,  see  Laufer,  {10}.  As  one  approaches 
the  wall,  the  ratio  of  w’/y  and  v'/’y  approach  zero;  howeve*-,  u'/y  approaches  a  constant  value.  This 
means  that  the  transverse  velocity  field  from  the  atreumwise  vorticity  responsible  for  the  low  speed 
streaks  observed  by  Kline,  et  al.  ,  {1,  4},  in  the  sublayer  must  be  considerably  lees  energetic  than  the 
streamwise  velocity  fluctuations.  The  primary  result  of  the  above  measurements  of  streamwise  velocity 
is  that  the  large  scale  energetic  fluctuating  streamwise  velocity  in  the  sublayer  y+  <  5  varies  linearly 
with  distance  from  the  wall.  Therefore,  a  single  wire  at  y+  <  5  can  be  used  to  deduce  the  streamwise 
fluctuating  velocity  field  all  the  way  to  the  wall.  Note  that  the  above  measurements  were  made  at  high 
Reynolds  number  when  the  sublayer  is  very  thin.  No  one  has  yet  shown  that  the  stieaky  structure  in  the 
sublayer  exists  at  high  Reynolds  number.  It  is  conjectured  by  the  authors  that  the  low  speed  streaks  may 
not  be  very  important  for  boundary  layers  at  large  Reynolds  number  because  the  ratio  of  sublayer  thick¬ 
ness  to  boundary  layer  thickness  becomes  very  small.  For  example,  in  our  tests,  the  ratio  is  3xl0'-'  at 
Rg  =  4230  but  becomes  3x  10'^  at  R^  ~  38,  000.  The  turbulence  is  so  much  more  energetic  at  large 
Reynolds  number  relative  to  viscous  forces  that  it  may  continually  disturb  the  sublayer,  thus  preventing 
low  speed  streak  formation. 

3.  2  General  Considerations  about  the  Conditionally  Sampled  Measurements  of  Reynolds  Stress 

We  were  introduced  to  the  concepts  and  methods  of  conditional  sampling  (using  analog  methods)  by 
V.  Kibens.  See  Kovasznay,  Kibens  &  Blackwelder,  {11},  for  an  explanation  of  various  concepts  and 
methods  that  they  developed.  Our  first  conditionally  sampled  measurements  of  Reynolds  stress  were 
made  in  the  high  speed  boundary  layer,  R^  =  38,  000,  using  analog  methods  and  a  wave  form  Eductor  as 
described  in  Section  2.  As  explained  in  Section  2,  the  data  averaging  process  during  the  analog  sampling 
measurements  was  very  time-consuming.  These  first  measurements  were  exploratory  in  nature,  but  will 
be  reported  below  (see  Section  3.  2.  3).  We  found  that  the  measurements  were  possible  but  the  spatial 
resolution  of  the  flow  field  near  the  wall  was  poo,'  because  the  sublayer  thickness  was  very  small,  y+  =  7.  5 
corresponded  to  y  =  0.  002  in.  For  this  reason,  we  altered  the  experiment  and  used  a  lower  stream 
speed  (approximately  20  ft.  /sec.  )  to  reduce  the  friction  velocity  and  thus  increase  the  sublayer  thickness. 
Tne  distance  between  test  section  entrance  and  measuring  station  was  approximately  35  ft.  This  gave  a 
thick  turbulent  boundary  layer  of  approximately  the  same  thickness  as  at  high  speed  but  with  a  much 
thicker  sublayer,  at  y+  =  7.  5,  y  =  0.  019  in.  ,  see  also  Table  1  and  fig.  1. 

Another  change  in  the  expeiiment  was  the  use  of  the  large  digital  computer  to  perform  the  conditionally 
sampled  measurements.  The  details  about  the  hardware  have  been  discussed  in  Section  2.  The  program 
for  conditional  sampling  was  simple  in  concept.  A  block  of  digitized  data  from  the  velocity  at  the  wall, 
u  ,  and  from  the  velocity  components  at  the  two  wires  on  the  x  probe,  Ujn  and  u,  ,  (see  fig.  2)  was  read 
into  the  computer  memory  from  the  magnetic  tape  The  computer  than  compared1^ each  digitized  value  of 
the  velocity  at  the  wall,  u  ,  with  thu  desired  constant  level  of  the  velocity  u  representing  the  sampling 
criteria,  This  level  is  proportional  to  the  trigger  level,  labeled  T.  L. ,  on  tfie  plots.  When  the  value  u 
was  equal  to  T  L.  u'  ,  within  a  certain  small  error,  the  computer  was  told  to  store  the  product  of  the 
sum  and  difference  of  u^n  and  u^  for  each  digitized  data  point  in  a  certain  time  interval  before  and  after 
the  sampling  criteria  were  met.  Actually,  the  sampling  procedure  was  simple.  The  program  was  re¬ 
quired  to  detect  the  change  in  sign  of  the  difference,  u  /u'  -  T.  L.  Note  also  that  the  sign  of  the  slope 
of  u  can  also  be  determined  from  the  change  in  sign  of  th* difference,  u  /u1  -  T.  L  ,  and  this  was  also 
part  of  the  sampling  procedure 
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The  sampled  data  were  digitized  samples  of  the  product  uv  where  for  two  crossed  wires  at  90°,  see 

2. 


UV  "l<Jlo  4  u2n)/v2!l<U'n  '  u?m'/''2]  '  (u!.i 


It  should  be  noted  that  the  product  u%  represents  only  turbulent  transport  across  a  line  y  -  const,  of 
stnamwise  momentum  fluctuations.  Thus,  uv  is  not  the  entire  fluctuating  stress  caused  by  turbulence 
or.  a  surface, y  =  const,  because  the  mean  strea.nwise  momentum  is  also  transported  by  v  fluctuations 
and  the  mean  V  velocity  also  transports  fluctuations  in  streamwise  momentum.  The  true  fluctuating 
stress  is,  (U  *•  u)(V  *  v)  -  UV.  We  are  indebted  to  S.  Corrsin  for  reminding  ns  of  this  fact  In  the 
boundary  layer,  V  =  6/L)  so  that  the  most  important  terms  in  the  fluctuating  stress  are  Uv  and  uv. 

We  have  not  studied  the  term  Uv  in  detail.  A  few  mettaremerts  show  that  contributions  from  this  term 
are  appreciable  but  the  interpretation  became  quite  complicated  and  a  discussion  of  these  results  will  be 
included  in  a  report  at  a  later  date.  For  the  present,  we  will  confine  bur  discussion  to  the  term  uv  which 
is  the  only  term  ultimately  contributing  to  the  average  of  the  fluctuating  stress,  i.e.  ,  the  Reynolds  s'ress 


Returning  to  the  discussion  uf  the  computerized  data  reduction  process,  we  found  that  to  avoid  exces¬ 
sive  computing  time  and  expense  it  was  nt  ssary  to  read  the  data  from  the  tape  into  the  computer  as  in¬ 
frequently  as  possible.  Therefore,  the  program  was  designed  to  perform  the  conditional  sampling  for 
all  values  of  T.  L.  and  for  both  positive  and  negative  slope  of  in  one  pass  or  reading  of  the  taoe.  Files 
were  set  up  for  storage  of  sampled  data  for  each  trigger  level  and  slope.  After  the  program  was  run, 
the  stored  data  was  plotted  in  final  form  using  a  CalComp  plotting  system.  It  was  not  feasible  lo  use  a 
printed  digital  output  because  the  sheer  mass  of  data  was  too  great  for  efficient  comprehension. 

Our  first  analog  conditionally  sampled  data  was  obtained  using  the  full  bandwidth  of  the  s-gnal,  i 
We  found  that  numerous  extraneous  samples  were  obtained  compared  to  conditionally  sampled  data 
tained  when  high  frequencies  were  removed  from  the  signal,  u  .  We  therefore  conditionally  sampler 
the  low  speed  contributions  to  the  Reynolds  stress  using  both  filtered  and  unfiltered  u  signals  The  ana¬ 
log  filter  was  a  low  pass  Butterwcrth  filter  of  third  order  with  hall  power  point  at  10  Hz.  Tre  inter  was 
constructed  using  an  Applied  Dynamics  PB-64  Analog  Computer.  The  signal,  u  ,  was  filter  ;d  before  the 
recorded  analog  data  were  digitized.  Since  the  analog  data  were  piayed  back  from  magnetic  tape  at  1/8 
the  recording  speed  before  A/D  conversion,  the  filter  half  power  point  was  actually  80  Hz.  ir.  real  time. 

3.2.  !  Conditionally  Sampled  Measurements  of  Reynolds  Stress  at  a  Single  Point  near  the  Wall 

The  plots  of  sampled  data  that  we  obtained  are  very  numerous.  Ir.  order  to  conserve  epace  we  show 
in  fig  6  only  a  few  examples  of  plots  of  sampled  Reynolds  stress  for  the  low  speed  boundary  layer  when 
the  signal  u  was  filtered  to  remove  high  frequencies.  The  hot  wire  producing  the  signal  u  is  located 
at  a  distance  y  =  0.  037  in.  from  the  wall  or  y+  =  16.  2.  This  location  was  chosen  based  on  Torino  and 
Brodkey's  {2}  observation  that  the  approximate  center  of  the  low  speed  region  near  the  wall  was  at  y+  -  IS. 
The  data  of  fig.  6  show  sampled  contributions  to  uv  for  various  trigger  levels,  u  /uJ  =  2.  15,  +  1.  07, 

+  0.  54  and  0.  The  quantity  uv  was  measured  with  the  x  wire  located  directly  above  the  point  where  u 
was  measured.  The  center  of  the  x  wire  was  located  at  y  -  0.  07  in.  oi  y+  =  30.  Again,  Ccrino  and  W 
Brodkey,  {2},  indicate  that  this  is  the  approximate  location  of  the  region  of  violent  interaction. 

In  fi|>.  6  the  ordinate  labeled  Reynolds  stress  (uv)  is  the  ratio  of  the  average  value  of  the  samples  of 
uv  to  the  overall  average  value  of  uv,  ;.  e  .  ,  uv.  Thus,  the  ordinate  is 

Reynolds  stress  (uvj  =  1/N  (uv)./jv  =  uv  /uv  (3) 


(uv).  /iv  =  uv  /uv 


In  Eq.  (3)  N  is  the  number  of  stored  samples  that  n^vs  accumulated  in  each  storage  file  when  the  data  re¬ 
duction  is  complete.  The  abscissa  of  the  plot),  in  fig.  o  labeled  time  (dimensionless)  <s  the  dimensionless 
time  tU  /&*,  where  time  is  zero  at  the  beginning  of  the  sample.  Note  that  the  sampling  criteria 
uw^u'w  =  *'■  negative  slope  occurs  at  the  midpoint  of  the  sampled  data. 

Finally,  one  si.ould  note  that  in  fig.  6,  see  Eq.  (3 ),  the  ratio  uv/ uv  should  be  one  if  the  N  samples 
are  selected  at  random  times  or  if  the  sampling  criteria  are  unreiated^to  the  data  that  is  being  s-mpled. 
Accordingly,  it  is  clear  that  the  large  significant  contributions  to  uv,  uv  ~  5  uv ,  are  made  with  2.  L. 

=  -  2.  15  (sec  fig.  6a)  at  dimei?sioniess  time  tU  /i  *  =  7.  0.  At  T.  L.  =  0,  fig.  6d  the  contribution  is 
uv  ~  1.  4  uv  at  the  center  of  the  interval.  For  positive  T.  L.  ,  the  contribution  to  uv  is  somewhat  less 
than  one  at  the  center  of  the  sampling  interval,  see  figs.  6c,  f,  g. 

The  data  of  fig.  6  are  typical  of^ll  the  sampled  data  for  uv  that  we  have  collected  except  that  the  data 
of  fig.  6  show  the  largest  values  of  uv  because  the  sampling  criteria  have  been  improved  by  filter;ng  out 
high  frequency  noise  from  the  signal  u  . 

We  wiil  now  consider  how  one  can  obtain  a  quantitative  assessment  of  the  total  contribution  of  uv  to 
uv  ua  a  function  of_T.  L.  The  data  of  fig.  6  do  not  contair  enough  information  to  assess  the  relative  con¬ 
tribution  made  by  uv  at  each  T.  L.  We  need  information  about  the  frequency  of  occurrence,  or  the  rela¬ 
tive  number,  of  samples  obtained  at  each  T.  L.  This  information  can  be  obtained  from  the  probability 
density  of  the  signal  u  .  A  program  was  written  to  generate  an  indicator  function  (see  Lumley,  (12), 
for  a  complete  explanation)  4>(T.  I,.  ;  t)  for  many  closely  spaced  values  of  T.  L.  Here  the  indicator  func¬ 
tion  is  defined  as 


4><T.L.;t)  = 


<  T.  L. 


0  u  /u'  >  T.  L. 
w  w  — 

From  time  averages  of  the  indicator  function,  the  probability  distribution  of  u  was  obtained.  By  differ¬ 
entiation  with  respect  to  u^,  3  ,  the  probability  density  of  u  ,  was  obtained  ar.d  is  shown  in  fig.  7.  The 

w 


probability  density  for  a  Gaussian  distribution  is  also  shown  for  reference  lr.  fig  7 

WiC-  the  data  of  fi s;  7  a.  hand,  one  cJn  r.ow  obtain  a  qualitative  measure  of  jhe_contribution  to  uv  to 
uv  as  a  function  of  T.  u.  This  measure  is  obtained  by  multiplying  'he  value  of  uv/uv.  at  the  time  the 
triggering  criteria,  u  /u1  =  T.  1,.  ,^wa«  met  by  the  probability  d-.ir.i.ly  at  that  T.  L.  The  result  is  shown 

u.  ng.  8.  The  ordinafe  inWfig.  8,  Rjv/cv  is 

iuv/uv  =  uv/uv flu  (£) 

w 

Note  that  Jie  integral, 

CD 

1/2  j  [(Auv/uv)  ‘  (Auv/uv)  idil  L  )  =  1  lb} 

‘  J  ^  '  -slope  +  slope 

so  that  the  ordinate  in  fig.  8  is  a  measure  of  the  contribution  per  unit  T.  L.  of  sampled  uv  data  to  the 
value  of  uv  The  ordinate  (51  for  negative  siope  is  not  symmetric  about  the  origin  T.  L  ■■  G  and  has  a 
maximum  value  at  T.  L  -  0.  7.  The  data  fur  positive  slope  .s  also  shown  in  fig.  8  and  is  much  more 
symmetrical  about  tV*  origin  T.  L.  =  G.  This  indicates  that  greater  contributions  to  Reynolds  stress  oc¬ 
cur  when  the  velocity  at  the  wall  u  is  less  lhar  the  mean  value  and  decreasing  This  result  adds  addi¬ 
tional  information  to  what  is  known  from  the*  v.-ual  studies  of  Kim.  <t_al.,  (1).  and  Corino  and  Erodkey, 
(2).  In  the  visual  studies  the  velocity  at  the  wall  was  not  measured  but  it  was  determined  in  both  (1)  and 
{2/  that  u  was  low  during  bursting.  Kim,  et  al.  also  state  that  the  velocity  profile  was  inflectional  We 
can  now  add  that  from  the  present  data  the  bursts  occur  when  the  velocity  profile  first  becomes  inflec¬ 
tional,  i.  e.  ,  when  the  wall  velocity  is  low  and  decreasing.  It  will  be  recalled,  from  the  result  of  fig.  5, 
that  when  the  sublayer  velocity  decreases  at  a  given  poin;  it  also  decreases  at  every  point  in  the  sublayer 
above  or  below  the  given  point,  the  decrease  being  proportional  to  distance  from  the  wall. 


When  the  slope  of  a  is  positive, 
that  time, to  uv  .  As  a  matter  of  fact. 


a  low  value  of  u  is  not  related  to  unusually  large  contributions, at 
the  conditionally  sampled  data  for  positive  slope  (analogous  to  the 
data  of  fig.  6)  show  that  for  T.  L.  <0  unusually  large  contributions  to  uv  are  made  but  at  times  prior  to 
the  time  when  u  /u‘  =  T.  L.  with  positive  slope.  This  indicates  that  when  u  /'u1  =  T.  L,.  with  positive 

slope  the  b  rst  occurred  earlier  (when  u  /u‘  =  T.  L.  with  negative  slope)  ana  now  when  u  is  increasing 

the  bursting  event  if  over. 


Figure  9  shows  the  contributions  to  the  Reynolds  3tr«ss  front  samples  of  the  signal  uv  that  are  ob¬ 
tained  at  various  values,  T  L.  ,  of  the  unfiltered  velocity  u  ,  at  the  wall.  The  results  of  fig.  9  should 
be  compared  with  those  of  fig.  8.  Note  that  in  fig.  9  tie  curve  for  negative  slope  is  again  nnsymmetrical 
about  the  origin  T.  L.  =0  but  the  difference  between  the  curves  for  positive  and  negative  slope  is  much 
smaller  than  in  fig.  8.  This  shows  that  the  filtered  signal,  u  ,  provides  better  criteria  for  the  identifi¬ 
cation  of  samples  of  uv  that  contribute  to  the  Reynolds  stress  when  u  decreases.  We  also  should  em¬ 
phasize  the  fact  that  in  the  digital  data  reduction  program  a  sample  otf  uv  was  taken  whenever  u^/u'^  = 

T.  L.  Therefore,  if  u  had  many  vapid  changes  in  value  while  a  burst  was  occurring  the  signal  u  might 
pass  through  the  trigger  level  more  than  once  during  the  burst.  This  would  cause  the  same  burst  in  uv 
to  be  stored  on  top  of  itself  but  shifted  in  time.  Therefore,  the  large  contributions  to  uv  would  in  effect 
be  smeared  out  and  reduced  over  the  sampling  interval. 

3.  2.  2  Spatial  Distribution  and  Decay  of  Sampled  Reynolds  Stress 

We  have  made  conditionally  sampled  measurements  of  Reynolds  stress  at  various  distances  from  the 
wall  when  the  x  wire  is  at  various  locations  transverse  and  downstream  from  the  u  wire  which  is  located 
at  the  point  y  =  16.  2.  The  results  of  these  measurements  have  not  yet  been  fully  analyzed.  However, 
we  can  state  that  the  measurements  show  that  the  largest  contribution  to  uv  from  the  sampled  signal  uv, 
occur  when  u  <0  with  negative  slope  and  are  confined  to  a  narrow  (in  the  spanwise  direction)  region 
near  the  wall  and  downstream  of  the  u  wire.  The  approximate  dimensions  of  the  narrow  region  are 
x  <  2.  5  in  ,  f  <  G.  35  in.  and  z  <  0.  35  Tn.  or  x+  <  1 1 10,  y+  <  1 54  and  z+  <  154.  There  is  also  evidence 
that  the  spanwise  extent  of  the  region  in  which  appreciable  contributions  to  the  sampled  Reynolds  stress 
occur  increases  in  width  downstream  of  the  point  where  u t-  is  measured.  For  example,  no  contribution, 
uv/uv  -■  1,  was  obtained  at  x  =  .  2  in.  ,  y  -  .  07  in.  ,  z  =  .  0 c  in. ,  but  an  appreciable  contribution  was  ob¬ 
tained  at  x  =  .  5  in.  ,  y  =  .  08  in.  ,  z  =  0.  1  in.  The  angle  P,  between  the  stream  direction  and  edge  of  the 
region  of  contributions  to  uv  (i.  e.  ,  uv  >  uv)  is  therefore  in  the  range  12°  <  9  <  23.  5°.  The  disturbance 
is  also  convected  downstream.  An  approximate  convection  velocity  was  measured  from  the  change  in  the 
location  (in  time)  of  the  maximum  contribution  from  the  conditional  samples  uv  (for  T.  L.  <0  with  negative 
slopd  at  a  succession  of  points  downstream  of  the  point  where  u  was  measured.  The  convection  velocity 
was  approximately  the  local  mean  speed  at  the  distance  from  the  wall  where  uv  was  measured. 

3.  2.  3  Effect  of  Reynolds  Number  on  Conditionally  Sampled  Reynolds  Stress  Measurements 

We  have  not  yet  investigated  in  any  detail  the  contributions  to  uv  from  sampled  measurements  of  uv 
at  high  Reynolds  number.  We  have  one  set  of  measurements  made  at  Rg  =  38,  000  with  analog  data  reduc¬ 
tion.  The  signal  u  was  not  filtered  to  remove  extraneous  high  frequency  signals.  Nevertheless,  appre¬ 
ciable  contributions  to  uv  were  made  near  the  wall  when  u  was  negative  and  decreasing.  The  measure¬ 
ments  are  in  qualitative  agreement  with  ths  results  already  described  in  Section  3.  2.  1,  see  fig.  9,  for  a 
boundary  layer  at  lower  Reynolds  number  Rg  =  4230,  The  results  of  the  low  and  high  Reynolds  number 
measurements  at  points  downstream  from  the  point  where  u  was  measured  are  shown  in  fig.  10.  The 
ordinate  in  fig.  10  is 

<  A  uv/uv  >=  1/2  {(uv/uv)  +  (uv/uv)  ]S  (7) 

'  '  +  slope  '  -  slope 

which  is  the  average  of  the  contribution  from  uv  for  positive  and  negative  slope.  As  noted  i  i  Eq.  (6),  the 
area  under  each  curve  in  fig.  10  should  be  unity.  From  the  similarity  between  these  two  sets  of  data  ut 
widely  different  Reynolds  number  and  points  which  correspond,  within  a  factor  of  2.  5,  in  wall  variables 
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x*,  y"  and  a  we  can  conclude  that  the  burst  phenomena  still  occur  when  u  <  0  at  hign  R^  Note  that 
from  the  area  under  each  t  urve  for  T  L  <  0  we  can  state  that  60  percent  of  the  Reynolds  stress  at  the 
given  dow .ist ream  locatic.it  is  produced  when  the  upstream  velocity  near  the  wall  is  lower  than  the  mean 
We  add  that  for  the  data  .n  fig.  10  the  not  wire  near  the  wall  u  located  at  y  =  002  in.  or  y  =75  for 
R,  =  5b,  000  and  at  y  =  019  in  or  y*  =  6  5  for  R  =  4250  This  location  is  nearer  the  wall  than  fir  the 
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data  of  fig.  8  and  fig.  9. 

5.2.4  Conditionally  Sampled  Reynolds  Stress  .Measurements  with  an  Improved  Detection  Scheme 

The  use  cf  a  lew  pass  filter  for  the  signal  u  resulted  in  improved  detection  of  attributions  to  uv 
We  then  realized  that  s til’  greater  improvement  in  our  detection  criteria  might  resi.it  if  we  used  a  crude 
sunwise  spatial  filter  for  the  detector  signal,  u  To  accomplish  this.  »f  installed  two  hot  wires  side 
by  side  at  y  =  .057  in.  or  y  =16  5.  The  wire  length  was  f  =  .045  in.  or  /’  -  20  Thu  wirer  were  soldered 
on  the  tips  of  three  needles  at  the  same  streamwise  station.  The  center  needle  was  common  to  both 
wires  The  distance  between  the  center  cf  each  wire  wai  therefore  I  =  .  045  in.  or  I  =  20.  This  distance 
is  approximately  one -fifth  of  the  wavelength  of  the  low  speed  streak  structure  observed  In  the  sublayer 
by  Kim,  et  al.,  {11. 


The  sampling  criteria  that  we  used  with  the  two  velocity  signals  u  ,  and  u  from  the  wires  side 
by  sice  near  the  wall  was  based  on  the  idea  that  if  a  burst  event  occurred  direct]y*above  them,  both  u 
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and  u  would  be  decreasing  and  less  than  the  mean.  In  other  words,  the  plane  between  the  two  wires 

that  is^norma!  to  the  wall  and  :r  parallel  to  the  free  stream  would  be  a  plane  of  symmetry  for  the  burst 

event  if  u  =  u  when  both  decreased, 
w ;  w  ^ 

We  digitized  four  channels  of  data  obtained  at  U  =20  ft.  / sec  with  the  x  wire  slightly  downstream 
from  and  centered  between  the  ijires  proauc-ng  the  signals  u  and  u  The  x  wire  was  located  at 
y  =  0.  07  in.  from  the  wall  (or  y  =  30.  5)  and  was  x  =  C.  IS  in.  "(or  x+  =  *78.  5)  downstream  from  the  wires 
u  and  u  Upon  examining  the  data,  we  could  observe  that  there  were  a  number  of  occasions  when, 
for*  negative*  T.  L.  .  u  / u1  <  T.  L.  with  negative  elope  at  the  same  time  that  u  /u*  <  T.  L.  with 
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negative  slope.  However,  in  many  instances,  even  when  high  frequencies  were  removed  from  both  u^ 
and  u  (as  described  in  Section  1.  2.  1),  the  two  sigmals  did  not  both  remain  less  than  T.  L.  for  the  * 
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same  length  of  time.  It  was  clear  that  some  kind  of  an  integral  condition  over  time  baa  to  be  added 
to  the  sampling  criteria.  This  was  accomplished  by  writing  a  computer  program  that  summed  all  the 
digitized  data  values  for  u  and  u  during  the  time  that  both  signals  were  below  a  specified  negative 
trigger  level,  provided  tha^*bot'n  signals  simultaneously  (within  a  small  error)  fell  below  the  specified 
trigger  level.  The  sum  of  digitized  data  values  for  both  u  and  u  were  then  compared  and  if  the  sums 
were  both  greater  in  magnitude  than  a  specified  value,  and  if  both  the  signals  u^  and  simultaneously 

(within  a  small  error)  rose  above  the  specified  trigger  level,  a  burst  event  was  presumea  to  have  occurred. 
In  operation,  the  program  caused  the  computer  to  search  the  digitized  data  recorded  on  magnetic  tape  for 
special  events  meeting  the  above  criteria.  As  one  might  perhaps  expect,  events  meeting  the  above  cri¬ 
teria  were  not  numerous.  In  13  seconds  of  data  or  1. 05x  10^  digitized  data  points  we  found  only  ten 
events  meeting  the  above  criteria. 


For  each  event  the  computer  then  plotted  the  signal  uv.  In  each  case  when  T.  L.  =  -1  (i.  e.  ,  u^  = 
u w  r  -  u'  )  and  the  slope  of  u^  was  negative,  large  contributions  to  uv,  uv  >  20  uv,  occurred  at  some 
time  within  the  sampling  interval  which  included  300  digitized  data  points  or  was  0.  037  5  sec  in  duration. 
In  some  samples  a  number  of  contributions  occurred,  each  of  the  order  of  10  to  20  uv.  In  ether  samples. 
Single  or  double  contributions  occurred  which  were  twice  as  large.  In  one  case,  two  large  contributions, 
uv~60  uv,  occurred.  An  example  of  a  single  large  contribution  to  uv  is  shown  in  fig.  11.  The  contribu¬ 
tion  is  uv  =  62  uv  at  the  peak.  These  results  represent  truly  sizeable  contributions  to  Reynolds  stress 
during  bursting  events.  This  is  qualitatively  in  accord  with  results  and  conclusions  of  Kim,  et  al.  ,  {1}, 
and  Corino  and  Brodkey,  {2}.  However,  neither  {1}  or  {2}  could  accurately  measure  the  magnitude  of  the 
contributions  to  uv  during  a  burst,  but  both  investigators  agreed  that  the  bursting  events  were  very  ener¬ 
getic.  iVe  have  also  applied  the  above  specialized  detection  criteria  to  our  data  for  positive  T.  L.  (T.  L. 

=  1.  0)  with  positive  slope  in  an  attempt  to  observe  the  sweep  event  described  by  Corino  and  Brodkey,  {2} 
Recall  from  the  introduction  that  the  sweep  was  observed  after  the  burst  when  higher  speed  fluid  enters 
the  field  of  view.  We  found  approximately  12  events  meeting  the  detection  criteria  and  in  all  these  events 
appreciable  contributions  to  uv  occurred.  The  signal  uv  was  not  as  peaked  as  it  was  during  bursting,  but 
appeared  to  be  relatively  constant  and  large,  uv  ~  7  uv,  for  longer  times  than  during  bursting.  This  was 
our  first  strong  indication  that  not  all  the  contributions  to  Reynolds  stress  near  the  wall  are  associated 

with  outflow  of  low  speed  fluid.  Note  that  Kim,  et  al.,  {1}  state  that  essentially  all  the  contributions  to _ 

uv  occur  during  bursting.  Corino  and  Brodkey  estimate  that  70  percent  of  the  average  contribution  to  uv 
occurs  during  bursting. 


3.  3  Streamwise  Vorticity  Measurements 

As  mentioned  earlier,  we  have  also  made  measurements  of  streamwise  vorticity  fluctuations,  w^,  and 
found  that  the  streamwise  vorticity  fluctuations  near  th-.  wall  are  correlated  with  the  velocity,  u  ,  at  the 
edge  of  the  sublayer.  The  measurements  were  made  by  Dr.  Bo  Jang  Tu  and  the  senior  author  in  1968  in 
the  high  speed  boundary  layer.  The  correlation  between  u^  and 

R  =  u  u  /u'  u*  (8) 

U  U)  W  X  '  W  X 

W  X 

was  found  to  be  a  maximum  along  a  highly  swept  back  line  passing  through  the  point  on  the  wall  where  u^ 
is  measured  and  proceeding  downstream  and  away  from  the  wall  at  an  angle  to  the  wall  and  to  the  stream 
of  approximately  10°.  The  maximum  correlation  coefficient  that  was  measured  was  R  =  -0.  095. 

w  x 
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The  arrangement  of  the  vorticity  probe  for  tht  above  measurement  :s  shown  in  f‘g  1  2.  The  locaticr.  A 

the  probe  when  maximum  negative  correlation  »»'•  found  is  shown  in  fig.  !2  where  the  distances  are 

x  =  1.0  in.  lor  x*  i  1250).  y  =  0.  149  (or  y*  -  185)  and  z  =  0.20}  (or  z~  =  250)  relative  to  the  upstream 

point  where  u  was  measured 
r  w 

We  have  measured  the  contributions  to  the  correction  R  in  iour  quadrants  of  the  ts  .  plane 

Uw—x  w  x  r 

The  results  are  displayed  in  fig.  12.  Not:  that  the  bulk  of  the  negative  correlation  occurs  in  the  fourth 
quadrant  u  <  0.  u.  >0.  Here  the  correlation  in  the  first  quadrant  (for  example)  is  simply  given  by  Eq. 

(8)  but  with  u  >  0,  w  >  0  in  the  numerator  only.  The  quarter  correlation  was  measured  using  an  analog 
method  (a  dioSe  in  the*  feedback  loop  of  an  operation  amplifier;.  The  results  of  fig.  12  show  that  when 
u  <0.  positive  values  cf  _  are  more  likely  than  negative  values.  This  suggests  that  the  positive  stream- 
wise  vorticity  component  may  be  associated  with  the  burst  phenomena  which  occurs  when  u  <0 

To  examine  this  possibility  in  more  detail,  we  made  conditionally  sampled  measurements  of  u.  for 
the  above  data.  The  results  cf  the  measurements  show  that  when  ■>  passes  below  a  given  negative  value 
(with  negative  slope)  the  sampled  data  for  -  representing  contributions  to  a  =0  were  all  positive  when 
u  <  0.  The  positive  contributions  were  appreciable.  We  can  therefore  conclude  that  during  a  burst 
event  there  is  an  appreciable  antisymmetric  pattern  of  streamwise  vorticity  present  in  the  region  near 
the  wall  on  either  side  of  the  point  w-here  u  is  measured.  Note  that  the  positive  sign  of  the  vorticity 
component,  -  ,  at  the  probe  location  shown  in  fig.  12  is  consistent  with  upwelling  of  low  speed  fluid  from 
the  wall  into  die  outer  flow  downstream  of  the  point  where  u^  is  measured. 

The  sampled  data  for  ~  representing  contributions  ttu  =0  when  u  >0  with  positive  slope  were 
all  negative.  This  result  rr.’ay  be  consistent  with  the  idea  tha\  just  before^or  during  the  sweep  event  (u 
increasing)  high  speed  fluid  approaches  the  wall  in  a  jet-like  flow  with  a  pattern  of  downstream  vorticity 
whose  rotation  is  opposite  to  that  of  the  bursting  pattern.  Additional  study  of  tins  phenomena  should  be 
undertaken. 

3 .  4  Direct  Observations  and  Measurements  of  the  Signal  uv  and  of  the  Reynolds  Stress  uv 

The  flexibility  and  relative  simplicity  of  digital  computation  methods  were  exploited  in  a  study  of  the 
signal  uv  from  the  x  hot  wire  probe. 

3.  4.  1  Nature  of  the  Signal  uv 

Figure  13  displays  the  signal  uv  as  a  function  of  time  The  signal  was  obtained  from  the  x  wire  when 
it  was  located  at  a  distance  y  =  0.  07  ir«.  or  y*  =  30.  5  from  the  wall  in  the  low  speed  boundary  layer,  = 
4230.  The  signal  very  definitely  contains  large  short  duration  negative  spikes  and  much  smaller  positive 
contributions  of  considerably  longer  duration  than  tne  negative  spikes.  For  a  considerable  fraction  of  the 
time,  the  signal  uv  is  approximately  zero.  This  suggests  that  the  signal,  uv,  from  the  region  in  the 
boundary  layer  where  turbulent  kinetic  energy  is  a  maximum  is  rather  highly  intermittent. 

3.4.2  Probability  Density  of  uv 

We  measured  the  probability  density  of  uv,  0  ,  using  the  same  computer  program  developed  to  find 

the  probability  density  of  u  ,  see  Section  3.  2  antlVEq.  (4).  The  result  is  shown  in  fig.  14.  Note  that  for 
this  unusual  random  signal^lhe  maximum  value  of  0  occurs  at  zero  but  the  mean  value  is  located  at 
uv/uv  =  i  at^which  point  0  ~  1/ fc 0  )  Furthermore^  the  probability  density  has  a  long  "tail11  for 

positive  uv/ uv  and  rapidly  vani»hingUvaIues  of  0  for  uv/uv  <  9.  These  features  of  the  probability  den¬ 
sity  of  uv  are  consistent  with  the  behavior  of  uv  as  shown  in  fig.  13.  The  peak  in  6  at  uv  =  0  corresponds 
to  the  fact  that  uv  is  relatively  quiescent  or  nearly  zero  much  of  the  time.  The  long  ,iiail"  of  0  for 
uv/uv  >  0  is  a  result  of  the  spiky  nature  of  Reynolds  stress  contributions  during  bursting  events. 

3.  4.  3  Four  Quadrant  Correlation  Map  of  Contributions  to  uv 

To  obtain  a  quantitative  measure  of  the  inte rmittency  of  the  uv  signal  and  to  better  understand  the 
nature  of  contributions  to  uv  from  the  t  orst  and  sweep  processes,  we  have  computed  contributions  to  uv 
in  four  quadrants  of  the  u-v  place.  Tjie  measurements  of  uv  were  made  with  the  x  wire  at  a  distance 
from  the  wall  where  y  =  0.  07  in.  or  y  =  30.  5.  The  contributions  of  the  correlation  uv  in  each  quadrant 
were  computed  for  each  pair  of  digitized  data  values  for  u  and  v.  The  product  uv  was  added  to  previous 
values  of  uv  in  each  of  four  storage  filee  depending  upon  the  signs  of  u  and  v.  Also,  a  count  of  the  num¬ 
ber  of  samples  contained  in  each  of  the  four  storage  locations  was  made.  From  this  data  we  computed 
the  relative  contributions  to  uv  from  each  quadrant,  the  time  spent  by  the  signal  av  in  each  quadrant 
and  the  number  of  uninterrupted  individual  contributions  to  uv  made  by  the  signal  uv  in  each  quadrant. 

The  individual  contributions  are  called  samples  in  fig.  15. 

Figure  15  is  a  copy  of  the  computer  printout  of  this  data  reduction  procedure.  Note  that  the  largest 
contribution  to  Reynolds  stress,  uv/uv  =  0.  805,  occurs  in  the  fourth  quadrant  u  <  0,  v  >  0,  and  this 
represents  violent  upwellings  of  low  speed  fluid.  There  is,  however,  also  a  large  contribution  (0.  435) 
to  Reynolds  stress  in  the  second  quadrant  where  u  >  0,  v  <  0,  This  contribution  may  be  the  result  of  the 
sweep  event  described  by  Corino  and  Brodkey,  {2},  or  can  occur  as  a  result  of  the  swirling  motion  during 
a  burst  event  that  has  often  been  observed  by  Kim,  et  al  ,  {l}.  In  the  swirling  motion,  high  speed  fluid 
must  pass  the  measuring  station  and  enter  the  wall  region.  However,  during  bursting  is  lower  than 
the  mean  and  our  data  for  sampled  Reynolds  stress  in  figs.  8,  9  and  10  all  show  that  considerable  con¬ 
tributions  to  Reynolds  stress  are  made  when  u  is  greater  than  the  mean  value  This  indicates  that  the 
contribution  to  Reynolds  stress  in  the  second  quadrant  u  >  0,  v  <  0  is  caused  by  the  sweep  ev  snt  and  not 
during  bursting.  This  important  conclusion  will  be  discussed  again  below. 
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5.4  4  Four  Quadrant  Co'  r-iation  Maps  of  the  Contribution  ro  uv  Above  a  Certain  Value  of  uv 


Contribution?  to  the  correlition  uv  wer"  also  measured  in  four  quadrants  of  the  u-v  plane  when  the 
signal  uv  was  greater  than  a  certain  value  of  uv  r  const.  The  purf  'se  of  these  measurements,  which 
were  easily  done  by  a  rlignt  alteration  of  the  ••omputer  program,  was  to  single  out  the  large  contributions 
•o  uv  which  occur  in  ■'•••  fourth  quadrant  ■:  <  0,  v  >  0.  The  program  alteration  consisted  of  the  creation 
cf  a  fifth  storage  loc  ion  into  which  a  digitizer  value  nf  uv  was  thrown  if  for  that  sample  uv'  <  const 
The  correlation  contributions  that  remain  in  the  u-v  plane  are  contributions  which  occur  in  each  quad¬ 
rant  outside  cf  a  central  cross-thatched  region  bounded  by  four  hyperbolas  called  the  "hole"  shown  in 
the  sketch  below. 


Figure  16  shows  a  plot  of  the  results  of  the  measurements  of  contributions  to  uv  with  hyperbolic  cen¬ 
tral  region  omitted  for  various  values  of  the  size  of  the  "hole.  "  From  fig.  16,  it  is  clear  that  the  con¬ 
tributions  to  uv  from  the  fourth  quadrant  are  larger  than  from  any  of  the  others.  Furthermore,  above 
the  value  '  uv  =  5|uv'  essentially  all  the  remaining  contributions  to  uv  come  from  the  fourth  quadrant. 

Also  shown  on  fig.  16  is  a  curve  representing  the  percentage  of  time  that  the  signal  uv  remains  in  the 
hyperbolic  "hole"  juv|  <  constant.  Clearly,  for  a  large  fraction  cf  the  time  'uv|  is  very  small  relative 
to  shorter  intervals  of  intense  activity.  Roughly  speaking,  the  intermittency  factor  for  uv  (at  y+  =  30.  5} 
is  0.  55  since  55  percent  of  the  time  the  signal  uv  is  in  the  "hole"  yet  during  this  time  the  contribution 
to  uv  that  is  made  by  the  signal  uv  while  in  the  ■'hole"  is  small  (im/uv),^^ ,,  =  0.  01.  The  size  of  the  "hole" 
for  this  estimate  is  iuv'  <05  uv,  see  fig.  16. 


4.  0  SUMMARY  OF  THE  RESULTS  OF  THE  MEASUREMENTS 

In  this  section  the  results  of  the  measurements  will  be  discussed  and  a  model  for  the  flow  structure 
of  the  bursting  event  that  was  first  presented  in  {3}  will  be  discussed  in  light  of  the  present  measurements. 

4.  1  Discussion  of  Measurements 

The  key  to  an  understanding  of  the  results  appears  to  us  to  be  the  fact  that  when  u  becomes  negative 
with  negative  slope,  a  burst  occurs  which  makes  large  contributions  to  Reynolds  stress  and  production 
of  turbulent  energy.  The  sampled  Reynolds  stress  contributions  uv  like  those  of  fig.  6  for  j  <0  and 
negative  slope  are  convected  downstream  with  the  local  mean  speed  as  our  numerous  measurements  re¬ 
veal  (these  measurements  are  not  yet  in  final  form  and  are  not  included  in  this  paper).  The  region 
occupied  by  the  burst  event  is  long  and  narrow  and  appears  to  grow  as  it  is  convected  downstream.  Fur¬ 
thermore,  when  u  <0  with  negative  slope,  sampled  measurements  of  the  slreamwise  component  of 
vorticity  were  ma3e.  The  measurements  showed  that  an  anti-symmetric  pattern  (in  the  spanwise  direc¬ 
tion  of  streanrvise  vorticity  was  present.  This  is  strong  evidence  that  appreciable  vorticity  is  present 
during  the  bursting  event.  The  sign  of  the  vorticity  is  such  that  an  upwelling  v  >  0  of  fluid  would  be  ex¬ 
pected  when  u  <0  with  negative  slope  and  it  is  shown  from  the  measurements  that  intense  bursts  do 
squi-t  low  speed  fluid  from  the  region  near  the  wall  upward  into  the  higher  speed  outer  flow. 

The  spatial  and  temporal  scale  of  the  upward  ejections  of  low  speed  fluid  is  less  than  I  5  in.  ~ 

6*  or  f  ~  250  for  the  low  speed  boundary  layer.  Our  earlier  measurements,  {3}  and  {14},  of  the  corre¬ 
lation  of  the  pressure  field  at  the  vail  with  velocity  components  near  the  wall  led  us  to  propose,  in  {3}, 
that  a  swept  back  pattern  of  strearriwise  vorticity  in  the  shape  of  a  hairpin  with  legs  pointing  upstream 
could  be  responsible  for  the  wall  pressure  disturbances. 

We  now  propose  that  the  same  model  for  the  flow  structure  near  the  wall  is  also  responsible  for  the 
intense  bursting  events  that  have^been  studied  by  Kim,  et  al.  {l},  Corino  and  Brodkey,  {2},  and  here 
with  sampled  measurements  of  uv.  Another  reason  for  proposing  the  model  of  the  hairpin  shaped  vor¬ 
ticity  is  that  this  configuration  of  vorticity  appears  to  be  the  only  way  an  intermittent,  very  intense  small 
scale  ejection  of  fluid  could  occur.  We  recall  that  the  onset  of  the  ejection  is  very  abrupt  and  believe 
that  it  must  be  the  result  of  vortex  stretching  on  at  first  a  very  small  scale  in  the  wall  regii  Further¬ 
more,  it  does  not  seem  likely  that  anything  other  than  an  intense  local  convected  pattern  of  vorticity 
could  be  responsible  for  the  highly  intermittent  signal  uv,  see  fig.  13. 

Numerous  interesting  questions  remain  to  be  investigated.  For  example,  the  question  of  the  nature 
of  the  flow  disturbance  that  initiates  the  bursting  event  is  still  in  doubt.  Also,  the  nature  of  the  chaotic 
.nteraetion  observed  after  the  ejection  process  is  well  developed  is  not  understood.  Unfortunately,  we 
do  not  have  space  here  to  survey  a  number  of  computational  results  from  simplified  models  of  possible 
flow  structures  near  the  wall.  We  also  would  like  to  suggest  that  the  localized  flow  structure  during  the 
bursting  event  is  similar  to  the  organized  flow  structure  that  occurs  during  the  creation  of  a  turbulent 
spot  ir  the  transition  from  laminar  to  turbulent  flow.  The  initial  instability  mechanism  that  initiates  the 
first  stages  of  the  process  leading  to  a  concentrated  localized  flow  structure  during  transition  may  not 
be  the  same  as  it  is  in  the  fully  developed  turbulent  boundary  layer.  However,  we  propose  that  the  basic 
flow  structure  and  vorticity  pattern  that  is  developed  at  later  stages  and  the  results  (creation  of  Reynolds 
stress  and  turbulence)  are  similar  when  intermittent  and  intense  contributions  to  uv  occur  near  the  wall 
in  the  fully  developed  turbulent  boundary  layer. 
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Fig.6  Conditionally  sampled  measurements  of  contributions  to  the  Reynolds  stress,  see  text  for  definition  of 
Abscissa,  Ordinate  and  T,L.  S.N.  is  the  number  of  samples  of  uv  that  were 
obtained  at  each  value  of  T.L. 
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Fig.6  Conditionally  sampled  measurements  of  contributions  to  the  Reynolds  s»ress,  see  text  for  definition  of 
Abscissa,  Ordinate  and  T.L.  S.N.  is  the  number  of  samples  of  uv  that  were 
obtained  at  each  value  of  T.L. 


Fig.7  Piobabilitv  density  of  uw  after  passing  the  signal  uw  through  a  low  pass  Butterworth  filter  of  third 
order  with  half  power  point  at  80  Hz.  The  velocity  uw  was  measured  at 
y+  =  16.2  and  the  stream  speed  was  19.7  ft/sec. 
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TRIGGER  LEVEL  ^/u'w 


Fig.8  Conditionally  sampled  contributions  to  uv 
as  a  function  of  T.L.  A  low  pass  filter  was  used 
for  uw  frequency  band  0.26  <  f  <  8C  Hz. 
Signal  uv  sampled  when  uw  =  T.L.  u^, 
x  wire  location  x+  =  0,  y+  =  30, 

Uoo  =  15.7  ft  per  sec. 
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Fig.9  Conditionally  sampled  contributions  to  uv 
as  a  function  of  T.L.  Frequency  band  for  u 


AU^/UV  PER  UNIT  T.L.. 


was  0.26  <  f  <  8000  Hz. 
when  u^  =  T.L.  u|„, 

»r+  — 


Signal  uv  sampled 
x  wire  location 


o  -  SLOPE 


x+  =  0,  y+  =  30,  Uop  =  1 9.7  ft  per  sec. 
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Fig.  10  Average  of  sampled  contributions  to  uv  for 
+  and  -  slop.:  as  a  function  of  T.L.  at  low  and 
high  Reynolds  number.  No  filter  was  used  tor 
uw.  Hot  wire  locations  were: 
high  Re:  uw,  y+  =  7.5  uv,  x+  =  1690,  y+  -  263 


low  Re:  u  ,  y+  =  8.3  uv,  x+  =  762  ,  y 
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Fig.  1 1  Example  •/  a  very  large  angle  contribution  to  Reynolds  stress.  Sample  found  using  special  spatial  and 

temporal  filtering  criteria,  see  Section  3.2.4. 


note:  R(/ ,  »  l/2IT  i  0.159  for  two 
independent  (uncorreloted) 


gaueeion  rondom  vorloblee. 


Fig.  12  Contributions  to  correlation  between  streamwise  vorticity  and  veio^'fv  in  the  sublayer  from  four  quadrants 

in  the  u,  «x  piane.  U^,  =  204  ft/sec. 
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Fig.  15  Computer  printout  of  contributions  to  Reynolds  stress  in  four  quadrants  of  the  u,  v  plane.  Signal  uv 
measured  at  y+  =  30  in  low  speed  boundary  layer,  l'M  =  1‘?.7  ft/sec. 
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a  u  >  0  ,  v  <  0 
»  u  <  0  ,  »  <  0 
b  u <  0  ,  »>0 


Fig.  16  Contributions  to  Reynolds  stress  from  truncated  quadrants  of  v  plane  and  percentage  time  spent  in  hole 
as  a  function  of  hole  size,  uv  measured  at  y+  -  30  in  low  speed  boundary  layer,  =  19.7  ft/sec. 
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REPARTITIONS  SPECTRALES  DES  FLUCTUATIONS  THERMIQUES 
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RESUME. - 


Les  rpectres  des  fluctuations  de  teaperature  et  les  repartitions  spectrales  des  correla¬ 
tions  temperature-  vitesse  or.t  *te  assures  dans  la  caucne  liaite  turbulente  d’une  plaque  plane 
chauffee.  Sans  les  conditions  de  ces  experiences,  la  teaperature  se  coaporte  comae  un  contaainant 
passif . 


La  methode  du  diagraame  des  fluctuations  a  ete  appliquee  aux  signaux  filtres  en  frequence, 
r.otammeni  pour  la  determination  des  repartitions  spectrales  den  correlations. 

Ur.e  coaparslson  systeaatlque  des  spectres  des  fluctuations  de  teaperature  et  de  ceux  des 
trois  coaposantes  de  vitesse  est  presentee,  depuis  ia  zone  interne  jusqu'4  \r  front iere  de  la 
couche  liaite.  On  constate  une  forte  analogie  entre  le  spectre  des  f  uctuation*  theraiques  et 
celui  ferae  par  la  somne  Q  (n)  des  spectres  des  trois  coaposantes  de  vitesse  pond£r£es  par  leurs 
moyennes  quadratiques.  Si  on  appliquait  les  forvules  de  turbulence  isotrope,  ceci  reviendrait  a 
adnettre  une  sinilitude  des  fonctior.s  spectrales  totales  relatives  aux  fluctuations  de  teaperature 
et  de  vitesse.  Toutefois  pres  de  la  parol  (Va/ISI  le  spectre  ces  fluctuations  theraiques  et  celui 
de  le  coaposante  longitudinal e  de  vitesse  different  asses  peu  car  cette  coaposante  est  pr£ponde~ 
rante  devant  les  deux  autres,  ce  qui  est  sis  en  evidence  par  1 ’estimation  de  Q  (n)  qul  deaeure  en 
forte  analogie  avec  le  spectre  theraioue. 

Les  equations  do  hilan  des  repartitions  spectrales  relatives  a  la  teaperature  et  4  Q(rJ 
sont  donnees.  Certair.es  reaarques  sont  faites  conpte-tenu  des  repartitions  spectrales  des  terxes 
de  production,  qui  different  pour  la  teaperature  et  la  vitesse,  et  des  ters.es  de  dissipation  par 
les  effets  mcleculaires. 


SUMMARY. - 


The  teaperature  fluctuation  spectra  and  spectral  distributions  of  tenperature-velocity 
correlations  have  been  measured  in  a  turbulent  boundary  layer  or.  a  heated  flat  plate.  In  experi¬ 
mental  conditions  temperature  acts  Hire  a  passive  contaminant. 

The  method  of  fluctuation  diagram  has  been  use  for  frequency  filtered  signals  especially 
in  order  to  measure  spectral  distributions  of  correlations. 

A  systematic  comparison  of  thermal  spectra  and  those  of  three  components  of  velocity  is 
presented  from  internal  zone  as  far  as  the  edge  of  boundary  layer.  It  appears  to  be  a  strong  ana¬ 
logy  between  thermal  spectra  and  spectra  equal  to  the  sum  Q  (n  )  of  the  spectra  of  the  three 
velocity  components,  weighted  by  their  mean  square  values.  If  one  uses  isotropic  turbulence 
formula  the  above  analogy  would  be  equivalent  to  assume  a  similarity  of  total  spectral  function 
for  temperature  ;id  velocity.  However  near  the  wall(/+/v1  5)  thermal  spectrum  and  longitudinal 
velocity  spectrum  are  little  different,  because  the  value  of  this  component  is  very  large  ir.  ratio 
of  the  two  others  j  this  result  is  explained  by  computation  of  Q  £n)  which  remains  in  close 
analogy  with  thermal  spectrum. 

Bslance  equations  of  spectral  distributions  concerning  temperature  and  Q(n)  are  given. 
Some  remarks  are  pointed  taking  in  account  spectral  distributions  of  production  terms,  which  differ 
'or  temperature  and  velocity,  and  molecular  dissipation  terms. 


1.-  INTRODUCTION 

Les  resultats  presentes  ici  concernent  une  partie  des  Etudes  sur  Is  structure  des  couches 
limites  turbulentes  subsoniques  avec  transfert  thermique  4  la  parol,  qui  sont  poursuivies  4 
l'l.M.S.T.  (1,  2,  3,  4,  5,  6).  Les  .'carts  entre  la  temperature©^  d*  la  paroi  et  celle  de  l’air©e 
extorieur  etant  faibles,  de  l’ordre  de  22*C,  le  champ  des  vitesses  n’est  pratiqueraent  pas  modifie 
psr  1 ’echauffement. 

En  ce  qui  concerne  les  grandeurs  moyennes,  les  comparaisons  portent  sur  la  vitesse  rela¬ 
tive  longitudinale  U/Uft  et  les  ecarts  relatifs  de  iemperature©^-®/©^-^  1  *  indice  e  etant 
relatif  aux  conditions  4  l’exterieur.  En  particulier  lorsque  les  conditions  aux  frontieres  sont 
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semblables  Its  prof  11s  de  Vitesse  et  de  temperature  sont  analogues  (  7,  8  ). 

On  renarque  que  Its  composantes  norwale  a  la  parol  ^  et  transversale  "W  .  sont 
faibles  ou  nulles  et  ne  Jouent  pas  un  rdle  direct  clans  la  comparaison.  Par  contre  lorsque  l’on 
considere  les  fluctuations  turbulentes  de  temperature  0*  et  leo  compcsantes  longitudinal e  jj 1  . 
noraale  V*  et  transversale  W'  de  la  vitesse  turbulente  q^  ,  on  salt  que  les  variances  u>* 
ne  sont  pas  en  geier'I  tres  preponderances  devant  les  variances  v*1  et  w**  •  Or.  constate 
d’ailleurs  que  Its  spectres  definis  par  TAYLOR  de  la  conposante  longitudinale  U'  ct  de  la 
temperature  0*  sort  en  general  differents  dans  la  couche  limite  18),  dans  un  jet  (  9  5  ei. 
dans  un  ecoulement  cylindrique  (10). 

C’est  pourquoi,  nous  avons  entrepris  une  etude  detaillee  des  repartitions  spectrales  des 
fluctuations  do  temperature,  des  trois  corsposantes  de  vitesse,  ainsi  que  des  correlations  tempera- 
ture-vitesse  et  vitesse-vitesse,  dans  une  couche  limite  turbulente,  ou  a  notre  connaissar.ce  ces 
mesures  n'ont  pas  ete  efectuees  systematiquement. 

Les  theories  spectrales  developpees  pour  le  cas  des  grands  nombres  de  Reynolds  et  concer- 
nant  les  echelles  petites  vis  a  vis  de  cellos  cor.tenant  1  'energle,  permettent  de  prevoir  pour  les 
vitesses  les  lois  de  decroissance  des  fonctions  spectrales  a  trois  dimensions  dans  l'espace.  On 
suppose  la  turbulence  iocaleraent  homogene  et  isotrope.  En  fait  les  resultats  exper lmentaux  oontrent 
que  les  lois  de  decroissance  spectrales  (  11  )  sont  en  general  applicables  mtme  en  turbulence 
ani  ope  si  le  nombre  de  Reynolds  ast  fort,  ainsi  il  en  est  de  la  loi  en  J< -9/»  (12,  13,  14). 

En  c  i  concerne  le  champ  de  temperature,  on  le  considere  comme  passif  et  sous  la  dipendance  du 
champ  vitesse  ;  CORRSIN  (15)  notarament  definit  pour  les  nombres  de  Peclet  eleves  une  zone 
d'equi.^ore  de  convection  qui  joue  le  r6le  de  la  zone  d'equilibre  dynamique  de  KOLMOGOROV  {  11  ) 
lorsque  le  noenbre  de  Reynolds  est  eleve  ;  1 ’analyse  dimensionnelle  montre  que  dans  cette  zone 
li  fonction  spectral e  a  trois  dimensions  de  temperature  est  proportionnelle  a  £  j  £  -V, 

£  etant  la  dissipation  par  viscosite  de  la  turbulence  de  vitesse  et  la  dissipation  par  la 

conductivite  moleculaire  des  fluctuations  turbulentes  de  temperature.  Toutefois  BATCHELOR  {  16  ) 
a  montre  que  les  zones  d'inertie  et  de  convection,  ou  les  lois  spectrales  seraient  en 
ne  sont  d’etendue  comparable  que  si  le  nombre  de  P'andlt  est  voisin  de  1 ’unite,  ce  qui  est  d’ailleurs 
le  cas  des  presentes  mesures.  PLATE  et  ARYA  (  17  )  semblent  avoir  verifie  dans  une  couche  limite 
a  grand  nombre  de  Reynolds,  avec  effet  de  stratification,  la  decroissance  spectrale  en 
pour  la  temperature.  Ce  plus,  la  loi  de  dicroissence  sptctiiile  en  .etablie  par  TCHEN  pour 

les  vitesses  (18)  lorsque  le  taux  de  production  de  turbulence  est  eleve,  seralt  vtrifiee  experi- 
mentalement  pour  les  temperatures  par  PLATE  et  ARYA  dans  1 ’experience  precitee,  ainsi  que  p«»r 
9REKH0RDT  et  BULLOCK  dans  un  conduit  cylindrique  (  10  ). 

Er.  ce  qui  concerne  les  presents  resultats,  on  s'est  surtcut  attache  a  effectuer  une 
conparaiuon  entre  les  energies  spectrales  des  fluctuations  de  temperature  et  des  fluctuations  de 
vitesse.  Cependant  des  considerations  ont  ete  faites  sur  les  lois  de  variation  spectrele.  Ainsi, 

nous  avons  compare  le  spectre  de  temperature  pgg  (n)  de  TAYLOR,  n  etant  la  frequence,  au 

spectre  Q  (fl}def  ini  par  1 'expression  : 

q71  Q  (n)  =  u;1  Fuu  (n)  +  v*  Fw  (n)  +  TP1  Fww  (n)  (1 ) 

q'1  =  ll’*  +  V*1  +  W  '*  Fuu  f  Fvv  ,  Fww  spectres 

de  TAYLOR  des  composantes  'J*  ,  Vf  ,  W  '  •  En  effet  les  equations  conduisent  a  faire  une  analogie 
entre  le  scalaire  0*0o 

et  le  produit  scalaire  :  qT  q^  _  (j’Uq  +V’vJ  +  W’WJ 

Les  valeurs  sont  considerees  en  deux  points  de  l'espace  et  du  temps.  En  un  point  fixe  de  l’espace, 
avec  un  decalaqe  dans  le  temps  ~C  ,  on  compare  les  autocorrelations  dans  le  temps  : 

0’(f)0’(f+tj  et  u’(r)  u’O  +  t)  +  v’ (0  v’Cf+r)  +  w’  (r)  wi  Q 

ce  qui  conduit  par  transformation  de  Fourier  aux  spectres  FQg(rOet  Q  (n)  precites. 

L'experlence  confirm?  I'interftt  du  choix  de  Q(n)comroe  critere  de  comparaison. 


2.-  DISPOSITIF  EXPERIMENTAL 

Les  mesures  ont  ete  effectuees  au-dessus  de  la  plaque  plane  chauffee  dispor.ee  dans  le 
plancher  de  la  soufflerie  S.2  de  l’l.M.S.T.  (  3  ) .  La  longueur  de  la  maquette  est  de  4850  mm,  la 
largeur  de  560  mm.  Deux  cas  d'experiences  sont  a  distinguer.  Dans  le  premier  cas,  le  debut  du 
chauffage  etait  a  3050  mm  en  aval  de  la  transition  a  la  turbulence  ,  transition  obtenue  par  un 
reglet.  Dans  le  deuxieme  cas,  le  chauffage  ne  debutait  qu’a  250  mm  en  aval  de  la  transition. 
Compte-ter.u  de  la  position  de  mesure  habituelle  situee  a  une  distance  X  "  3690  mm  de  la  transi¬ 
tion,  la  couche  limite  dynamique  est  a  cette  position  entierement  chauffee.  Dans  le  premier  cas 
la  distance  Xq  en  aval  du  debut  du  chauffage  etait  habituel  lement  de  640  mm  et  dans  le  deuxieme 
cas  de  3440  mm.  A  la  position  X  “.  3690  mm,  les  conditions  aerodynamiques  sont  les  suivanf.es  : 
vitesse  exterieure  \Je  «  12  m  sec-1  ;  epaisseur  de  la  couche  limite  a\jsljt  &a<62  mm  ;  vitesse  de 
frottement  V*  =  0,46  m  sec-1  ;  coefficient  de  frottement  Cf  =  30. 10"4.  Les  ecarts  de  tempe- 
-ature  entre  la  paroi  et  l'air  de  la  veine  d'experiences  sont  0^- 0*  ft;  22*C.  Dans  le  premier 
cas  d'experience,  le  nombre  de  Stanton  est  St  •  21. 10"4,  dans  le  deuxieme  cas  St  =  17. 10". 

Des  mesures  de  contrftle  ont  ete  effectuees  en  dessous  de  la  maquette  a  plaque  plane  chauffee 
disposee  dans  la  soufflerie  S.l  de  l'l.M.S.T.  (  8  ).  Les  mesures  de  profil  de  vitesse  avec  et 
sans  chauffage  sur  les  deux  maquettes,  dans  lesquelles  la  gravite  joue  en  sens  oppose,  montrent 
que  les  chau 'fades  n'ont  pratiquement  pas  d’effet,  a  la  precision  pres  des  mesures,  sur  les 


grandeurs  noyenr.es. 

£»  ce  qui  concern?  1 'appareiilage  de  mesure,  res  liis  chauds  droits  et  orrises  en  <  ont 
ete  utilises.  Le  diam3tre  des  flis,  er.  piatir.e  ri.odi",  ctait  en  general  de  2,5  p  .  Les  a.ntmo- 
m'.-tres  sort,  a  intensity  de  courar.t  de  chauffage  constar.te  (  15  >.  La  bande  passante  de  ces 
appareils  est  de  1  Kz  a  6000  Hr  (  i  3db  ).  O'autres  appareils  ont  etc  utlises  pour  des  contrSlc-s, 
dont  la  bande  passante  est  de  l,r.  Hz  i  t  000  Hz  (a  3  db).  La  ga»»e  de  mesure  de  l'ar.alyseur 
spectral  '  14  )  s'eter.d  de  1  a  £•  000  Hz.  Les  courbes  de  selectivite  pour  les  diverses  frequences 
utilisees  ont  ete  determiners  avec  precision  ;  la  iargeur  de  bande  passante  du  filtre  est  cga’.e 
a  5  %  de  la  frequence  d'accord.  Toutefois,  pour  tes  frequences  superieures  a  environ  3  OOO  Hz,  la 
selectivite  de  ce  genre  d'appareil  est  mal  adapter  aux  mesures  des  spectres  de  turbulence,  qui 
decroissent  tr?s  fortement  lorsoue  la  frequence  augmente.  Par  cor.tre.aux  frequences  basses  sor. 
fonctlonnement  est  satlsfaisant  <  14  ). 

L.  constar.te  de  temps  due  a  1  'inertie  thermique  des  fils  chauds  est  determinee  per  la 
m^thode  des  signaux  hautes  frequences  i  19  ). 


3—  METHOOE  DE  MESURE  DES  REPARTITIONS  SPECTPSiLCS  EN  PRESENCE  DE  FLUCTUATIONS  TE  VITESSE  ET  DE 
TEMPERATURE 


Des  mesures  de  U*1  ,  eU  et  0V  ont  ete  effectuees  avec  deux  fils  chauds  parallels, 
ou  mis  bout  a  bout,  afln  de  separer  les  variables  u’  et  0'  .  Les  resultats  ont  ete  plus  incertains 
que  ceux  obtenus  avec  un  seul  fil  et  la  metnode  du  diagramme  de  fluctuations  II  I. 

Les  repartitions  spectrales  de  0,l,U'*>des  correlations  0*y»  et  0*v  ont  done  ete 
mesurees  par  la  raethode  des  dlagraames  de  fluctuations  appliquee  aux  siqnaux  filtres  en  frequence 
(  6  ). 

Dans  le  cas  d'un  seul  fil  jerpendicjlalre  a  la  vitesse  moyenne,  on  a  la  relation  (  6  )  : 

'•’-(llWF'f  „r*lG!L_2r]EE-.M-  (21 

u*  u  e  e* 

le  symbole  (>‘)  indique  que  ).e  signal  est  obtenu  a  la  sortie  d'un  filtre  lineaire  de  larqeur  de 


bande  A  n  ff^est  le  signal  fluctuant  aux  homes  du  fil  chaud  ;  P  =  d/y)  oil  et  est  le  coeffi¬ 
cient  de  sensibiiite  a  la  vitesse  et  &  a  la  temperature.  Le  coefficient  r  est  fonctlon  du 
courant  de  chauffage  du  fil.  Le  diagramme^jhtenu,  qui  es t  u.»»  hvnerhol o  dens  la  representation 
fonctlon  de  P  ,  donne  les  valeurs  dc  l£r)li  (@*)1  et  u'0’  .  soit  un  point  correspondent  a  la 

frequence  d'accord  n  pour  les  spectres  F  ij FafilT}6^  F8u^resptct^ve,,:ent  5.1.). 

Dans  le  cas  de  deux  fils  (notes 
tion  d'un  filtre  llneeire  (  6  )  : 


avec  applies- 
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6’etant  le  coefficient  de  aenaibilite  a 
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U*-  0  u 

V*  .  Le  diagramme  trace  qui  est  une  droite  dans  la 
representation  e*  en  fonctlon  de  r  permet  done  d’obtenir  un  point  des  spectres  Fyy  (n)etp_  £n) 
correspondents  aux  correlations  U*V’  et  7 


La  Figure  fi  presente  un  exemple  de  mesures  effectuees  a  une  distance  de  lo  paroi  Y  =  7  mm 
par  la  m^thode  precltee.  Les  grandeurs  spectrales  F  sont  normees  a  3. 'unite,  et  les  grandeurs 
spectrales  E  aux  valeurs  des  coefficients  de  correlation  R  correspondent.  En  abscisse  sont 
portes  lea  logarithmes  des  nombres  d'onde  s  2  Tf  n/\J,  en  ordonnee  les  valeurs  ^  F  (k  ) 
ou  k  E  (.k  )  »  les  c°nditions  de  normalisation  sont  done  :  *  1 

/“’k  F(k4)  d (Log  kj  -1  et  f°° k^E  (k^dtLog  kj  =R  (.“0 

-rio  1  •'o 

Cette  representation  a  l'avantage  de  mettre  ei.  evidence  les  zones  spectrales  qui  renferment  une 
er.ergie  notable,  en  conslderant  simpiement  les  aires. 

Dans  le  cas  des  spectrcsFfiQ  ,  •' yu  »  E  0  u  *  ‘-©V  les  points  correspondent  aux 
mesures  faltes  par  la  methode  des  diagrammes .  La  courbe  tracee  pour  Fyy  a  ete  obtenue  en 
ecoulement  lsotherme,  la  concordance  avec  le--  resultats  deduits  des  diagrammes  est  satisfaisante. 
Ceci  confirme  que  le  chauffage  ne  semble  pas  modifier  le  champ  des  vitesses  fluctuantes.  La 
courbe  tracee  pour  F@0  a  ete  obtenue  avec  un  fli  chaud  tres  peu  chauffe  (  •"  0,009),  apres 

correction  de  la  contamination  due  surtout  it  (Equa.  2);  l'accord  avec  les  points  deduits 

des  diagrammes  est  aussi  satlsfaisant,  ce  qui  justifie  '.'utilisation  d'un  fil  peu  chauffe  pour  la 
mesure  des  spectres  de  temperature.  Notons  que  sur  la  Figure  6  les  spectres  Fqq  etE0U  ont  ete 
mesures  dans  le  premier  cas  d' experience  (  A0  1  640  mm  ) .  Si  on  ne  corrige  pas  les  mesures  faites 
avec  un  fil  peu  chauffe  (  P  <v  0,009)  de  la  contamination,  les  spectres  ont  la  mSme  forme  mats 
sont  decales  vers  les  basses  frequences.  A  titre  d'exemple  dans  le  cas  de  la  Figure  8,  ljenergie 
non  corrigee  est  en  exc<s  de  16  %  a  k„  *  11  m-^  et  en  defaut  de  19  l  a  k^  ”  1485  m”  ,  ce  qui 
equivaut  pratiquement  a  un  decalage  d'ensemble  du  spectre  nun  corrige  de  20  %  vers  les  bas  nombres 
d'ondes.  Toutefois  pres  de  la  paroi  (  y<vO,  5  mm)  les  spectres  de  Q’  et  de  U*  etant  voisins 
(Fig.  li  les  corrections  sont  negligeableu. 

Halgre  ’.'utilisation  de  fil  chaud  de  diametre  feible  2,5  p  ,  dont  la  constante  de  temps 
reste  inferieure  a  0,40  milllsec.,  une  erreur  dens  la  mesure  de  la  constante  de  temps  peut  entral- 
ner  une  modification  des  spectres  importante,  prircipalement  pour  les  temperatures  qui  ont  un 
spectre  ete.ndu  aux  frequences  elevees.  La  determination  des  constantes  de  temps  a  done  ete  effec- 
tuee  so lgneu semen t  et  nous  estimor.s  que  1 'incertitude  sur  la  valeur  spectral e  est  a  1  000  Hz  de 
l'ordre  de  1  A  et  a  4  000  Hz  de  13  %. 
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sentation  at  11  if.-  e,  avec  a  r.e  -cfel  \  1_>  ;ar  it  hr  ique  er-.  abr.cisse,  a  -’•t-  cosn'-r'C---  paragraph*  i. 

trais  compos ant os  d>-  v!t»sst 


Les  spectres  re  ter.p  -  rat  u  re_Fg  q _  et  -er,  spectres  les  trols  ccorosa 

ieur  er.erq  ie  relative  U’V’q*1  Fyy  <  v’Vq»t  Fyy  <  W’1/q’l  F 


por.der*  es  par 


W  W 


so:. t  donneS. 


snectra  Q  calcule  sar  !a  forsule  (l ) 


lr.siqu-1  c t  traits  tirets  courts,  le  spectre 


puu  est  aussl  rent tonne  e-.  tirets  fins.  Pour  chaque  cas  Je  iicure.cn  a  dc-temir.e,  en  faisant 
I’nypoth'.se  de  Taylor,  les  longueurs  suivantes  (13;  : 

-  la  lcnq^eur  ir.t-'qrale  Ly  J^Tt/2  Pyy  (i)  ?our  ’e-  plus  petits  ; 

_  ler.  longueurs  de  dissipation  relatives  aux  troJ.s  composar.tes  de  la  vltesce  par  les 

relatf  cns  t  ^  ^  \  j/2  7T  K  avec  N  *=  n 1  F  (n)  d  n  (6) 

On  oefinit  d’une  fec-~.r.  sLoilaire  une  longueur*  A©  pour  la  te»p  Irature  ;  Ag  est  lice  a  la 
dissipation  de  0**  par  la  conduction  eoieculaire  (Cf.  Parac..  3.4. >.  Nous  avor.s  derlni  aussi,A< 
a  partir  de  1  -equation  (l)  :  __  t  v-t  _j  i  - -  *-l  /_a 

9  1  Aq  =  U  Ay  +  v”  Ay  +  w  *  Aw  l7J 

Les  valeurs  Ly  ,  A  U  .  Aq  et  Ae  dor.nees  ci-apres  soot  lues  sur  des  courbes  royennes 
tracees  a  partir  de  10  a  13  positions  de  raesure.  Les  valeurs  de  Aq  <- corespondent  aux  spectres 
p06  non  ccrriqes  d’effets  de  contamination.  Le  r.oebre  de  Reynolds  l5^=  )j  U*A^yv~st  vol!‘in 

de  1  3S  dans  la  region  centrale  de  la  couche  limlte. 


La  Figure  1  presente  les  resultats  a  la  distance  Y  »  0, 5  a*  de  la  paro. ,  le  nonbre  de 
Reynolds  correspondent  y+  =  V*y/x?  »  15,5.  Les  valeurs  des  autres  paramstres  sont  L(j  -  12,6*J», 
\  *  2,0  ram,  \q  *  1,6  nr.  ,  \q  -  1,6  ran  ,  la  vitesse  U  *  5,26  m  sec”  .  Les  spectres  Fyy 

etUp  ^n'0ntVu  ®tre  raesures  a  cette  position  a  cause  des  dimensions  du  fil  en  X  les  courbes 
tracee3  ont  ete  estinees  avec  uno  marge  d'incertitude  faible,  car  eller  sont  peu  evolutives  en 
nombre  d*onde  lorsque  la  distance  y  varie.  Les  valeurs  de  {p2  et  v’1-  °r>t  ete  deterrainees 
corapte  tenu  des  valeurs  proposees  par  KLEBANOFF  (  12  ).  A  cette  position,  oil  ia  production  de 


differe  assez  peu  ce  p. 
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mais  le 


•j  «  24,4  ,  A(J  >■  2,1 


turbulence  est  proche  de  son  maximum,  on  constate  que  Fyy 
spectre  Q  (k,)  calcule  en  est  encore  plus  voisin. 

La  Figure  2  presente  les  resultats  pour  Y  =  2,5  mm  .  Y*  « 
nu»  ,  Xq  *  1.  5  ,  Xq  *  1,3  ma  ,  U  *  1,  36  m  sec-1.  Cette  position  est  sit.^ee  dans  la  zone 

ou  le  profit  de  vitesse  est  logarithmique.  Le  spectre  Fuu  differe  plus  du  spectre  de  Fqq  qu  a 
la  position  y  »  0,5  mm  ,  par  contre  le  spectre  Q  en  reste  voisin,  ceci  est  dfi  a  ce  quc  1 *s 
composantes  v’  et  W’  prennent  de  1  •  importance  vis  a  vis  de  U*  -  Oe  Plus  11  apparalt  dans  le 
spectre  Foe  un  palier  accentue  que  l'on  retrouve,  quoique  moins  accuse,  dans  le  spectre 

calcule  Q  •  .  w  .  .  .  .  t  .  ,  „  ,  ,  , 

La  Figure  3  est  relative  a  y  =  7  mm  position  correspondant  encore  a  la  zone  de  la  loi 
logarithmique  de  la  vitesse.  Les  valeurr  des  parametres  sont  Y* ~  215’  ‘-(J°  30,7  Bm>  A(J  *  2<4 

Aq  «  1 , 7  mm  ,  =  1,4  i»  (valeur  corrigee  1,3  mm),  U  ■  8.54  mfsec.  Les  mSmes  renarques 

peuvent  6tre  faites  que  dans  le  cas  de  la  figure  2.  .  \  v 

.  La  Figure  4  correspond  A  y  *  15  sun  ,  y  *  460,  *—  U  a  31,4  mm,  Ay*  2,9  mm  ,  Vvq  »  2,2mm, 

Ag»  1,7  An  (valeur  corrigee  1,6  mm),  U  -  9,64  m/sec.  Cette  position  est  situee  au  debut  de 
la  zone  dite  de  sillage.  Le  palier  du  spectre  Fqq  a  disperu,  le  spectre  Q  reste  voisin  de 
Fgfi  i  toutefois  11  lui  est  inferieur  pour  les  nombres  d'onde  eleves,  ce  qui  est  mis  en  evidence 

par  les  valeurs  de  ^Q  et  Ae  •  .  w  u+  i  „  , 

La  Figure  5  presente  les  resultats  a  J  c  30  mm  pour  Y  -  930,  *-(j  «  31,4  mm, 

Ay.  3,8  mm,  Aq  *  2,7  mm,  A©  c  2,2  nun,  U  1  10,94  m/sec.  Cette  distance,  correspond  a  la 
zone  de  sillage,  1  > intermittence  est  d'environ  98  %.  Les  spectres  de  V  ’  et  W?  continuent  de 
prendre  de  1* importance  relative  ;  le  spectre  Q  demeure  voisin  du  spectre  Fqq  et  le  spectre 
F  .  est  nettemer.t  decale  vers  les  grandes  echelles.  .  * 

t.  •'  La  Figure  6  donne  les  resultats  pour  y  *  50  mm,  y*"  =  1550  ,  *— y  ■  24,0  nun,  Ay*  4,8mm, 

Aq=  3.4  mm,  A Q  ~  3.°  ram.  U  =  11,90  ir  sec-1.  L 1  intermittence  est  d’environ  45  *.  Les  mSmes 
constatations  peuvent  Stre  faites  que  pour  la  figure  5. 

Etant  donne  que  la  ponderation  des  spectres  de  vitesse  est  capitale  dans  le  calcul  de O  , 
la  figure  7  presente  les  ecarts  types  relatifs  des  fluctuations  turbulentes  de  vitesse  et  de 
temperature  dans  la  couche  limite".  II  semble  que  les  rapports  (60/6y)  solent  Peu  variables, 

pour  y  ^>0,5  mm,  restant  voisin  de-1,5.  Vs**  C-'^d  ^ 


5.-  DISCUSSIONS  DES  RESULTATS 

II  est  necessaire  pour  interprSter  les  resultats  d ' experiences  d'etablir  les  equations  de 
bilan  des  repartitions  spectraJes  au  sens  de  Taylor. 


x  HINZE  (13)  definit  une  longueur 


X  < 


1550 


ECARTS  TYPES  RELATIFS  Figure. 8.  REPARTITIONS  SPECTRALES  DES 

5  FLUCTUATIONS  CORRELATIONS 


5.1.  Equations  de  bllan  spectral. 

Les  equations  aux  fluctuations,  en  notation  tensorielle,  pout-  les  cosposantes  de  Vitesse 
sort  <  20  ,  8  )  : 

at  'SX J  'ax,  ax,  ax,  pax,  p  Hx, 

le  symbole  ^  )  indique  une  noyenne  statistique,  f fluctuation  des  tensions  moleculaires. 

Pour  la  temperature,  dans  les  conditions  de  crs  experiences,  l’cquation  s’ecrit  <61: 


ae;  vx*$l  +  v;  +  ^§1  +  Jr 

df  'ax,  r  dXy~  dXv  axr  f>< 


dr  fdX,  '  dX,  dxy  dxr  PCp  dX* 

h*j  represer.tant  les  fluctuations  de  la  conduction  nolecul&ire.  On  pourrait  obtenir  les  equations 
de  bilan  spectral  par  transforwee  de  Fourier  des  equations  de  bilen  des  correlations  dans  le 
temps  (22).  Au  point  de  vue  physique  la  technique  experiment  ale  estjieux  suivie  en  considerant 
up.  filtre  lineaire  passif  (21)  note  ‘Fj  .  Appliquons  cei  operateur  aux  squstijjrs  (gj  et  (9)  • 

.•lultigllons  alors  l’equation  des  vitesses  par  V*  et  cel  le  des  temperatures  par  g*  .  On  a 

(  8  )  .  Ceci  entralne  que  V^(Sv£\_. 

“  Les  equations  moyenmees  relatives  aux  vitessexr  avec  summation  des  indices  at  et  g  sont, 
coroote  tenu  de  l'ecuation  de  continuity  :  .  - -t— - 


wioie  tfnu  ae  i  -equac.uu  caniuiuiLc  ;  _________  —  -  — ■ 


^e=‘or5f 


vecteur  de  cooposante 


Pour  la  temperature,  l1 equation  s’ecrit  de  11  Arne 

'i.iWi  .do  __  » J _ fi»iSEL 

1  ax,  1  ®C,-  Ftp  ax. 


Introduisons  alors  les  spectres  et  les  co-spectres  (22)  supposes  contir.us  ;  si  le  filtre  est 
ideal  et  de  largeur  inflnlment  etroite,  AD  ,  on  a  : _ 

QlnJAn  ,  >„<n!  An  ,  ' 

_ _  _ _ oXt 

^P=v.p.  ^[n)An  ,  v>^i-v^L  Drt?(n)An,  6*6*  nB’1  Fee(n)  An  ,  Cl2) 

•  e^',=9^.Ss>r(n)An,6»^ 

les  equations  s'ecrivent  alors  :  _ 

v,aj%p  ^=.Vn^i^aJagSdDlltirD^v;a^  1 

V.a^e^,  ft. -  *§E 

Si  l'on  integre  pour  toutes  les  frequences  de  0  a  1 'inf ini,  on  retrouve  bien  les  equations  de 
bilan  classiques;  pour  une  frequence  donnee  les  terraes  moyens  habituels  sont  a  ponderer  par  les 
fonctions  spectrales,  qui  peuvent  modifier  les  rapports  de  grandeur  de  ces  termes. 

5.2.  Validit.e  de  la  comparaison  proposee  entre  Q  (k^J  et  Fgg  (k,|) 

II  ressort  des  six  exemples  presented,  ainsi  que  de  cina  autres  mesi.res  effectuees  a  des 
positions  intexmediaires  et  non  donnees  icl,  que  le  spectre  Q  LkJ  est  voisin  du  spectre 
Fgg  (lCj) .  Neanmoins,  aux  nombres  d'ondes  Aleves,  il  apparalt  d'apros  la  comparaison  des  valeurs 
de  s°nt  superieures  a  \q  ,  et  d'apres  les  figures  1  a  6  et  9,  que  Q  renferme  moins 

d'energie  que  Fgg  .  Cette  difference  se  situe  environ  au  dela  des  nombres  d!onde1/X<^  ,  e'est 
a  oire  lorsque  la  viscosite  et  la  conductivity  se  manifestent.  Toutefois,  a  la  position  y  »  0,5mm, 
la  concordance  sembleralt  se  verifier  a  tous  les  nombres  d’ondes,  mais  les  spectres  des  composantes 
V’ et  W ’  ,  dont  l'inrluence  est  determinante  aux  frequences  eleveas,  ayant  ete  estlmes,  rendent 
ce  resultat  sujet  a  caution  aux  grands  nombres  d'ondes. 

Notons  de  pljs  que  les  points  experimentaux  presentes  pour  Fgg  ne  sont  pas  ici  corriges 
de  la  contamination  due  a  la  composante  (J '  ;  en  fait  cette  correction  ameliorerait  la  comparaison 

effectuee  entre  Q  et  Fqq  pour  les  nombres  inferieurs  a  1/^  ,  et  accentuerait  legerement 

la  difference  aux  nombres  d'ondes  plus  eleves. 

Pjir  ailleurs,  les  mesures  qui  ont  ete  effectuees  dans  le  cas  ou  le  chauffage  est  situe 
loin  en  aval  de  la  transition  (  Xg  =  640  mm)  montrent  que  les  spectres  Fgg  ne  subissart  pas  de 
modifications  signif icatives;  les  considerations  precedentes  sont  done  aussi  valables.  Ceci 
confirme,  'ti  outre,  que  le  champ  fluctuant  de  temperature  est  bien  sous  la  dependance  du  champ 
turbulent  ae  vitesse.  CORRSIN  et  U8ER0I  (  9  )  dans  un  Jet  cylindrique  chauffe  etaient  arrives  a  la 
conclusion  que  les  spectres  a  trois  dimensions  de  la  vitesse  et  de  la  temperature,  sur  3. 'axe  du  jet, 
semblalont  approxlmativement  semblables  ("roughly  alike").  Cette  conclusion  est  en  faveur  de  l'in- 
troduction  de  la  fonction  Q  (k^)  •  En  effet,  en  turbulence  homogene  et  isotrope,  on  a  : 

1-M)dk  ,  V^Fw(k,) (u) 

JK  k  k  vk,  k  k1^ 


j 


E(kl  fonction  spectrsle  a  trois  dimensions  (  13  }  avec  'Tl=2/00ECk;  dk  (15) 

?n  ce  q.,i  conceme  la  temperature,  oncefinit  de  mime  (13)  :  c  5*  (16) 

relation  Q’^eCkJ  -  /“laMdk  (17)  qui  est  e  repprocher  1e  celle 

(14)et(15)  pour  Q(kJ  4  71*  q^Q(k4)  =  2^®l^<l  dk  (18) 

L'analogie  proposee  entre  et  O  re«iendrait,  en  turbulence  fsotrope,  a  supposer  une  simili- 

tude  entre  les  fonctions  spectreles  a  trois  dimensions  E  (k)  et  E«*(k)  ,  tout  au  coins  en  ce 

qui  concerne  les  nombres  d'ondes  inferieurs  a  1/Aol  •  Cette  hypothese  avait  <te  avancee  en  1949 
par  KOVASZNAY,  UBEROI  et  CORRSIN  (  23  )  ;  il  ne  semBlo  pas  qu'clle  alt  ete  reprise  par  la  suite, 
car  les  mesures  de  HILLS,  KISTLER,  O'BRIEN  et_C0RR5IN_{  24  )  en  aval  d'une  grille  de  turbulence  chauf- 


et  on  a  la 

deduite  de  (14) 


fee  moritreraient  plut&t  qie  les  spectres  Full  et  F| 
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sont  comparables. 


5.3.  Repartitions  spectrales  des  termes  de  production  et  spectre  de  temperature. 

L.,  figure  8  presente  avec  le  mfcme  systece  de  coordonnees  que  les  figures  1  a  6,  un  exemple 
des  co-spectres  Egu  •  Efiv  et  EyV  s  la  distance  y  »  7  mm  (  y+  ■  215).  Ces  repartitions 
spectrales  sont  representatives  pour  la  region  centrale  de  la  couche  limite  ou  le  profi).  des 
vitesses  est  logarithmique.  Les  coefficients  de  correlation  correspondents  sont  nettenent  dlfferents 
pour  la  temperature  et  la  vitesse  : 

R„u=/toEe;i(k<)dk<,#0,6S  ,  R0v-/%/l<()dk4#O,6O  ,  RUv=/toEuvO<4)clk  #0/0 

yO  r  r  Jo  JO 

Cflv  ec  Cuv  •  qui  intcrvienr-  '  dans  les  termes  principaux  de  produc- 

'  couche  limits, montrent  un  decal  age 
es.  Si  1 'on  considere  le  rapport  des 

:  4^.  a*  ~  2,2  ?  7 

„  0U  w  dU/dy  Prr  ’ 

(  ri'f  nonbre  de  Prandtl  turbulent  voisin  de  0,85  pour  y  »  7  mm)  on  voit  que  globalement  la 
production  relative  est  nettement  plus  forte  pour  la  temperature  que  pour  la  vitesse,  et  ceci 
s’acce.ntue  trc-s  fortement  aux  nombres  d'onde  eleves. 

Dans  les  figures  2  et  3  on  a  vu  que  le  spectre  de  Fgg  presentait  un  palier  accentui. 

Sur  la  Figure  8  on  constate  que  ce  palier  correspond  au  maximum  de  Foil  et  ®  une  variation 
en  k"'1  de  Fuu  ’  °ans  ce  domaine  de  nombre  d'onde  le  coeff icient®ae  correlation  entre  Q;  etu’ 
est  encore  eleve.  voisin  de  0,8  dans  le  cas  de  cet  exemple.  D'une  fagon  generals  aux  faibles 
nombres  d'onde  la  temperature  est  en  forte  correlation  avec  la  compesante  longitudii.'.le  de  vitesse 
et  aux  nombres  d'ondes  plus  eleves,  de  l'ordre  de  1/Aq  '  en  forte  correlation  avec  la  composante 
normale  V*  .  La  composante  W*  ,  par  suite  de  1 'homogeneite  spatiale,  n'intervient  pas  dans  les 
termes  de  production,  par  coitre  ellc  intervient  notamment  dans  les  termes  moleculalres 
explicltement  ou  impl  icltemer.t. 


De  plus,  les  co-spectres  Cgy  ec  C-uv  i  •ini  interviei, 
tion  (Eguc.  13)  avec  les  simplifications  habituelles  p> 
de  Eoy  Par  rapport  a  E(jy  vers  les  nombres  d ’ondeu 
productions  relatives  correspondantes,  a  savoir  :  q*t  &v  dQ/dy 


lies  logarithmlques ) , Fgg  ,F"UU 
k4‘*  et  k,'**  sont  tracees 


La  Figure  9  aonne,  dans  la  representation  classique  (echelles_ 
et  Q  en  fonction  de  k<  •  Les  pentes  correspondant  aux  lois  en 
afin  que  l'on  puisse,  dans  le  cas  de  ces  experiences,  constater  le  domaine  de'validite  de  ces  lois. 
La  lol  de  Tchen  est  mieux  verlflee  pour  Fii,  qua  pour  F»g  oar  suite  notamment  du  palier  priclte 
(Cf.  Fig.  2  et  3). 


5.4.  Repartitions  spectrales  aux  nombres  d'onde  eleves.  _  _  _ 

La  Figure  9  notamment  permet  de  comparer  las  decrrd.ssances  de  r  U(J  ,  rgg  et  i-*  aux  valeurs 
elevees  de  k  ,  ou  l'on  verlfle  (Cf.  Parag.  5.2.)  que  Q  (k,)  devlent  inferleur  a  FggCkJ 

*  On  admet  que  (16,  25),  dans  cette  zone, 

le  spectre  Fgg  n'est  fonction  que  de  la 
dissipation  ae  l'euergle  cinetique  £, 
de  la  viscosite  cinematique  -0  ,  de  la 

dissipation  des  fluctuations  thersilques 
.£0  ,  et  de  la  dlffuslvite  o(  . 

A  partir  des  equations  (l3)  ,  prises 
globalement  pour  toutes  les  frequences, 
on  peut  expliclter  les  termes  correspon¬ 
dant  aux  effets  moleculalres  avec  les 
hypotheses  habituelles  (  13  )  : 


XvTISI-od  v; 
e  3^* 


_1 _ Q’dhjt 

pCp  ax, 


(19) 

ay  1 8%  dXrfjdXv 
i  n 

(20) 

dXy  dX*  dXy  6Xy 


FIGURE  9  -  SPECTRES  DE  VITESSE  ET  DE  TEMPERATURE 

c  m  >  u’-* 

nomog^ne  isotrope  (  13  )  a  :  C.  =  1 J  V  ~~\J. 

.  A  a 

valeur  de  A 


definie  au  paragraphe  4,  en^turbulence  isotrope 

f  _  3  q*  (21) 


■Jl  U/VJ 

i  n 

Les  termes  I  sont  les  termes  de  diffu¬ 
sion  ;  les  termes  II  representent  la  dissi¬ 
pation  des  fluctuations  de  1'echelle 
turbulente  a  1'echelle  moleculaire  .  On 
definit  habituellement  £  par  le  terme  II 
de(l9)  ce  qui  conduit  en  turbulence 
(dans  notre  cas  X_=\  )  ou  encore,  avec  la 


4-c' 


A  partlr  du  terroe  II  de  I  ’equation  (20)  ton  oLtient  de  r£ir*  pour  la  temperature,  en  turbulence  homo- 
gene  et  isotrope,  par  un  ca.lcu>  similairv  a  celui  effectue  pour  la  viterse  (  13  ;  : 


c  _  3^  e,a 

e  -  ~\*~~ 
Ae 


C22) 


mais  ici  Sq  est  re.latif 


En  general  il  Intervlent  un  coefficient  12  t  13p.  229  Equ.  3-203  ) 

a  0Ii/2  et  non  a  S’*  et  /vq  defini  comme  ,  est  egal  *W2  fois  la  longueur  habituel- 

lemert  consideree.  GIBSON  (  25  ),  s'appuyant  sur  des  travaux  de  BATCHUCR  (  16  ),  propose  de 
rechercher  les  lois  universelles  en  pcrtant  pour  un  scalaire  l’expression  adioensionnel ’,e  : 


Q^Feft.kljVPr 

.  ee 

Quant  aux  vitesses,  en  considerant  3a  function 

en  fonction  oe 

QCk^on  porte 

1  k* 

(23) 

\7pT 

l’expression  : 

T*Q.k»  v 

en  fonction  de 

kj. 

(24) 

£  k 

k&  —  ^  est  1*  inverse  de  la  longueur  de  KOLMOGOROV.  * 

Pour  les  spectres  Q  et  Pqq  on  est  done  conduit,  d'apres  (  21,  22, 


comparer  Q  ik)  X, 


Pour  y+*  15,5  comme  A  q#  Ag 

les  deux  spectres  P  et  ^60  restent  dans  cette  nouvelle  representation  encore  tres  voisins 
A  y*  =•  215  (  k5  g#  8600  m"1)  et  y+  «  460  (  kj  jj;  7400  ),  ou  Fgg  avait  pu  fctre 

corrige  de  la  contamination,  le  calcul  montre  un  regroupement  acceptable  de  Q  et  Fgo  pour 
kH>  0,1  [<«  ,  dans  la  representation  propos^e.  Toutefois,  les  mesures  ayant  ete  faites 
surtout  en  vue  d’une  etude  detaillee  des  regions  spectrales  renfermant  I’energle,  les  conclusions 
precedentes  seraient  a  verifier.  Par  ailleurs.  a  l'aide  des  expressions  (21)  et  (22) ,  on  a 
calculi}  le  rapport  de  la  production  de  divise  par  la  dissipation  £  a  la  production  de 

Q*2  divisee  par  la  dissipation  £g  ,  soit  : 


r66 

en  foncticn  de 


k4  *  f60  CkJ  Xle  (Pr)Vt 

a  la  precision  des  mesures  et  que 


*4  >  b  . 

_.i  function  de  . 

,/s-  wV 

Vrr  -  o,855, 


H 


Pr  q*  Ak  ev  d@/dy 
dV/dY 

A  la  precision  pres  des  mesures  pour  y+>62  le  rapport  }-{  reste  tres  voisin  de  1  j  plus  pres 
de  la  paroi  les  resultats  sont  .Incertains.  Ceci  conduirait  a  penser  que,  sauf  peut  6tre  au  voisi- 
nage  de  la  paroi,  les  termes  de  production  et  de  dissipation  sort  d’ importance  relative  comparable 
dans  les  equations  de  bilan  de  q’l  et  Q'1 


6.-  CONCLUSION. 

Les  mesures  des  spectres  des  trois  composantes  de  la  Vitesse  ont  permis  de  calculer  une 
fonctlon  spectrale  Q(kJ  dout  la  repartition  d’energie  est  pratiquement  la  mime  que  celle  du 
spectre  des  fluctuations  de  temperature  F0e  OO  •  lorsque  les  dissipations  par  effete  moleculaires 
n' intervienner.t  pas  notablement. 

La  signification  de  Q  (k^a  ete  precisee  dans  1  > introduction  et  dans  le  chapitre  5.1.  qui 
donne  les  equations  de  bilan  spectral  de  Q  ( k  1  et  de  Faa  (k.l  dans  lesquelles  interviennent 
comparativement  qTI/2  r  fc  g-T/g  •  t 4 

En  faisant  des  hypotheses  de  turbulence  homogene  et  isotrope,  la  comparaison  entre  Q 
et  F0e  entralnerait  une  similitude  des  fonctions  spectrales  a  trois  dimensions,  tout  au  moins 
pour  les  nombres  d’onde  les  plus  bas,  correspondent  a  environ  80  %  de  l'energie  dans  les  conditions 
de  ces  experiences. 

Dans  la  region  de  3a  couche  limite  ou  les  spectres  de  Vitesse  de  la  composante  longitudi- 
nale  varient  selon  une  loi  en  k,”"*  1  les  spectres  Fgg  correspondants  suivent  cette  loi  sur 
un  intervalle  plus  restraint  ;  ceci  correspond  a  1 ’influence  des  deux  autres  composantes  dont 
l’effet  devient  preponderant  lorsque  k^  augmente.  La  variation  en  k^*  de  Fee  correspond 

d ’ailleurs  a  la  zone  du  cc-spectre  F-, ,  qui  renferme  le  maximum  d’energie. 

bU 

En  ce  qui  concerne  les  tenv.es  Drircipaux  de  production  de  l'energie  spectrale,  le  terme 
re’,  at  if  a  la  temperature  E^est  netteraent  plus  decale  vers  les  nombres  d'ondes  plus  eleves  que 
celui  relatif  au  cas  des  vloesses  EyV  •  _ 

II  faut  s'attendre  dune  a  ce  que  les  spectres  Pqq  et  Q  different  tout  au  moins  aux 
nombres  d’ondes  eleves. 

En  effet,  il  apparalt  que,  pour  les  grandes  valeurs  de  k*  ,  Dour  lesquelles  les  effets 
moleculaires  sont  importants,  les  spectres  Pqq  ont  une  energie  relative  plus  elevee  que  celle 
cc rrespondant  a  Q  .  Il  semble  que  l’on  pourrait  prendre  en  compte  les  effets  moleculaires  par 
1 ’ introduction  de  parametres  de  similitudes  bases  cur  les  dissipations  par  la  viscosite  et  la 
conductivity  de  q^/2  et  Q’^2  respect! vement,  et  io  nombre  de  Prandtl. 

Ainsi,  dans  le  cas  de  ces  experiences,  on  a  etabli  une  correspondence  entre  le  spectre 
de  temperature  et  celui  forme  a  partir  ues  trois  composantes  de  ,’itesse. 
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SUMMARY 

The  intermittent  structure  In  the  outer  region  and  the  occurrence  c-r  intermittent  bursts  near  the 
wall  that  have  been  observed  by  many  Investigators  are  inspected  In  detail.  The  extent  of  these  structure-, 
is  characterized  by  the  existence  of  substantial  streamwise  momentum  defects  that  have  been  detected  by 
correlation  techniques.  These  correlations  sugqest  a  connection  between  the  now  well-established  burst¬ 
ing  that  occurs  In  the  wall  region  and  the  Intermittent  bulges  of  turbulence  that  protrude  f  -or-  the  outer 
reaches  of  The  turbulent  boundary  layer.  A  scheme  was  found  end  presented  which  detected  the  ;urbt>l*w 
bursts  near  the  wall.  Conditional  averaging  showed  that  during  the  burst  there  was  a  substantial  strew 
wise  momentum  defect  fol  lowed  by  an  extremely  rapid  acceleration.  The  measurements  suggest  ‘.hat  perhaps 
a  local  Instability  Is  the  source  of  the  break  up  of  the  wall  flow. 


INTRODUCTION 

in  recent  years,  the  turbulent  boundary  layer  has  been  the  subject  of  several  Intensive  Investiga¬ 
tions  which  have  explored  its  detailed  structure.  These  Investigations  have  utilized  visual  techniques, 
space-time  correlations,  and  more  sophisticated  and  different  types  of  averaging  techniques.  The  main 
emphasis  of  these  studies  has  been  to  analyse  the  outer  intermittent  region  and  the  intensive  production 
region  near  the  wall. 

in  the  outer  region,  Kapian  and  Laufer  (Ref.  I)  used  a  digital  computer  to  analyse  hot-wire  signals 
to  form  an  Intern! ttency  function,  l(t),  which  distinguished  between  the  turbulent  and  ncn-turbulent 
regions.  Using  conditional  averaging,  they  were  able  to  find  the  mean  velocity  defect  In  the  turbulent 
bulges  and  ether  statistics  relating  to  the  shape  of  the  bulges.  Kovasznay.  Kibens  and  Blackwelder  (Ref, 

2)  used  analogous  analogue  techniques  and  were  abie  to  conditionally  average  both  the  streamwise  and 
normal  velocity  components  in  this  outer  region,  in  addition  they  used  space-time  auto-  and  cross-corre¬ 
lations  of  u,  v  and  I  to  ascertain  the  average  structure  of  the  large  eddies  in  the  outer  flow  field. 
The  tangential  Reynolds  stress  in  the  outer  Intermittent  region  was  conditionally  averaged  In  the  turbu¬ 
lent  and  nor.- turbulent  regions  by  Blackwelder  and  Kovasznay  (Ref.  3).  All  three  of  these  studies  have 
supported  the  hypothesis  that  entrainment  of  Irrovationai  fluid  Into  the  turbulent  boundary  layer  occurs 
primarily  :  r,  the  backside  of  the  turbulent  bulges. 

Using  dve  Injection  near  the  wall,  Hama  (cee  Ref.  4)  observed  the  presence  of  streamwise  streaks  In 
the  sublayer.  L"re  et  al.  (Ref.  5)  and  Kim,  Kline  and  Reynolds  (Ref.  6)  used  a  hydrogen  bubble  technique 
to  explore  this  re, ion  In  more  detail.  They  observed  that  the  streaks  break  up  near  y+  *  30  and  eject 
parcels  of  low  spetc  momentum  away  from  the  wall.  Corino  and  Brodkey  (Ref.  7)  found  this  bursting  pheno¬ 
menon  In  the  buffer  layer  of  a  turbulent  pipe  flow  by  observing  particle  trajectories  In  another  visuali¬ 
zation  study.  These  Investigations  found  that  the  bursting  phenomenon  occurs  at  random  and  on  the  basis 
of  some  qualitative  estimates  suggested  that  It  accounts  foi  a  large  percentage  of  the  tu.bulent  produc¬ 
tion.  The  recurrence  of  these  events  has  commonly  been  called  "Internal  intermlttency"  to  distinguish  It 
from  the  intermlttency  of  the  outer  turbulent-non-turbulent  region. 

Another  study  In  the  sublayer  was  undertaken  by  Bakeweli  and  Lumley  (Ref.  8)  who  obtained  correlation 
In  the  suhlayer  and  buffer  layer  of  a  turbulent  pipe  flow.  By  using  the  proper  orthogonal  decomposition 
theorem,  their  experimental  data  reveaiad  pairs  of  contrarotating  eddies  occurring  at  random.  These 
eddies  were  aligned  approximately  in  the  streamwise  direction  suggesting  that  they  are  responsible  for  the 
streaks  observed  *n  the  visualization  studies.  By  analysing  cross-correlations  between  the  wall  pressure 
and  all  three  velocity  components,  Willmarth  and  Tu  (Ref.  9)  suggested  that  the  streamwise  vortex  pair  Is 
produced  by  the  stretching  and  distortion  of  a  lateral  vortex  by  the  mean  velocity  granlent  near  the  wall. 

Morrison  and  Kronauer  (Ref.  101  analyzed  d'^a  from  a  turhulent  pipe  flow  In  the  'r-quency-wave  number 
space  In  order  to  obtain  the  spectral  form  of  the  existing  structure.  They  obtained  =  similarity  function 
which  collapsed  their  cross  spectral  data  Into  a  universal  cross-spectrum  at  different  Reyncids  number 
from  the  buffer  layer  and  logarithm  region.  The  ability  to  collapse  this  data  implies  the-  similar  type 
structure  is  also  present  in  the  logarithmic  region  but  It  Is  probably  obscured  by  .he  small  scale  back¬ 
ground  turbulence. 

In  a  study  devoted  to  the  bursting  phenomenon  near  th<  wall,  Narahari  et  al.  (Ref.  11)  have  shown  that 
the  me.  frequency  of  the  burses  scales  with  the  outer  flov.  variables  instead  of  the  Inner  variables  and 
that  the  probability  distributor  of  the  time  between  the  bi'-'sts  Is  log-normal.  Laufer  and  Bad:  i 
Narayanan  (Ref.  12)  also  noted  the  scaling  with  the  outer  parameters  and  showed  that  the  mean  frequency  of 
the  inner  burst  was  of  the  same  order  as  the  mean  frequency  of  the  turbulent  bulges  In  the  outer  Inter¬ 
mittent  region. 

All  of  these  studies  have  yielded  quantitative  data  on  the  outer  interim  itent  region  and  havt  estab¬ 
lished  that  there  Is  a  recurring  eddy  structure  near  the  wall.  One  might  ask  if  there  is  an,  relationship 
between  these  two  structures.  In  particular  It  can  be  conjectured  that  the  bursting  phenomenon  near  tne 
wa'i,  moves  outward  and  Influences  or  ultimately  forms  the  bulges  In  the  outer  region.  Thus  far,  quantl- 
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tative  Cm ta  supporting  this  hypothesis  Is  lacking,  primer! iy  because  it  is  very  difficult  to  detect  the 
eddy  structure  near  the  wail  and  follow  ir  as  it  decays.  The  present  study  proposes  a  means  of  detecting 
these  inner  bursts  and  gives  quantitative  date  on  their  structure.  Also  space-time  correlations  indicate 
that  the  turbulent  structure  near  the  wall  car.  influence  the  cuter  intermittent  region. 


OiUlPrtEKT 

To  obtain  the  space-time  correlations  much  of  the  basic  electronic  equipment  acd  the  open  return 
wind  tunnel  described  by  Kovasznay,  Klbens  end  Biackwelder  (Ref.  2)  was  used.  The  x  eo-ordinate  was 
aligned  with  the  free  stream  velocity,  U® ,  y  was  the  coordinate  perpendicular  to  the  waii  and  z  was 
the  spanwise  co-ordinate.  The  velocity  fluctuations  in  the  x,y  and  z  directions  are  u,v  and  w 
respectively.  The  boundary  layer  thickness,  g  ,  was  10  cm.  and  the  corresponding  Reynolds  number  based 
upon  the  momentum  thickness  was  l^t/v  *  2950. 

The  conditional  averages  were  taken  in  the  wind  tunnel  described  by  Kaplan  and  Laufer  (Ref.  !)  and 
the  above  co-ordinate  system  was  used.  The  hot  wire  data  were  recorded  on  a  i4  channel  FN  Hewlett  Packard 
tape  recorder  with  a  frequency  response  from  0.  C.  to  20  fcc.  The  data  were  analysed  on  an  IBM  360/44  dig¬ 
ital  computer. 

To  obtain  ail  of  the  data,  the  inner  probe  protruded  through  the  wail  and  the  outer  probe  entered  the 
boundary  layer  from  the  free  stream.  For  the  R  (O.V.O.T1)  correlation  map,  a  special  x-prebe  was  con¬ 
structed  consisting  of  four  needles  projecting  through  the  waii  onto  which  four  jeweler's  broaches  were 
soldered.  The  jeweler's  broaches  extended  2.4  cm.  upstream  from  the  needles.  Tungsten  wires  of  3.8  mic¬ 
ron  diameter  were  spot  welded  onto  the  thin  ends  of  the  broaches.  The  final  configuration  was  two  1.5  mm. 
long  wires  forming  the  x-probe. 

SPACE-TIHE  CORRELATIONS 


The  studies  mentioned  in  the  introduction  have  shown  that  the  predominate  streamwise  streaks  lift 
upward  from  the  wail  and  break  up  into  parcels  of  turbulence  around  y*  ■  30.  These  parcels  of  fluid  are 
swept  outward  from  the  waii  along  a  mean  trajectory.  This  general  motion  is  indicated  by  the  space-time 


correlation  map  of  the  streamwise  velocity  component  shown 
are  given  by 

R  (O.Y.O.T') 


in  Fia.  i.  The  lines  of  constant  correlation 


u(xo.y0*:to*,e>  ulV',-Vt) 
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where  (  )  denotes  the  position  and  tine  of  the  fixed  probe  location  at  fe/S  “  C.03  (y+  ■  24)  and  (  ) 
Is  the  position  and  tine  of  the  moveable  probe.  The  nondimensionai  co-ordinates  are  Y  •  (y*»y  )/  6  and 
T1  -  (t-to)  Uoo/6  where  U^,  is  the  free  stream  veiocivy  and  S  is  the  boundary  layer  thickness. 


Figure  i.  Space-time  auto-tor reiat Ion  map  of  u  deep  In  the  boundary  layer, 

Ruut®»v»^»T!)  at  Yo^S  *  0.03.  The  dished  line  gives  the  position 
of  the  maximum  correlation  as  a  function  of  the  time  delay. 

Ideally  one  would  v.ish  to  have  a  streamwise  separation  between  the  two  probes.  Then  the  characteris¬ 
tics  of  the  turbulence  recorded  at  the  upstream  probe  would  be  correlated  with  those  uotained  from  the 
downstream  probe  at  a  fixed  later  time,  T  ,  corresponding  to  the  spatial  separation  and  the  convection 
.eiocity.  For  experimental  convenience,  a  variable  time  delay  was  used  instead  of  a  streamwise  separation, 
if  the  turbulence  were  connected  as  a  strictly  '‘frozen  pattern"  (Taylor's  hypothesis)  with  a  convection 
velocity,  Uc  ,  then  the  two  methods  would  yield  equivalent  results.  Since  Taylor's  hypothesis  is  only 
approximately  valid  In  a  turbulent  boundary  layer,  the  correlations  obtained  with  a  variable  time  delay 
are  oniy  qualitatively  equivalent  to  those  that  would  have  been  obtained  with  a  variable  streamwise  spati¬ 
al  separation.  Corresponding  to  the  variab'e  time  delay  shown  in  Figs,  i  and  2,  the  tree  stream  velocity 
is  from  right  to  left. 

The  vaiue  of  the  correlation  decreases  with  increasing  tempoiai  and  spatial  separation  at  expected. 

In  Fig.  i  the  „aximum  correlation  at  each  fixed  time  delay  (fixed  streamwise  spatial  separation  If  Taylor's 
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hypothesis  Is  used)  Is  given  by  the  dashed  line.  This  lln*  then  defines  an  average  trajectory  of  the 
turbulence  which  passed  the  fixed  probe  at  y*  «  24.  After  allowing  for  the  difference  between  the  free 
street  vetoci  ./  usid  In  the  normalization  and  the  wean  velocity  at  each  y  position,  this  trajectory 
agrees  qjlt-i  well  Ith  that  reported  by  Kline  et  al.  (Kef.  5). 

Another  significant  feature  of  Fig.  I  Is  that  there  Is  still  10%  correlation  beyond  y/S  •  0.5 
'hlch  Is  In  fact  a'-eady  In  the  outer  Intermittent  region.  This  suggests  that  the  turbulence  which  ori¬ 
ginates  near  the  wall  oust  ultimately  effect  the  outer  Intermittent  flow  field. 

The  corresponding  auto-correlat Ion  of  the  iiormai  velocity  components  Is  shown  In  Fig.  2.  Since  the 
Individual  wires  of  the  stationary  probe  at  y*  *  24  were  located  across  a  region  of  considerable  shear, 
some  error  was  probably  Introduced  Into  the  resulting  v  signal.  This  error  was  assumed  to  be  saw! I  be¬ 
cause  the  u  signal  from  this  x-probe  gave  the  sae«  u*  Intensity  and  correlation  pattarns  as  a  single 
wire  at  the  same  location  aligned  In  the  spanwlse  dlrect'on.  Thus  the  v  correlation  data  were  accepted 
and  presented  since  no  acceptable  means  are  presently  available  for  correcting  the  errors  caused  by  a 
shear  on  x-p robes. 


Figure  3  (to  the  right).  Schematic  of  the  turbulent  signal, 
the  VITA  averages  and  the  intern! ttency  function. 

I1U 


It  Is  iranediately  evident  from  Fig.  2  that  the  extent  of  the  correlation  of  the  normal  velocity  compo¬ 
nent  Is  much  less  than  that  of  the  streamwise  velocity  component  although  the  orientation  of  the  patterns 
are  similar.  If  these  correlations  do  Indeed  represent  the  evolution  of  eddies  ejected  from  near  the  wall 
then  these  eddies  seem  to  be  more  easily  Identifiable  by  their  characteristic  straamwlse  momentum  than  by 
their  outward  motion.  However,  It  must  be  realized  that  these  correlations  were  taken  continuously  In 
time  and  no  attempt  was  made  to  Identify  and  isolate  the  particular  eddies;  thus  their  structure  remains 
uncevealed.  To  proceed  further  In  the  study  of  the  bursting  phenomenon  near  the  well,  some  means  of  detec¬ 
ting  these  events  had  to  be  found. 

DETECTION  SCHEHE  AND  DEFINITION  OF  THE  CONDITIONAL  AVERAGES 


While  It  Is  relatively  straightforward  to  decide  on  a  criterion  for  the  presence  of  turbulence  In  the 
outer  portion  of  the  turbulent  boundary  layer,  the  detection  of  the  bursting  phenomenon  near  the  wall  Is 
more  difficult.  Observations  that  were  made  led  to  the  selection  of  a  conditioned  variance  of  the  u 
velocity  as  a  criterion  for  detection  of  the  turbulent  bursts.  These  observations  were  based  on  an  Inspec¬ 
tion  of  the  signals  from  a  pair  of  hot  wires  aligned  in  the  spanwlse  direction  and  separated  by  a  distance 
of  y+  »  3.5.  As  these  wires  were  traversed  across  the  boundary  layer  It  was  observed  that  their  differ¬ 
ence  signal  yielded  almost  no  low  frequency  signals,  which  is  to  be  expected.  However,  when  there  was  an 
exceptionally  high  fluctuation  level  on  a  single  u  recording,  the  low  frequency  velocity  fluctuation  was 
always  negative. 

Hence  It  was  decided  to  use  a  technique  almost  Identical  to  that  used  by  Kaplan  and  laufer  (Ref.  I). 

To  explain  and  to  briefly  review  this  technique  which  has  been  called  Variable  Interval  ’’Ime  Averaging 
(VITA)  In  the  past,  the  following  definition  Is  introduced 

t-T/2 

u(y,t)  "  j  f  u(y»*)d*  (2) 

t-T/2 

where  T  Is  the  length  of  the  averaging  window,  c(y,t)  is  the  unaveraged  signal  and  u(y,t)  Is  the 
VITA  average  as  shown  in  Fig.  3.  Obviously,  for  a  stationary  flow 

Lira  u(y,t)  «  u(y)  (Independent  of  t).  ... 

T— woo 

where  u(y)  is  the  conventional  mean  velocity. 


in  this  f-amework,  the  variance  is  generalized  to 
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and  Is  a  positive  definite  quantity,  which  is  tine  dependent.  As 


A 

Lira  var 
*  — »co 

which  equals  the  near,  square  of  the  velocity  fluctuations. 


(u(y.t)] 


u  (y)  -  u(y) 


T  becomes  large, 
2 


(5) 


The  var  signal  is  interpreted  as  a  measure  of  the  fluctuations  ir>  a  localized  region  and  it  scales 
with  the  convential  variance.  This  variance  is  heavily  biased  on  fluctuations  which  are  completed  In 
time  T,  so  in  a  sense  it  is  a  measure  only  of  the  high  frequency  fluctuations,  with  1/T  representing 
a  cut-off  frequency.  Hence  the  VITA  process  ma^  be  regarded  as  a  process  for  selecting  out  a  por’lon  of 
the  low  frequency  part  of  the  spectrum,  while  var  selects  a  positive  definite  measure  of  the  high  frequ¬ 
ency  part  of  the  spectrin. 


The  Internal  IntermI ttency  function  l(y,t)  is  defined  by 


l(y.t)  “  H  ^var  j\i(y,t)J  -  k  [u(y)  -  u(y^‘| 


(6) 


where  H  Is  the  Heaviside  function  which  is  zero  for  negative  argument  and  +1  for  positive  values, 
(u-ii) ‘  's  t*’e  11,63,1  square  of  the  velocity  fluctuations  and  k  Is  a  constant  corresponding  to  a  let  dis¬ 
criminator  level.  The  IntermI ttency  function  Is  dependent  on  two  parameters,  T  (the  decision  time)  and 
k  (the  decision  level). 

The  conditional  average  of  a  quantity  <1  is  defined  as 


<0(y> 


,t)  dly.t)  dt 


(7) 


where  the  independent  variable  y  denotes  the  position  at  which  the  sampling  occurred  and  the  subscript 
y*  denotes  the  position  of  the  detector  probe  giving  the  l(y+,t)  signal.  In  effect,  the  average  is 
over  an  ensemble  of  events  determined  by  l(y+,t). 

The  delayed  conditional  average  was  generated  differently.  The  detector  probe  was  used  to  generate 
a  random  sequence  of  delta  functions  located  at  t)  where  t|  are  the  points  in  time  at  which  iX  >  g. 
The  signal  probe  was  located  at  another  position  and  Its  signal  was  averzged  according  to  dt 

<Q(x,t))  +  -  i  £<*(*,  t.  +T)  (8) 
y  “1 

where  N  is  the  number  of  samples  and  T  Is  the  time  delay  applied  to  the  signal  Q.(x , t) . 


CONDITIONAL  AVERAGES 


Initially  the  hot-wire  was  traversed  across  the  boundary  layer  and  the  detection  and  sampling  both 
occurred  simultaneously  at  the  same  location,  which  Is  Indicated  by  the  notation  (u(y))  .  An  example  cf 
th  results  of  this  type  of  averaging  are  shown  In  Fig.  4.  The  points  -’ummar’ze  two  Reynolds  nunbers 

(2500  at, a  5500,  based  on  momentum  thickness),  3  sets  of  decision  times  varying  by  a  factor  of  two,  and  a 

set  o.  thresholds  varying  by  a  factor  of  two.  It  Is  readily  observed  that  there  Is  substantial  non¬ 
trivial  average  when  conditional  sampling  Is  used.  Furthermore,  the  conditional  averages  were  found  to 
scale  with  the  inner  flew  variables,  u*  and  y  ,  and  not  with  the  outer  variat  and  S. 

The  results  and  the  peak  magnitude  of  approximately  22%  of  the  local  mean  velocity  is  not 
very  surprising,  considering  that  the  result  agrees  with  the  observation  that  when  the  turbulent  activity 
was  high,  the  velocities  were  low.  There  seems  to  be  quite  a  distinct  and  easily  detected  relationship 

between  a  measure  of  the  local  Intensity,  var,  ana  the  local  "unsteady"  mean  velocity.  Tl  ese  departures 

are  a' l  (>."  the  order  of  the  convential  root  mean  square  of  the  velocity  and  have  to  be  regarded  as  an 
Intensely  strong  effect. 

There  was  a  trend  that  was  evident  as  the  decision  time,  T,  and  discriminator  level,  k,  were 
changed.  Shorter  times  and  higher  discriminator  levels  generated  stronger  effects.  The  fact  that  the 
predominant  defect  strengthened  with  Inspection  of  high  frequencies  and  thresholds  was  consistent  with 
the  observations  that  changing  these  variables  enabled  us  to  "center"  on  the  bursts. 


Each  data  point  is  based  on  a  set  of  approximately  100  samples  detected  during  a  20  second  run.  The 
small  number  of  samples  required  to  yield  such  consistent  results  also  gave  an  Indication  that  such  a 
phenomenon  is  of  basic  importance  to  the  dynamics  of  the  buffer  layer  and  sublayer.  While  not  shown  In 
the  figure,  these  defects  wer?  still  detectable  out  to  y+  of  500. 

For  y+  less  than  100  and  k  =  1.2,  typical  values  of  the  Internal  i ntermi ttenc/  were  1%  and  the  non- 
uhr.enslonal  frequency  -j-Jj-  was  approximately  0.10  .  In  the  outer  Intermittent  region  the  frequency 

was  aoprox imately  0.6  at  the  half  i ntermi ttenev  level.  These  two  different  valves  are  still  not  In¬ 
consistent  with  the  Idea  tout  the  parcels  of  turbulence  ejected  from  the  buffer  layer  may  ultimately  form 
tr.e  bulges  in  the  outer  region.  The  Interface  measurements  include  many  crossings  encountered  on  the 
edges  of  the  large  bulges.  The  turbulent  bursts  near  the  wall  have  s  smaller  size  than  the  interfacial 
bulges  and  the  present  measurements  were  able  to  center  more  directly  on  a  burst  by  varying  the  threshold 
level,  k.  Thus  one  expects  a  higher  frequency  in  the  outer  region  than  near  the  wall. 

S;pce  the  largest  effect  in  (u(y))  ^  is  observed  at  y+  =  i5.  another  hot-wire  was  used  as  a 
staticnjry  detector  probe  at  y+  =  15,  while  the  sampling  probe  was  traversed  above  and  below  the  fixed 
probe,  .he  results  are  shown  in  Fig.  5  which  is  the  velocity  profile  when  the  burst  occurred  at  yr  *  15. 
The  conditional  profil  shows  that  the  defect  region  Is  confined  near  the  wall  and  that  there  Is  a  local 
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Figure  k.  Conditional  average  or  the 
streamwise  velocity  with 
triggering  and  averaging 
occurring  at  the  same  location. 


Figure  5-  Conditional  average  of  the 

Strearawlse  velocity  with  the 
triggering  at  Y*  -  15. 


excess  of  velocity  for  y+>30.  When  combined  with  the  steaoy  mean  velocity  profile,  the  resultant  velo- 
city  distribution  may  have  an  Inflection  point  close  to  the  waii  which  Is  of  Interest  If  some  type  of 
hydrodynamic  instability  Is  Important  in  the  generation  of  the  bursts. 


DELAYED  CONDITIONAL  AVERAGES 


Since  the  above  conditional  velocity  defect  is  so  strong,  then  it  should  be  possible  to  detect  the 
bursts  for  a  considerable  time  after  they  are  formed.  Thus  the  sampling  probe  was  placed  one  boundary 
layer  thickness  downstream  of  the  detector  probe  which  was  still  located  at  y+  ■  15.  The  data  were 
ensemble  averaged  according  to  Eq.  8  and  the  results  are  shown  on  Fig.  6  ns  a  function  of  the  time  delay, 
T  ■  Ur/ A  ,  and  the  location  in  the  boundary  layei  ,  y.  The  ordinate  Is  given  by  the  spacing  between 
the  norlz'Mital  lines  which  Is  2/3  The  results  show  that  there  Is  a  detectable  correlation  of 

approximately  60%  of  the  rms  fluctuation.  Several  features  were  quite  surprising  however;  first  there 
was  no  descernlble  relationship  between  the  conditioned  averages  at  various  locations,  1 . e. ,  the  profiles 
at  a  fixed  time  delay  had  considerable  scatter.  This  is  not  completely  unexpected  since  there  were  few 
bursts  detected  and  the  signal  probe  was  sofarfrom  the  controlling  event.  What  was  disturbing  is  that 
these  profiles  Indicated  a  positive  velocity  perturbation,  while  ali  of  the  other  measurements  showed  a 
negative  perturbation.  Since  these  positive  values  at  Ur/5  “  1  were  not  consistent  with  the  momentum 
defects  shown  In  the  previous  figures,  It  was  decided  to  use  a  smaller  spacing  between  the  sampling  and 
detector  probes  in  order  to  understand  how  this  momentum  defect  evolved  Into  a  momentum  excess. 

The  results  are  shown  in  Fig.  7_for  zero  streamwise  separation  between  the  two  probes.  The  abscissa 
is  the  non-dimensional  time  delay,  UT/  6  ,  and  the  ordinate  is  given  by  the  spacing  between  the  hori¬ 
zontal  lines  which  is  now  G/3  Ur .  The  results  are  quite  dramatic.  Immediately  prior  to  the  occur¬ 
rence  of  a  burst  (negative  Ur/ &  )  and  during  the  detection  there  Is  a  defect  of  momentum  at  the  lower 
values  of  y/S  as  also  seen  in  Fig.  5.  However  lmediateiy  after  the  occurrence  of  the  burst,  there  Is 
an  extremely  rap'd  acceleration  of  the  fluid  at  the  sampling  probe's  location  which  persists  for  a  sub¬ 
stantial  period  hereafter.  Evidently  this  excess  of  momentum  predominates  downstream  and  was  found  in 
Fig.  6  near  Or  /  6  “  I.  if  these  parcels  of  fluid  maintain  approximately  the  same  momentum  as  they 

move  toward  the  outer  Intermittent  region,  they  will  be  characterized  by  a  momentum  defect  again  because 
of  the  higher  mean  velocity  in  the  outer  regions. 

CONCLUSION 


Space-timo  correlation  of  the  streamwlse  and  normal  velocity  components  taken  across  the  tioundary 
layer  indicate  that  there  is  a  definite  outward  motion  of  fluid  from  the  buffer  layer  toward  the  inter- 
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facial  region.  The  10%  correlation  beyond  y/£  *  C.5  suggests  that  the  events  occurring  Ir  the  buffer 

layer  do  influence  the  structure  of  the  outer  lnt« -ml ttent  region. 

in  order  to  examine  the  bursting  phenomenon  near  the  wall,  Ir.  Mas  obvious  that  data  was  needed  of  a 
more  quantitative  nature  than  that  which  had  been  obtained  previously.  Thus  a  scheme  ras  developed  and 
presented  for  detecting  these  turbuient  bursts  In  the  buffer  layer.  The  Instantaneous  velocity  profile  at 
the  time  of  bursting  scaled  with  the  Inner  flow  variables  and  agreed  with  the  qualitative  dota  of  Kline  et 
al.  (Ref.  5)  and  Corino  and  brodSey  (Kef.  7).  The  data  showed  that  there  is  a  strong  momentum  defect 
greater  than  0.20  U  at  y+  -  IS  during  the  bursting  event.  However  this  velocity  profile  exists  only 
momentarily  because  immediately  after  the  bursting,  there  Is  a  strong  acceleration  of  the  fluid  in  the 
region  y+  »  If  to  100.  This  accelerated  fluid  is  still  detectable  at  least  one  boundary  layer  thickness 
downstream. 
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SUMMARY 

By  a  compressibility  transformation  of  the  COLES-type  the  integral  equations  for 
compressible  turbulent  boundary  layers  are  converted  into  those  at  low  speed.  In  contrary 

to  earlier  investigations  a  new  approach  to  the  transformation  function  a,  is  presented 

\  x ) 

which  avoids  both  the  sublayer  and  ‘he  substructure  hypothesis.  The  coupling  of  a  with  the 
relative  skin  friction  coefficient  c,/c,  is  used  to  close  the  set  of  equations.  The  best 
agreement  between  theory  and  experiment” has  been  obtained  by  a  modified  version  of  the 
skin  friction  law  of  KUTATELADSE  &  LEONTEV.  The  ir.ermodynami c  behaviour  is  approximately 
described  by  a  modification  of  the  VAN  DRIEST  version  of  the  CROCCO-integral  ,  which 
accounts  for  non-unit  Prandtl  number  and  variable  pressure  and'or  wall  temperature.  The 
boundary  layer  parameters  of  the  transformed  constant  property  flow  are  calculated  by  the 
method  of  WALZ,  which  is  based  on  the  integrai  equations  for  momentum  and  mechanical 
energy.  The  calculation  method  is  applied  to  a  variety  of  turbulent  boundary  layers  with 
and  without  pressure  gradient  a no  is  compared  with  published  experiments. 


SYMBOLS 

cf 

Cj(x) 
h  ;  T  ;  p 


H12  *  H32 
!  V 


m 


6 

Pr 


U,  v 

x,  y 


total  skin  friction  coefficient 
correction  function  Eq  (15) 
entnalpy,  temperature,  pressure 
form  parameter  5  j / 6 2  ;  6,,/o3 
parameter  Eq  (30) 
external  Mach  number 
Mach  parameter  (K  -  l)/2 
Prandtl  number 

0  '  u  i  c_u  ,x 

Reynolds  number  -- - - 

ll  u 

w 

radius  of  body  of  revolution 

Eq  (1) 

recovery  factor 

velocities  respectively  along 
and  normal  to  body 

space  coordinates  respectively 
along  and  norma1  to  body 


{ 2 
s3 


6 


■  (1  -  ~r — )dy  displacement  thickness 


_  w  ,  U  . 

0  6  5 


6 


momentum  thickness 

mech.  energy  thick¬ 
ness 


__£^_.(£-i  .  l )  dy  density  thickness 


c  flow  index  Eq  (1) 

•  •  •  error  [%] 

u  molecular  viscosity 

",E,n  COLES  scaling  functions  Eq  (3) 
o’.t',  mudified  scaling  functions  Eq  (19) 

_  n'_ 

nj  ,x ,c  .boundary  layer  para  :ter  Eq  (26) 

p  density 

t  shea’-  stress 

y 

4  =  rc  f  p\:  i'j  stream  function 

c 


SUBSCRIPTS 

t  turbulent  flow 

w  wall  condition 

4  external  condition 

«>  free-stream  condition 

(initial  starting  point) 


SUPERSCRIPTS 

(  )  transformed  value  (CP  plane) 
(  ) '  stagna* : on  value 
(  )*  lormal i zed  value  Eq  (20) 

<  >  time  mean  val ue 
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Ir)TRODi,CTIOK 

The  idea  of  relating  a  variable  property  (VP)  boundary  layer  to  a  constant  property 
(CP)  counterpart  is  not  new.  On  firm  physical  grounds  it  has  first  been  developed  for 
lanirar  boundary  layers.  The  extension  to  turbulent  flows,  however ,  contains  a  certain 
element  of  arbitrariness,  because  of  our  incomplete  knowledge  of  the  turbulence  mechanism 
in  shear  flows.  Nevertheless  all  known  prediction  methods  for  compressible  turbulent 
boundary  layers  are  based  on  such  a  transformation  concept  in  the  sencc  that  they  need  a 
functional  correspondence  botween  some  characteristic  ooundary  layer  parameters  for  high 
and  low  speed  flow.  This  is  mainly  due  to  the  existence  of  a  substantial  body  of  low 
speed  experimental  date  which  allows  the  formulation  of  quite  accurate  semi -empi ri ca 1 
theories  for  the  CP  case.  (This  aspect  will  be  discussed  <;i  some  detail  below.) 

The  reader  is  referred  to  COLES  [  l]  for  an  excellent  review  of  the  early  approaches  to 
a  compressibility  transformation  { CT )  and  to  ECONOMOS  f 2 ]  for  a  comparison  of  the  main 
hypotheses  and  the  basic  literature  about  CTs  which  has  been  published  after  the  work  of 
COLES.  From  these  references  it  is  evident  that  at  present  the  COLES-CROCCO  [3]  com¬ 
pressibility  transformation  is  one  of  the  most  succesfull  approaches  to  compressible 
turbulent  boundary  layers  and  it  is  still  i r,  a  developing  stage. 

This  investigation  shows  that  boundary  layers  with  streamwise  pressure  gradients  can  be 
calculated  without  applying  the  commonly  used  sublayerand  substructure  hypotheses  which 
postulate  the  invariance  of  a  characteristic  sublayer  Reynolds  number  against  the  trans¬ 
formation  . 


DEVELOPMENT  OF  ANALYSIS  + 


Prandtl's  boundary  layer  equations  describing 
dimensional  and  axisymmetric  compressible  turbulent 
normal  and  parallel  to  the  body  contour  by: 
Conservation  of  mass++ 


+  f-  (r 

3y  1 


v)  =  0 


the  mean  properties  of  steady  two- 
flows  can  be  expressed  in  coordinates 


0  plane  case 

withe-  ( 1 ) 

1  axisymmetric  case 


Conservation  of  momentum 
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ano  a  suitable  formulation  for  the  energy  equation. 

Supposed  a  compressibility  transformation  of  the  COLES  type  [1]  exists  then  three  ini 
tially  unspecified  scaling  functions  may  be  defined  by: 
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If  this  transformation  represents  the  true  mapping  of  one  high  speed  flow  field  into  its 
low  speed  equivalent  and  not  only  a  mathematical  manipulation  then  the  corresponding  con¬ 
stant  property  flow  may  be  described  by 
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with  the  immediate  implications  for  the  velocity  orof  es  and  the  pressure  gradients  of  the 
two  flows 
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According  to  CROCCO  [j]  it  ’s  somewhat  doubtful  whether  ('CUES'  transformation  can  give  a 
unique  point  to  point  mapping  of  the  two  flows.  No  doubts,  however,  exist  about  the  validity 
of  the  transformation  if  the  integral  equations  for  the  whole  boundary  layer  are  transformed. 


Only  a  brief  outline  of  the  transformation  concept  is  presented  here.  For  more  detailed 
derivations  see  Re's  [l]  i  [3]  ;  [4] 

++With  the  boundary  layer  thickness  considered  to  be  much  smaller  than  the  bod}'  radius  i.e. 
both  the  lateral  and  longitudi  al  radii  of  curvature. 


The  integral  relations  fo*-  momentum  and  mechanical  energy  are: 
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Applying  the  transformation  (3)  to  Eq  (B)  gives  the  following  correspondence  between  the 
skin  friction  in  the  physical  and  the  transformed  plane: 
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Furthermore  from  the  definition  of  the  skin  friction  coefficient  follows,  since  Newtonian 
shear  is  assumed  to  apply  at  the  wall: 
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The  relations  (7)  (10)  (11)  form  the  system  of  three  equations  which  is  required  to  deter¬ 
mine  the  seating  function  str.  ,n  •  'However,  additional  information  is  needed  because 


1.  Eq  (7)  involves  both,  dp/oC.  and  dp/dx  one  of  which  ii  unkown  a  pr.ori 

2.  The  evaluation  of  the  integrals  over  the  density  profiles  in  Eq  (10)  requires  a 
specification  of  the  temperature  field  and 

3.  Eq  (11)  serves  as  a  determining  equation  for  a  only  if  the  relative  skin  friction  'aw 
Cf/irf  is  known. 

LEWIS  [5]  investigated  the  behaviour  of  the  velocity  profile  in  the  vicinity  of  the  wall 
and  found  that  the  pressure  gradients  are  linked  by  the  following  relationship 
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(12) 


which  serves  here  to  relate  the  pressure  gradients  of  both  flows  and  hence  the  velocities 
at  the  edge  of  the  boundary  layer. 

Since  the  integral  approach  is  used  for  tne  flow  'ield  it  seemed  somewhat  contradictory  to 
describe  the  thermodynamic  behaviour  by  means  rf  a  finite-difference  solution  of  the  energy 
equation.  Therefore  the  following  approximate  '  has  been  applied. 


THE  'oERMODYNAMIC  BEHAVIOUR 


There  are  two  well  known  exact  solutions  cf  the  energy  equation  which  are,  however, 
restricted  both  to  rather  specialised  cases.  The  CROCCO-rel  ationshi  o  between  total  enthal¬ 
py  (h°)  and  velocity  (u)  which  is  valid  for  unit  Prandtl  number, zero  pressure  gradient, 
and  isothermal  wall 


n! 

lC 
h  6 


(13) 


and  the  particular  integral  of  the  energy  equation  which  is  restricted  to  Prandtl  number 
unity  ana  zero  heat  transfer  buch  which  is  valid  for  arbitrary  pressure  gradie.ts 
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The  lack  o'  a  closed-form  solution  of  the  energy  equation  for  arbitrary  external  and  wall 
conditions  can  be  overcome  by  using  an  approximate  procedure  suggested  by  COHEN  [6]  and 
WALZ  [7]  .  The  idea  consists  of  introducing  a  relationship  for  h°/h£  which  contains 

equations  (!3)  and  (14)  and  takes  account  of  the  effects  o'  Prandtl  number,  pressure  gra¬ 
dient  and  variable  wall  temperature  by  extending  the  linear  relationship  in  u  to  a  polyno¬ 
mial  of  higher  order  in  v  1 8 1 
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where  are  coefficients  vanishing  for  Pr  *  1,  constant  pressure  and  constant  wall- 

temoerature.  The  additional  term  represents  the  VAN  OR  I EST  [9]  correctio>  where  the 
recovery  factor  r  accounts  for  snail  deviations  front  Pr  =  1  .  The  unknown  functions 
Cj{x)  re:;u’re  further  equations. 

The  following  possibilities  have  been  suggested: 

1.  The  integral  form  of  the  total  energy  equation,  WALZ  [7] 

2.  A  modified  Reynolds  analogy  containing  momentum  and  energy  equation,  COHEN  [ 6 j 

3.  One  or  more  compatibility  conditions  of  the  energy  equation,  D3ENEMANN  [10]  ,  WAlZ 

[ 7  ]  ,  CROCCO  [  3]  . 

for  a  first  approximation  two  compatibility  conditions  have  been  used  to  determine 
cl(x)  and  c2(x). 

Together  with  the  perfect  gas  assumption  this  equation  is  necessary  to  relate  the  tempe¬ 
rature  T  and  the  density  p  to  the  velocity  distribution  as  well  as  to  the  external  and 
wall  conditions. 


THE  SKIN  FRICTION  LAW 

SPALDING  and  CHI  [llj  compared  491  zero  pressure  gradient  experimental  po  its  for 
supersonic  friction  and  heat  transfer  measurements  with  nineteen  different  theories.  They 
found  that  the  best  results  are  given  by  theories  of  SPALDING  &  CHI,  VAN  DRIEST,  WILSON 
and  KUTATELADSE  4  LEONTEV  .  The  later  derived  from  the  Prandtl  mixing  length  theory  for 
the  limiting  case  Re*  -  »  what  they  called  the  limiting  relative  law  of  friction  [12] 

°2 

it  =  f  {£ - lull L)i/2  d  H_1  (16) 

cf  L  f,  'ps  Tt/Tw  J 

Supposed  the  shear  stress  distribution  is  independent  of  compressibility  effects  then  the 
integral  can  be  evaluated  if  the  relation  between  density  and  velocity  is  known.  Hence  this 
formula  can  easily  be  expended  to  flows  with  streamwise  pressure  gradients.  The  great  ad¬ 
vantage  of  this  1  Kiting  law  is  that  it  does  not  contain  any  empirical  constants  depen¬ 
ding  on  the  mechanism  of  the  turbulence. 

For  zero  transverse  pressure  gradient  one  finds 


hence  Eq  (15)  may  be  used,  together  with  the  perfect  gas  assumption,  to  compute  the  re¬ 
lative  skin  friction  from  Eq  (16). 

For  the  special  case  of  zero  streamwise  pressure  gradiant  follows 
^  l  r  2(Tt  -  1)  ♦  (Tt,  -  T*)  T+  -  Tt 


[4<Te  *  +  <Tw  "  Tc)2]1/Z 


i(Te  -  dt;  ♦  (t-t;)^ 


with  T+  =  i- 


T  + 

adiabatic 


■  ,r  nonzero  pressure  and  wall  temperature  gradient,  no  closed  solution  can  be  obtained. 
Therefore  the  evaluation  has  been  carried  out  numerically  on  the  basis  of  Eqs  (15)  and  (16). 


THE  TRANSFORMATION  EQUATIONS 

The  transfo* nation  equations  still  depend  on  the  density  p  and  the  viscosity  "u  of 
the  transformed  flow.  Both  quantities  are  unknown  a  priori.  Therefore  they  are  eliminated 

by  redefining  the  scaling  functions  _ 

F  u  /u  Re-  "u  w 

0  =  r  c  5  '  ~  n  771  ^  =  vr-  *  =  —  —  "  <19) 


,  _  Rex 


Hence  one  finds  after  some  conversions  [4]  it  CP  flow  is  assumed  in  the  transformed  plane 
and  if  notmalized  quantities  with  respect  to  free-stream  condition  at  the  starting  point 
are  introduced,  i.  e.  ,  u,  . 


;s  s  c«/p« 


u  =  u  /  a 
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1.  The  coupling  relationship  fo*  the  ecge  conditions  of  both  CP  and  VP  flow  f roe  Eq  (12} 
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2.  Three  equations  for  the  redefined  scaling  function  o',  c’,  r‘: 
2.1  fro*  Eqs  (17)  and  { 22 } 
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2.2  fro*  Eq  (10) 
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[for  definition  of  »j,  T  tee  Eq  ( 26 }j 
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2.2  from  Eq  (11) 


cf 


with  cf/cf  fro*  Eqs  (15)  snd  (16). 


Hence  the  problem  has  been  shifted  fro*  t.e  computation  of  the  compressible  turbulent  high 
speed  flow  to  the  computation  of  the  low  steed  CP  case.  Or  in  other  words,  given  a  low  speed 
flow  which  is  completely  specified  these  relationships  car:  be  used  to  construct  an  equi¬ 
valent  supersonic  flew  for  a  given  Mach  mu  her  and  given  external  and  wall  conditions. 


THE  CP  CALCULATION  METHOD 

The  success  of  this  calculation  method  based  on  a  transformation  technique  depends 
to  a  high  degree  upon  a  sulta* 't  constant  property  formulation.  Since  only  the  integral 
properties  of  the  low  speed  flow  are  required  for  the  present,  an  'Integral  calculation 
method  is  sufficient.  In  recent  years  the  available  procedures  have  been  reviewd  several 
times,  see  e-  g.  ROTTA  [IS]  and  THOMPSON  Tl4]  .  Form  the  mc^t  extensive  comparison 
at  AF0SR-1FP  Conference  at  Stanford  [15]  it  is  evident  that  t'ere  are  many  procedures 
which  lead  to  quite  accurate  predictions  of  the  incompressible  two-dimensional  turbulent 
boundary  layer.  One  of  these  is  the  "integral  dissipation*  method  of  FELSCH,  GEROPP  and 
WALZ  [16]  ,  which  is  used  i».  a  slightly  modified  version  here  [4] 

Eqs  (8)  and  (9)  are  written  in  the  dimensionless  variables  Rej-  ,  H*32  and  Re-; 
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where  the  followina  parameters  were  introduced: 

-  »a  #'r2  a 
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The  pressure  gradient  parameter  r.  is  based  on  7.  instead  of  For  empirical  information 
have  haen  used:  £ 

1.  The  skin  friction  law  of  LUDWIEG  &  TILLMANN  in  a  modified  version  of  FERNHOLZ  [17] 

=  0,029  [  0 ,07775  (4  -  H‘i 2 ) 2  * 2 4  1  ]  1  705  Fe^-0,268  (27) 

2.  The  form  parameter  coupling  law  of  FERNHOLZ  [17] 

=  1  +  1,43  (2  -7.-)  +  104  (2  -¥-?)6,7  (28) 
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3.  The  lax  for  the  dissipation  parameter  of  FELSCH  [18] 
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p  T  ♦  1.36827796  -  6.0S172363  (Tj  ♦  1,7) 
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(I,V  -0,1215A796(71*1,'/)1/2-0.052222Cj;~1  +  117)--»,2006711q!'{T14  1,7)2 
which  has  been  approximated  by  PETERS  (private  communication). 
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THE  FINAL  SYSTEM  OF  EQUATIONS  AND  THE  STARTING  CONDITIONS 


The  abcve  discussed  set  of  equaticr-s  is  composed  of  five  ord_inary_di fferential  equa¬ 
tions  (20)  (21)  (22)  (24)  (25)  with  the  dependent  variables  Re^,  H^,  u*.  Rex>  n’  and 

with  Re-  as  the  independent  variable.  In  addition  four  algebraic  equations  (23)  (27)  (28) 
(33)  tor  e‘ ,  ci ,  Hj2«  I* which  represent  the  empirical  information  have  been  used.  The 

aolecular  viscosity  of  air  u  h.is  bern  computed  by  the  KEYES  [19]  formula 
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This  set  of  equations  is  well  defined  provided  the  external,  wall  and  initial  conditions 
are  specified. 


EXTERNAL  CONDITIONS.  Ir  connection  with  the  perfect  gas  assumption  and  neql  iqiblelateral 
pressure  gradients,  specification  of  total  pressure  p°,  total  temperature  T°,  and  the 
external  velocity  distribution  u,(Re  )  suffice  for  the  determination  of  all  external  flow 
properties  provided  the  external  flofi  f^eld  is  isentropic. 

HALL  CONDITIONS.  If  the  wall  temperature  distribution  T  (Re  )  is  given,  the  wall  condi¬ 
tions  are  completely  specified.  Although  the  CRCCCO  relation  is  valid  for  constant  wall 
temperature  only  it  has  been  shown  that  variable  wall  temperatures  can  be  accounted  for 
via  a  set  of  correction  functions. 


INITIAL  CONDITIONS.  An  investigation  of  the  transformation  relationships  shows  that  they 
are  neither  explicitly  dependent  on  Rex  nor  on  Re-.  Accordingly  the  initial  value  for  Rex 

is  arbitrary  and  may  be  assumed  to  be  t'  =  Re-/Re  =  1  From  Eqs  (19)  and  (6)  one  finds 
■V  * nQ 1  with  <£  known  from  Eq  (23).  The°initiil  vilue  of  u"  is  unity  by  definition. 

Finally  Rej^  and  are  related  to  Re^  and  by  the  transformation  [4]  .  Hence  the 

computation  has  been  started  with  lh?  initial  values  for  Re.  and  H32  of  the  particular 
high  speed  experiment  of  interest.  2  J 


COMPARISON  OF  THEORY  WITH  EXPERIMENT 

There  are  very  few  entirely  reliable  experiments  for  compressible  turbulent  boundary 
layers.  In  particular,  there  are  no  reliable  experiments  in  prolonged  adverse  pressure 
gradient.  A  further  complication  is  that  in  several  sets  cf  data  in  strong  favourable 
pressure  gradient  reverse  transition  occured  presumably.  And  last  not  least  there  is  a 
number  of  measurements  with  initially  small  Re,  numbers,  which  seem  to  be  still  laminar 
or  transitional  [20]  .  2 

Hence  a  comparison  between  theory  and  experiment  is  rather  difficult  at  present. 

Preliminary  results  have  been  obtained  for  the  following  experiments: 

HASTINGS  &  SAWYER  [21]  published  local  skin  friction  coefficients  and  boundary  layer  pro¬ 
files  measured  in  adiabatic  flow  on  a  flat  plate  at  Mach  numbers  of  about  5.0.  A  ccmoarisor. 
between  theory  and  experiment  is  shown  in  F  i  g .  1  for  momentum  thickness  Reynolds  number, 
form  parameter  and  skin  friction  coefficient.  The  agreement  is  good  and  it  can  be  expected 
that  it  becomes  even  better  if  the  experiments  had  been  performed  at  higher  Reynolds  numbers. 
FERNHOLZ  [20]  could  show  that  the  boundary  layer  at  1  on  values  of  x  is  still  transitional, 
a  fact  which  explains  the  nigh  skin  friction  values  given  by  the  theory. 

LEE,  YANTA  &  LEONAS  [22]  measured  zero  pressure  gradient  velocity  and  temperature  profiler 
as  well  as  skin  friction  coefficients  on  a  flat  cooled  nozzle  wall  at  M5  *  4.  In  Fig.  2 
momentum  thickness  Reynolds  number,  skin  friction  and  form  parameter  are  compared  with 
theory.  The  theory  predicts  Re42  and  fairly  well.  Discrepancies  at  low  values  of  x 

tan  again  be  explained  by  the  transitional  state  of  the  boundary  layer.  [20] 


Comparison  between  theory  and  measurements  of  Ref.  22 
For  momentum  thickness  haynolds  number,  skin  friction 

and  form  parameter  =  0,  cooled  wall) 

p°  kp/cm2  T°  °K 

0  1.032  429.5 

P  5.278  ^33,9 

A  10.5<t6  413.3 


19-9 


Nc  explanation  can  be  given  for  the  discrepancy  between  Matured  v.d  computed  fore  para¬ 
meters  . 

PASIUK,  HASTINGS  &  CHATHAM  [23]  have  measured  the  development  of  the  velocity  and  tempe¬ 
rature  profiles  on  a  flat  plate  In  an  expanding  supersonic  nozzle  with  an  exit  Mach  number 
of  2.0.  Fig.  3  shows  the  comparison  with  experimental  values  of  4j  and  4^  (c^  has  not  been 

measured}-  The  agreement  between  theory  and  experiment  is  satisfactory. 

JONES  &  FELLER  [24]  presented  total-temperature  and  total-pressure  distributions  measu¬ 
red  In  the  boundary  layer  on  the  wall  of  a  straight  cooled  pipe  with  s»* . 1  adverse  pressure 
gradient  at  four  different  locations.  The  free-stream  Mach  number  was  approximately  5.0. 
£1_£_  4  show,  the  theoretical  prediction  of  displacement  thickness  6,  compared  with  tne 
experiments  for  four  different  runs.  Agreement  is  good.  The  variation  of  Re^  with  Re_ 

is  shown  in  Fig.  5.  Five  different  computations  have  been  performed,  One  for  ea<h  of  the 
four  different  runs  and  one  for  the  total  range  of  Re  where  the  first  measured  profile 
was  used  to  compute  the  initial  value  for  and  Re4  (dotted  line). 

The  overall  agrv»ment  between  theory  and  measurements  is  good  but  It  could  still  he  better. 
Hence  from  these  rellminary  tests  of  the  theory  the  conclusion  can  be  drawn  that  theory 
and  experiment  boti<  have  to  be  improved. 


<£i[mm] 

t*  r 
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Fig.  3  -  Comparison  between  theory  and  measurements 
of  Ref.  23. 

For  displacement  thickness  and  momentum 
thickness  (favourable  pressure  gradient). 
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Equation  (19*.  which  is  the  basic  elation  derived  in  this  paper,  is  valid  only  for  negligibly  small  wall 
'.emperature  variations  More  specifically,  it  doc*  not  account  for  variations  with  x  of  the  ratios 
(Tw/Te).  o **/#!«).  and  (Tlw/Te).  Wiser,  this  is  done,  three  extra  terms  are  added  to  the  basic  relation. 
Equation  (19),  and  the  function  G  from  Equation  (17)  breaks  down  into  four  separate  pieces: 

H  | 

i-  _  r  1  .>3  . 


Go  =  f  <;/  ; 

#o  2 

G,  =  J  —  if1  dy*  ,  where  (pw/p)  =  1  +  0u4  -  tu*2 
Pw 

r  _  r6*  p  r>  1  3*1 

2  l  p*  L*  30  P» w  3y*  30  J  V  ’ 

Gj  mfJL  k£..JL 

"o  pw[  3y  prw  3y  87 J 


Note  that  .he  original  function  G  -■  (G,  +  0Gj  +  27G3) .  The  revised  version  of  Equation  (19) 
which  accounts  for  wall  temperature  variations  is  as  follows: 


G  -  3«„  -l  B  ySj  jji  +  £  -^1  -  X<H  W!  -  RLV(,  +  B)  + 


s?  *  <i?  fe)  f  -  • 


Terms  which  are  new  or  different  e'om  the  printed  paper  are  underlined.  By  assuming  a  specific 
viscosity /temperature  law,  one  could  combine  the  two  terms  involving  the  derivatives  of  wall  temperature 
and  viscosity  ratio. 

Having  just  discovered  this  omission  of  temperature  variations,  we  have  not  yet  evaluated  how 
significant  the  effect  will  be  on  our  basic  theory.  We  are  hopeful  that  the  simplificufiu.v,  of  our 
graphical  theory  (Eq.  24  and  Fig.  2)  wili  still  be  valid  unless  temperature  gradients  are  very  'arge. 

In  the  meantime,  one  should  be  alert  to  the  possibility  that  our  original  method  may  be 
inaccurate  for  strongly  varying  wall  or  recovery  temperature. 
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SUMMARY 

A  new  approach  is  proposed  for  an  approxi.nate  analysis  of  the  two-dimensional  turbolen. 
l  oundary  layer  under  a  wide  variety  of  arbitrary  conditions.  The  initial  step  is  to  discard  entirely 
t)  »  celebrated  Karman  momentum  integral  relation  and  to  ignore  completely  any  consideration  of 
ntegral  thicknesses,  shape  factors,  or  moment  relations.  The  second  step  is  to  develop  an  effec¬ 
tive  formula  for  the  law -oi -the -wall  which  accounts  for  all  of  the  different  parameters  considered. 
The  final  step  is  to  combine  the  wall  law  with  the  differential  momentum  equation  into  a  single 
first-order  ordinary  differential  equation  for  the  skin  friction  coefficient,  suitable  for  computer  or 
graphical  solution  and,  in  special  cases,  closed  form  solutions. 

Examples  are  given  covering  combinations  of  eight  different  effects:  pressure  gradient,  heat 
transfer,  compressibility,  roughness,  wall  transpiration,  transverse  curvature,  longitudinal  curva¬ 
ture,  and  aqueous  polymer  solutions.  The  results  indicate  that  the  new  theory  is  not  only  the  sim¬ 
plest  existing  analysis  of  the  turbulent  boundary  layer  but  also  is  apparently  one  of  the  most 
accurate. 


NOTATION 

English  Symbols: 

a  =  speed  of  sound 

A  =  compressibility  factor,  Eq.  (22! 

B  =  transpiration  factor,  =  2Pwvw^Pe^e^f) 

C.  =  friction  coefficient,  =  2t  / (p  U^) 
f  wee 

CfQ  =  value  of  for  an  impermeable  wall 

0^  =  specific  heat  at  constant  pressure 

f*,  g*  =  graphical  functions,  Eq.(24),  Fig-2 
F.G.H  -  functions  defined  by  Eq.(17) 

F^.  Fp^  =  flat  plate  factors,  Eq.(29) 

h  =  transpiration  parameter,  Eq.(32) 
k  =  thermal  conductivity 

L  =  reference  length 

M  =  Mach  number 
p  =  static  pressure 

q  =  heat  flux 

r  =  wall  recovery  factor  («=>  0 . 89 ) 

r  =  transverse  radius  of  curvature 


ft  -  longitudinal  radius  of  curvature 
R  -  U  y./v 


R  =  parameter  defined  by  Eq.(19) 

L 

R*  =  RL/(l/V)',  Eq .  ( 2 3 ) 

T  -  static  absolute  temperature 
u,v  =  streamwise  and  normal  velocities 
u  +  =  u/v* 

U  =  Ireestream  velocity 

e 

U  =  reference  velocity 

o 

V  =  U  /U 

60  4 

v*  =  frict-.on  velocity,  =  (t  /p  )* 

w  w 


v^  =  cal!  normal  velocity  (positive  for  blowing) 

V+  =  V  /v* 

w  w 

vq  =  polymer  solution  onset  velocity 

v+  =  v  /v* 

o  o 

x,  y  -  streamwise  and  normal  coordinate 
x*  =  x/L 

y+  =  yv*/vw 


Greek  Sy 


a  =  pressure  gradient  parameter,  Eq.(3) 

0  =  heat  transfer  parameter,  Eq. (3) 

y  =  compressibility  parameter,  Eq.(3) 

6  =  boundary  layer  thickness 

S+  =  5v*/  ’ 

w 

e  =  wall  roughness  height 
K  =  Karman1  s  constant,  «<Q.4  i 

X  =  basic  dependent  variable,  Eq.(19),  -  (2/C^) 


p  =  density 
p  =  viscosity 
v  =  kinematic  viscooity 
3  =  momentum  thickness 

t  =  shear  stress 
i I)  -  stream  function,  Eq.(13) 


Subscripts  and  Superscripts: 


(  )  =  freestream 

e 

t  )  =  wall 

w 


(  )  =  adiabatic  wall 

aw 

(  ).  =  computed  by  an  incompressible  formula 

(  )'  =  derivative  with  respect  to  x * 
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1.  INTRODUCTION 

The  fact  tltct  ecven  or  more  method*  at  the  1968  Stanford  Conference  (l)  were  judged  to  be 
satisfactory  in  accuracy  has  caused  a  well  deserved  decline  in  publication  of  incompressible  turbu¬ 
lent  boundary  layer  analyses.  Interest  has  now  centered  on  the  n*x*  two  most  viable  flow  conditions 
a)  the  compressible  turbulent  boundary  layer,  as  reviewed  by  Beckwith  (2)'  and  b)  turbulent  flow 
with  wall  transpiration,  as  reviewed  by  Jeromin  (3). 

For  analysis  of  compressible  turbulent  flow  with,  say,  pressure  gradient  or  wall  blowing, 
there  are  at  least  four  different  types  of  computational  schemed  now  in  use:  a)  correlation  tech¬ 
niques  based  on  limiting  case  theories  (4-81;  b)  methods  using  the  Karman  momentum  integral  re¬ 
lation  (9-12);  c)  compressibility  transformations  (3,13-15);  end  d)  iinite  difference  computations  (16- 
21).  The  present  falls  into  an  intriguing  new  category:  an  integral  relation  baaed  upon  inner  or 
"wall"  variables. 

The  correlaHon  techniques  are  usually  flat  plate  formulas,  mostly  using  reference  temperature 

concepts,  which  are  extended,  hopefully,  to  modest  variations  in  pressure  gradient  or  wall  trans¬ 
piration.  But  in  fact  "modest"  means  very  small  indeed,  and  these  formulas  are  not  usually  relia¬ 
ble  except  for  rough  estimates.  Often  they  predict  the  wrong  trend  (26). 

The  Karman  integral  methods  are  extensions  of  the  low-speed  methods  of  reference  1.  The 
high  speed  Karman  relation  contains  at  least  three  unknowns  -  momentum  thickness,  shape  factor, 
and  skin  friction  coefficient  -  and  two  important  parameters:  the  wall  transpiration  rate  and  the 
longitudinal  curvature.  Considerable  empiricism  is  needed  to  obtain  extra  relations  foi  closure  of 
Karman  methods.  The  recent  method  of  Alber  and  Coats  (1!)  contains  seven  different  auxiliary  re¬ 
lations,  yet  is  valid  only  for  adiabatic  nontranspired  fiew.  The  method  of  Thc-.ipaon  (12)  requires 
an  extensive  set  of  wall  blowing  charts,  yet  is  valid  only  for  "moderate"  pressi:re  gradients.  The 
Karman  method  of  Sastr.an  and  Cresci  (10)  is  so  complex  that  a  recent  FORTRAN  program  for  this 
me’hod  (23)  contains  nearly  one  thousand  instructions,  yet  wall  transpiration  is  not  allowed.  Also, 
longitudinal  curvature  has  such  a  striking  effect  that  most  Karmar.  methods  are  essentially  invalid 
for  supersonic  flow  along  curved  walls(22,  26). 

The  compressibility  transformations  are  of  particular  interest  because  of  their  analogy  v;th  the 
well  established  laminar  flow  transformations  (24).  The  turbulent  transformations  are  definitely 
valid  for  flat  plate  flow  but  become  progressively  inaccurate  with  increases  in  Ma_h  number,  heat 
transfer,  or  pressure  gradient.  No  current  transformation  is  accurate  in  hypersonic  flow  under 
ary  conditions  (25)  but  the  inner  law  ured  here  seems  valid  at  Mach  numbers  approaching  fifty. 
Beckwith  (2)  criticizes  turbulent  transformations  for  several  -easons,  and  the  transformation  theo¬ 
rists  themselves  (13)  admit  to  discrepancies  in  their  equations,  which,  incidentally,  are  quite  com¬ 
plex,  even  for  integral  methods. 

Finally,  finite  difference  computations  on  a  digital  computer  are  now  well  established  for  com¬ 
pressible  turbulent  flows,  often  including  wall  transpiration,  and  a  few  program  listing;  are  availa¬ 
ble  (16,21).  A  large  computer  is  a  necessity,  with  run  times  of  the  order  of  five  :«.inutes  for  a  given 
boundary  layer.  The  individual  must  of  course  be  prepared  to  accept  and  use  the  existing  programs, 
which  probably  took  years  to  construct.  The  finite  difference  methods  have  the  potential  of  handling 
arbitrarily  difficult  boundary  conditions,  but  their  performance  to  date  has  been  spotty,  as  seen  for 
example  in  Figure  5  of  this  paper.  Also,  longitudinal  curvature  has  a  profound  effect  on  turbulence 
structure,  so  that,  for  example,  Bradshaw  and  Ferriss  (21)  frankly  decline  to  compare  their  much 
admired  computations  with  flow  over  curved  surfaces. 

Since  the  correlation  techniques  are  so  limited,  there  is  presently  no  compressible  turbulent 
method  which  a  person  could  sit  down  and  use  effectively  with  a  piece  of  paper  or  a  small  computer 
program.  It  is  the  purpose  of  this  paper  to  present  just  such  a  simple  method,  useful  for  a  wide 
variety  of  parametric  conditions.  There  seems  to  be  some  serendipity  involved,  for  the  new  method, 
although  based  on  a  single  simple  approximation,  appears  to  be  surprisingly  accurate,  even  exceeding 
the  authors'  own  expectations. 

The  new  method  has  also  spawned  certain  psychological  problems.  It  is  so  simple  that  it  is 
difficult  to  take  seriously.  It  invites  instinctive  distaste  by  pointedly  ignoring  fifty  years  of  conven¬ 
tional  approaches  to  turbulent  boundary  layer  analysis.  Further,  if  the  approach  je  taken  seriously, 
it  more  or  less  threatens  the  very  existence  of  all  other  methods  in  the  literature.  In  short,  the 
proposed  method  is  controversial  -  revolutionary,  even  -  and  the  authors  sense  that  its  acceptance, 
if  any,  will  probably  grow  from  the  user  end,  rather  than  from  the  research  end,  of  the  turbulent 
boundary  layer  analysis  spectrum. 

2.  THE  LAW -OF-THE -WALL  WITH  EIGHT  PARAMETERS 

Basic  to  the  development  of  any  approximate  analysis  of  the  boundarv  layer  is  a  detailed  know¬ 
ledge  of  the  velocity  profile  and  its  dependence  upon  flow  parameters.  We  will  consider  eight  differ¬ 
ent  parameters  in  this  paper,  all  assumed  to  be  known  functions  of  streamwise  direction  x: 


1. 

Pressure  gradient:  dpe/dx 

5. 

Wall  roughn 

ess  height:  e 

2. 

Heat  transfer:  qw  or  Tw 

6. 

T  rans verse 

radius  of  curvature 

3. 

Compressibility:  ae 

7. 

Longitudinal 

radius  of  curvature 

20-3 


4.  Wall  t  nspi  ration  p  v 

w  w 


8.  Polymer  solution  onset  velocity.  v 


Traditionally,  one  plans  to  use  these  parameters  in  the  Karman  momentum  integral  relation,  now 
celebrating  its  fiftieth  anniversary.  For  a  perfect  gas.  we  have: 

6 

~  r  -jp°  +  ,7  ^'<2  *  H  -  M2,  r  -i-2  "(p  -  p!  dy  )  =  *C  <1  ♦  B)  .  (1) 

dx  r  dx  U  dx  e  p.C‘  dx  *  re  f 


where  0  is  the  compressible  momentum  thicknets.  H  =  6*/0  is  the  shape  factor,  and  C,  =  2t  / p  U 
r  f  w  e  e 

is  the  local  akin  friction  coefficient.  The  quantity  B  =  2p  v  / ( p  U  C,)  is  the  wall  transpiration 

w  w  e  e  f 

parameter  and  is  positive  tor  blowing.  Notice  the  seldom  see-i  lateral  pressure  gradient  term, 
which  is  usually  a  correction  for  longitudinal  curvature.  This  effect,  ough  usually  neglected,  can 
be  painfully  large.  In  the  supersonic  curved  ramp  experiment  of  Sturek  and  Oanberg  (26),  this 
term,  measured  experimentally,  is  even  larger  than  (d0/dx)  itself. 

If  we  nondimensionaiize  our  stream  wise  velocity  profile  with  an  eye  toward  the  Karman  rela¬ 
tion,  our  eight  parameters  above  would  typically  arrange  themselves  as  follows 


«.  -  £cn  f  i  i  d£e  Iw  Me  iiLe 

U  "  6  ’  Tw  dx  ’  Te  '  ae  ■  v  •  6 


w  w  *  vc  , 

p  U  ’  5  ’  U-  '  ' 

e  e  c 


frorr.  which  we  could  compute  8  and  H.  This  provides  one  of  the  two  equations  needed  to  close 
he  Karman  relation,  Eq.(l).  We  are  left  to  search  for  a  third  reiaaon(s),  hopefully  one  whic.-  em¬ 
ploys  good  physics  and  accounts  for  a  goodly  number  of  our  eight  parameters. 

Now  in  fact  analytic  relations  such  ae  Eq.(2)  c'o  not  abound  in  the  literature.  This  lack  of  a 
suitable  profile  expression  led  the  writers  to  selec:  an  inner  or  "wo IT’  law  as  an  alternative  approx¬ 
imation.  The  inner  law  is  scaled  by  the  friction  velocity  v*  =  MV  pw)  and  studiously  avoids  any 
joe  of  outer  parameters  such  as  Ue,  0  ,  !  ,  or  Te  .  Thus  the  nondimensional  inner  law  selected  is 
of  the  following  form- 
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T  k  v* 
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—  1 
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where  r  is  the  recovery  factor,  assumed  known  («0.89).  We  have  indicated  three  dashes  ( - )  in 

the  place  wher-t  a  longitudinal  curvature  parameter  should  appear.  This  was  an  unexpected  bonus: 
to  the  author. 1  knov.,.edge,  there  is  no  significant  effect  of  longitudinal  curvature  on  the  law-of-the- 
wall,  as  evider  from,  e.g  .  reference  26.  Thus  longitudinal  curvature  is  a  non-issue  from  the 
present  point  of  view.  We  can  and  will  compute  skin  friction  in  supersonic  turbulent  flow  over 
curbed  walls  (see  Figures  4  ;.nd  5 -a). 

Most  of  the  parameters  in  Eq.(3)  are  obvious  and  well  known,  with  the  possible  exception  of 
p  and  v  ,  which  were  sugyjsted  oy  writing  the  Crocco  approximation  in  terms  of  inner  variables: 


becomes:  T/T  S3p/pft,l+pu-yu+  (4) 

w  w 

for  a  perfect  gas  with  constant  specific  heats.  When  -written  in  terms  of  stagnation  temperature, 
the  Crocco  law  can  be  a  very  poor  approximation  to  air  flow  measurements,  as  pointed  c  t  by  many 
investigators  (see  ref.  27).  However,  Eq.(4)  is  an  excellent  approximation  to  the  static  tempera¬ 
ture  distribution,  being  matched  directly  to  the  actual  wall  heat  flux  and  recover>  factor.  We  will 
use  the  Croccc.  law  in  what  follows,  but  it  is  not  essential  to  the  basic  development. 

The  effect  of  each  of  the  seven  parameters  in  Eq.(3)  on  the  law-of-the-wall  is  sketched  in 
Figure  1,  where  each  curve  represents  the  specific  effect  and  no  other.  We  see  that  cold  walls, 
adverse  gradients,  blowing,  and  polymer  solutions  all  tend  to  raise  the  inner  law  above  the  usual 
logarithmic  profile,  wherea-  hot  walls,  lavorable  gradients,  suction,  compressibility,  and  convex 
transverse  curvature  all  push  the  profile  downward.  As  mentioned,  longitudinal  curvature  has  no 
significant  effect,  nor  does  concave  transverse  curvature  (pipe  flow,  for  example).  The  effect  of 
favorable  pressure  gradient,  as  sketched,  is  small  but  not  always  negligible. 

To  derive  a  simple  but  adequate  analytic  formula  for  Eq.(3),  we  make  the  usual  Couette-flow 
approximation  at  the  wall,  plus  a  mixing  length  expression  for  turbulent  shear.  The  boundary  layer 
momenuim  euuation  reduces  to: 
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a)  Pressure  Gradient,  Heat  Transfer,  b)  Roughness,  Polymer  Additives, 

and  Wall  Transpiration,  Compressibility  and  Curvature. 


Figure  1.  PARAMETRIC  EFFECTS  ON  THE  INCOMPRESSIBLE  LAW-OF-THE- WALL. 


P  v 
w  w 


du 

dy 


.  d£e  +  d_  f  p  <2  2  ,  du  -  du  } 
dx  dy  1  V  y  1  dy  1  dy  1 


(5) 


We  have  neglected  viscous  shear  and  will  match  our  integ rated  result  to  a  point  in  the  sublayer. 

It  turns  out  that  an  accurate  formula  for  the  sublayer  is  not  needed  for  any  of  our  eight  parameters 
except  strong  transverse  curvature  (ref.  28).  We  may  integrate  Eq.(5)  once  and  aubstitute  for  p 
from  Eq.(4),  rewriting  the  velocity  gradient  in  terms  of  inner  variables: 

(l  +  pu+-yu+Z)^  (1+  tty*  +  v  +  u*  )^  +  constant  (6) 

dy  *y  w 

Although  the  variables  «re  not  separable  unless  either  pressure  gradient  (a)  or  transpiration  (v  ) 
vanishes,  Eq.  (6)  may  readily  be  integrated  numerically.  The  initial  value  (u  +  ,y  +  )  should  be 
close  to  the  wall  and  consistent  in  the  limit  with  the  ordinary  low  speed  logarithmic  law: 

u+(  y  +  ,  0,0, 0,0. 0,0,0}  »  ^  Zn  y  t  b  (K«  0. 4,  b  «*  *,  5)  (7) 

The  simplest  possible  initial  value  is  the  point  of  apparent  no-slip: 

u  =  0  aty  =  e  ^  (  «0.ll08  )  (8) 

o  o 

We  shall  adopt  Eq.(8)  in  all  our  calculations,  although  Simpson  et  al  (29)  suggest  that  a  better 
match-point  for  wall  blowing  problems  is  obtained  at  the  "two-layer"  intersection  point  (u^.y^)  = 
(11.0,11.0).  Closed  form  integrals  of  Eq.(6)  are  possible  for  two  important  cases,  the  first  of 
which  is  when  transpiration  is  zero: 


u+(y+,a,p,y,0,0,0,0)  =  (3  +  Q  sin(cp  +  ^[2(S-Sq)  +2n(~  |2-^i-)]  }  j  ,  (9) 

where  cp  =  sin  l[(2yu  +  -  p)/Q]  ,  Q  =  V(pZ  +  4y)  ,  S  -  ’•(l  +  a  y+)  . 

This  is  a  cumbersome  formula  but  can  be  adapted  to  simple  expressions  in  the  new  theory.  The 
second  special  case  of  Eq.(6)  is  for  wall  transpiration  only,  wi*h  no  other  effects  present' 

-+  [  (1  +  v+  u+)^  -  1  ]  =  "  in  y+  +  b  (10) 

v  w  * 

w 


This  is  Stevenson's  law-of-the-wall  (30)  for  transpired  incompressible  boundary  layers. 
The  remaining  three  effects  in  Eq.(3)  may  be  easily  accounted  for  as  follows: 
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a!  Wall  roughncus  isand  grains':  take  b  *=  5.5  -  ic(l  -0.3  Ci r°/ vw' 

bi  Polymer  solutions  jrcf.  31):  tase  b  »  5.5  *  W^(v‘.'vt|  .  where  W 

c)  Transverse  curvature  (ref.  32):  repla.e  y  by  Y  =  r  t-.M  *  i  /r0i  • 


W(polymer 

concent  ration  " 

(11) 


All  three  of  these  effects  are  apparently  valid  even  in  the  presence  of  other  multiple  effects,  such 
as  heat  transfer  and  pressure  gradient.  Thun  it  is  not  out  of  the  question  to  consice r  six  or  seven 
effects  together  analytically,  although  data  is  lacking  for  comparison.  The  polymer  solutions  are 
liquids,  where  compressibility  would  not  be  a  factor.  Also,  the  constant  0.3  in  Eq-(ll-a)  would 
need  to  he  modified  for  roughness  elements  other  than  said  grains 


3.  DERIVATION  OF  THE  BASIC  DIFFERENTIAL  EQUATION 

The  analysis  which  follows  is  a  generalisation  of  the  incompressible  flow  method  preserted  in 
reference  33.  It  is  desired  to  solve,  approximately,  the  boundary  layer  continuity  and  locn  entum 


equations 

for  two-dimeusionai  compressible  turbulent 

flow: 

a) 

|hpu)  ♦ 

r-(P  v)  = 

dy 

0 

b) 

du 

PU^  + 

cu 
p  v  3y 

_dPe 

dx 

+ 

dr 

cy 

The  energy  equation  is  not  neeaed  because  of  the  use  of  the  Crocco  approximation,  Eq,(4).  The 
following  three  steps  comp.'ett  the  analysis: 

1)  We  assume  that  our  law-of-the-wall,  Eq.(3)  or  (6),  is  valid  across  the  entire  boundary  layer 
at  any  local  streamwise  position.  The  chief  source  of  error  lieB  with ''relaxing"  flows,  where  a 
real  boundary  layer  may  "lag"  somewhat  behind  this  local -wall-law  assumption. 

2)  We  resist  the  temptation  to  use  the  Kerman  relation,  Eq.(l).  This  step  requires  some  courage. 

3)  We  substitute  the  wall-law  directly  into  Eq.(12-b)  and  xteprste  with  respect  to  y+  across  the 
entire  boundary  layer.  This  gives  the  desired  tirot-order  differential  equation,  Eq.(l.9). 


The  vertical  velocity  may  be  eliminated  by  the  stream  function  &  and  the  law-of-the-wall: 

3<i  ?  u+  dy'1’  , 

-  £  s  pwvw  -  pw  -  lT'p  U  + 7yu+2  1 


P  V 


(13) 


Now 

The 


combine  Eqs.(3),  (12-o)  and  (13),  ucing  the  Bernoulli 
result  is: 


P 


v*  u  + 


a  . 

— lV>U 

dx 


+ 

I 


r*  -  — +(v*U  )  = 
ox  v  dy 


relation  tc  rewrite  the  pressure  gradient. 


TT 


dUe 

e  dx 


vj  3t 
V  3y  + 

w 


04) 


Leaving  y-derivetives  untouched,  we  cayy  out  x-derivatives  with  the  chain  rule.  For  brevity,  we 
account  here  only  [or  pressure  gradient,  heat  transfer,  compressibility,  and  transpiration  effects: 


3  _  9_  +  3a  3_  +  d]3  3_  3£  3_  3_ 

3x  3x  8y+  3x  3a  3x  30  3x  dy  3x  3v 

w 


Combine  Eqs.(14)  and  (15)  and  integrate  the  entire  result  with  respect  to  y+  (not  y)  from  the  wall 
(  T  =  tw)  to  the  freestream  (y+  =  'T,  t  =  0).  The  result  is: 


v  <•  — *  G  ♦  v*2  4S_h  ♦  F  (v*  — w-  v  d^l  +**"-£*-*  ,  p  Ue  dUe  .  v_*Jw 

dx  dx  dx  vw  e  pw  dx  vw 


(16) 


where  the  functions  F,  G,  and  H  result  from  the  integration: 

(*  £.  ,  +  +  1  6^  3u+.  +  P°  p  ,  3u+  1  3ili  3u+,  ,  + 

J  „  (  u  —  +  -  ~  r%.  -r-  +)  dy  ;  H  =  (  u+  -  p-  22.  )  dy 

n  3vw  pw3vw  3y+  jj,  pw>  3o  |-,v3a3y+'  y 


0  pw 
6+ 


G  = 


r  e-(  u+2.  uu+— ++ 2VU1-— +  +  .  t  dv+ 

,J  °  p  6(3  ^  36  3yT  (i^,  3y  3y+ 


(17) 


0  pw 


Since  ev?ry  quantity  in  Eq.  (16)  can  be  expressed  in  terms  of  v*  ar.d  known  flow  conditions  -  Ue, 
Tw,  vw  ,  etc  -  it  follows  that  Eq.(l6)  is  the  desired  result:  a  single  differential  equation  for 
computing  v*(x).  It  is  convenient  to  non-dimensionalize  everything  with  respect  to  reference 
values  U  and  L  .  Define: 
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x  =  <2/cfr 


x/L 


V  =  UJxt'U 

c  r 


V(x*) 


(18) 


In  term*  of  these  variable*.  Eq.  (16)  becomes: 
(G-  aH 


-  FbVIw,^  +  i\aV.c)-xV^ 


Kr 


=  Rl  V  (1  +  B)  ♦  FX2^(^)  .  (19) 


where  R,  =■  (U  L/v  )(n  /*  )(T  /T  *  and  B  =  2p  v  /(p  U  C.)  =  X  vw/U  . 

L  o  e  ^e  w  e  w  w  w  e  a  f  w  e 


Equation  (19)  is  >-  f--*l  form  and  similar  to  tlie  incompressible  relation  of  ref.  33,  except  that 
now  heat  transfer,  compressibility  and  transpiration  are  included  with  pressure  gradient.  Each 
of  the  four  functions  (F.G.H,#)  varies  with  the  five  quantities  (X.0,  /},y,  vw/Ue),  with  6+  being 
cor.  puted  from  the  wall  law,  Eq.'6),  and  (F,G,H)  from  Eqs.(17).  We  have  not  yet  correlated 
our  computations  for  all  four  parameters  simultaneously,  but  we  offer  the  following  curve-fit 
expressions  for  no  transpiration,  where  F  and  vw  vanish  and: 

G  »  8.0  (6+/.U08)1'2  +  1.2  aH  :  H»  0.  5  6+Z[X  (Te/Tw)^-  0. 4  aft  +  ]  (20) 


These  are  not  particularly  accurate  curve-fits,  and  the  graphical  method  of  Section  4  is  more 
highly  recommended  for  general  usage  in  impermeable  wall  cases.  The  three  parameters 
(a,  3,y)  are  computed  as  functions  of  X  and  x*  by  rewriting  their  definitions: 


a  =  X3(l/V)7lX- 

Id i 


(Taw/Tw  -  1) 

X  (Te/Tw)l/2 


»  (Tw/Te-D/X 


(21) 


2 

Separation  occurs  when  the  coefficient  of  (dX/dx*)  in  Eq .  ( 19 )  vanishes,  which  causes  Cf  =  2/X  to 
approach  aero.  Thus  separation  is  explicit  and  does  not  require  any  artificial  correlation. 


4.  GRAPHICAL  METHOD  FOR  IMPERMEABLE  WALLS 

For  impermeable  walls  (vw  =  F  =  0),  it  turn/a  out  that  the  graphical  scheme  of  ref.  33  ie 
still  valid,  if  the  coefficients  are  scaled  by  the  van  Driest  (6)  parameter  A  ,  defined  as: 


A  = 


(Taw/Te 
.  -I,  a 


V 


n* 

c 


where  a  = 


Taw  +  Tw 


-  2  ;  b  = 


-  Tw 


Taw+TWZ  Tw  ^ 
c  ^  [(-~-) -4^]. 
Ae  te 

(22) 


Numerical  values  of  A  are  shown  in  Figure  2-a  for  various  Mach  numbers  and  wall  temperatures. 
For  any  given  local  conditions,  the  "separation"  friction  coefficient,  X  ,  is  approximated  by: 


X  «  3.7  A  log,  JR*)  ,  where  R*  =  R, /(i/V)'. 

max  10  L 


(23) 


One  computes  the  value  of  (X/XIrlax)  and  enters  Figure  2-b  (taken  from  ref.  33)  to  obtain  the  two 
functions  f*  and  g*  for  use  in  the  following  generalized  approximation  of  Eq.(19): 


dX 

dx* 


mi r,.2., 

(l/v)'  1  3  A  8  R  i 


0.16  f*A' 


(24) 


With  Figure  2  and  Eq.(24),  an  entire  compressible  boundary  layer  can  be  hand  computed  in  about 
twenty  minutes,  or  the  procedure  can  be  computerized  by  stuffing  Figure  2  into  the  computer 
memory,  as  was  recently  done  by  two  of  our  colleagues.  If  (X/Xmax)  is  less  than  0.4  or  if  R*  is 
negative  (favorable  gradient),  Eq.(24)  is  unnecessary  and  one  proceeds  with  the  following  "small 
pressure  gradient"  approximation: 

IF*  ”  J  RL  v  exp(  -0.48  X/A)  -  5.5V'/V  (25) 

All  of  the  computation?  for  impermeable  walls  in  the  next  section  were  performed  using  this  hand 
computation  method.  Tabulated  values  of  f*  and  g*  are  given  in  reference  33.  One  interesting 
note:  for  supersonic  '  ov,  *  is  typically  greater  than  one  (Fig. 2-a),  which  tends  to  reduce  both 
the  "pressure  gradient"  ar.d  the  "relaxation"  terms  in  the  numerator  of  Eq.(24).  Thus  a  supersoic 
boundary  layer  is  resistan7  to  strong  adverse  pressure  gradients.  In  other  words,  it  will  proba¬ 
bly  not  be  necessary  to  hold  a  "compc  ssible"  version  of  the  P68  Stanford  Conference  (1). 

5.  COMPARISON  OF  THEORY  AND  EXPERIMENT 

There  are  several  experiments  which  cor>“ider  two  or  more  of  the  eight  parameters  listed  at 
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Figure  2.  FUNCTIONS  NEEDED  FOR  THE  GRAPHICAL  ANALYSIS,  EQ.(24). 


the  beginning  of  Section  2.  Let  us  consider  some  of  these  in  a  brief  resume1. 

5.  Compressible  Flow  past  an  impermeable  Fiat  Plate 

For  this,  the  most  heavily  analyzed  problem  n  the  literature,  a  =  0  and,  if  the  wall  is  isother¬ 
mal,  p  and  y  depend  only  upon  A,  which  is  constant.  Equation  (19)  reduces  to: 


G 


dX_ 

dx* 


Rl  .  or: 


R 

X 


U  x/v 
e  e 


Jfe/le 
l*W  Tw 


G  dX 


(26) 


where,  in  the  limit  as  a  =  0,  G  =  8.  0  exp(  0. 43  X  /  A  )  . 


(27) 


Combining  Eqs.  (26)  and  (27)  and  integrating,  we  obtain: 

C.fflat  plate)  «  0.455  /  {A 2  lnZ[  0.06  R  (u  /u  )(T  /T  )*/A  ]  } 

I  X  “  "  “  w 


(28) 


which  is  an  accurate  formula  over  the  entire  range  of  flat  plate  Mach  numbers,  wall  temperatures, 
and  turbulent  Reynolds  numbers.  It  also  demonstrates  (once  again)  the  existence  of  a  flat  plate 
compressibility  '  ransformation.  As  expressed  in  the  generic  notation  of  Spalding  and  Chi(5),  we  have: 


Cf 


comp 


F_ 


Cf.  (  R  Fr 

nncoinp  x 


where  we  propose:  Fc  =  A  and 


Fr  =  ~  —  (T  /T 
^  A  e  v 


(29) 


The  particular  Fc  and  Fr  in  Eq.  (2 V )  differ  significantly  from  ether  theories  in  the  literature. 
Table  1  compares  Eq.(29)  with  live  other  theories,  selected  because  they  are.  either  very  popular  or 
very  accurate  or  both-  The  427  adiabatic  and  230  heat  transfer  points  constitute  the  most  extensive 

Table  1.  COMPRESSIBLE  FLAT  PLATE  SKIN  FRICTION  BY  SIX  THEORIES 


ADIABATIC: 

427  Points 

! .EAT  FLUX: 

230  Points 

METHOD: 

RMS  Error 

ABS.  Error 

RMS  Error 

ABS.  Error 

Eckert  (7) . 

.  12 . 44  % 

9.06%  . 

-  29 . 45  % 

25.56  % 

.  8.87 

6.54  . 

.  .  . .  17  69 

13. 08 

Sommer  it  Short  (4) . 

.  9.40 

7.77  . 

_  23.55 

20. 14 

Spalding  and  Chi  (5).  .  . 

.  7.59 

5.46  . 

_  21.13 

16.94 

Van  Driest  II  (6) . 

.  7.55 

5.46  . 

-  17.49 

13.  81 

Equation  (29) . 

-  7.80 

5.26  . 

. 14.  31 

11.28 

list  of  flat  plate  data  ever  compiled,  most  of  which  is  tabulated  in  ref.  34,  but  some  of  which  is  new 
since  that  date,  e.g.  refs.  25  and  35.  We  have  computed  both  the  RMS  and  mean  absolute  error: 


RMS  Error 


[R 


Mean  Absolute  Error  = 


N 


N 

Eih 


(30) 


We  prefer  the  latter  criterion,  for  reasons  which  may  be  evident  from  Table  1.  We  feel  that  the 
RMS  error  has  a  tendency  to  accentuate  bad  data  points.  It  would  appear  that  the  present  theory 
is  the  most  accurate  of  all  fiat  plate  analyses  in  existence.  It  is  also  the  only  one  of  the  six 
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theories  in  Table  1  which  is  i eadily  applicable  to  preaeure  gradient  effects. 
d.2  Incompressible  Nontvanspired  Flow  with  Pressure  Gradient 

F.  r  this  case.  Eq.(19i  reduces  to  the  rre  thod  of  ref.  33.  This  single  parameter,  pressure 
grat'.i  nt.  was  the  subject  of  the  1968  Stanford  Conference  (1),  in  which  we  did  not  compete.  It  seerm 
that  ■  ur  method  has  since  been  applied  to  the  Stanford  dtta.  According  to  a  letter  received  from  a 
p  rotes  so  r  at  another  university,  the  sixteen  students  in  his  class,  as  a  homework  problem,  each 
ay'.ied  Fq.(24)  to  one  of  the  sixteen  "mandatory"  Stanford  flows.  The  reader  may  join  us  in 
spec,  lating  as  to  whether  Eo.  (24)  fell  into  the  upper,  middle.,  or  lower  third,  it  is  also  interesting 
to  speculate  as  to  what  alternate  method  could  have  beer,  assigned  as  a  homework  problem. 


5.  3  Compressible  Nontraospired  Flow  with  Favorable  Gradient 

Equation  (25)  is  valid  for  this  case  and  was  applied  to  two  relatively  strong  favorable  gradient 
experiments  by  Brott  et  al  (37),  for  Mach  3.7  to  Mach  5,  and  by  Pasiuk  et  al  (38J,  for  Mach  1.7  to 
Mach  3  acceleration.  The  results  are  shown  in  Figure  3.  The  Brott  flow  was  for  a  cold  wall, 

T  ®=0.82  T  ,  wlrle  the  Pasiuk  flow  was  approximately  adiabatic  walls.  Pasiuk  did  not  measure 

'•fj  a  \V 

tkin  friction,  which  has  been  estimated  by  overlap  (21)  and  by  momentum  (39)  considerations.  The 
theory  is  in  good  agreement,  as  are  the  finite  difference  computations  of  refs.  (21)  and  (39)  for 
Pasiuk's  flow.  Favcvabie  gradients  are  really  not  a  very  stern  test  for  a  computation  method. 


b)  The  Experiment  of  Pasiuk  et  al  (58). 


Figure  3.  COMPARISON  OF  THEORY  AND  EXPERIMENT  FOR  SUPERSONIC 

N  ON  T  RA  NS  PI  RED  FLOW  WITH  FAVORABLE  PRESSURE  GRADIENT- 


5 . 4  Supersonic  Adverse  Gradient  with  Longitudinal  Curvature 

The  experiment  of  Sturek  and  Danberg  (26)  generated  an  adverse  pressure  gradient  by  com¬ 
pression  along  a  curved  r-Mip.  The  average  ratio  (ft/6)  was  about  forty,  which  means,  according  to 
ref.  21,  ‘hat  curvature  shoula  have  a  strong  effect  on  turbulence  structure.  3ut,  a3  seen  in  Fig.  4, 
the  wall  law  appears  insensitive  to  curvature,  and  Eq.  (24)  is  in  good  agreement  with  the  measured 
skin  friction,  especially  since  it  was  necessary  to  estimate  (l/V)  (and  (l/V)**  from  sketchy  velocity 
data.  To  our  knowledge,  no  other  theory  has  yet  been  applied  to  this  experiment. 


Figure  4,  THE  ADVERSE  PRESSURE  GRADIENT  EXPERIMENT  OF  STUREK  AND  DANBERG(26). 


5  .  5  Supersonic  ' ■' Relaxing"  Flows  with  Impermeable  Walls 

The  discrepancy  in  the  theor  '  for  "relaxing"  flows,  where  the  pressure  gradient  is  suddenly  re¬ 
moved,  was  noted  in  ref.  33  and  tends  to  vanish  at  supersonic  speeds.  Figure  5  compares  the 
theory  with  the  flow  of  Winter  et  al  (40).  which  decelerates  from  Mach  3.3  to  2.5,  and  for  the  flow 
of  Zwarts  (unpublished,  reported  in  ref.  21  > ,  which  decelerates  from  Mach  4  to  Mach  3.  Equation  (24)  is 
in  good  agreement  with  both  experiments,  perhaps  too  good  to  be  realistic.  The  Winter  experiment  (40) 
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Figure  5.  THEORY  AND  EXPERIMENT  FOR  RELAXING  SUPERSONIC  BOUNDARY  LAYERS. 


io  rather  controversial,  being  complicated  by  both  transverse  and  longitudinal  curvature  and  possioly  by 
relaminarization  also.  Transverse  curvature  only  slightly  influences  Cf  for  Winter's  flow  but  has  a 
strong  effect  on  momentum  thickness  and  shape  factor  -  but  this  is  of  no  concern  to  our  method.  The 
finite  difference  theory  of  Bradshaw  and  Ferriss  (21),  for  which  we  have  a  very  high  regard,  shows  an 
unexplained  discrepancy  for  the  flow  of  Zwarts  (Figure  5-b). 


5. 6  Flat  Plate  Flow  with  Uniform  Wall  Transpiration 


For  a  flat  plate  with  constant  vw  ,  Ue,  and  Tw,  cl  =  0  and  Eq.  (19)  reduces  to  »  quadrature: 


(>X,G  -  F  X  (Vv.-/Ue)(Tw/Te)*  . 

•„  1  1  *  1  di 


(31) 


By  curve-fitting  G  and  F,  we  were  able  to  obtain  a  closed  form  expression  for  the  skin  friction,  which 
is  usually  expressed  as  a  ratio  of  transpired  to  nontranspired  flow: 

2  8  i  i 

C.-  =  (h/A)  Cf  C  —  He  <Te/Tw)*R  ]  ,  where  h  =  ^[(l  +  B*-l].  (32) 

O  A  3C  D 

This  is  an  extension  of  Eq.(29)  for  nontranspired  flow  and  is  valid  for  either  blowing  (h<  l,  B  >  0) 
or  suction  (h>l,  -1  <  B  <  0).  For  incompressible  flow,  if  we  asrume  smooth  wall  flow  and  a  one- 
seventh  power  law  for  the  skin  friction,  we  obtain  the  following  simple  approximations: 


INCOMPRESSIBLE  Cf  w  1.74 

PLATE  FLOW:  Of  const 

1o  _ 


Cf 

Cf  ] const 
°  Rfl 


1.33 


(33) 


Equations  (33)  are  in  nearly  perfect  agreement  with  the  recent  data  of  Simpson  et  al  (41)  for  both  suction 
and  blowing  and  also  agree  wirh  the  interesting  recent  theory  of  Weber  (15).  E'quation  (32)  predicts 
only  a  slight  compressioiiity  effect,  with  (Cf/CfQ)  increasingly  slowly  with  Mach  number;  this  is  in 
rough  agreement  with  experiment  and  with  ref.  15  but  quite  contrary  o  the  conclusion  of  Jeromin  (3). 

5 . 7  Flat  Plate  Flow  with  Varying  and  Discontinuous  Wall  Blowing 

For  incompressible  flat  plata  flow  with  variable  vw(x),  Eq.(19)  reduces  to: 


(G  -  F  X  v„./UJ 


V1 


XZvw/Ue) 


F  X2  J-  (v, 
dx* 


w/ue) 


(34) 


which  may  easily  be  solved  by  hand  or  otherwise  for  variable  :r  even  discontinuous  changes  in  vw. 


al  For  Continuously  Variable  Blowing  (41).  b)  For  Discontinue us  Blowing  (42). 

Figure  6.  COMPARISON  OF  EQi.34)  FOR  VARIABLE  AND  DISCONTINUOUS  WALL  BLOWING. 


Figure  6  shows  the  comparison  o»  Eq.(34)  with  experimental  data  for  both  variable  blowing  (41)  and 
disco- tinuous  blowing  (42).  The  agreement  is  good  in  all  cases.  Note  that  the  theory  predicts  a 
discontinuous  change  in  Cf  (or  X)  in  Fig.  6-b,  which  is  approximated  by  the  sharp  drop  in  the  data. 


5. 8  Other  Cases:  Transverse  Curvature,  Polymer  Additives,  and  Roughness 

Spnce  dees  not  permit  an  extensive  discussion  of  other  parametric  cases.  The  solution  of  Eq(19) 
for  the  transverse  curvature  effect  on  a  long  cylinder  (using  Eq.ll-c)  is  given  in  ref.  28,  and  the 
analysis  for  flat  plate  flow  of  a  polymer  solution  (using  Eq.ll-b)  is  given  in  ref.  43.  Finally,  we 
give  here,  without  proof,  the  solution  of  Eqs.(19)  and  (11-a)  for  incompressible  flat  plate  flow  with 
uniform  sa  ■’  .  -grain  roughness: 


R  (rough  plate 


=  1.  75125  (1  +  0.3  e+)  eKXtK2X2. 


4KX  1  6  - 


TT07+(KX-1,]l  w*lire  e  +  : 


P-x  e 
X  x 


(35) 


Thi6  formula,  which  is  not  a  curve-fit  but  rather  a  closed  form  solution  of  the  present  theory,  is 
valid  for  smooth  wall,  intermediate,  or  fully  rough  flows  past  a  flat  plate.  We  have  not  yet  made 
the  calculation  for  compressible  rough-plate  flow,  but  an  interesting  Karman -type  analysis  of 
compressible  rough-wad  flowb  was  recently  presented  by  Chen  (44). 

CONCLUSIONS 

1.  has  been  shown  that  a  single,  rather  c-ude  assumption  -  that  the  is- / -of-the-wail  (eq.3)  is 
valid  across  the  entire  bou  idary  layer  -  leads  to  a  simple  differential  equation  (Eq!9)  for  tho 
compressible  turbulent  boundary  layer  which  predicts  remarkably  accurate  skin  friction  values  for 
a  wide  variety  of  parametric  freestream  and  wall  conditions.  With  further  extension  and  improve- 
me  nt,  it  is  postulated  that  this  method  may  someday  supplant  the  classic  Karman  integral  approach. 
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AN  EDDY  -'ISCOSITY  RASED  ON  THE  SECOND  PRINCIPAL 
INVARIANT  OF  THE  DEFORMATION  TENSOR 

Willi  Schfinauer 

Recheiizentiut-'  der  Univer3itc*t  Karlsruhe 


SUMMARY 

The  aim  of  this  paoei  is  to  derive  equations  for  the  time  mean  values  of  incompressible 
turbulent  flow.  The  stress  tensor  is  considered  to  he  a  function  of  the  defo  "matlon 
tensor,  “he  assumption  of  spatial  h^mogenity  and  isotropy  leads  to  an  eddy  viscosity 
depending  on  the  second  principal  invariant  of  the  deformation  tensor.  The  eddy 
viscosity  function  contains  empirical  roef f '.dents  which  must  be  determined  from 
measurements  of  turbulent  equilibrium  tlows.  Monoquilibrium  flows  then  are  described 
by  relaxation  equations.  For  internal  fluid  mechanics  the  empirical  coefficient!;  of 
the  viscosity  function  are  determined  from  measurements  of  equilibrium  pipe  flow. 
Equations  for  the  turbulent  boundary  layer  are  derived.  Similar  solutions  of  these 
equations  define  equilibrium  boundary  layer  flows.  The  empirical  coefficients  of  the 
eddy  viscosity  function  are  determined  for  a  flat  plate  flow. 


1.  INTRODUCTION 

The  laminar  motion  of  a  fluid  is  a  macro  motion  which  is  superposed  by  the  micro 
motion  of  the  molecules.  The  transport  of  momentum  by  tne  micro  motion  results  in  the 
laminar  viscosity  of  the  fluid.  When  tfc*.  mean  free  path  of  the  molecules  is  small  in 
comparison  tc  the  dimensions  of  the  flow  problem,  the  laminar  viscosity  is  a  function 
of  the  fluid  and  it  is  Independent  of  the  boundary  conditions  of  the  flow  problem. 

The  micro  motion  is  described  by  the  Boltzmann  equation.  The  laminar  viscosity  and 
the  equations  for  laminar  flow  can  be  derived  from  this  equation  in  those  cases, 
where  an  approximate  solution  possible.  Vhen  such  a  solution  is  not  possible,  ior 
example  in  the  case  of  a  liquid,  the  equations  :i'or  laminar  flow  may  only  be  derived 
by  phenomenological  methods  and  the  viscosity  must  be  taken  from  measurements. 

Similarly  the  time  mean  values  of  incompressible  turbulent  flow  are  considered  to  be 
a  macro  motion  which  is  superposed  by  the  unsteady  turbulent  oscillations  abo.it  these 
mean  values.  The  oscillations  are  described  by  the  unsteady  Navier-Stokes  equations 
and  we  may  write  down  the  equations  for  the  mean  values  in  terms  of  the  oscillations 
and  thus  may  define  turbulent  or  eddy  viscosity.  But  the  solution  of  the  Navier- 
Stokes  equations  being  not  possible  until  nowadays,  this  is  useless  for  practical 
application.  Most  calculations  of  turbulent  flow  are  based  ori  Prandtl's  mixing  length 
concept,  which  is  between  an  exact  theory  of  the  micro  motion  and  a  phenomenological 
approach.  In  this  paper  we  try  to  develop  a  phenomenological  theory  of  the  turbulent 
motion.  Consequently  the  eddy  viscosity  must  be  determined  by  measurements. 


2.  THE  EDDY  VISCOSITY  FUNCTION 

We  postulate  the  conservation  of  mass  and  momentum  for  the  time  mean  values  of  the  flow. 
The  balance  of  mass  yields  the  continuity  equation 


(2.1) 


0 
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We  use  a  matrix  notation  and  consider  vectors  as  one  column  matrices  or  transposed  as  one 
row  matrices.  The  velocity  vector  for  the  time  mean  value  is 

u 

T 

•  v  ;  1 0  =  (u,v,w)  . 

w 

The  nabla  operator  is 


|>/3x 

V  -  i  9/3'/  ;  ?T  -  (3/3x,3/3y,3/3z)  . 

I  3/32! 

The  result  of  (2.1)  is  a  scalar.  Therefore  transposition  of  (2.1)  yields  «rV»0,thus 
showing  that  in  this  notation  the  elements  of  V  are  directly  applied  to  the  elements 
to  which  they  are  connected  by  the  ordinary  multiplication. 

ilw  balance  of  momentum  yields  the  momentum  equation  (all  quantities  are  time  mean  values): 

(2.2)  0Vt  +  o (i07T)tf  -  TV  «  0  , 

with  the  density  p  and  the  stress  tensor 


1  ~P+T 

T 

T 

^  XX 

yx 

ZX 

(2.3) 

T  - 

Txy 

"P+Tyy 

Tzy 

i  Txz 

Tyz 

-P+T^ 

The  static  pressure  is  p  and  t  is  a  stress  acting  in  the  y-dlrection  on  a  surface 
with  normal  in  x-directlon.  The  problem  is  now  tc  find  a  constitutive  equation  rela¬ 
ting  T  to  jO,  that  is  a  stress  strain  relation.  The  relative  change  per  unit  time  of 
the  length  of  an  infinitesimal  fluid  element  is  described  by  the  deformation  tensor 


(2.4) 


i(W  | 

?(W 


It  is  assumed  that  the  change  of  length  is  responsible  for  the  stress  in  the  fluid. 
Stokes  used  a  linear  relation 

(2.5)  T  =  -pi:  +  RD  , 

with  R=2n  ,  n=dynamlc  viscosity,  E=unit  matrix. 

This  relation  is  accepted  as  constitutive  equation  for  the  laminar  motion  of  a  newtonlan 
fluid.  Therefore(2. 5)  cannot  describe  the  behaviour  of  a  turbulent  motion. 

We  dr:,! re  a  momentum  equation  which  is  independent  of  the  location  of  the  origin  and 
of  the-  orientation  o'  the  coordinate  system.  Therefore  we  postulate  spatial  homogenity 
ana  Isotropy  if  the  t'.uid.  This  is  expressed  by  the  relation  (2.5),  but  SERRIN  [12] 
shows ,  hat  ..eed  not  <>e  constant.  It  may  be  a  function  of  the  principal  invariants 
ot  the  deformation  tensor.  These  are  the  coefficients  h^  of  the  characteristic  equation 
)>;  . 
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det(XE-D)  =  X',-hJX2-h2X-h3  =  O. 

The  calculation  yields  hj=n  because  of  (2.1).  The  first  (and  simplest)  nonvanish)ng 
orincioal  invariant  is  hj.  For  simple  writing  we  use  the  expression 

(2.6)  h  =  4h2  =  2<%+v2+w2)  +  (u^+v^2  +  (uz+wx52  +  (vzfwy)_  • 

The  main  idea  of  this  oaner  is  to  use  the  constitutive  equation 

(2.7)  T  =  -pE  +  ?  (h)  0  . 

This  stress  strain  relation  is  not  linear. 

The  general  theory  cannot  give  further  information  about  the  function  B(h).  We  ass'ime 
a  turbulent  shear  layer  along  a  fixed  wall.  Then  in  the  immediate  vicinity  of  the  vail 
the  velocity  goes  to  zero  and  the  turbulent  oscillations,  which  cause  the  additional 
viscosity  go  to  zero,  too.  Therefore  at  the  wall  R  must  be  equal  to  the  laminar  value 
2n.  In  the  center  of  a  tube  with  circular  cross  section  for  axisymmetrie  turbulent 
flow  vanishes  h,  but  nevertheless  there  is  additional  turbulent  viscosity.  These 
"boundary  conditions"  for  d(h)  led  to  the  relation 

(2.8)  P(h)  *  2n*  =  2n  +  2p(KJ2)q(co+c1hs)  , 

thus  defining  an  eddy  viscosity  n*.  The  equations  (2.2) , (2.4) , (2.7) , (2.8)  then  lead 
to  momentum  equations  which  we  call  generalized  Navier-Stckes  equations  for  the  time 
mean  values  of  a  turbulent  flow. 

The  four  coefficients  g,3,cQ,c1  must  be  determined  by  measurements.  They  are  the 
resuit  of  the  oscillations  and  therefore  an  expression  for  a  solution  of  the  laminar 
Navier-Stokes  equations.  Such  a  solution  will  depend  on  the  Reynolds  number  and  on  the 
boundary  conditions  of  the  flow  problem.  Therefore  the  four  coefficients  will  depend 
on  these  oarameters  too.  If  the  reference  Reynolds  number  is  properly  defined,  we  may 
expect  that  the  coefficients  are  the  same  for  flows  with  similar  boundary  conditions. 

For  the  derivation  of  (2.~)  the  fluid  was  assumed  to  be  isotropic.  The  turbulent  flow 
in  its  micro  structure  is  surely  not  isotropic.  This  micro  structure  could  only  be 
described  by  a  matrix  «(h).  Taking  6(h)  as  a  skalar  function,  we  take  the  mean  value 
of  the  eddy  viscosity  matrix.  The  formation  of  the  mean  value  is  effected  by  the 
determination  of  the  coefficients  from  measurements.  The  measurements  must  be  done 
for  equilibrium  flows,  that  is  fo_'  flows  with  a  "constant"  turbulence  structure. 
Nonequilibrium  flows  then  will  be  described  by  relaxation  equations  for  the  coefficients 
by  means  of  a  measured  relaxation  time. 


3.  INTERNAL  FLUID  MECHANICS 

The.  simplest  flow  which  may  be  used  for  the  determination  of  the  coefficients  is  the 

axisymmetrie  flow  in  a  tube  with  circular  cross  section.  From  the  generalized  Navier- 

Stokes  equations,  puttinq  u=u(y,z) ,  v=wHO,  follows  p  =p  =0.  We  transform  the  resulting 

y  z 

equation  to  cylindrical  coordinates  (x,y,z) — *(x,r).  With  reference  values  for  length  L, 
velocity  t!  and  kinematic  viscosity  v  the  following  dimensionless  quantities  are  defined 
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Comparing  (1.2)  with  Prandtl's  mixing  length  theory,  see  SCHT.ICHTING  [6]  page  539,  we  find 
(3.2)  to  be  a  generalisation  of  the  mixing  length  concept.  But  (3.2)  is  the  special  case 
of  a  three  dimensional  theory  and  we  may  expect  that  the  coefficients  taken  from  one 
dimensional  experiments  may  be  generalized  to  two  or  three  dimensional  flows. 


The  differential  equation  for  the  flow  in  the  tube  is 


(3.3) 


He  P_  =  [  1  +  52<!(VV??)] 

v  *■  r  J 


(U__+^Uj  + 
?  r  r  r 


+  2qu^  *  u^(c  +c.u^S)  +  2sc.u^u^su 

~  °  1  r  1  r  rr 

Taking  L=d=dlameter  of  the  tube  and  U=u(0)  the  velocity  in  the  center  of  the  tube,  the 
boundary  conditions  are 

(3.4)  u(0.5)  -  0  ;  u(0)  -  1  ;  u_  (0)  -  0  . 

r 

The  equations  (3. 3), (3. 4)  form  a  boundary  value  prt blem  for  u(r)  and  p_  . 

x 

The  determination  of  the  coefficients  q,s,c0,Cj  in  (3.2'  was  done  by  comparing  solutions 
of  (3. 3), (3. 4)  with  measurements.  The  coefficients  are  altered  until  the  numerical 
solution  agrees  with  the  measured  values.  Details  are  given  in  [7],  [8].  The  boundary 
conditions  (3.4)  beeing  the  same  for  all  flows,  the  coefficients  are  functions  of  the 
Reynolds  number  alone.  In  accordance  with  this  conclusion,  in  (3.3)  Re  is  the  only 
parameter.  From  measurements  of  NIKURADSE  14]  followed,  that  s  is  a  constant  and 
q,c  ,Cj  depend  linearly  on  Re  in  double  logarithmic  scale.  The  vi  cue  then  have  been 
determined  from  measurements  of  LAUFER  [ 3] ,  which  seem  to  be  more  accurate  than  the 
values  of  NIKURADSE.  In  the  range  of  0.5=s=3  all  values  of  s  could  be  chosen.  But 
once  s  is  fixed,  the  othar  coefficients  are  depending  on  the  value  of  s.  For  s»l  the 
following  values  were  determined  which  may  be  ) inearly  interpolated  for  other  values 
of  Re  in  double  logarithmic  scale: 


Re 

q 

Co 

Cl 

5-104 

7.8 

1.8 

1160 

5*105 

10.3 

78.3 

15500 
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as  a)  ai  a»  e 


Fig. 1.  Measured  values  from  LAUFER  f3j  Fig. 2.  Computed  velocity  and  eddy 

and  computed  values  for  s-1  and  3.  viscosity  profiles /for  s“l. 

Fig.  1  shows  the  comparison  of  LAUFER ' s  mjasurements  with  the  computed  values  for 

corresponding  to  the  coefficients  (‘.5);  further  computed  values  tor  s-3  are  shown. 
In  fig.  2  the  computed  velocity  {.rollies  for  s-1  are  ihown  together  with  the 
correspond  ng  ratio  of  turbulent  to  laminar  viscosity,  equation  (3.2).  The  dotted 
line  for  v*/v  in  the  lower  fig.  2  clearly  shows,  that  in  the  laminar  sublayer  the 
computed  value  of  v*  is  equal  to  v. 

If  we  want  to  use  the  coefficients  determined  from  (3.5)  for  internal  fluid  dynamic 
problems  other  than  circular  cross  section  but  constant  reference  Reynolds  number,  we 
may  exoect  to  get  the  same  values,  if  the  Reynolds  number  is  based  on  the  hydraulic 
diameter.  This  is  the  ratio  of  the  wetted  surface  (in  which  the  turbulence  is  initiated 
by  the  steep  wallgradlents)  and  the  flo»-  volume  (in  which  the  turbulent  energy  is 
dissipated).  If  the  reference  Reynolds  number  changes,  for  example  if  the  diameter  in 
a  tube  Increases  or  decreases,  the  coefficients  will  not  abruptly  follow  the  change 
in  the  turbulence  structure  (this  is  the  reason  for  the  initiaton  length  of  pipe  flow) . 
This  is  a  relaxation  process  which  may  be  described  by  relaxation  equations  for  the 
coefficients.  With  a  dimensionless  relaxation  time  t  (determined  from  measurements  as 
a  function  of  Re)  for  example  the  behaviour  of  Cj  wouid  follow  the  equation 


with  Cj  as  given  function  of  R«  and  with  Cj  as  actual  value;  d/dt  is  the  tctal 

derivative  along  the  streamline  where  the  maximum  velocity  occurs,  which  is  used  as 
ref'  rer.ee  velocity.  By  such  a  relaxation  equation  the  whole  history  of  the  turbulent 
flow  is  described  in  »  natural  way.  Some  basic  remarks  for  the  treatment  of  com¬ 
pressible  turbulent  notion  are  given  in  ffij. 


£ 
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4.  THE  TURBULENT  BOUNDARY  LAYER 


From  the  two  dimensional  generalized  vavier-Stokes  equations  we  may  try  to  derive 
equations  for  the  turbulent  boundary  layer.  The  laminar  boundary  layer  transformation 
y  ■  y  V P.e'  ,  with  Re«UL/v  (fixed  reference  vaulues  U,L,v)  yields  equations  for  the 
laminor  sublayer  only.  Boundary  layer  equations  which  are  valid  in  the  laminar  and 
turbulent  oart  of  the  boundary  layer,  result  by  a  transformation  which  depends  on  the 
coefficient  s  und  which  is  given  below.  Uslnq  the  exoerience  of  former  papers  [9], 
[lo],  instead  of  (2. A)  a  generalized  rehtion  for  the;  eddy  viscosity  with  dimensionless 
coefficients  cQ,S.  is  used 


(4 .  IS 


5-  • 1  ♦  p|-fl 


-  .  -  /hL2*2  ) 
c  +c ,  I - =-  / 

G  l\  V2  J 


The  functions  6  deoend  on  x/L»  h  is  the  two  dimensional  form  of  (2.6)  and  F  is  a 
function  of  the  variable  w/x^ ,  with  as  the  velocity  at  the  outer  edge  of  the 
boundary  layer.  F  must  obey  the  conditions  F*0  for  >0*0  and  F*1  forJ0-*JP. 


We  introduce  the  following  dimensionless  quantities 


X  *  L  !  *  -  L 


A 

y  ..  TTs+TT  u  -•  ua 

f  Re  ;  u  .  _  .  u#  , 


(4.2) 


-  v  i(s'i) 
v  -  -  Re 


*  0  ;  p  =  ^ 

dU  ' 


Then  for  Re*»  eliminating  all  terms  which  are  small  in  comparison  to  other  terms,  we 
deduce  from  the  two  dimensional  generalized  Navier-Stokes  equations  and  the  continuity 
equation  the  following  system  of  boundary  layer  equations,  with  F’  as  derivative  of  F 
to  its  argument: 


uu_  +  VU_  -p_  +  ^ 

X  y  X 


+  r£->  f-V* 


l  Re 


s+1 


a  URes+1 


(4.3a) 


2s_2s 
6  u 


(1+2s)  Cj - yj. 


a  J 


v  *  F'  (— )  ^ 

yy  “a  ^a 


2s  2s 
6  u- 


+  Gi— 


.3  +  1 


(4.3b) 

(4.3c) 

In  (4.3a)  there  are  terms  with  Re  in  the  denominator.  These  terms  cannot  be  omitted  in 
comparison  to  the  other  terms  in  the  curved  brackets:  at  the  wall  F»0  and  the  first  term 
describes  th  laminar  sublayer?  at  the  outer  edoe  Uy«0  and  the  cQ-teRns  describe  the 
turbulent  viscosity  at  the  outer  edge,  which  may  be  larger  than  the  laminar  viscosity. 
The  ratio  of  the  laminar  sublayer  to  the  turbulent  zone  is  a  function  of  the  Reynolds 
number.  Therefore  logically  Re  must  appear  as  parameter  in  (4.3a). 


p  _  «  o  ? 

y 

u_  +  v_  =  0  . 
X  y 
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In  order  to  determine  the  coefficients  in  (4.1)  from  measurements,  we  must  use  an  equi¬ 
librium  boundary  layer  with  constant  turbulence  structure.  For  example  the  flat  p’ate 
boundary  layer  is  growing  with  x  and  seems  to  have  not  a  constant  structure.  There  is 
the  sane  problem  in  the  laminar  case.  There  we  get  a  velocity  profile  independent  of  x 
if  we  apply  a  similarity  transformation:  the  Falkner-Skan  transformation.  We  apply  this 
transformation  to  the  equations (4. 3a, c) .  With  the  dimensionless  velocity  u  (x)  at  the 
outer  edge  of  the  boundary  layer  we  define  a  function  A(x),  a  boundary  layer  thickness 
6(x)  and  the  Pohlhausen  or  similarity  parameter  X (x)  by 

x 

(4.4)  A  «  u  42  *  2  f  u  (?) dC/u  (x)  ;  X  »  Au/u  »  62u  . 

9  j  9  9  9  9  9 

O 

With  the  following  similarity  variables 

(4.5)  Y  -  y/«  :  f (x,  Y)  -  u/ua  ;  g(x,Y)  -  v4 

and  with  the  condition  for  inviscld  flow  at  the  outside  of  the  boundary  layer 

—  —  *  . 

(4.6'  u  u  ■  -p 

a  a  x 

we  ■  from  (4,3a, c) 


& 


(4.7*  Aff_  +  £  (X-l)  Yf  +  g]  fy  +  X(f2-l)  - 


(4.8) 


Re 


Af 


s 

s+1 


+  F(f) 


- .  d«.)  s, ,;■]  j  ,rl 


F '  (f )  f 2  — — -  +  Cjf2s 


Re 


s+1 


Re 


S+1 


0  ; 


+  (X-l)  Yfy  +  Xf  +  gy  -  0 


Because-  x  does  not  appear  explicitly  in  the  transformed  equations,  in  the  laminar  case 
this  system  contains  similar  solutions,  if  the  only  parameter  X  is  constant.  In  the 
turbulent  equations  additional  parameters  appear:  the  constants  Re,  s  and  the  coefficients 
c0,Cj  which  may  depend  on  x.  The  function  F(f)  is  supposed  to  be  a  function  of  f  with 
coefficients  q^q^,...  which  may  depend  on  x,  too.  If  all  these  coefficients  are  de¬ 
termined  as  functions  of  X,  then  for  X«constant  we  get  similar  solutions  as  solutions  of 
the  system  (4.7),  (4.8)  with  f_  =  0.  These  solutions  form  a  two  parameter  family  with 

x 

parameters  X  and  Re.  The  condition  X»constant  implies  for  the  outside  velocity  the 
wedge  flow.  But  t)  is  flow  has  no  characteristic  length  and  velocity.  Therefore  we  choose 
as  reference  length  X,=  1  [cm]  and  as  reference  velocity  U»ufl(L)  [cm/3ec].  For  nonsircllar 
solutions  L  and  u  are  taken  on  the  tangent  wedge  of  the  flow  contour.  With  these 
prescriptions  lor  similar  solutions  the  outside  velocity  is 


X 

2-X 


(4.9) 


u 


a  sim 


The  two  parameter  family  of  similar  solutions  are  the  boundary  layers  which  we  call 
equilibrium  boundary  layers.  From  these  flows  the  coefficients  in  the  eddy  viscosity 
function  (4.1)  must  be  determined.  This  may  be  done  by  comparing  numerical  solutions 
of  the  similar  boundary  layer  equations  with  measurements  and  changing  the  coefficients, 
until  computation  and  measurements  agree  sufficiently,  see  fioj .  Only  for  the  flat 
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elate  flow,  X-0,  measuremerts  with  sufficiently  constant  value  of  X  exist,  Mow  the 
question  arises:  are  these  measured  flat  plate  flows  similar  solutions?  For  flat  plate 
flow  all  profiles  for  f  or  u  or  u  ovar  y/TST  ,  measured  along  a  flat  plate  for  the  aaue 
constant  reference  Reynolds  number,  must  coincide  into  one  profile. 


Fiq.  3.  Velocity  profiles  measured  by  WIEGHARDT  [l]  on  a  flat  plate, 

Relcm  3  2-2,1°4- 

In  fin.  3  velocity  profiles  measured  by  WIEGHARDT  [l]  on  a  flat  plate  shew,  that  the 
profiles  for  small  values  cf  x  do  not  coincide.  For  large  values  of  x  the  profiles 
nearly  coincide  and  it  seems  that  they  tend  to  a  similar  profile.  The  nonsimilar 
profiles  for  small  values  of  x  may  be  interpreted  as  an  initiation  part  of  the  boundary 
layer,  in  which  the  turbulence  structure  develops  as  in  the  initiation  part  of  a 
turbulent  pipe  flow.  This  part  of  the  measurements  could  be  used  to  determine  a 
relaxation  time. 

Measurements  of  SCHULTn-GRLNOW  fill  show  the  same  behavior  as  fig.  3.  In  fig.  4 
velocity  profiles  measured  by  SMITH  and  WALKER  [l3]  on  a  flat  plate  are  shown.  Here 
the  profiles  coincide  only  in  the  wail  region.  Nevertheless,  with  the  same  x-incre- 
ment,  the  distance  between  the  velocity  profiles  dimini  ?s.  In  comparison  to  fig,  3 
we  may  conclude,  that  these  measurements  are  still  ir.  initiation  process  and  tend 

to  a  similar  solution  profile  with  increasing  value  of  These  results  are  not  in 
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contradiction  neither  with  the  law  of  the  wall  nor  with  the  velocity  defect  law,  see 
ROTta  [5],  fig.  13.3,  i3. 4 .  If  the  velocity  profiles  approach  a  similar  profile,  all 
profiles  u/uT  over  loo  (y^T/{v<5),  with  uT  as  friction  velocity  and  6  from  (4.4),  will 
coincide  for  x  large  enough  at  the  same  values  of  Re  und  X,  but  they  will  not  coincide 
for  different  values  of  Re  and  X. 

From  measurements  of  KLEBANOFF  [2],  which  include  values  in  the  laminar  sublayer,  the 
coefficients  of  the  eddy  viscosity  relation  (4.1)  with 


(4.10) 


F  ("i  -  F(f)  -  f2q  ;  F‘(f)  -  2qf2q_1 

& 


have  been  determined.  In  the  solutions  of  (4.7),  (4.8)  with  *x-0  the  coefficients  have 
been  altertu,  until  the  computed  values  approached  best  the  measured  values,  fig.  5. 


Fig.  4.  Measurements  of  SMITH  and  WALKER  [13], 
velocity  profiles  on  a  flat  plate. 


In  the  laminar  sublayer,  the  transi¬ 
tion  regime  and  the  inner  part  of 
the  turbulent  zone  the  measured 
profile  is  well  met  by  the  com¬ 
puted  values.  But  for  values 
u/U>0.8  the  agreement  is  not 
satisfactory.  This  part  of  the 
boundary  layer  is  characterized  by 
the  intermittency.  Here  the  eddy 
viscosity  function  (4.1),  (4.10) 
furnishes  too  large  values.  There¬ 
fore  an  additional  factor  in  the 
Cj-term  in  (4.1)  has  been  intro¬ 
duced,  but  the  computed  profile 
did  not  coincide  with  the  measure¬ 
ments,  for  details  see  [ 10] .  Now 
the  research  is  continued  with 
functions F  in  (4.1)  which  are 
composed  of  two  different  functions. 


Fig.  5.  Comparison  of  computed  velocltv 
profile  {+)  with  measurements  of 
KLEBANOFF  [2],  Relcni*q* 7*  5°3 • 


The  values  in  fig.  5  have  been  com¬ 
puted  with  the  following  coefficients 

(4.11)  s«l;  cQ  20;  c^-104;  q-10. 

The  value  cQ  has  only  a  week  in¬ 
fluence  on  the  result.  The  Rey- 

3 

nolds  number  is  Re._-9.7*10  .  The 
1  cm 

values  s,  Cj ,  q  are  the  same  as  the 
values  s,  c. ,  q  for  pipe  flow,  lnter- 

1  5 

polated  from  (3.5)  for  Re- 3. 5 *10  . 
From  this  result  we  may  conclude 
that  the  turbulence  structure  of 
the  similar  solution  for  flat 
plate  flow  at  Relcn"9*7*1C)3  corres¬ 
ponds  to  that  of  pipe  flow  at 
Re-3.5* 105. 

The  main  problem  now  is  to  obtain 
measurements  with  an  outside  velo¬ 
city  (4.9)  with  sufficiently  con- 
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st&nt  value  of  X  and  sufficiently  large  x,  so  that  the  velocity  profiles  approach  the 
similar  solution  profile.  Such  measurements  must  be  furnished  for  different  values 
of  P.elCT).  Then  the  coefficients  for  the  eddy  viscosity  function  (4.1)  for®  the 
equilibrium  values.  Together  with  a  relaxation  time  and  witn  relaxation  equations 
like  O.r.) ,  nonequilibrium  boundary  layers  may  be  computed  Iran  the  system  (4.7),  (4. 8). 
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EFFECTS  OF  STRONG  AXIAL  PRESSURE  GRADIENTS  ON  TURB"LENT  BOUNDARY- JkYER  FLOWS 

by 

Clark  H.  Lewis,  Professor,  E.  W.  Miner,  Instructor  and 
E.  C.  Anderson,  Graduate  Student 
Aerospace  Engineering  Department 
Virginia  Polytechnic  Institute  and  State  University 
Blacksburg,  Virginia  USA  24060 

SUMMARY 

The  effects  of  strong  axial  pressure  gradients  on  nonreacting  turbulent  boundary-layer  flows  through 
nozzles  are  presented.  Both  rocket  and  hypersonic  aerodynamic  wind-tunnel  nozzles  ate  considered.  Com¬ 
parisons  are  made  between  present  predictions  using  a  finite-difference  method  and  previous  integral 
methods  used  to  predict  compressible  turbulent  flows  wit.  pressure  gradient  and  wall  heat  transfer.  Both 
cooled  and  heated  walls  were  studied.  Comparison  with  available  experimental  data  on  wall  heat  transfer 
and  skin  friction  showed  good  agreement  with  present  predictions.  Van  Driest  and  Reichardt's  models  were 
considered  in  a  two-layer  eddy  viscosity  model.  Small  differences  in  wall -measurable  quantities  were 
found  between  the  two  models.  Under  heated  wall  conditions  (i.e.  wall  temperature  greater  than  the 
adiabatic  wall  temperature),  strong  coupling  effects  were  found  between  wall  heating  and  axial  pressure 
gradients.  For  cooled  wail  conditions,  predictions  of  velocity  and  temperature  profiles  downstream  of 
regions  of  strong  favorable  pressure  gradients  were  in  good  agreement  with  limited  experimental  profile 
data.  Limitations  in  the  use  of  boundary-layer  transformations  for  heated-wall  flows  are  presented. 

This  research,  a  portion  of  which  is  presented  in  this  paper,  led  to  the  development  of  a  computer  pro¬ 
gram  to  predict  nonreacting  and  equilibrium  chemically  reacting  laminar  and/or  turbulent  boundary- layer 
flows  for  internal  (nozzle)  and  external  two-dimensional  and  axisymmetric  flows.  A  fully  documented  com- 


puter  program  is  available  for  interested  users. 

NOTATION 

A+ 

=  damping  constant 

T 

s 

T*/T*ef ,  nondimensional  tetiperature 

a* 

*  reference  length 

T*t 

= 

local  stagnation  temperature,  ®R 

C 

=  pu/(seuej,  density-viscosity  product 

u*.  V* 

= 

tangential  and  normal  velocity,  ft/ 

ratio 

sec 

C1 

*  1  -  I/Pr,  constant  for  perfect  gas 

u*f 

m 

1/2 

(t*/p*)  ,  friction  velocity,  ft/sec 

■) 

=  2tw/pu‘,  skin-friction  coefficient  based 

UT* 

- 

(T*/p*)1^2.  friction  velocity,  ft/sec 

«  e 

on  free-stream  and  edge  conditions 

* 

w  w 

*  Cf/EVD 

U*ref 

= 

u; 

ch  ■  ch 

=  qy/puCHav,-!^.) ,  heat-transfer  coef¬ 

u 

V 

U‘/U*ref 

transformed  normal  velocity 

00  0 

ficient  based  on  free-stream  and 
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Subscripts  and  Superscripts 
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1.  INTRODUCTION 

The  existing  literature  on  numeric-ti  solutions  of  the  laminar  boundary- layer  equations  for  two- 
dimensional  and  axisymmetric  flees  is  extensive.  A  recent  review  of  the  most  commonly  used  techniques 
for  solving  the  laminar  boundar  layer  equations  for  nonequi 1 ibiiua,  equilibrium,  and  chemically  non- 
reactir.g  flows  is  given  by  Blo'-im  .  [11.  Kline  ot  al.  [2]  presented  a  similar  review  of  the  prediction 
methods  used  for  the  solution  el  the  i«ct w  -ssible  turbulent  boundary-layer  equations.  Examples  of 
recent  solutions  of  the  nonreacting  turbulent  boundary- layer  equations  ar1-  the  papers  by  Cebeci  [3-5]  and 
Pletcher  [bj. 

The  implicit  finite-difference  scheme  of  the  Crank-Nicholson  type  has  been  developed  extensively  by 
Elottner  [1,7,8]  and  by  Davis  [9-11]  for  a  wide  range  of  laminar  viscous-layer  flows.  This  method  of 
solution  has  been  demonstrated  to  be  accurate  and  stable  and  does  not  lequire  an  excessive  amount  of  com¬ 
puting  time.  This  type  of  finite-difference  scheme  was  used  by  Harris  [i2]  to  solve  the  turbulent 
boundary- layer  equations  for  nonreacting  gases.  Harris  also  considered  mass  transfer  at  the  wall  and  the 
laminar-to-turbulent  transitional  regime.  Cebeci  et  al.  [3-5]  used  an  implicit  finite-difference  scheme 
to  obtain  solutions  \'f  the  turbulent  boundary-layer  equations.  However,  the  numerical  procedure  used  by 
Cebeci  differed  considerably  from  the  Crank -Nicnolson  type  scheme.  Pletcher  used  an  explicit  finite- 
difference  calculation  procedure  based  on  the  DuFort-Frankel  scheme.  The  turbulent  boundary- layer  solu¬ 
tions  of  Cebeci  and  Pletcher  also  considered  only  nonreacting  gas  chemistry. 

In  the  references  cited  above,  the  authors  considered  only  external  flows.  Elliott,  Bartz,  and 
Silver  [13]  developed  an  integral  method  of  solution  for  predicting  turbulent  boundary-layer  flows  in 
rocket  nozzles.  Boldman  et  al.  [14]  applied  the  method  to  predict  turbulent  flows  in  supersonic  nozzles. 
Edenfield  [15]  extended  the  method  to  predict  turbulent  flows  in  hypervelocity  nozzles  in  which  the  gas 
was  considered  to  be  in  chemical  equilibrium. 

For  the  lower  Mach  number  perfect  gas  cases  considered  by  Elliott,  bartz,  and  Silver  and  by  Boldman 
et  al.,  relatively  good  agreement  between  the  predictions  and  the  experimental  data  for  the  heat-transfer 
distribution  was  obtained.  Edenfield  found  that  the  method  did  not  predict  the  boundary- layer  displace¬ 
ment  thickness  accurately  downstream  of  the  nozzle  throat  and  feiled  to  converge  for  local  Mach  numbe-s 
of  about  16.  Thus,  for  hypersonic  nozzle  flows,  a  limit  existed  in  the  use  of  the  integral  method,  other 
disadvantages  of  the  integral  method  are  the  amo-ait  of  empirical  data  needed  and  the  number  of  adjustable 
parameters  which  strongly  influence  the  results  of  the  predictions. 

As  a  result  of  the  excellent  agreement  between  experiment  and  theory  which  has  teen  obtained  by 
Blottner  and  Davis  for  ' aminar  boundary- layer  flows  of  both  reacting  and  nonreacting  gases  and  by  Harris 
for  nonreacting  turbulent  flows  using  the  Crank-Nicholson  type  implicit  finite-difference  scheme,  this 
method  of  solution  was  selected  for  the  present  investigation.  The  two-layer  eddy  viscosity  model 
originally  proposed  by  Cebeci  for  turbulent  boundary- layer  flows  was  used.  Both  laminar  and  turbulent 
flows  of  perfect  gases  and  mixtures  of  perfect  gases  in  chemical  equilibrium  were  considered  over  flat 
plates,  wedges,  two-dimensional  and  axisymmetric  blunt  bodies,  and  in  axisymmetric  nozzles.  Mass  transfer 
was  considered  for  che  case  where  the  injected  gas  was  the  same  as  that  of  the  external  flow.  The  primary 
emphasis  has  been  to  obtain  solutions  for  high  Mach  number  flows  having  strongly  favorable  pressure  gradi¬ 
ents  and  highly  cooled  walls. 

Recently  Back  and  Cuffel  [16,17]  measured  velocity  and  temperature  profiles  tnrough  turbulent  boundary 
layers  at  several  locations  in  a  nczzle  with  cooled  and  heated  walls.  Measurements  were  made  at  one 
location  in  the  inlet  section,  four  locations  in  the  convergent  section  fad  one  location  in  the  divergent 
section  of  a  Mach  3.6  nozzle.  The  ipstream  end  of  the  nozzle  was  attached  to  a  long  circular  tube  which 
was  cooled  or  heated  to  the  same  temperature  level  of  the  nozzle.  Comparisons  were  made  with  the  integral 
method  of  Elliott,  Bartz  and  Silver  [13].  These  experimental  and  numerical  data  are  compared  with  results 
from  the  present  study.  Predicted  wall  skin-friction  and  heat-transfer  data  and  velocity,  temperature  and 
mass  flux  profiles  are  compared  with  the  available  experimental  data.  The  effects  of  tube  length  and  wall 
heating  on  the  predictions  are  considered  in  some  detail.  Limiting  effects  of  wall  heating  on  convergent 
numerical  solutions  are  presented. 

The  research  presented  here  is  discussed  in  more  detail  by  Lewis,  Anderson  and  Miner  [18],  and  the 
computer  program  is  described  in  detail  including  necessary  i.  struction  for  its  use  by  Miner,  Anderson,  and 
Lewis  [19].  Transition  models  for  laminar-to-turbulent  flow  are  also  described  in  the  report  on  the  com¬ 
puter  program.  Those  interested  in  obtaining  copies  of  the  computer  program  and  the  two  reports  noted 
above  should  contact  the  first  author  on  this  paper. 


2.  ANALYSIS 

The  equations  of  motion  for  laminar  or  turbulent  flow  of  perfect  gases  and  equilibrium  gas  mixtures 
were  developed  in  Levy-Lees  variable  and  expressed  in  the  general  parabolic  form  necessary  for  the  implicit 
finite-difference  solution  procedure  employed  by  Blottner  [1]. 

Several  turbulent  eddy  viscosity  models  were  investigated  and  the  effects  of  strongly  favorable  pres¬ 
sure  gradients  on  the  eddy  viscosity  models  were  considered.  In  this  section  the  governing  equations  and 
eddy  viscosity  models  are  given. 

2.1  Governing  equations. --The  governing  equations  for  laminar  or  turbulent  boundary-l3yer  flow  of  an 
arbitrary  gas  in  thermodynamic  equilibrium  or  of  a  perfect  gas  are  presented  in  transformed  Levy-Lees 
variables  The  rate  of  mass  transfer  at  the  wall  boundary  for  porous  walls  is  assumed  small  in  comparison 
to  the  boundary-layer  mass  flow  and  normal  gradients  are  negligible.  The  boundary- layer  thickness  is 
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assumed  to  be  small  in  comparison  to  the  body  radius  of  curvature  and  centrifugal  forces  are  neglected. 

2.2  Turbulent  boundary- layer  equations  in  I.evy-Lees  variables. --The  boundary-layer  equations  in 
physical  variables  were  nondimens ionali zed  as  proposed  by  Van  Dyke  [20)  as  follows: 


x  =  x*/a*,  y  «  y*/a*cV[),  p 


P*/oX2,  o  *  P V?:.  T  -  T*/T*ef  *  TV(U*2/c*),  u  -  u*/u;,  v  *  v'/U-Cyp  and 


-  uVuCT*^)  where  e2^  -  u*fi^/p*U*a' .  The  resulting  equations  were  transformed  using  the 


Levy- -.ees  variables 

d'  *  PeweUerw^  ^  and  d,i  *  puerw/(2eJ  ^  dy 
The  resulting  turbulent  boundary- layer  equations  are: 

Continuity:  2£  F^  ♦  V'  ♦  F  =  0 

Momentum:  2£  F  F^  +  V  F'  =  B  (pe/p  -  F2}  ♦  (C(l  *  t+)  F')' 

Energy:  2 £  Fg?  ♦  Vg*  =  (1  *  £*  Pr/Pr,.)  ♦  [(C/P:-)(l*e+Pr/Prt)]  •  g' 

+  u2/a  (1-1/Pr) [C*  FF'  ♦  CF'2  ♦  CF"]  *  CFF’  (1-1/Pr)' 


where  V  =  — 


2£ 


2j 

p  u  u  r  J 
e  e  e  w 


p  n  +  (£i  _a 

(2£)1/2 


,  F  =  u/ug  and  g  =  H/Hg 


and  at  the  stagnation  point 


pv  +  p 'v' 


V  = 


[U+l)PePed>ze/dx] 


1/2 


(2.1) 

(2.2) 


(2.3) 

(2.4a) 

(2.4b) 


The  boundary  conditions  at  the  wall,  n  =  0,  and  at  the  outer  edge  of  the  boundary-layer,  n  *  n  , 


for  Eq.  (2.1)  -  (2.4)  are: 

at  n  =  0:  F  =0;  p  =  H  /H  =  h  /H  ,  V  =  V 
r  w  e  we  w 

and 

at  n  =  n  :  F  «  1;  j  •  1 


(2.5) 


(2.6) 


2.3  Eddy  viscosi'.v  models. --The  eddy  viscosity,  e  ,  was  evaluated  using  the  concept  of  a  two-layt 

+»  +* 
eddy  viscosity  model  consisting  of  an  inner  law,  ,  valid  near  the  wall  boundary  and  an  outer  law,  eq  , 

for  the  remainder  of  the  boundary  Inver.  This  procedure  has  been  employed  successfully  by  a  number  of 
authors;  for  example,  Cebeci,  Smith  and  Mosinskis  [4],  These  authors  use  expressions  for  the  inner  eddy 
viscosity  law  which  are  based  on  Prandtl’s  mixing  length  concept  stated  as 

cj*  =  e*  i*2  |3u*/?y*i  (2.7) 

where  1*  is  the  mixing-length.  In  the  present  study  of  the  turbulent  boundary -layer  equations,  a 
number  of  expressions  based  on  Eq.  (2.7)  have  been  used,  and  in  addition  to  these  models,  an  eddy 
viscosity  based  on  the  Boussinesq  relation 


r*  ■=  p*  (l+ct*/u*)  3u/3y 


(2.8) 


has  been  used. 

The  eddy  viscosity  law  based  on  2q.  (2.7)  have  been  derived  by  analogy  with  Van  Driest 's  [19] 
proposal  for  the  mixing  length  where  he  considered  Stokes'  flow  for  an  infinite  flat  plate  with  periodic 
oscillations  in  the  plane  parallel  to  the  plate.  A  number  of  recently  proposed  eddy  viscosity  models 
based  on  Van  Driest 's  model  are  given  below: 


Van  Driest  [21]  e*  =  Xj  (1  -  exp  [-X2(Cf  /2)1/2])2|F' | 

00 

Cebeci,  Smith  and  Mosinskis  [4]  c*  =  XjU-expf^dCj.  /2-peugy/pdue/dx| ) ^2] }4 1 F'  | 

00 

Absolute  Value  of  the  Pressure  Gradient  et  -  X, (l-exp[-XT(C^/2+p.u_y/p |du./dx| ) J/2] }2 |pi | 

1  1  «  I  V  C  V 

00 

Cebeci  [5]  ef  =  Xj  [1  -  exp(-y*/A+) ] 2 | F' [ 

where,  as  proposed  by  Cebeci  [S] ,  A+  =  26  [1  -  11.8  P+]  without  mass  transfer 


and  here  Xj  * 


,2222j 
k,  y  p  u  rJ 
1  ’  e  w 


CVD  u  (2° 


1/2  ’ 


_Z£_ 


"2  '  V  ,1/2 

26  1‘  (eVD) 


(2.9) 

(2.10) 

(2.11) 

(2.12) 

(2.13) 

(2.14) 


Reichardt  [22]  considered  the  incompressible  continuity  equation  foi  ihe  fluctuating  velocity  com¬ 
ponents  to  demonstrate  that  c7  varied  with  y*3  and  presented  an  expression  obtained  by  curve  fitting 
experimental  data  of  flow  in  pipes.  Richardt's  expression  for  the  inner  eddy  viscosity  is 


e+*  =  0.4  y*  (y*u*^/v*  -  11  tanh  [y*u£/(ll  v*)]} 
In  transformed  variables,  Reichardt’s  law  becomes 

et  =  0.4  y  ut/'u  -  4.4  tanh  [y  ut/(ll  u)] 
where  ut  =  [Cf  p/(2  Eyp)]1/2 


(2.15) 

(2.16a) 

(2.16b) 


(2.17) 


;i-» 


-1/2 


(2.18) 

(2.19) 


For  wail  mass  transfer,  Cebeci  [5]  proposed 

Ei  ‘  xi  l1  '  exP  (-y*/A*)2)  i F * | 

where  A+  =  26  f-(p+/v*)  [exp(’.1.8  »*)-l]  ♦  exp(11.8  v*)) 

The  Claust r-Klebanoff  outer  law 

Eo  '  k2ue  ak  Y/a* 

was  used  where  S*  is  the  two-dimensional  incompressible  boundary- ’  =.yer  displacement  thickness  and  y  is 
Klebanoff's  intermittancy  factor. 

2.4  Numerical  solution  procedure. --The  conservation  equations  for  laminar  or  turbulent  flow  were 
solved  using  cn  implicit  finite-difforencoscheme  employed  1  Blottner  [2]  and  Davis  [9-11]  which  requires 
that  the  governing  equations  be  expressed  in  the  general  parabolic  form 

»"  ♦  AjW  +  A2W  ♦  A3  4  A4Wt  •  0  (2.20) 

where  K  is  che  dependent  variable  F  or  g  and  the  coefficients  A^  »  A(£,  n,  W,  W'). 

The  governing  equations  were  expressed  ir.  the  form  of  Eq.  (2.20)  for  a  perfect  gas  or  an  equilibrium 
gas  mixture  as; 

Moment:®: 


F"  +  A, F'  +  A„F  ♦  A,  +  A.F.  =  0 

-  1  2  3  4  c. 

where  ^  .  A,  *  -  tF/A0.  Aj  =  8  ^/A0.  A4  »  -2CF/AQ 

0 

A  =  C  for  laminar  flow,  A  *  C(.l+e+)  for  turbulent  flow  and  where  A  *  A  /C. 
o  o  oo 


Energy: 


g"  ♦  Ajg'  ♦  A2g  +  A3  +  A4g?  =  0 


(2.21) 


(2.22) 


f {  o  V 

where  A,  -  —  ♦ - -  ,  A-  *  0 

*0  "•  ‘ 


i  ‘  C. 


For  a  perfect  gas 


S-tl-fc) 


£1  Fct  «.  f:2  ni  i 

_CA  A  A 

—  c  o  o  — 


ue  C1 

and  for  an  equilibrium  gas  A.  =  n - 

3  e  A 

o 


1 

r* 

r» 

~+  c[ 

FF'  +  F'  ♦  FF" 


.  A4  -  -  2iF/Ao 


for  laminar  flow 
and  for  turbulent  flow 


again 


Ao  =  C/Pr 

Aq  =  C/(l+e+  Pr/Prt)/Pr 

A  =  A  /C  and  C,  =  1  -  i/rr. 
oo  l 


Continuity: 

The  continuity  equation  was  computed  !>y  trapezoidal  integration  of  the  expression 

V  *  V  -  [  'e  (26  Fr  -  F)  dr. 


after  each  iteration  of  the  momentum  and  energy  equations. 


3,  RESULTS  AND  DISCUSSION 

Solutions  of  perfect  gas  turbulent  flows  using  different  expressions  for  the  inner  eddy  viscosity 
law  are  compared  with  experimental  data  and/or  other  numerical  solutions  for  cases  where  these  data  were 
available. 

Tne  numerical  solutions  presented  assume  fully  developed  turbulent  flew;  however,  the  boundary  layer 
computer  program  described  by  hiir.cv,  Anderson,  trd  Lewis  r  1  SI  provides  options  for  either  an  instantaneous 
or  a  continuous  transition  from  laminar  tc  turbulent  flow.  The  continuous  transition  mcdc-i  was  based  on 
the  experimental  results  of  Owen  [2.1]  and  is  discussed  ir.  the  computer  program  users  manual  [19]. 

3.1  Perfect  ga?  solutions  for  t  urbulent  fiows  over  flat  plates.--For  flat-piate  flows  the  inner  eddy 
viscosity  laws  expresses  by  Eo, (2.9)  -  (2.12)  are  identical  and  are  referred  to  as  the  Van  Driest  model . 
The  inner  eddy  viscosity  law  given  by  Eq  (2.16)  is  referred  to  as  the  Reichardt  model. 

The  results  cf  the  present  numerical  method  of  solution  are  compared  with  Coles  [24]  experimental 
data  and  tiie  solution  of  Dorranie  (25). 

The  predicted  si  in- friction  coefficients  for  the  three  cases  are  compared  with  the  theory  of 
Dorrence  and  Coles'  experimental  data  in  Fig.  i.  The  s^in  friction  predictions  for  Cases  20  and  26  are 
iii  excellent  agreement  with  both  the  experimental  data  and  Oorrance  s  solutions.  For  case  62,  the 
present  method  of  sol  it  ion  is  in  good  agreement  with  the  experimental  data  for  Reynold.;  numbers  greater 
that  3  x  10;>,  but  for  Reco  =  1.7  x  10°  the  present  numerical  solution,  predicted  a  skin  friction  coef¬ 
ficient  which  was  approximately  i5%  lower  than  the  experimental  value.  The  present  method  of  solution 
is  ir.  better  agre^  cent  with  the  experimental  data  for  this  case  than  the  theory  of  Dorranca. 


’1-5 


The  above  results  are  representative  examples  of  turbulent  flat-plate  solutions,  and  in  all  cases 
considered  the  numerical  results  were  not  significantly  influenced  by  the  choice  of  the  inner  eddy 
viscosity  law.  However,  the  use  of  the  Reichardt  inner  law  reduced  the  computing  time. 

5.2  Turbulent  t lew  ot  perfect  gases  in  axisymmetric  nozzles. -  The  present  method  of  solution  has 
been  used  to  solve  lour  axisymnetric  nozzles,  and  the  results' are  compared  with  the  integral  method  cf 
solution  developed  by  Elliott,  Bart; ,  and  Silver  [13]  and  available  experimental  data.  The  inner  ead> 
viscosity  laws  of  Van  Driest  Eq.  (2.9),  Cebeci  and  Smith  Eq.  (2.10),  absolute  value  of  the  pressure 
gradient  Eq.  (2.11),  and  Reic'nardt  Eq.  (2.16)  have  been  considered  for  the  sample  case  given  by  Elliott, 
Bartz,  and  Silver. 

3. 2.  a  Elliott,  Br.rtz,  and  Silver  sample  case. --The  problem  considered  consisted  of  a  30°  conical 
inlet  section,  a  circular  arc  throat  section  with  a  “hroat  radius  of  0.88S  in.  and  a  15°  conical 
divergent  section. 

The  profiles  of  velccity  and  temperature  differed  by  less  than  5%  for  the  solutions  obtained  using 
the  different  viscosity  laws.  The  boundary- layer  parameters  6,  6*,  S,  cf,  etc.  also  agreed  to  within 
S%.  If  the  inner  law  of  Cebeci  and  Smith  Eq.  (2.10)  were  excluded  in  the  comparison,  the  resulting 
solutions  differed  by  less  than  3%.  These  results  indicate  that  including  the  pressure  gradient  tens  in 
the  inner  law  had  littia  influence  upon  the  eddy  viscosity  profiles  and  had  essentially  no  influence  upon 
the  resulting  solutions. 

As  a  result  of  the  above,  and  the  formulations  of  expressions  Eq.  (2.10)  and  (2.11)  for  the  inner 
law,  these  expressions  were  dropped  from  further  consideration.  The  results  which  are  discussed  below 
were  obtained  using  the  Van  Driest  or  Reichardt  expression  for  the  inner  eddy  viscosity  law.  However, 
as  in  the  previous  cases,  use  of  the  Reichardt  inner  law  resulted  in  a  substantial  reduction  of  the 
cot  cuter  time  required.  Since  the  differences  in  these  solutions  were  insignificant,  these  data  are 
shown  as  a  single  curve. 

The  heat-transfer  coefficient  predicted  by  the  present  numerical  solutions  is  compered  in  Fig.  2 
•  ith  the  results  ebtained  by  Elliott,  Bart;,  and  Silver  using  an  integral  method  of  solution.  The 
solutions  using  the  present  numerical  method  and  the  integral  method  differ  up  to  30%;  however,  it 
should  be  noted,  that  the  solutions  using  the  integral  method  can  be  varied  over  a  wide  range  by 
changing  the  assumptions  for  the  nominal  entrance  conditions.  Since  the  starting  profiles  for  the 
present  method  were  determined  from  the  solution  of  the  governing  equations,  direct  comparison  of  the 
two  methods  was  not  possible;  moreover,  it  is  not  clear  what  assumptions  should  be  made  for  the  initial 
conditions  necessary  fox  the  integral  method  if  experimental  data  were  not  available  before  the  cal 
cuistions  were  made.  Because  of  the  arbitrariness  in  the  solutions  using  the  integral  method,  the 
present  finite-difference  solutions  are  believed  superior  to  the  results  from  the  integral  method. 

3. 2. b  NASA- lewis  rocket  nozzle  flows. --This  nozzle  consisted  of  a  30-degree  half-angle  convergent 
section  and  a  15-degree  half-angle  nozzle.  In  the  calculations  experimentally  measured  wall  temperature 
and  pressure  distrii  utior.s  w  -e  used. 

Solutions  to  this  problem  were  obtained  losing  the  Van  Driest  Eq.  (2.9)  and  the  Reichardt  Eq.  (2.16) 
expressions  for  the  inner  eddy  viscosity  laws,  and  as  in  the  previously  discussed  Elliott,  Bartz,  and 
Silver  sample  case,  the  differences  in  the  solutions  were  insignificant.  However,  the  solution  using  the 
Van  Driest  inner  law  required  more  computing  time  than  was  necessary  using  the  Reichardt  inner  law. 

The  predicted  heat-transfer  coefficient  using  the  present  method  of  solution  is  compared  with  the 
experimental  data  and  the  solutions  obtained  using  the  Elliott,  Bartz,  and  Silver  integral  method  in 
Fig.  3.  The  present  method  of  solution  is  in  excellent  agreement  with  the  experimental  data  in  the 
throat  region  and  downstream.  Differences  of  up  to  20%  between  the  predicted  and  experimentally 
determined  heat-transfer  coefficient  are  noted  in  the  subsonic  region  of  the  nozzle.  The  nearly  dis¬ 
continues  change  ii  the  experimental  value  of  the  heat-transfer  coefficient  at  z  =  1.97  was  the  result 
of  the  experimental  temperature  distribution  in  this  region;  also  the  experimental  pressure  data  were 
not  smooth  in  this  rzgion.  For  the  present  calculations,  these  data  were  smoothed  in  the  region 
1.9  z  <  2.S.  The  integral  method  of  solution  is  seen  to  reflect  a  strong  dependence  upon  the  assumed 
starting  conditions .  The  two  solutions  presented  using  the  ’r.tegral  method  differed  from  each  other  by 
as  much  as  50%. 

3.2. c  AEDC  hotshot  wind-tunnel  nozzle . --The  problem  considered  corresponds  to  the  case  referred  to 
as  "Hotshot  1"  by  Edenfield  [IS] .  The  nozzle  geometry  is  shown  in  Fig.  4.  The  results  presented  assumed 
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used  as  Edenfield  used  in  his  calculations.  The  stagnation  pressure  and  temperature  were  11,500  psi  and 
5400° R. 

Fcxafield  [IS]  considered  the  nozzle  discussed  in  this  section  for  preliminary  investigations  lead¬ 
ing  to  the  design  of  contoured  nozzles  for  hypersonic  hotshot  wind  tunnels  with  M„  -  20.  Edenfield  used 
a  numbe"  of  theories  to  predict  i. he  downstream  boundary- layer  displacement  thickness,  but  the  available 
methods  cf  prediction  either  failed  to  give  a  complete  solution  for  the  nozzle  or  the  results  were  found 
to  be  unacceptable  Attempts  to  solve  the  problem  using  the  Elliott,  Bartz,  and  Silver  [13]  integral 
methoa  failed  at  z/r*  *  1350.  This  failure  was  attributed  to  the  assumed  power  law  total  enthalpy  pro¬ 
files  used  in  the  integral  method.  All  other  attempts  to  predict  the  displacement  thickness  used  the 
momentum  equation  only  with  the  Crocco  enthalpy  distribution  or  correlation  formulas. 

It  should  also  be  noted  that  the  total  length  of  the  nozzle  was  given  as  92.087  inches  (see  Eden¬ 
field  [IS]).  Using  a  throat  radius  ef  0.0S5  inches  results  in  a  maximum  value  of  z/r*  of  approximately 
1684.  However,  experimental  pressure  measurements  were  givei  for  values  of  z/r*  up  to  approximately 
1850.  The  pressure  data  employed  upstream  of  z/r*  =  100  corresponded  to  an  isentropic  expansion  of 
equilibrium  nitrogen  based  on  geometric  area  racio.  The  transition  from  the  one-dimensional  expansion 
pressure  data  to  the  experimental  data  is  particularly  noticeable  in  large  scale  plots  of  the  boundary- 
layer  thicknesses  computed  using  the  present  method  of  solution  for  z/r*  between  100  and  400.  With 
reference  to  the  above  comments,  it  is  not  clear  what  conclusions  should  be  made  in  the  comparison  of 
the  predicted  and  experimental  displacement  thickness.  However,  the  same  conditions  were  used  for  all 
prediction  methods  and  the  results  of  the  different  solutions  may  be  compared. 
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The  heat-transfer  rates  are  given  in  Fig.  S.  The  results  presented  for  the  integral  aethod  were 
obtained  by  solving  both  the  aoaent'n  and  energy  integral  equations  with  a  power  law  for  the  velocii 
and  total  enthalpy  profiles.  The  heat-trs-nsftr  rates  predicted  by  the  integral  method  were  from  30  to  *0% 
lower  than  the  rates  predicted  by  the  present  xetiiod.  The  results  obtained  with  the  integral  aethod  do 
not  appear  to  be  realistic,  and  as  noted  previously,  the  aethod  failed  at  z/r*  *  1350.  The  assuaed  power 
law  total  enthalpy  profiles  together  with  the  assuaed  velocity  profiles  in  the  integral  method  resulted  in 
solutions  which  predicted  large  densitie.  near  the  outer  edge  of  the  boundary  layer  in  the  downstreaa 
region  of  the  nozzle.  The  density  profiler  predicted  by  the  integral  aethod,  the  aethod  of  Enkenus  and 
Maher  (26]  using  the  Croc.cc  enthalpy  distribution,  and  the  present  aethod  are  shown  in  Fig.  6  for  z/r*  * 
984.  As  noted  by  Edenfield  [15],  pitot  pressure  measurements  would  have  detected  the  presence  of  those 
peaks  in  density  if  they  had  existed,  but  the  measurements  made  indicated  that  such  peaks  did  not  exist. 
The  density  profile  predicted  with  the  uresent  aethod  showed  a  increase  in  density  near  the  wall  which 
is  characteristic  of  boundary  layers  o- er  highly  cooled  walls. 

Tig.  7  shows  8*  predictions  of  the  Elliott,  Bartz,  ind  Silver  nethod  for  both  an  assumed  power 
law  and  the  Crocco  enthalpy  distribution.  For  the  latter,  only  the  noaentun  equation  was  solved  by 
the  integral  nethod.  Two  solutions  are  given  corresponding  to  different  skin-friction  laws  using  the 
nethod  of  Enkenhus  and  Maher.  The  present  two-dimensional  and  asixyaaetric  solutions  are  in  good 
agreement  with  the  other  solution  procedures  which  used  tne  momentum  equation  only.  Other  than  the 
consents  made  previously  about  the  length  of  the  nozzle  and  corresponding  pressure  distribution,  it  is 
not  clear  why  the  present  predictions  should  be  in  good  agreement  with  experimental  data  for  z/r*  up  to 
1100  and  overpredict  the  displacement  thickness  by  a  factor  of  two  at  the  nozzle  exit. 

3.2.d  Back  and  Cuffel's  cool  wall  nozzle  flows  .—Calculations  were  also  made  with  the  present 
method  to  compare  with  the  experimental  data  of  Back  and  Cuffel  [16].  The  experimental  pressure  and  wall 
temperature  distributions  were  used  in  the  calculations,  and  the  nozzle  calculation  was  preceded  by  an 
inlet  tube  (L-j-  *  60)  the  leading  edge  of  which  was  assumed  to  be  sharp  and  at  the  stagnation  conditions. 
The  experimental  nozzle  was  preceded  by  a  rounded  edge  inlet  tube,  Up  =>  45.  The  present  value  of  In-  was 
chosen  to  give  the  best  match  of  the  momentum  thickness  and  the  other  boundary-layer  parameters  at  probe 
0  (z  «  -2. 14  inchesj. 

As  will  be  discussed  below,  the  present  method  using  the  pre'iously  discussed  two-layer  eddy  viscos¬ 
ity  model  predicted  temperature  profiles  which  were  in  less  than  satisfactory  agreement  with  the  experi¬ 
mental  data.  Alternate  calculations  were  razae  using  the  eddy  viscosity  law  of  Van  Driest  (1956)  [21] 
throughout  the  entire  boundary  layer.  An  I/j-  *  45  was  chosen  to  give  the  best  match  with  the  experi¬ 
mental  value  of  6  and  acceptable  agreement  with  the  other  boundary-layer  parameters  at  probe  0.  Results 
of  the  calculations  are  presented  using  both  the  two-layer  and  the  single -layer  eddy  viscosity  models. 

As  will  be  shown,  some  improvement  *-as  obtained  in  the  temperature  profiles  caused  by  the  change  in  the 
eddy  viscosity  models,  but  some  adverse  effects  were  obtained  with  the  single-layer  model,  especially  in 
the  calculated  heat  transfer,  which  were  primarily  because  of  the  shorter  length  of  inlet  tube. 

The  eddy  viscosity  profiles  at  probe  1  (z  «  1.12  in.)  are  presented  in  Fig.  £  For  y  less  than  0,14 

in.,  the  values  of  t*  did  not  differ  by  a  plottable  amount.  For  y  greater  than  0.14  inches,  the  values 
of  c+  differed  considerably.  The  two-layer  model  used  the  Clauser-Klebanoff  outer  law  and  e*  tended  to 
0  as  y  4,  The  single-layer  model  used  the  Van  Driest  (1956)  law  throughout  the  boundary  layer,  and  e* 
increased  to  a  peak  at  y/4  *  0.75  and  went  to  zero  at  y/S  »  1.4.  The  peak  value  of  the  single-layer 
model  was  four  times  the  peak  value  of  the  two-layer  rv.idel  and  occurred  at  a  value  of  y  greater  than  the 
boundary- layer  thickness  which  was  obtained  with  the  two-layer  model.  Fven  though  the  values  of  4  dif¬ 
fered  by  more  than  a  factor  of  two,  the  values  of  4*  and  8  were  nearly  the  same.  The  velocity  profile 

data  indicate  4  is  better  predicted  by  the  two-layer  model  than  by  the  single-layer  model  of  Van  Driest, 

while  the  remaining  boundary- layer  parameters  were  in  good  agreement  using  both  eddy  viscosity  i^odels. 

Fig.  9  shows  the  nozzle  contour  with  probe  positions  noted  and  the  edge  Mach  number  as  given  as  in 
[16].  In  the  present  calculations,  the  experimental  pressure  distribution  was  used  from  which  the  experi¬ 
mental  edge  Mach  number  was  obtained.  Also  given  in  Fig.  9  are  the  friction  coefficient  and  Stanton 
number  distributions  for  the  experimental  data  [16],  numerical  results  using  the  JPL  method  of  Elliott, 
Bartz  and  Silver  [13]  as  presented  in  [16],  and  numerical  results  from  the  present  method  using  both 
eddy  viscosity  models.  The  predictions  of  the  friction  coefficient  by  the  present  method  using  the  two 
models  are  in  excellent  agreement  with  each  other  from  one  inch  upstream  of  the  rozzle  throat  to  the 
nozzle  exit  and  in  very  good  agreement  in  the  region  upstream  of  the  throat.  The  differences  in  the 
present  calculations  from  z  =  -2  to  8  inches  wore  due  primarily  to  the  difference  in  the  inlet  tube 
length  (I q-  =  60  with  the  two-layer  and  Ly  =  45  with  the  single-layer  eddy  viscosit)  model)  and,  as  will 
be  seen  from  the  velocity  profiles  later,  the  differences  exist  only  secondarily  because  of  difference* 
in  the  eddy  viscosity  models.  The  JPL  method  predicted  a  friction  coefficient  distribution  which  was  in 
good  agreement  with  the  experimental  data  and  the  present  predictions  in  the  region  of  the  inlet  tube 
but  in  poor  agreement  throughout  the  nozzle.  In  fact,  the  TPL  method  predicted  values  for  C^/2  which 
were  less  than  50%  of  the  present  or  experimental  results. 

Comparison  of  predicted  and  experimental  Stanton  number  distributions  are  shown  in  Pig  9.  The 
present  results  using  the  two-layer  eddy  viscosity  model  predicted  well  the  Stant.on  number  in  the  con 
vergent  portion  of  the  nozzle  but  overpredicted  the  heat  transfer  in  the  divergent  portion  of  the 
nozzle.  The  JPL  predictions  are  in  excellent  agreement  with  the  experimental  data  in  the  throat 
region  but  are  low  in  the  divergent  portion  of  the  nozzle  and  are  even  lower  in  the  convergent  section 
of  the  nozzle.  Over-all,  the  results  of  the  present  method  do  not  compare  quite  as  well  with  the 
experimental  data  as  do  the  results  of  the  JPL  method.  The  present  method  with  the  single-layer  eddy 
viscosity  model  yields  results  which  are  about  15%  higher  than  the  results  with  the  two-layer  model. 

At  the  inlet  of  the  nozzle,  the  higher  prediction  is  due  primarily  to  the  difference  in  tube  length. 

Other  calculations,  which  have  been  made  with  the  present  method  and  results  of  which  are  not  included 
in  this  paper,  indicate  that  differences  in  Lj  have  a  more  persistent  effect  on  the  stanton-number 
distribution  than  on  the  skin-friction  distribution.  Thus,  the  calculation  with  the  shorter  inlet 
tube  is  expected  to  predict  a  higher  Stanton  number. 

The  justification  for  chocsing  different  L-p  can  be  seen  in  Fig.  10.  The  two  calculations  with  the 
present  method  yield  essentially  identical  results  for  the  momentum  thickness.  The  results  for  the 
displacement  thickness  are  slightly  different  in  the  inlet  and  the  first  part  of  the  convergent  portion 


of  the  nozzle  out  a-.-t  nearly  the  same  for  the  remainder  of  th.  nozzle.  A  comparison  hit:,  the  results  of 
the  JPL  method  ar.d  the  experimental  data  show--  very  good  agri.-i2.ent  except  in  the  divergent  portion-  of  the 
r.czzlc.  Another  difference  is  that  the  method  predicted  sore  pronounced  peak  in  h^th  •:  and  1*  at 
the  end  of  the  inlet  tube.  Also,  the  .1PL  me  h  od  .-  id  i-xperisK-  tal  data  show  :*  negative  even  as  far 
downstream  as  probe  S.  oheveas  the  present  method  clearly  prtlicted  a  -ositive  valitc  of  :*  at  probe  5. 

The  edge  Mach  number  distributio:.  shown  in  Pig.  A  w<uld  require  that  the  flow  be  positively  displaced 
from  the  wall  toward  the  sonic  centerline  from  z  =  15  inches  to  the  nozzle  exit. 

The  energy  thickness  distributer  (Fig.  ;0)  predicted  by  the  present  method  agrees  ver)’  well  with 
both  the  experimental  data  and  the  results  of  the  JPi.  method.  Again,  the  prediction  with  the  shorter 
1.7  wsj  slightly  higher. 

The  velocity  profiles  predicted  by  the  pre'tnt  aethod  using  the  two-layer  eddy  viscosity  model  shown 
in  Pig.  11  are  in  excellent  agreement  with  t‘  experimental  data  even  though  the  value  of  4  predicted  by 
the  present  uethod  is  smaller  than  the  experimental  value.  It  is  interesting  to  ncte  that  the  two-layer 
eddy  viscosity  model  yielded  a  much  bettv.  prediction  of  the  velocity  ratio  than  did  the  single- layer 
model  at  probes  0,  1,  and  5,  but  at  probes  2,  >,  and  1  the  single-layer  eddy  viscosity  model  gave  j 
slightly  better  prediction. 

The  velocity  profiles  are  also  shown  in  f-jg.  12  ir.  ;-iw-of-the-wall  coordinates.  The  agreement 
between  the  present  piedictions  and  the  experimental  data  is  very  gcod  except  at  probe  5.  The  present 
calcuiat  ons  show  much  less  difference  than  appeared  in  Fig.  11.  The  one  exception  is  near  the  outer 
edge  of  the  boundary  layer  a;  -tube  0  where  the  difference  appears  much  greater  than  in  Fig.  11.  In  the 
lav-of-the-wall  coordinates,  the  two-layer  eddy  viscosity  model  consistently  provided  *-etter  agreement 
with  the  experimental  data  than  did  tne  single-layer  eddy  viscosity  model.  The  lack  of  agreement  between 
the  present  calculations  and  the  experimental  data  at  probe  5  is  particularly  noteworthy.  In  Fig.  11, 
the  agreement  was  very  good,  yet  in  Fig.  12  the  results  from  the  present  method  were  about  154  lower  than 
the  experimental  data.  As  was  shown  in  Fig.  9  at  probe  5,  the  value  of  the  friction  coefficient  from 
the  present  calculations  was  about  304  greater  than  the  experimental  value.  Thus,  the  value  of  uT  for 
the  presert  calculations  is  154  greater  than  the  experimental  vaiuc,  and  therefore  the  curves  for  u+(y+) 
from  the  present  calculations  are  154  lower  and  154  to  the  right  of  whar  the  curves  would  be  if  the 
experimental  ar.d  present  predictions  of  1X5  were  the  same.  Since  velocity  profiles  in  law-of-the-wall 
coordinates  are  sensitive  to  changes  in  the  measured  or  calculated  skin  friction,  considerable  care 
must  be  exercised  in  comparing  velocity  profiles  presented  in  law-of-the-wall  coordinates. 

Temperature  profiles  ire  given  in  Figs.  13-15.  In  Fig.  13  the  temperature  data  are  given  in  the 
form  of  the  temperature  difference  ratio  (Tt  -  TW)/(T0  -  Tw) .  Fig.  14  presents  the  same  data  but  using 
die  ratio  T/Tc.  The  results  of  the  present  method  using  the  single-layer  eddy  viscosity  model  agree 
better  with  the  experimental  data  near  the  wail  and  near  the  outer  edge  of  the  boundary  layer  wnile  t.e 
two-layer  model  results  2gree  better  with  the  experimental  data  from  y/$  -  1  to  y/$  =  3  or  4. 

While  the  temperature  difference  ratio  of  Fig.  13  is  convenient  in  that  the  data  are  bounded  by 
zero  and  unity,  this  choice  of  coordinates  obscures  an  effect  shown  in  Fig.  14. 

At  probe  5  the  static  temperature  drops  from  the  wall  value  to  a  value  less  than  the  edge  value 
and  remains  below  the  edge  value  throughout  the  boundary  layer.  This  effect  occurs  in  both  the 
experimental  data  and  present  prediction  results.  Further,  the  numerical  results  predicted  a  slight 
rise  in  teirpcrature  near  the  wall  before  the  temperature  dropped.  This  effect  was  expected  but  did 
nzi  appi..  in  Fig.  14  because  it  occurred  so  near  the  wall. 

The  temperature  profiles  presented  in  law-of-the-wall  variables  in  Fig.  15  are  not  in  as  good  agree¬ 
ment  as  the  profiles  in  Fig.  13  and  14.  In  the  law-of-the-wall  variables,  both  T+  and  y+  are  affected 
by  cnanges  in  Uf  and,  in  addition,  T+  is  strongly  affected  by  changes  in  the  wall  heat  transfer.  Thus, 
at  probes  2-4,  where  the  experimental  and  predicted  values  of  skin  friction  and  heat  transfer  are  in  good 
agreement,  the  velocity  profiles  in  law-cf-the-wall  variables  are  in  good  agreement.  At  probe  0  the 
present  method  underpredicted  the  heat  transfer  and  the  experimental  velocity  profile  was  lower  than  the 
calculated  profiles.  At  probe  5  the  present  method  ovcrpredicted  the  heat  transfer  and  skin  friction  and 
calculated  velocity  profiles  were  lower  than  the  experimental  profile  by  an  amount  equal  to  the  over- 
prediction  of  the  heat  transfer  less  the  overprediction  of  the  friction  velocity.  Also,  the  calculated 
velocity  profiles  agree  better  in  Fig.  15  than  in  Fig.  13  and  14  except  near  the  outer  edge  of  the 
boundary  layer  where  the  difference  was  greater.  The  caution  advised  in  comparing  velocity  profiles  in 
law-of-the-wall  variables  is  more  strongly  advised  when  comparing  temperature  profiles  in  law-of-the-wail 
variables. 

Mass  flux  ratio  profiles  are  shown  in  Fig.  16.  The  good  agreement  between  the  numerical  results  and 
the  experimental  data  is  consistent  with  the  agreement  obtained  for  the  velocity  and  temperature  profiles 
except  at  probe  5.  At  this  probe  location  in  the  divergent  portion  of  the  nozzle,  the  edge  of  the  experi¬ 
ment!  1  boundary  layer  was  at  a  value  of  y/9  =  37  which  is  well  off  the  figure.  The  maximum  value  of 
y/j  =  20  shown  in  Fig.  16  corresponds  to  y/4  =  6.5  in  Fig.  14,  and  so  the  mass  flux  profiles  at  probe  5 
ere  consistent  with  the  velocity  and  temperature  profiles  presented  in  Figs.  11  and  14. 

The  present  calculations  discussed  above  were  all  made  with  Prt  =  0.9  *  constant.  Recent  results  of 
Simpson,  Whitten,  and  Moffat  [27]  have  strongly  indicated  that  Prt  should  not  be  constant  across  the 
boundary  iayer.  They  suggest  Prt  =  0.95  -  0.45  (y/6) 2  in  the  outer  portion  of  the  boundary  layer. 
Calculations  were  made  with  this  variation  in  Prt  and  only  small  differences  in  the  results  occurred. 

The  most  noticiable  effect  was  in  the  temperature  profiles  in  which  the  results  with  the  two-layer  eddy 
viscosity  model  were  shifted  slightly  to  the  right.  The  agrees:ent  with  the  experimental  data  was  only 
slightly  improved,  and  the  velocity  profiles  were  unaffected.  Since  only  small  changes  in  the  numerical 
results  were  obtained  with  the  variable  Prt ,  those  results  are  not  shown. 

If  Prt  were  constant,  the  eddy  conductivity  would  vary  directly  as  the  eddy  viscosity;  however,  if 
Prt  varies  with  y  as  given  above,  the  values  of  the  eddy  conductivity  would  be  greater  than  the  values 
obtained  with  constant  Prt.  Thus,  changes  in  Prt  affect  the  solutions  of  the  energy  equation  directly 
but  affect  the  solutions  of  the  momentum  equation  only  through  the  coupling  of  the  equations.  The  effect 
of  variations  in  Prt  therefore  appears  primarily  in  the  temperature  profiles. 


fro  eddy  conductivity  is  also  affected  bv  changes  in  the  eddy  viscosity.  Kith  Prt  constant,  ’he 
change  in  eddy  viscosit;.  using  the  single-layer  mode !  instead  of  the  two-layer  model  produces  a  like 
change  in  the  eddy  conu-jc  itivity.  If  the  eddv  conductivity  used  in  n'usericai  calculations  of  turbulent 
boundary- layer  flows  is  obtained  troa  c*  and  Prt ,  then  changes  in  c*  appear  to  affect  c*  more  than  do 
changes  in  Prt. 

3.2. e  Back  and  Cuffel's  iieat.d  wall  nozzle  f loses.- -By  lowering  the  stagnation  temperature  and 

circulating  heated  water  thro-gb  the  coolant  passages  u."  the  ir.let  and  nozzle.  Back  and  Cuffel  (.7]  were 
able  to  obtain  experimental  c.ta  with  slight  wall  heating  (Tw/T0  5  1.1)*  Calculations  were  aade  with 
the  present  two-layer  eddy  viscosity  model  using  the  experimental  pressure  distribution  and  a  constant 
wall  temperature.  Three  sets  of  predictions  obtained  with  the  present  nethod  are  presented;  Lf  *  60 
a-d  Tc/Ty  -  i.l,  =  20  and  TH./T0  =  1 . 1 ,  an  i  Lj  =  60  and  Tw  =  TadH. 

Distributions  of  9,  6*  and  eg  are  given  in  F<g.  17.  The  present  predictions  of  9  and  6*  (with 

U-  =  60 1  agree  ve.-v  well  with  the  experimental  data  and  the  JPL  results.  As  in  the  cool  wall  case, 
the  JPL  method  predicted  a  sharper  peak  in  6  and  4*  at  the  end  of  the  inlet  tube  than  did  the  present 
method.  Kith  L-j-  =  20,  the  present  method  underpredicted  9  and  4*  ir.  the  convergent  section  of  the 

nozzle  but,  from  the  nozzle  throat  downstream,  predicted  essentially  the  soae  distribution  of  0  and 

4*  as  with  Lj  =  60. 

The  piesent  predictions  of  Cf  are  in  good  agreement  with  the  experimental  data  and  with  the  JPL 
results  in  the  inlet  and  the  diverge  t  section  of  the  nozzle.  The  JPL  method  underpredicted  Cf  in  the 
convergent  section  of  the  nozzle  ar  overpredicted  cy  in  the  throat  region.  The  present  method  with 
Lj  =  60  and  7W/T0  =  1.1  did  not  give  a  converged  solution  beyond  z  *  9.4  in.,  and  the  prediction  of 
cy  began  to  deteriorate  at  z  =  8.5  inches.  The  problem  ef  obtaining  predictions  with  wall  heating  and 
long  inlet  tubes  is  discussed  in  the  next  section. 

Velocity  profiles  are  presented  in  Figs.  18  and  19.  The  agreement  between  the  experimental  results 
and  the  present  predictions  with  Lj-  =  60  is  very  good  for  all  values  of  z.  Kith  Lf  »  20  the  present 
method  underpredicted  9,  and  as  shown  in  Fig.  18  the  predicted  velocity  profiles  are  thus  shifted  to 
the  right.  This  effect  is  most  obvious  at  probe  5  but  does  appear  at  probes  2-4.  Since  the  predicted 
boundary  layer  was  correspondingly  thinner  at  probes  0  and  1,  the  effect  does  not  appear  there. 

The  present  method  with  Lj  =  20  overpredicted  uT  at  probes  0  and  1  and  thus  the  values  of  u+ 

(rig.  19)  are  correspondingly  smaller.  Since  the  predicted  boundary  layer  was  also  thinner,  the 
maximum  values  of  y+  are  saaller  at  probes  0  and  1.  The  other  predicted  velocity  profiles  agreed 
quite  well  with  the  experimental  data  in  the  law-of-the-wal 1  coordinates. 

3.2. f  Coupling  between  tube  length  and  wall  heating. --Ir.  the  present  calculations  for  the  heated 
wall  case  of  Back  and  Cuffel  [17],  difficulties  were  encountered  near  the  nozzle  throat.  Kith  Lj  »  60 
and  Tw/T0  =  1.1,  the  prediction  of  Cf  began  to  deteriorate  at  z  =  8.S  in.  and  the  solution  failed  to 
converge  at  z  a  9.4  in.  Calculations  with  other  values  of  Lf  and  Tw/T0  indicated  that  the  failure 

was  related  in  part  to  the  very  large  values  of  the  pressure  gradient  parameter  B  in  the  throat  region. 
The  value  of  B  is  a  function  dp/ds  and  £,  and  as  lqr  is  changed,  B  is  changed.  Changes  in  Tw/T„,  with 
T0  constant,  had  little  effect  on  B  but  did  affect  the  n-C  coordinate  transformation.  Points  at  which 
solutions  failed  to  converge  together  with  pressure  gradient  distribution  are  shown  in  fig.  20.  The 
data  points  shown  correspond  to  calculations  made  and  faired  curves  were  drawn  through  these  points. 
Calculations  were  also  made  with  Lj  =  45  and  30,  and  the  corresponding  data  points  lay  between  the 
curves  for  L-f  =  60  and  20. 

Kith  Tw/T„  «  2.5,  failure  occured  at  a  point  where  B  was  1%  of  the  peak  throat  value.  The  trend 
of  the  curve  indicates  that  at  sufficiently  large  values  of  Tw/T0,  failure  would  occur  almost  as  soon 
as  any  pressure  gradient  was  encountered. 

The  mechanism  by  which  the  amount  of  wall  heating  couples  with  the  value  of  £  (or  B)  to  limit  the 
region  in  which  solutions  can  be  obtained  is  not  clearly  understood.  However,  the  Levy-Lees  transfor¬ 
mation  is  a  similarity  transformation  f;>i  laminar  flow  and  has  been  employed  successfully  by  many 
investigators,  particularly  for  flows  over  highly  cooled  walls.  The  transformation  has  in  fact  proved 
quite  satisfactory  for  flows  over  insulated  walls  as  shown  above.  The  inclusion  of  the  density  in  the 
transformation  of  the  normal  coordinate  does  indicate  that  the  n-£  coordinates  are  most  useful  in 
calculating  flows  over  highly  cooled  walls.  While  other  investigators  may  have  encountered  problems 
in  using  the  Levy-Lees  transformation,  the  authors  believe  this  is  the  first  documentation  of  an 
apparent  upper  limit  on  the  applicabili. of  the  Levy-Lees  transformation  when  used  in  turbulent 
boundary-layer  theory  with  strong  favorable  pressure  gradients. 

4.  CONCLUSIONS 

A  method  has  been  developed  and  tested  to  predict  turbulent  boundary- layer  flows  of  nonreacting 
and  equilibrium  chemically  reacting  gases  through  axisymmetric  nozzles  with  strongly  favorable  pressure 
gndients  and  with  wall  cooling  and  heating.  Some  significant  results  of  this  study  were  as  follows: 

(i)  For  flat-plate  flows,  predictions  using  both  the  Van  Driest  and  Reichardt  inner  eddy  viscosity 
models,  when  used  in  a  two-layer  eddy  viscosity  model,  gave  identical  results.  The  Reichardt  law  was 
found  to  be  more  efficient  in  computing  time. 

(ii)  The  present  finite-difference  predictions  were  in  better  agreement  with  available  experimental 
wall  heat-transfer  and  boundary-layer  displacement  data  than  integral  methods  for  solving  compressible 
turbulent  boundary- layer  flows  in  rocket  nozzles  and  hypersonic  aerodynamic  wind-tunnel  nozzles. 

(iii)  Predictions  of  velocity  and  temperature  profiles,  wall  heat  transfer  and  skin  friction,  and 
integral  boundary- layer  thicknesses  were  in  excellent  to  good  agreement  with  available  experimental  data 
for  rocket  nozzle  flows. 

(iv)  Further  refinements  in  eddy  viscosity  models  and  an  independant  expression  for  the  eddy 
thermal  conductivity  are  needed. 

(v)  Under  the  boundary- layer  transformations  used  in  the  theory,  strong  coupling  effects  were 
found  between  wall  heating  and  strong  favorable  pressure  gradients.  An  upper  limit  was  determined 


.’I-** 


for  the  applicability  of  the  Levy-lees  transformation  in  calculation  of  boundary- 1  aver  flows  over  heated 
walls  with  favorable  pressure  gradients. 
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Fig.  1  -  Turbulent  Flat-Plate  Skin 
Friction  Distributions  for 
Coles  Experimental  Conditions 
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Fig.  3  -  NASA-Lewis  Nozzle  Heat  Transfer 
Distributions 
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Fig.  4  -  AhDC  Hotshot  Nozzle  Geometry 


Fig.  2  -  Heat-Transfer  Distributions  for  the 

Elliott,  Bartz  and  Silver  Nozzle  Flow 


Fig.  S  -  AEDC  Hotshot  Nozzle 

Heat -Transfer  Distributions 
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Fig.  6  -  Density  Profiles  for  the  AEDC 
Hotshot  Nozzle  Flow 
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Fig.  7  -  Comparison  of  Preaicted  Displacement 
Thickness  Distribution  for  the  AEDC 


Fig,  8  -  Eddy  Viscosity  Distributions  Based 
upon  the  Two-Layer  and  Van  Driest 
Single-Layer  Models  for  the  Back  and 
Cuffel  Cooled  Wall  Nozzle  Flow 
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Fig.  9  -  Skin-Friction,  Stanton  Nutber  and 

Mach  Number  Distributions  for  the  Back 
and  Cuffel  Cooled  Wall  Nozzle  Flow 
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Fig.  10  -  Momentum;  Displacement  and 
Energy  Layer  Thickness 
Distributions  for  the  Back  and 
Cuffel  Cooled  Wall  Nozzle  Flow 
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Fig.  11  -  Velocity  Profiles  for  the  Back  and 
Cuffel  Cooled  Wall  Nozzle  Flow 


Fig.  12  -  Velocity  Profiles  in 

Law-of-the-Wall  Coordinates 
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Fig.  13  -  Temperature  Difference  Ratio 
Profiles  for  the  Back  and 
Cuffel  Cooled  Wall  Nozzle  Flow 
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Fig.  14  -  Static  Temperature  Ratio 
Profiles  for  the  Back  and 
Cuffel  Cooled  Wall  Nozzle  Flow 
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Heated  Hall  Nozzle  Flow 
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Starting  fron-fundamental  assumptions  cf  microscopic  Thermodynamics  and 
continuum  mechanics  the  existence  of  a  velocity  potential  for  the  flow  of  viscous  fluids 
was  prooved  as  a  general  property.  The  implications  are  discussed  and  the  role  of  compres¬ 
sibility  as  an  esssencial  feature  cf  turbulence,  either  in  subsonic  or  supersonic  flows, 
is  stressed.  The  apparently  contradictory  consecuenci  of  zero  vcrticity  in  flows  which 
derive  from  a  potential  is  clarified  througt.h  a  discussion  of  concepts  implicitly  assumed 
in  the  usual  definitions  cf  mean  density,  mean  velocity  and  Thermodynamic  equation  of  sta¬ 
te. 


Developing  the  bc.sic  assumptions,  the  general  partial  differential  equation 
for  the  velocity  potential  is  deduced.  It  contains  as  particular  cases  the  usual  equations 
of  inviscid  fluid  mechanics.  The  fundamental  equation  is  a  third-order,  quasi-linear-par- 
tial  differential  equation. 

One  of  its  approximations  is  a  generalization  to  the  three-dimensions  cf 
Burger's  equation,  whose  general  solution  is  presented.  The  meaning  of  the  approximation 
is  discussed  and  its  precise  physical  meaning  stressed,  it  is  shown,  as  a  mathematical 
consequence,  that  pressure  coupling  decreases  with  increasing  Mach  number.  Fcr  m2>>2/(y-1) 
which  for  air  means  H  >-2,25  the  coupling  practically  disappears  and  the  mathematical  so¬ 
lution  becomes  exact. 


The  results  are  applicable  to  general  supersonic  viscous  flo.vs  because  the 
theory  is  concerned  with  instantaneous  velocity  fields,  without  separation  into  mean  and 
turbulent  quantities. 


The  solutions  found  are  assimptotically  exact  solutions  of  the  time  dependent 
three  dimensional  Navier-Stokes  equations  for  a  viscous  and  compressible  fluid  which  fol¬ 
lows  a  polytropic  evolution  P  =  Co ‘ . 

NOMENCLATURE 


a  -  local  velocity  of  sound 
C  -  constant  in  a  polytropic  evolution 
c  -  specific  heat  per  unit  mass  at  constant  volume 
-  specific  heat  per  unit  mass  at  constant  volume 

r dp 

F-J— —  =  — ^-y-  (see  also  formula  31) 


G  -  mass  velocity 

i,j  -  running  indices  (i,j=l,2,3) 

M  -  local  Mach  number 
P  -  pressure 
t  -  time 

V  -  velocity  <=G/o) 

V*  -  velocity  of  incompressible  fluid  (=G/p*) 
x^.x.  -  spacial  coordinates 

8  -  Arbitrary  function  of  time?  also  constant 

Y  =  politropic  exponent  (usually  y=C  /C  ) 

e  -constant  P  v 

$  -  velocity  potential 

X  -  constant 

p  -  specific  mass  per  unit  volume 

p*-  conventional  specific  mass  per  unit  volume  in  incompressible  fluids 
to  -  vorticity  associated  with  V.  Also  angular  velocity 
u*  -  vorticity  associated  with  V* 

¥  -  external  potential  per  unit  mass 

v  -  kinematic  viscosity 

9,8*  -  solutions  of  heat  equation 

-jr  =  substantial  derivative  (following  the  motion) 


Obs:  repeated  indices  always  means  summation  on  that  index 
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2 .  INTRODUCTION 

Any  theoretical  work  concerned  with  turbulence  invariably  assumes  incompressibili¬ 
ty  as  a  starting  assumption.  Besides,  all  known  theories  explain  turbulence  in  terms  of 
vorticity  which  is  considered  a  riistiriiive  feature  of  viscous  fluids,  probably  because 
vorticity  is  mostly  a  consequence  of  the  aderence  condition  on  solid  walls.  In  a  sense, 
incompressibility  and  vorticity  are  the  basic  stones  of  all  known  theories  of  turbulence. 
However,  turbulence  is  yet  an  unsolved  problem,  which  probably  justifies  a  different  ap¬ 
proach.  This  Daper  is  a  first  atempl  in  such  direction.  In  it,  compressibility  is  consi¬ 
dered  one  of  the  basic  features  of  turbulence  and  vorticity  a  matter  of  interpretation. 

In  doing  so,  we  are  not  pursuing  contradiction  with  established  ideas  but  logical  reaso¬ 
ning  from  first  principles,  in  a  different  w?,y.  If  contradiction  energes,  it  has  always 
the  rewarding  aspects  of  clarifying  co  .cents  and  ideas  accepted  by  habitute  and  conveni¬ 
ence. 

1.1.  Fundamental  background 


The  problem  of  turbulence  is  largely  a  mathematical  p-oblem,  which  we  try  to  solvs 
by  physical  reasoning  based  or.  experimentation,  assuming  validity  of  the  basic  equations 
The  role  of  experimentation  is  to  find  acceptable  simplifications,  or  to  find  new  funda¬ 
mental  equations  if  the  known  ones  were  unable  to  explain  experimental  facts.  Presently, 
we  can  not  reject  the  Navier-Stokes  equations  because  they  have  not  been  solved,  and  by 
the  same  reason  we  do  not  know  its  range  of  validity. 

The  mathematical  difficulty  is  due  to  non-linearity  and  vectorial  character  of  the 
momentum  equations.  However,  because  in  laminar  flows  the  equations  can  be  simplified  for 
one  or  two  dimensions  on  the  assumption  of  symmetry ; because  an  order  of  magnitude  argument 
allows  the  heuristic  simplification  of  incompressibility  and  turbulence  apnears  in  subso¬ 
nic  ("incompressible  f lows" ) flows ,  we  kept  this  simplification  even  knowing  .hat,  two  di¬ 
mensional  incompressible  fluids  do  not  allow  turbulence .At  the  same  time,  we  kept  most  of 
the  assumptions  and  results  from  the  theory  of  inviscid  incompressible  fluids,  to  the  po¬ 
int  of  using  it  as  the  most  basic  practical  standard  to  measure  fluid  velocities  (through 
Pitot  tubes,  or  equivalent?. 

Inviscid  fluid  theory,  uncontrcversly  known  to  be  Thermodynamically  untenable, 
owes  much  of  its  usefulness  to  the  existence  of  a  velocity  potential  which  considerably 
simplifies  the  mathematical  treatment.  If  this  is  so,  we  ca.i  justifiably  ask  why  a  mathe¬ 
matical  theory  for  the  flow  of  viscous  fluids  has  not  emerged  based  on  such  simplifying 
assumptions!  Vhis  theory  would  benefit  from  the  inclusion  of  viscous  effects  and  the  ma¬ 
thematical  advantage  of  transforming  the  three  momentum  equations  into  only  one  scalar  e- 
quation.  The  answer  to  this  question,  as  long  as  we  can  interpret  past  work  which  discar¬ 
ded  such  an  approach,  is: 

a)  The  flow  of  an  incompressible  fluid  which  follows  a  velocity  potential  is  also 
an  exact  solution  of  the  Navier-Stokes  equations  with  the  property  that  viscous 
effects  automatically  cancel:  besides,  their  differential  equation  beeing  only 
of  second  order  does  not  allow  the  non  slip-condition  combined  with  zero  normal 
component  of  velocity  at  a  solid  wall. 

b)  In  turbulent  flows,  Incompressi billty  and  potential  flow  only  gives  rise  to  tur¬ 
bulent  normal  stresses  on  the  Reynolds  approximation,  not  shear  stresses. 

Incompressible  and  incompressibility  have  been  underlined  in  the  above  statements 
because  both  objections  have  their  roots  there.  In  fact,  if  the  velocity  field  derives 
from  a  potential  and  the  fluid  is  Incompressible,  the  motion  is  completely  defined  by  the 
equation  of  continuity  (conservation  of  mass).  However,  if  the  restriction  of  incompressi¬ 
bility  is  remooved,  both  of  the  objections  above  desappear,  as  will  be  shown. 

Because  of  such  obvious  advantages  in  having  a  scalar  equation  instead  of  a  vecto¬ 
rial  one  for  general  3-D  flows,  we  can  ask  if  the  existence  of  a  velocity  potential  for 
a  viscous  fluid  is  just  an  accident  cr  a  general  hiden  fact.  An  answer  to  this  question 
has  been  given  elsewhere  (l)  .  The  main  conclusion  is  based  on  the  following  hypoteses: 

-  The  fluid  can  be  considered  as  an  isolated,  homogenous, Thermodynamic  system. 

-  The  microscopic  motion  of  elementary  particules  can  be  described  by  Newton's  Me¬ 
chanics. 

-  The  typical  assumptions  of  continuum  theories  are  valid. 

With  these  hypotesis,  we  have  shown  that  a  velocity  potential  always  exist  CO  . 

Because  we  are  mainly  concerned  with  turbulence,  the  abc-ve  assumptions  seem  to  us 
much  more  basic  than  any  others  used  until  now  in  turbulence  theories.  They  can  give  rise 
to  different  fundamental  equations  of  motion  or  simplify  the  general  Navier-Stokes  equa¬ 
tions  . 


The  above  conclusion  (as  any  reasoning  based  in  Thermodynamics)  rejects  incompres¬ 
sibility  as  physically  untenable.  Besides , incompressibility  and  viscosity  are  contradicto¬ 
ry  at  a  microscopic  level, as  we  understand  them.  So,  v/e  reject  incompressibility  on  the 
present  approach  not  only  or.  these  physical  arguments  but  specially  for  the  mathematical 
simplification  which  it  allows  through  the  existence  of  a  velocity  potential. 
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The  existence  of  a  velocity  oorent: il  can  be  accented  on  the  above  basis  or.  as  a 
fundamental  axiom  to  accept  or  to  reject  o.n  experimental  evidence. 

By  a  velocity  potential  we  mean  that  the  macroscopic  velocity  field  (V)  is  the  gra¬ 
dient  cf  a  scalar  function  (:): 

V  =  gran; 

where  •  is  serve-  unspecified  constant. 

The  first  logical  consequence  is  that: 

.  =  curl  V  =  0 

which  means,  an  identically  zero  vorticity  field,  or  an  irrotational  flow. 

Of  course,  to  reject  vort-.city  as  non-existent  in  any  viscous  fiows  is  probably  too 
much  ror  anyo  e  concerned  with  turbulence.  However,  vorticity  can  be  looked  just  as  a  ma-t- 
-ter  >;  convenience  in  interpretation. 

In  fact,  the  macroscopic  velocity  field  is  not  a  uniquely  defined  concept  unions  we 
define  the  density,  because  tie  only  quantity  acessibie  for  measurement  is  momentum  or 
mass  velocity. 


Let  G  be  mass  velocity,  :*  be  the  conventional  density  of  an  Incompressible  fluid, 

V*  its  assc  listed  macroscopic  velocity.  We  have 

1 

If  V  =  •  grad  :  we  have: 

curl  •, '■  V )  =  C  =curl  (~y —  V*) 

and  by  a  vectorial  identic >"{..‘i th  A.  meaning  vectorial  product)  : 

curl  (-p  V*)  =grad  f — §— )  AV*  +  ~~  curl  V*  =0 

ard 

u*  =  — —  curl  V*  =-j-  V*Agrad  log  (—2 — ) 

which  shows  that  the  macroscopic  velocity  field  V*  has  vorticity  provided  c  is  not  cons¬ 
tant. 

The  question  was  discussed  elsewhere  ^2}  in  detail.  It  emerges  that  the  existence 
of  vorticity  in  viscous  fluids  can  be  considered  a  consequence  of  the  assumption  of  incom¬ 
pressibility. 

The  assumption  of  incompressibility  devoids  the  pressure  of  its  Thermodynamic  mea¬ 
ning  transforming  it  in  a  compatibility  parameter  between  the  momentum  and  the  continuity 
equation.  To  our  velocity  potential  is  associated  the  Thermodynamic  equation  of  state.  So, 
both  approaches  are  compatible  and  vorticity  a  matter  of  convenience. 

Remark  that, in  a  fluid  at  rest,  o*=o  and  that,  for  a  given  4> ,  the  vorticity  cat  be 
considered  a  measure  of  departure  from  incompressibility. 

1.2.  -  Outline  of  the  mein  contribution 

Because  our  interest  (here)  is  turbulence,  and  because  the  basic  assumptions  of  Na- 
vier-Stokes  equations  have  not  been  rejected,  our  fundamental  equations  can  be  derived 
from  them.  As  a  first  step,  we  will  consider  constant  kinematic  viscosity,  and  the  general 
equation  for  the  velocity  potential  of  a  viscous  fluid  with  equation  of  state  P=C o*  will 
be  deduced.  This  equation  is  of  third  order,  which  allots  the  specification  of  the  usual 
boundary  conditions  of  non-sJip  and  zero  normal  velocity  on  a  solid  boundary.  The  exact 
solution  of  this  general  equation  is  not  known.  However,  one  of  its  approximations  is  a 
3-D  generalization  of  Burger's  model.  We  feel  this  to  be  one  of  the  first  interesting  re¬ 
sults  because  for  the  first  time  it  is  shown  that  the  Burger's  model  has  a  precise  physical 
meaning  as  an  approximation  to  real  turbulence.  This  gives  a  new  interest  to  this  widely 
studied  equation  in  its  one-dimensional  version.  This  approximation  gives  support,  as  a 
mathematical  consequence,  to  turbulence  as  a  phenomena  characterized  by  intermitency ,  a 
fact  experimentally  k.iown  but  not  explained  by  known  theories. 

The  effect  of  the  mathematical  approximation  beeing  to  neglect  the  instabilizing  ro¬ 
le  of  pressure  coupling  it  does  not  account  for  production  of  turbulence  energy.  However, 
the  dissipation  mechanism  is  well  described  which  as  some  important  consequences  in  desa- 
greement  with  widely  accepted  assumptions.  Giving  physical  support  to  the  mathematical 
study  of  the  one- dimensional  Burger's  equation  due  to  Saffman,  we  can  plausibly  accept 
its  validity  to  the  3-D  case  in  questioning  the  Kolmogorof  assumptions.  If  these  results 
car  be  extrapolated  to  3-D  is  yet  an  open  question  whose  definite  answer  is  only  dependent 
of  working  time,  because  the  exact  general  solution  will  be  shown. 

From  the  intermitency  cr  "shock-wave"  behavicur  of  turbulence,  emerges  the  unnatural 
character  of  Fourier  analysis  in  describing  turbulence,  and  an  insight  is  gained  into  the 


3'i-4 


why  of  unsucessfull  attempts  to  describe  the  turbulent  field  by  truncated  series  or  inte¬ 
gral  expansions. 

Taking  a  less  classical  view  of  the  equation  it  is  sheer  that  the  same  type  of 
approximation  has  a  particular  solution  of  the  damped  travelling  wave  type  ehi.'-h  gives 
the  proper  form  to  the  usual  one  and  two  point  correlation  curves. 


2.  FUNDAMENTAL  EQUATIONS 
-  Assuming: 


"he  validity  of  the  Navier- Stokes  equations  in  the  form 


IV. 


_ jl  +  0 ’ i  _  v7iv _ 1_  3p  _  ay 

3t  -j  3x.  v/  1  n  3x,  " 


(i,  3  =  1,2,3) 


-  A  Thermodynamic  equation  of  state  P  m  co* 

-  A  continuous  velocity  potential  such  that  V  =  grad 

-  v,C,  -  physical  constants 

The  momentum  equations  can  be  wr.ittf  n  as: 


1  )  l  Jr  +  3  j LliS 

"t  3x .  3x  .  3.< .  3x  .  ” 

1  3  3i 


3x . 

l 


1  3P 
o  3x, 

i 


3V 
3x . 


defining  now: 

2)  F 


=  or'  11 


f  =-e-V  S+ 


if  }  *  1 

K — X 

Equation  1)  can  be  put  in  the  form 


3) 


3x 


Wji_  +  _i_  _i±_  _*±_  _  vV2^  +F  + 

xi  \  ct  2  3x..  OXj 


0 


and  integrating  in  x. 


4)  +  4-i^-£:-yVJ*+F+*  =  S(t> 

3  3 

where  6(t)  is  an  arbitrary  function  of  time  (or  a  constant)  to  be  detinea. 

Equation  4)  is  the  first  fundamental  equation  which  we  will  write  in  a  more  com¬ 
pact  form  as 


5)  .  1 

3t  2  1  3x. 


)  2-vV2<(>  =  -F-f+g 


where 


3Xj  3  =  1  3Xj  3*^ 

The  second  fundamental  equation  is  the  continuity  equation 

4£_  =  -p  _!-L 

Qt  3Xj 


6) 


dt 


log  p  =  V 2  if- 


where  d  is  the  substancial  derivative.  This  equation  is  now  written  in  teims  of  F  throu- 
dt 

gh  relation  (2) : 

From  (2)  taking  account  that  F  >0  if  T>1 
log  F  =  log  yqp-  +  ( f  -  D  log  p 


1 


( <T—  1 )  F 


log  p  =  ~~T  l°9  CT 
which  transforms  (6)  into 


7) 


dt 

or,  because  * 


^  '  —  £  1  izjj.  =  _  i  I’.no 2 , 


log 


c  y 

1  is  a  constant 


(  *'-l)V2<t 


C  V 


3C-b 


r 


I 

\ 


8) 


log  F  =  -{  r  - 1  i  V 2 ; 


Multiplying  now  (5)  by  -1,  and  taking  the  log  of  both  members 
9i  log  )  J-v?: 4  -8  =  log  F 


Taking  the  substantial  derivative  of  both  members  of  (9) ,  log  F  can  be  elimi¬ 
nated  using  (7) ,  resulting 


101  d 


dt l0^  -{(-f t +  -r(i5Tr 

Taking  into  account  that  the  substantial  derivative  of  a  lcgaritm  follows 
the  rules  of  the  usual  derivative,  (10)  can  also  be  written  as 


1 


3  i  * 


11;  d  ,  3 
d 


tHt  +  * -vV? 


where,  of  course,  it  has  been  assumed  that 


12) 


0 


Equation  (il)  is  the  iundament.il  equation  for  the  velocity  potential  of  a 
Viscous  fluid  which  follows  a  polytrcpic1  f.-voiution  of  exponent  if  >  1.  We  think  that  it  is 
presented  here  for  the  first  time. 

Before  its  usual  simplifications  are  discussed,  we  consider  briefly  the  case 
of  f=l,  which  corresponds  to  »ti  isvthi  nal  evolution. 

If  f=l,  F  =  C  leg  p,  prtd  the  continuity  equation  becomes 


13) 


dF 

dt 


=  -  CV2$ 


and  the  fundamental  equation  for  tie  velocity  potential  assumes  the  form: 


14)  d 
dt 


-  Particular  cases 


To  show  how  the  fundamental  equations  deduced  contain  the  usual  equations  of 
inviscid  fluid  mechanics  as  particular  cases,  :e  briefly  recall  some  of  them. 

For  an  incompressible  fluid,  p=0,  =0,  and  equation  (5)  redaces  to 

151  «%>■* -r*”* 

If  the  flow  is  steady 
161  +"%  *-?-**■* 

which  are  the  usual  Bernoulli  equations,  with  6  a  constant  to  be  found  from  a  known  value 
of  the  l.h.s. 

Usually,  Y  is  the  gravity  potential. 

Remark  that  6  is  the  same  constant  for  all  streamlines. 

p 

For  a  compressible  fluid,  instead  of  — —  we  will  have  F,  as  usuar. 

If  the  fluid  is  inviscid,  v  =  0,  and  11)  reduces  to 

4— If-  . 

The  usual  expression,  however,  uses  generally  as  equation  of  state  a  lineari¬ 
zation  of  P  =Cp  and  the  final  expression  is  formally  analogous  to  (14)  with  v=0.  having 
instead  of  C  a  different  constant,  say  c* .  Also,  a  different  rearrangement  of  terms  in 
(1(7)  is  usually  presented  which  is  got  after  expansion  of 

_ d_  __3_  .  9<i>  3 

dt  ”?t  2x^  3x^ 


1 
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The  acoustic  pprcximation  of  (17)  is  got,  linearizing  P“Co  and  neglecting 
convective  terms: 


d 

dt. 


3 


-0 


SO: 

16) 


3tl 


c'?J$ 


1.3  The  generalized  Surqer’s  equation 
-Let  us  assume 


19) 


J-v7J$+>f-6=e 


wth  e  an  arbitrarily  small  constant. 

In  this  case,  we  get  fromCll) 
0  =  - (y-1) eV$ 


If  e  =  0,  (1?)  would  be  a  particular  solution  of  (11),  if  (11)  did  not  implies 
e  f  0  for  its  validity.  However,  on  a  first  approximation  we  can  possibly  infer  that  the 
limit  term  of  the  solutions  of  19)  when  e-*0  would,  in  a  sense,be  very  near  a  particular 
solution  of  (11),  This,  of  course,  is  only  an  heuristic  justification.  Its  physical  impli¬ 
cations  are  clearly  seen  from  (5):  They  correspond  to  approximate  F  by  e,  and  so  to  eliminate 
the  coupling  do  to  P  and  c.  This  approximation  originates  a  generalization  to  3-D  of  Bur¬ 
ger's  equation.  In  fact  with  f  =  0. 


20)  _3*_ 
3t 


1 
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( 


)  J-v72 


$ 
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taking  the  derivative  in  and  noting  that 

_1L_  =  v 

3x,  vi 


we  get 


21) 


Vj  3x, 


vVJVi 


and  for  i=j=l 


22)  -JV_  ,  v  av 

3t  3x 


3^V 

3x2 


(i-1,2,3) 


which  is  the  equation  proposed  by  Burger's  as  a  mathematical  model  for  turbulence  more 
than  twenty  years  ago.  This  equation  has  been  the  subject  of  much  recent  work  related  to 
turbulence,  as  a  mathematical  model  for  studying  properties  of  the  Navier-Stoke3  equati¬ 
ons. 

The  exact  solution  of (22)  was  found  by  Hopf  PI  and  Cole  C<1  who  show  that  the 
solution  of  (22)  is  related  to  the  solution  of  the  heat  equation: 


39 

Tt 


M 


ill 

3xJ 


through 

23)  V  =  -  2 v  — r— —  log  9 
3xi 


However,  (22)  as  always  been  consider’d  as  matH-f.  n.ic.al  model  ilustrating  some 
features  of  turbulence.  Probably  because  Birger's  prop-sei,  not  deduced  it,  a  precise  phy¬ 
sical  meaning  cega?  Ung  turbulence  had  not  been  q  !  >.■,  n  previously  to  the  equation.  The  na¬ 
me  of  "hurgilence"  used  by  Saffman  (who  quota  .  v  ole)  in  his  study  of  the  equation  re¬ 

flects  this  feeling.  T  is  probably  justifj.es  why  no  attempt  is  known  to  generalize  the 
model  to  7-i). 


As  can  be  shown  KL  the  generalized  equation  (20)  has  the  general  solution 
=  -  2v  log 
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and  0  is  a  solution  of 


25)  SO 
St 


-  v?J9 


e9 


which  in  itself  is  related  to  the  solution  of 


26)  ,  v7>e 


by 

27)  6*6*  exp  ct 

So,  the  value  of  c  does  r.ot  affect  the  value  of  V  ,  and  the  mathematical  heuris¬ 
tic  approximation  appears  with  some  support. 


3.  APPROXIMATE  SOLUTIONS 
3.1.  General  remarks 


Retracing  steps  taken  so  far,  equation  0-D  express  mathematically  the  model  which 
emerges  from  the  basic  assumptions  and  is  compatible  with  the  classical  Navier-Stokes  e- 
quations.  It  is  a  quasi-linear  equation  of  third  order.  Equations  of  this  type  have  not 
deserved,  until  now,  any  detailed  study,  regarding  their  properties  and  behaviour.  So,  for 
the  time  beeing,  we  can  only  state  some  general  properties  and  guess  the  ethers. 


Regarding  the  behaviour,  and  extrapolating  from  linear  equations,  the  behaviour 
seems  to  be  "intermediate"  between  classical  parabolic  and  hyperbolic,  as  long  as  they 
allow  solutions  typical  of  both  types  according  to  the  value  of  the  coeficients.  However, 
in  the  quasi-linear  equation,  the  higher  order  derivatives  have  the  form 


2e’ 


3  3» 


3x . 


3x 


i 

1 


with  3»  3$  3$  having,  generally  speaking,  positive  or  negative  signs.  So,  we  ex- 

3x i  '  3xj  '  < 5x7 


pect  the  equation  to  have  a  behaviour  typical  of  a  mixed  type,  with  the  Increased  comple¬ 
xity  of  a  change  in  type  probably  associated  with  the  time,  besides  the  space. 

In  what  concerns  boundary  conditions  its  third  ord«*r  nature  allows  the  sDecifi- 
_ of  a  nor.-slip  boundary  condition 

cation Xbesides  the  normal  component  of  the  velocity  field  in  a  sclid  boundary  (in  a  way 
similar  to  the  boundary- layer  equations  expressed  in  terms  of  stream  function) .  Because 
the  equation  is  of  the  second  order  in  time  a  specification  of  $  and  3$  would  also  be 

necessary. 


If  we  could  find  exact  solutions  for  4,  we  would  get  0  and  F  from  the  continuity 
equation.  The  complexity  of  the  equation  prevents  such  hope  for  the  near  future  (though 
a  numerical  solution  seems  presently  at  reach) ,  so  approximate  solutions  must  be  thought. 
Burger's  model  is  one  of  such  approximations. 

In  order  to  master  the  consequences  of  approximations  involved,  we  first  remark 
that  the  third  order  derivatives  are  a  consequence  of  the  transport  or  convective  terms 
in  the  continuity  equation  i.e.  Dlogp  .  34  3i«.go 

vj  3x j  'r  •  3x j 

Besides,  the  third  order  derivative  is  important  for  the  specification  of  the 
non-slip  condition  in  a  solid  wall.  Like  in  the  boundary- layer  approximation  we  can  possi¬ 
bly  infer  that,  far  from  the  wall,  these  terms  can  be  neglected.  The  set  of  fundamental 
equations  would  then  reduce  to 


or 


and 


29i  +  -  -F+B 

30)  _i|£2£  a  - ( y— 1 ) v2$ 

31)  F  =  exp{  -  ( Y-l)  f  V?4idt) 


32) 


£*_  +  JL 

3t  2 


2-vv2<t>+e= 


-exp{- ( Y— 1) 


t  V20dt) 
t 


which  can  be  solved  step  by  step  starting  from  t  known  value  of  4>.  For  this,  we  first  re- 
duce(32)  to  the  linear  heat  equation 


JO  3 


- v72  9*-69»H  {x  3 

through 

33)  $  *  -2vlog9 


34)  H(x^)  »  F  (tj ,x^ ) 

The  equation  can  also  be  solved  by  iteration. 

In  this  approximation,  we  stress,  the  coupling  between  equations  is  retained 
though  disregarding  the  transport  terms  in  the  continuity  equation. 

3.2.  Mach  number  effects 


The  fundamental  equations  can  be  expressed  in  a  slightly  different  form  if  the 
local  Mach  number  is  explicitly  taken  into  account.  This  allows  a  straighfoward  interpre¬ 
tation  and  an  assimptotically  exact  solution  for  very  high  Mach  numbers. 

Because  we  assumed  P=>CpY,  the  local  velocity  of  sound  is  given  by 


35)  a  = 


/4E_  „  JZo1-' 


So,  the  local  Mach  number  is,  by  definition 


/ft 


Taking  into  account  (35) , (36) ,  and  (2),  F  can  be  expressed  as 


37)  p  =  — i - ,  /  — 54 — 1 1 

‘  (y-l)M2  ‘  3Xj' 


which^ Introduced  in  the  fundamental  equation  for  without  body  forces/ gives: 


(y-l)M2 


I  (  2-vV2$=  f 

dx . 


which  is  another  exact  form  for  $,  the  coupling  with  the  continuity  equation  appearing  now 
hhrougth  M. 


39,  m2»  — y 

The  equation  is  approximated  by 

w  ft  *  + 

which  is,  again,  the  generalized  Burger's  equation. 

The  above  result  is  formally  exact  for  M  ♦  <®.  However,  as  long  as  variations  in 
M  do  not  affect  to  much  the  coeficient  of  3$  .2  in  (38)  (or  if  M  can  be  approximated 


by  a  known  function  of  $  the  exact  solution  is  known  [6])  we  can  probably  infer  that 
2 

M  =  - is  the  boundary  where  the  structure  of  the  flow  begins  to  change  due  to  the 

progressive  uncoupling  with  the  continuity  equation  through  the  pressure. 


For  air,  y  =1,4  so  the  "transition"  Mach  number  would  be  around 
M  =  /S-2,23 

Though  exact  solutions  for  the  initial  value  problem  are  known,  the  boundary  va¬ 
lue  problem  muse  also  be  considered  as  the  simultaneous  solution  of  the  continuity  equa¬ 
tion. 


The  last  one  can  be  solved  by  standard  methods  provided  the  velocity  field  is 
known.  The  boundary  value  problem  is  reduced  to  the  problem  of  the  heat  equation  with  non- 
-llnear  boundary  conditions.  However,  if  solid  walls  are  present,  in  the  wall  we  can  not 
have,  obviously  M  2  because  M=0  and  the  third  order  derivatives  must  be  taken  into 

'  M  ~y~' 

account,  unless  its  effects  can  be  expressed  by  suitable  source  terms  or  artificial  boun¬ 
dary  conditions. 
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Though  definite  conclusions  regarding  this  point  can  not  be  stated,  it  seems  that 
the  boundary  region  is  the  only  source  of  turbulence.  At  least  for  very  high  Mach  numbers, 
turbulence  production  due  to  mean  flow  gradients  appears  to  be  an  artificial  device  of 
lbs  averaging  process.  The  previous  analysis,  we  must  stress,  was  concerned  with  the  ins¬ 
tantaneous  velocity  field  without  any  separation  between  mean  and  flutuating  quantities. 
And  the  fact  that  quantitative  estimates  and  assimptotically  exact  solutions  were  found 
starting  from  basic  postulates  Is  obviously  an  interesting  and  quite  uncommon  result... 


3.3 -  Further  results 


Once  the  physical  basis  of  Burger’s  equation  is  known,  all  the  mathematical  studies 
already  published  gain  a  new  value.  These  studies  are  all  concerned  with  the  equation 

41)  3V  ^  , _ 3V  ,.3’v 

3t  ox  Sx2 

without  any  reference  to  a  velocity  potential.  The  general  behaviour,  of  the  one-dimensio¬ 
nal  solutio"  will  not  change,  probably,  when  general  3D  flows  are  considered. 

There  are,  in  the  literature,  many  results  concerned  with  these  behaviour  and  al¬ 
so  some  obviously  wrong  statements.  Seeing  out  of  scope  to  review  them  here  we  refer  the 
basic  works  of  Cole  (4)  and  Saffman  (5).  Intermitency ,  inadequacies  of  Fourrier  Analysis 
and  the  questioning  of  Kolmogorov  assumptions  are  remarkably  considered  by  Saffman  though 
in  the  content  of  homogeneous  turbulence.  Cole  (4)  deals  with  the  shock  wave  behaviour 
and  general  mathematical  properties.  In  fact,  the  equation  has  been  used  as  a  model  in 
both  contexts,  an  interesting  fact  of  the  present  contribution  beeing,  we  think,  the  uni¬ 
fying  approach. 

Though  in  a  stage  of  devellopment,  we  shall  refer  some  further  results.  The  gene¬ 
ralized  version  of  the  equation  for  which  an  exact  solution  was  found,  is: 

42)  3|_  +  f  (|>)  {_!£_,*  = 

(Jl  dX  ^ 

withfan  arbitrary  function  of  These  contains,  obviously,  the  Burger'*  equation  as  the 
particular  case  f  =  1/2,  and  will  represent i3Sl  if  M  can  be  expressed  in  terms  of  * ,  (2 
is  eliminated  by  a  straigthfoward  transformation) . 

The  exact  solution  of  42)  Is  related  to  the  solution  of 

«)  -i°_  =  v7»s 
3t  J 

by  the  implicit  relation  given  by 

44)  9=A  exp{-  — i—  f*  f(T)dr}dl 

/  C  V  /  A  o 

as  shown  in  (6),  with  A,  $ o ,  A  0 , arbitrary  constants  to  be  chooser.. 

Because  the  integrand  in  (44)  is  always  positive,  there  is  a  one  to  one  relation 
between  9  and  <}> ,  a: id  because  the  initial  value  problem  for  9  has  only  one  solution  it  fol¬ 
lows  that  <t>  has  also  only  one  solution,  whatever  f  ($),  provided  it  la  continuous. 

So,  given  an  initial  velocity  field  V°,  the  initial  potential  is  given  by 

45)  U  Vj_dxi 


to  which  corresponds  a  9(xi,0)  given  by  (44). 

The  exact  solution  of  43)  is  then 

46 )  6  =  ( ~e  tt  v  t )  ~  ^L9  (xI  ,x5,0}exp-{t(x,-xj)  J+ (xj-x^ )  J  +  (x,-x5 )  ^4vt}dx|  ,dx4  ,dxj 

and  <j>  follows  from  (44),  from  which  -■  is  found. 

1 

The  above  results  apply  to  the  initial  value  problem.  The  boundary  value  problem 
fer  9  is  usually  non-linear,  if  a  non  zero  value  is  specified  for  or  pV^  except  for 

some  special  forms  of  f($). 

However,  because  any  solution  of  (43)  transforms  into  a  solution  of  (42) ,  a  particu¬ 
larly  interesting  result  is  obtained  for  harmonic  oscilation  in  the  boundary  or  by  distri¬ 
buted  point  sources. 

Because (4 3)  admits  the  solution 

47)  9  =  1+Ae  ^xcos(wt-ctx) 
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The  corresponding  one  dimensional  velocity  field  is. 


4«)  V 


1 _ 

i  +A0 


de 

dx 


Ae 


-kx 


(a.  tniat-axi  -kcos  (uit-ax)  ; 
-kx 


1+Ae  'cGs(wt-ax) 


for  the  Burger's  equation 


This  expression  shows  that  the  energy  spectrum  of  V  has  all  the  frequencies  mul¬ 
tiples  of  ^giving  the  familiar  experimental  shape.  Besides,  the  two-point  correlation  cur¬ 
ves  have  the  usual  form,  as  is  easily  verified. 

We  also  notice  that  V  is  represented  by  e  superposition  of  damped  travelling  waves 
which  gives  the  usual  shape  to  the  space-time  correlations.  In  these  respect,  quantitative 
test  is  in  progress  with  the  extremely  limited  experimental  data  available. 

In  a  prospective  line  we  must  refer  that  to  each  frequency  in  (473  we  associate  an 
amplitude  An-  Besides,  k  and  a,  which  are  equal  for  (43)  are  taken  in  a  coordinate 

system  mooving  with  the  mean  velocity.  Scarcity  of  filtered  space  time  correlations  preven¬ 
ts,  for  the  time  beeing,  any  reliable  conclusion,  though  preliminary  results  are  quite 
encouraging. 
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SUMMARY 

A  two- layer  model  of  the  three-dimensional  coeg-ressible  turbulent  boundary  layer  Is  developea  which 
is  applicable  to  flows  with  pressure  gradient  and  surface  mass  transfer.  The  aodel  is  based  on  the  small 
cross-flow  approximation  in  which  Che  spreading  metric  la  determined  by  the  invlscid  srreaallne  pattern. 

A  modified  Mangier  transformation  is  eaployed  which  permits  transformation  of  the  boundary  layer  equations 
to  a  two-dimensional  form  without  transforming  the  turbulent  stress  or  heat  flux.  It  turns  out  that  the 
computational  speed  of  Che  method  is  rapid  enough  Co  enable  equation:  for  the  invlscid  stream  deflection  to 
be  coupled  with  the  present  method  for  calculations  of  strong  (supercritical)  interactions,  such  as  in  the 
region  dovnstreaa  of  the  critical  point  in  reattaching  flows  or  in  regions  of  strong  blowing. 

Solution  of  the  inner  (wall)  layer  for  the  velocity,  enthalpy,  stress  and  heat  flux  is  obtained  using 
mixing  length  theory  and  Che  thin  layer  Couette  model.  This  solution  is  obtsined  without  using  a  compres¬ 
sibility  transformation  and  leads  to  a  generalized  compressible  law  of  the  wall  with  mass  injection.  In 
the  outet  wake  layer  an  integral  moment  method  la  used  along  with  appropriate  matching  conditions  with  the 
inner  layer. 

Several  solutions  and  experimental  comparisons  are  preaented.  In  particular  the  effect  of  poaltive 
and  negative  pressure  gradients  on  the  relative  scale  of  the  inner  and  outer  layers  is  demonstrated  as  well 
as  the  effect  on  the  stagnation  enthalpy-velocity  rela* looahip.  Results  are  also  presented  foi  relaxing 
flows  where  Cf  and  (2CH/'Cf)  initially  are  far  from  their  equilibrium  values. 


LIST 

Symbols 

■  sonic  velocity 

»* 

A2  parameter  in  Crocco  integral  for  wall 

layer,  Eq.  (24) 

A;  coefficients  defined  in  Appendix  2 

B  parameter  in  Crocco  integral  for  vail 

layer,  Eq.  (25) 

B  empirical  "constant"  in  lew  of  the  wall 

B,  coefficients  defined  in  Appendix  2 

C,  akin  friction  coefficient,  Eq.  (38),  C{  -  2C 

Ct'  (uf/ue)2  or  (hw/he)Cf 

CH  Stanton  number 

Cp  specific  heat  at  constant  pressure 

E;  coefficients  defined  in  Appendix  2 

F  inverse  turbulent  Reynolds  number  in 

outer  layer,  Eq.  (48) 

h  static  enthalpy 

h+  h/h, 

H  stagnation  enthalpy 

H  H/He 

I;  coefficients  defined  in  Appendix  2 

J  flux  integrals  in  inner  layer,  Eqs.  (30) 

and  (33),  (34) 

K  empirical  constant  in  law  of  the  wall, 

K  -  0.41 

(  mixing  length 

L  reference  length  in  coordinate  trans¬ 

formation,  Eq.  (6) 

Mach  number  at  edge  of  boundary  layer 

m  exponent  of  stagnation  enthalpy  profiles 

in  outer  layer,  Eq.  (36) 


r  SYMBOLS 
Symbols 

me  Ky-U/llMg2 

m  mass  flux  in  inner  layer 

M  surface  mass  injection  parameter  PW’W'Ve  V 

a  exponent  of  velocity  profiles  In  outi- 

layer,  Eq.  (35) 

p  static  pressure 

Pr^  molecular  Prandtl  number 

PrT  turbulent  Prandtl  number 

q  heat  flux 

i(x)  spreading  metric  of  invlscid  streamlines 

Rey  y  +  /(ur/ue) 

S:  modified  Staton  number,  Eq.  (37) 

7, 7  velocity  components  in  physical  coordinates 
7,7,  respectively 

u,  r  velocity  components  in  transformed,  "two- 

dimensional"  coordinates  x,y,  respectively 

U,  V  velocity  components  in  transformed,  constant 
density  coordinates  x, Y  ,  respectively 

u  u/ue 

U  U/Uf 

7f  friction  velocity,  ( 'w / pw  ) 1  ,/2 

Ym(z)  thickness  of  inner  layer  (match  point) 

~+  ~ 

Y  “rY/^w 

y  ratio  of  specific  heats 

8  thickness  of  outer  J.kyer  in  transformed, 

constant  density  coordinates  X,Y 

thickness  of  boundary  layer  (two-dimensional) 
"incompressible"  displacement  thickness 
6*  displacement  thickness  (two-dimensional) 

$  mom:  turn  thickness  (two-dimensional) 
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Symbols 

(Cont  *d) 

Symbols 

(Concl'd) 

V* 

thickness  and  displacement  thickness  in 

P 

density 

physical  coordinates 

T 

stress 

# 

turbulent  eddy  viscosity 

♦ 

dimensionless  mixing  length  function,  Eq.  (36) 

1 

normalized  coordinate  in  cuter  layer, 

Eq.  (39) 

0 

stream  function 

momentum  thickness  (two-dimensiona*) 

Subscript* 

momentum  thickness  in  physical 

t 

edge  of  boundary  layer 

coord inates 

m 

at  match  point 

p 

viscosity 

o 

stagnation  conditions  behind  normal  shock 

V 

Kinematic  viscosity 

& 

local  stagnation  conditions  at  edge  of  layer 

( 

~/7e 

w 

vail  conditions 

AW 

adiabatic  wall  conditions 

1.  INTRODUCTION 

Accurate  pre''*ccior.  of  turbulent  boundary  layers  about  reentry  bodies  Is  of  critical  Importance  in 
calculating  w*’_*  friction  and  heat  transfer,  obse>v^bles  (initial  conditions  for  near  wake  calculations), 
communication  (guidance,  and  telemetry),  and  reeutrv  aerodynamics  in  general.  Recently,  Interest  In  maneuv¬ 
ering  and  lifting  teentry  vehicles  has  placed  added  emphasis  on  developing  methods  for  predicting  three- 
dimensional  turbulent  boundary  layers  over  bodies  at  angle  of  attack  and  for  predicting  turbulent  boundary 
layer  separation  and  reattachment.  Separation  occurring  on  control  surfaces  and  on  the  leeward  side  of 
bodies  at  angle  of  attack  are  problems  of  much  interest,  but  are  flows  for  which  current  theories  are  cither 
incomplete  or  Inadequate.  For  example,  the  wake-like  model  of  turbulent  separation  and  reattachment 1  has 
yet  to  be  extended  to  three-dimensional  flow3,  and  the  model  itself  is  Incapable  of  treating  tbe  important 
region  downstream  of  the  ciitlcal  point  in  two-dimensional  reattaching  flows. 

This  paper  presents  a  p. ogress  report  on  work  being  carried  cut  under  Air  Force  (Space  and  Missile 
Systems  Organization)  Contract  F0&701.  The  goal  of  this  work  la  to  produce  a  method  which  will  yield  wall 
conditions  and  boundary  layer  profiles  sufficiently  i  : curate  for  subsequent  calculations  of  electron  con¬ 
centration  through  a  three-dimensional  turbulent  boundary  layer.  The  work  is  aimed  at  computing  flow  fields 
around  arbitrary  bodies  at  angle  of  attack,  with  particular  emphasis  on  calculating  boundary  layers  in 
strong  positive  and  negative  pressure  gradients  with  surface  mass  injection.  Entropy  layer  swallowing  in 
regions  downstream  of  a  blunted  nose  is  also  being  considered. 

A  two-layer  model  has  been  developed  for  this  purpose  in  which  an  analytical  solution  for  the  inner 
layer,  based  on  a  compressible  law  of  the  wall,  is  matched  with  a  mooc  it  integral  method  in  the  outer  layer. 
Solution  of  the  inner  layer  is  obtained  without  the  use  of  a  compressibility  transformation.  In  the  outer 
layer  the  explicit  appearance  of  the  density  is  removed  fro*  the  convective  terms  in  the  conservation  equa¬ 
tions  without  transforming  the  turbulent  stress  and  heat  flux. 

The  relative  scale  in  inner  and  outer  layers  (location  of  the  ma  h  point  “y  )  is  computed  as  an  integral 
property  of  the  flow  and  depends  on  the  upstream  history  of  the  layer.  At  separation,  for  example,  ,;hich 
now  can  be  predicted  by  the  model  if  the  pressure  distribution  is  prescribed,  Cy  -*  0,  Tm'T,  -  0  «nd  (u  /  ut )  -0  so 

that  the  boundary  layer  is  dominated  by  the  outer  layer  (or  dominated  by  the  "wake  component"  in  the  termi¬ 
nology  of  Coles^) .  One  of  the  unique  features  of  the  model  is  that  the  stability  c.f  the  system  of  ordinary 
differential  equations  caa  be  used  to  establish  upper  and  lower  bounds  on  the  turbulent  production  Integral 

ft  du  in  the  outer  layer.  Stable  solutions  up  to  Mach  10  for  a  wide  range  of  wall  to  free  stream  tempera¬ 
ture  ratios  show  that  compressibility  has  little  effect  or  the  properly  normalized  lateral  stress  profiles, 
confirming  the  results  of  Malse  and  McDonald. ^ 

The  computational  speed  of  the  method  is  sufficiently  rapid  that  the  whole  boundary  layer  flow  field 
on  bodies  at  angle  of  attack  can  be  calculated  (except,  of  course,  the  leeward  side  at  large  angles  of 
attack).  It  also  appears  that  the  computational  speed  is  rapid  enough  to  permit  calculations  of  super¬ 
critical  boundary  layer-inviscid  stream  Interactions. 

The  model  is  based  on  the  small  cross-flow  approximation  in  which  the  boundary  layer  equations  are 
solved  along  lnviscid  streamlines.  In  this  coordinate  system  the  cross-flow  component  of  velocity  in  the 
layer  Is  uncoupled  from  the  streamwise  momentum  and  energy  equations  and  can  be  ignored  as  long  as  the  ap¬ 
proximation  is  valid.  For  flow  around  bodies  at  angle  of  attack,  inviscid  streamline  patterns  and  the 
spreading  metric  are  computed  by  integrating  the  inviscid  m  men turn  equation  normal  to  inviscid  streamlines 
on  the  body  using  either  experimental  or  calculated  inviscid  pressure  distributions.^ 

2.  TURBULENT  BOUNDARY  LAYER  MODEL 

2 . 1  Equations  of  Motion  and  Coordinate  Systems 

If  the  boundary  layer  equations  are  written  following  inviscid  streamlines  and  the  cress  flow 
in  the  boundary  layer  normal  to  the  local  Inviscid  streamline  direction  can  be  assumed  smsll,  the 
mean  flow  equations  are 
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vhcrt  i  (7)  is  tbe  spreading  metric  determined  by  the  lnvlscid  flow  Jtreasline  geometry.  Sere,  since  the 
cross-flow  component  of  velocity  Is  sssiaed  small,  the  uncoupled  crose-flow  mosentia  equation  is  ignored 
end  ve  sssuae  furthermore  that  tbe  additional  contributions  to  turbulent  stress  and  heat  flux  resulting 
from  fluctuations  in  the  cross  flow  velocity  are  likewise  snail. 

Thus, 
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Clearly,  for  a  body  at  large  angle  of  attack  these  stress  and  heat  flux  models  will  break  down 
in  a  region  on  tbe  leeward  side  because  strong  cress  flows  with  additional  contributions  to  the 
Reynolds  stress  would  have  to  be  Included  along  with  interaction  with  the  outer  flow. 

Tbe  explicit  appearance  of  the  spreading  netrlc  in  the  equations  of  notion  can  be  eliminated  by  Beans 
of  a  unified  Mangier  transformation.  Although  it  turns  out  that  ((s')  later  appears  in  a  constant  of 
integration  in  the  compressible  law  of  the  wall,  the  transformation  is  convenient  since  it  is  possible  to 
remove  r  from  the  continuity  equation  without  transforming  the  stress  or  heat  flux.  Letting 
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Eqs.  (1)  through  (3)  be cone 
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where  r  and  q  are  still  defined  by  Eqs.  (4)  and  (5).  Solution  of  the  inner  layer  is  obtained  directly 
using  Eqs.  (8)  -  (10)  vlthout  further  transformation  of  the  coordinates  to  remove  the  explicit  appearance 
cf  the  density.  The  reason  for  this  is  two  fold.  First,  within  the  framework  of  the  present  model  for  the 
inner  layer  an  analytic  solution  can  be  obtained  without  Introducing  a  compressibility  transformation. 

Thus,  no  useful  simplification  would  be  provided  by  such  a  transformation.  Second,  Malse  and  McDonald^ 
have  shown  that  a  compressibility  transformation  leads  to  generally  poor  results  for  the  turbulent  stress 
distributions  across  the  boundary  layer  even  for  constant  pressure,  adiabatic  flows.  They  also  showed 
poor  correlation  of  experimental  velocity  profiles  using  the  transformation  for  constant  pressure  flows 
with  heat  transfer.  More  recently,  Levis  ,et  *1.5  attempted  to  generalize  Coles'  transformation  but  they 
also  found  significant  deviation  between  experimental  velocity  profiles  and  profiles  predicted  using  the 
the  transformation,  especially  in  the  wall  lsyer.  They  shoved  that  the  discrepancy  between  profiles 
Increased  with  increasing  Mach  number  so  that  for  flow  on  a  flat  plate  at  Mach  6,  for  example,  a  difference 
of  20  percent  in  velocity  profiles  can  be  expected.  Although  not  all  of  this  discrepancy  should  be  attri¬ 
buted  to  the  transformation,  there  appears  to  be  little  Justification  for  uning  it  in  the  wall  layer 
particularly  in  flows  with  heat  transfer  and  pressure  gradient. 

In  the  outer  wake-llke  layer,  however,  where  ve  use  an  Integral  moment  method,  a  simple  compressibility 
transformation  Is  used  to  remove  the  explicit  appearance  of  the  density  from  Eqs.  (8)  through  (10).  This 
can  be  accomplished  vlthout  transforming  the  stress  and  heat  flux  by  letting 
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so  that  Eqs.  (8)  through  (10)  become 
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Here  r  and  q  are  still  the  physical  stress  and  heat  flux  defined  by  Eqs.  (4)  and  (5).  Lqs.  (13)  through 
(IS)  are  used  to  develop  '.he  integral  moment  equations  for  the  outer  layer. 

With  the  equations  of  motion  and  proper  coordinate  systems  developed  for  the  inner  and  outer  lay.rs,  we 

now  proceed  to  the  turbulence  model  used  i'  the  two-layer  model. 

2.2  Turbulence  Model 

In  order  to  develop  a  scheme  for  integrating  Eqs.  (l)-(3),  or  their  transformed  counterparts  Eqs.  (8)- 
(10),  it  is  necessary  to  have  some  knowledge  either  of  the  relationships  between  r,  q  and  the  mean  flow 
quantities  p,  u  ,  H  (provided  such  relationships  exist)  or  have  additional  independent  differential  equations 
for  and  q.  Several  model  equations®,^  f0r  the  stress  and  heat  flux  based  on  the  latter  approach  have  been 
developed  recently  and,  hopefully  these  will  provide  new  insight  into  the  way  the  stress  ;.nd  heat  flux  re¬ 
spond  to  changes  In  boundary  conditions  as  the  flow  proceeds  downstream.  To  date,  however,  all  these  ap¬ 
proaches  using  differential  equations  for  t  and  q  have  had  to  invoke  assumptions  for  closure  of  the  unknown 
correlation  tunctlons  which  are  either  pure  hyp^  .heels  or  whose  physical  brsis  has  only  been  demonstrated 
In  incompressible  flows.  At  moderate  Mach  numbers,  however,  say  up  to  M,  -  7  there  is  cr-.siderable  ex¬ 
perimental  evidence  that  the  turbulent  boundary  layer  uu-.v  Se  divided  into  an  inner  wall  .  ayer  and  an  outer 

wake  layer,  as  in  incompressible  flow.  In  the  wall  layer  the  properly  normalized  experimental  velocity  and 
enthalpy  profiles  have  been  shown  to  be  functions  of  the  local  wall  stress,  heat  flux  and  injection  rate 
and  except  for  the  streamwise  variations  of  these  quantities  are  more  or  less  independent  -f  the  upstream 
history  of  the  layer. 8, 9  This  is  precisely  the  result  predicted  by  mixing  length  theory  ani  the  thin  layer, 
Couette  model,  which  leads  to  a  compressible  law  of  the  wall  and  a  Ctocco  integral  for  the  i-ner  layer. 

For  flows  with  surface  mass  injection  Danberg  and  Squire  have  shown  that  this  same  model  accurately  pre¬ 
dicts  the  velocity  distribution  in  the  wall  layer.  In  fact,  the  experimental  evidence  for  the  Van  Driest*® 
form  of  the  law  of  the  wall  for  M  ••  0  and  the  Squire  form  of  this  law  for  M  (  0  is  now  so  strong  that  the 
model  equations  for  the  turbulent  stress  either  "reduce"  ro  this  law  near  the  wjll  or  are  matched  to  it. 

In  this  paper  a  first  approximation  for  the  velocity  and  enthalpy  profiles  in  the  inner  layer  is  used 
in  which  the  laminar  sublayer  and  transition  layer  is  neglected  and  the  flow  Is  assumed  to  be  fully  turbulent 
to  the  wall.  Maise  and  McDonald  have  shown  that  in  this  region  the  mixing  length  varies  linearly  away  from 
the  surface,  i.e.  f  *  K  ‘y  with  K  «  0.41,  for  Mach  numbers  up  to  about  five.  Thus,  with  the  additional 
assumption  that  Prt  ■  1  in  the  first  approximation,  the  stress  and  heat  flux  in  the  inner  layer  are 

r  -  p  ( Pu7 rfy)^ 

q-pK2'y2(<)T'/dy)(dh/d7)  (17) 

The  error  incurred  in  computing  integral  properties  such  as  0  and  the  wall  stress  by  neglecting  the  sublayer 
Is  small,  except,  perhaps.  In  very  strong  negative  pressure  gradients.  Second  approximation  profiles  are 
subsequently  computed  which  include  the  laminar  contribution  to  the  total  stress  and  are  not  restricted  to 
Pr  »  1  or  Pri  *  1. 

t  u 

The  evaluation  of  the  stress  and  heat  flux  in  the  outer  layer  Is  much  more  questionable.  Bradshaw 
concluded,  from  his  measurements  in  relaxing  incompressible  boundary  layers,  that  the  stress  in  the  outer 
layer  depends  on  the  whole  history  of  the  layer  and  cannot  be  found  from  local  mean  flow  properties  as  in 
equilibrium  layers.  Thus,  according  to  Bradshaw  and  others,  the  use  of  an  eddy  viscosity  or  mixing  length 
theory  in  the  outer  layer  of  rapiily  adjusting  flows  must  be  held  suspect  because  for  these  flows  there  is 
no  simple  relationship  between  the  turbulent  3tress  and  mean  velocity  gradient.  If  this  is  the  case,  then 
the  relative  scale  of  the  inner  and  outer  layers, 7m>  likewise  cannot  be  determined  from  the  local  velocity 
gradient,  as  is  usually  assumed  in  conventional  finite  difference  methods, 11,12  for  example,  but  must  be  found 
from  the  whole  history  of  the  flow.  In  the  present  theory  we  have  attempted  to  avoid  using  a  simple  local 
relation  for  determining ~m .  By  taking  a  higher  moment  of  the  momentum  equation,  7^  is  found  as  one  of  the 
integral  properties  of  flow. 
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In  the  present  two-layer  model  it  turns  out  that  a  relation  for  the  stress  along  the  match  point 
~a  is  required  along  with  a  relation  for  the  "production"  integral  in  the  outer  layer 


d  u 


The  stress  along  the  match  point  is  evaluated  using  an  eddy  viscosity  normalized  by  the  constant  density 

displacement  thickness,  as  was  suggested  by  the  calculations  of  Malse  and  McDonald.  Thus  along  7 

n> 


where 
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<  =  F  uf  5-*  ,  F  *  constant  (19) 

Thus,  while  the  evaluation  of  rm  is  subject  to  some  of  the  objections  of  "localness,"  the  location  of  the 
match  point  where  tm  is  evaluated  depends  on  the  upstream  history  of  the  layer. 

It  turns  out  the  two-layer  model  provii'  ’  upper  and  lower  bound  on  the  magnitude  of  the  production 
Integral.  If  estimates  for  this  Integra)  a;  a  which  2re  too  small  or  too  large,  integrations  of  the 
system  of  equations  dowr.atream  develop  instab.;  ;9  where  Um-.l  for  the  former  and  n  «  for  the  latter. 
Thus,  we  find  that  the  production  integral  over  me  outer  layer  cannot  be  assumed  negligibly  small  nor  can 
It  be  evaluated  using  a  conatant  eddy  viscosity  across  the  outer,  as  was  suggested  by  Clauser.13  Both 
assumptions  give  unstable  solutions,  although  the  Clauser  assumption  is  stable  for  Mach  numbers  below 
about  2.5. 

By  evaluating  the  production  integral  as  though  the  density  were  constant  across  the  outer  layer  and 
by  using  a  cubic  variation  of  <  between  and  “£t  with  <-0at  the  outer  edge,  stable  solutions  have  been 
obtained  up  to  Mach  10  for  wall  to  free  stream  stagnation  temperature  ratios  between  0.05  and  1.0.  These 
results  for  the  bounds  on  the  production  integral  and  the  assumptions  used  to  produce  stable  solutions 
verify  to  some  extent  the  results  of  Malse  and  McDonald  who  showed  that  comn.essibility  has  little  effect 
on  the  lateral  stresa  profiles  (when  normalized  by  the  wall  stress)  up  to  about  Mach  5.  A  cubic  variation 
of  t  for  ~m<7<  ls  also  consistent  with  the  t  variations  inferred  by  Malse  and  McDonald  and  Bradshaw. 


3.  SOLUTION  OF  INNER  LAYER  AND  MATCHING  CONDITIONS 


Experiments  In  compressible  turbulent  boundary  layers  with  moderate  pressure  gradients  and  surface 
mass  injection  have  shown  that  even  ct  hypersonic  speeds  there  is  an  inner  (wall)  layer  In  which  velocity 
and  temperature  gradients  normal  to  the  surface  are  so  large  that  terms  involving  x  derivatives  in  the 
conservation  equations  are  generally  negligible.  The  lateral  extent  of  this  inner  layer  ~m  at  any  given 
point  7  is  determined  by  previous  history  of  the  layer  and  by  local  conditims  such  as  magnitude  and  sign 
of  the  pressure  gradient  or  strength  of  Injection.  In  large  positive  pressure  gradients  or  with  large 
blowing  the  extent  of  the  Inner  layer  may  become  vanishingly  small,  while  in  negative  pressure  gradients 
may  approach  the  edge  of  the  layer. 

With  mixing  length  theory  used  to  determine  the  stress  and  heat  flux,  and  a  thin  layer  Couette  model 
of  the  flow  near  the  wall,  a  generalized  law  of  the  wall  for  the  velocity  and  enthalpy  with  surface  mass 
injection  is  obtained.  These  velocity  and  enthalpy  profiles  are  then  inserted  back  into  the  full  continuity, 
momentum  and  energy  equations,  which  are  integrated  away  from  the  surface  to  give  the  stress,  heat  flux  and 
mass  flux  at  the  outer  edge  of  the  inner  layer.  The  velocity,  enthalpy,  stress,  heat  flux  and  mass  flux  at 
the  edge  of  the  wall  layer  can  be  obtaired  analytically,  and  these  expressions,  along  with  certain  auxiliary 
relations  for  normal  and  streamwlse  derivatives  of  the  velocity  and  enthalpy,  are  used  for  matching  with  the 
integral  method  in  the  outer  layar.  One  of  the  key  features  of  the  present  two  layer  model  is  that  the  in¬ 
tegral  equations  in  the  outer  layer  ultimately  determine  the  lateral  exrent  of  the  wall  layer  (or  in  Coles 
terminology  the  strength  of  the  wake  component);  It  it,  not  specified  implicitly  in  advance  in  terms  of  the 
eddy  viscosity  or  mixing  length  as  in  most  finite  difference  methods. 


With  the  possible  exception  of  boundary  layers  in  very  strong  pressure  gradients  we  assume  that  a  wall 
layer  exists  in  which  ?  *  K~  and  the  velocity  and  enthalpy  profiles  are  closely  approximated  by  a  Couette 
flow  model.  Neglecting  the  laminar  sublayer  (in  the  first  approximation)  and  setting  Pr(  ■  1,  the  equations 
for  the  stress  and  heat  flux  obtained  by  integrating  the  momentum  and  energy  equations  away  from  the  surface 
are 
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Dividing  the  second  equation  by  tne  first  and  integrating  the  result  gives  a  Crocco  integral,  which  is 
always  valid  in  the  Inner  layer  only,  independent  of  pressure  gradient  or  surface  mass  injection. 


H/H*  =  1  t  B  (S77t) 


(22) 
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h/h,  “  I  ♦  B(~-’ue)  -  A1  (u/uj2 


A2  *  [  mr/(l  tac)]  (Hj/H^)  '  ’ 

B  -  '  2  me/(l  +n«e)]  (H,/^)  (St/q;  <25> 

Substituting  for  p  -p^d^/h)  In  the  expression,  for  r(~)  ,  defining  M  *  pw'»w/pe'ue  and  Integrating  from  the 
edge  of  the  lomlnsr  sublsyer  to  any  point  7+"7ur/*'w  >  with  fsuVu^  ,  gives 
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which  can  be  written,  after  changing  the  limits  of  integration 
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where  B  is  the  empirical  "constant" 
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Hheress  In  Incompressible  flow  B~5  ,  the  experiments  of  Dsnberg  snd  Squire  have  deoonstrsted  that  B  Is  s 
function  of  M  snd  Hw/He,  which  can  be  approximated  by  the  curve  fits: 

0  <  Me  <  3.5  :  B/Bm_0  -  1  -  0.6x103M  (Me/3.5)3/2 

Me  >  3.5  :  B/Bm„0  -  1  -  0.6  x  103  M 
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C j  =  Cf/U,  k2  3  (C2 -C,)/(C3  +  C2),  sin2  0  a  (Cj  -  (  )/(C2  -  C,  ) 


the  compressible  law  of  the  wall  becomes 
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*For  large  blowing,  sin^  and  k^  ore  redefined,  i.e.  a  (C^  +  C2) / (C2  —  Cj)  and  <«in^  0  =  (C ^  -  £)A“  ^  +  Cj)  *0  that  k^  ii  always  leaa  than  one. 
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For  M  0,  k  0  and  the  elliptic  integrals  !f<d, k)  reduce  to  arcaln  functions,  and  the  law  of  the  wall  Is 
given  by  the  Van  Driest  "general lied"  velocity  distribution ,10  Evaluating  the  law  of  the  vail  at  y*  gives 
the  velocity  ratio  {u/u*  )B  •  U„  along  the  match  point.  Aerially,  whet  we  require  for  matching  with  tne 
outer  layer  Is  the  streaowlse  derivative  offu/u,)^  ,  which  Is  found  by  differentiating  the  law  of  the  wall. 

Uith  the  velocity  profile  given  by  the  lav  of  the  wall  and  the  mihalpy  profile  given  by  the  Crocco 
integral  In  tne  Inner  layer,  exact  expressions  for  the  stress  and  heat  flux  at  y  can  be  obtained  by  inte¬ 
grating  the  moments™  and  energy  equations  away  from  the  surface,  l.e.. 
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where  the  integrals  In  these  expressions  are  evaluated  using  Eqs.  (23)  and  (26).  For  example  if 
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which  can  be  Integrated  repeatedly  by  parts  if 
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where  —  —  *)  •  i  ,  3y  approximating  b  ht  ~  hn Ti^  in  f(f)  and  g(£)  andj  I  •  -  ^1  ♦  —  E^in  f(f.‘ 

the  above  series  truncates  with  the  tern  0'n_!>  for  J,  ,  andOfo*')  for  Jj  so  thal* 
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The  exp-essv.ons  for  Ji  and  are  the  key  results  for  the  evaluation  of  the  stress,  heat  flux  and  mass 
f  lnx  in  the  inner  layer.  With  Jj  and  1-  given  by  Eqs.  (33)  and  (34)  the  evaluation  of  rm  and  (q  •  u  r )  is 
straightforward  (although  somewhat  lengthy)  and  the  results  are  given  in  Appendix  1. 

Solution  of  vail  laver  for  the  velocity,  enthalpy  stress  and  heat  flux  iias  been  obtained  an.  ytically 
In  terns  of  the  given  veil  and  edge  conditions  (M^H^/H^  and  M ) ;  three  “parameters”  (yB,  Cf  and  ft  ),  and 
ive  empirical  "constants”  (K  and  B).  By  matching  this  inner  solution  with  an  integral  moment  method  for  the 
outer  layer  the  three  "parameters’  ym  ,  Cf  and  St  are  determined.  In  addition  to  u/ug  ,  H/He ,  r  and  q  , 

•u.'iy  and  ,VH  are  also  matched  and  the  expressions  are  given  in  Appendix  1  along  with  certain  other  auxil¬ 

iary  expressions  (such  as  d , dH^  d«  ,  etc.)  required  for  the  matching. 

4.  MOMENT  INTEGRAL  METHOD  FOR  OUTER  LAYER 

In  order  to  determine  the  relative  scale  of  the  inner  and  outer  layers, ya  ,  and  the  quantities  t  and 
qm  ,  which  are  related  to  the  quantities  of  interest,  namely  C,  and  S«  ,  in  the  equations  given  in  Appendix  I, 
a  nivnenr  integral  method  is  used  in  the  outer  layer.  In  this  layer  Independent  tuo-parameter  families  of 
profiles  are  chosen  for  u  and  H.  The  "free"  parameters  of  the  profiles  are  determined  implicitly  by  match¬ 
ing  with  relations  obtained  for  the  inner  layer  (law  of  the  wall  and  Crocco  integral)  for  u  and  H  and  the 
lateral  and  streamwise  derivatives  of  these  quantities  along  the  unknown  match  point  y  .  The  profiles 
selected  are  power-laws  of  the  form 

C  LVL'e  -  1  -  (1  -  l:m)  ( i  -  q)n  .  n-0  <35> 

H  :  H/Hf  -  1  -  (1  -  %)( 1  -  nf1  .  ">  '0  (36) 

so  that  very  "full"  profiles  without  overshoot  are  possible  with  n,  s  •  I  .  In  order  for  a  Crocco  integral 
to  exist  in  the  outer  layer  m  must  equal  n  but  In  general  this  will  not  b»  true.  In  fact,  in  terms  of  the 
more  conventional  definitions 

CH  -  '  (Hw  -  He  >  Pe  "e  "  [  _  K ¥  /  He  )  <37> 

'i  -  2  V  ->eucr  *  Cl  (38) 

It  is  easy  to  show,  using  Eq.  (4  1-2)  and  the  definition  of  h  that  a  Crocco  integral  (m  n)  exists  in  the 
outer  layer  only  .hen  the  Reynolds  analogy  holds,  i.e.,  whenC.H  Cf  ■' 2  . 

In  tl’.e  above  profile  families 

1  'V-Y^)  S  °9> 

where  F  is  the  thickness  of  tne  o^.er  laver  ir.  the  transformed  coordinate 
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Tne  ronentum  integral,  first  voic.  icy  noraeat  and  energy  integral  for  the  outer  layer  are  obtained  by 
Integrating  the  transformed  conservation  equations  from  Ym  to  Y  VT  ~ 
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where  the  Integral  functions  A;  ,  B,  ,  E;  and  1;  are  given  In  Appendix  2.  The  equations  for  ®/p0Ur  and  the 
normalized  stress  and  heat  flux  at  ym,  obtained  from  the  Inner  layer,  are  given  in  Appendix  1.  The  term 
involving  the  integral  of  the  turbulent  stress  across  the  outer  layer  in  the  velocity  moment  (called  the 
turbulent  production  by  Townsend)  Is 


i  i  m  * 


(44) 


According  to  the  work  of  Maise  ana  McDonald,  there  It  virtually  no  effect  of  compressibility  on  the 
normalized  stress  distribution, r/rm  ,  across  the  turbulent  boundary  layer.  Thus,  we  can  evaluate  r/rm  as 
though  the  dr-slty  is  constant,  i.e.. 


IdV/dj)  (45) 

?  1  > 

Since  ,  -  0  at  the  edge  of  the  layer,  the  lateral  variatior.  off  in  the  outer  layer  can  be  approximated  oy 
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where,  according  to  measurements  by  Bradshaw  and  the  analysis  of  data  for  supersonic  layers  by  Maise  and 
McDonald,  o,  has  a  valve  around  2  or  3.  On  the  basis  of  stability  of  solutions  over  a  wide  range  of  Mach 
numbers  we  tentatively  select  the  value  c  .  )  (see  discussion  in  Sections  ?  and  7). 

Finally,  a  relation  for  r  is  obtained  in  terms  of  the  eddy  viscosity  and  velocity  gradient  at  the 
matching  point  ym .  Following  the  suggestion  of  Herring  and  Mellor  and  the  results  of  Maise  and  McDonald, 
the  scale  length  fer  the  eddy  viscosity  is  the  constant  density  displacement  thickness 
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Then,  since 
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and  ( Hu  "f)a  is  known  Frco  the  solution  of  the  inner  layer,  the  normalized  stress  along  is  given  by 
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With  the  three  integral  equations  for  the  outer  layer,  the  above  equation  for  ’m  ,  and  the  matching 
relations  from  the  inner  layer,  the  system  of  ordinary  differential  equations  can  be  integrated  downstream. 
Since  the  solution  of  the  inner  layer  involves  three  "parameters”  (Cf,  St  and  ym  )  and  the  unknown  in  the 
cuter  layer  is  d  .  these  four  quantities  must  be  specified  at  the  initial  station  in  order  to  form  all  other 
quantities  (e,n,  etc)  and  all  the  initial  streaswise  derivatives. 


3.  INITIAL  CONDITIONS  AND  INTEGRAL  THICKNESSES 

Instead  of  having  to  specify  vn  and  d  along  with  Cf  and  St  at  the  initial  station?  0  ,  it  is  more 
convenient  to  specify  '•  and  dr  ,  the  momentum  thickness  and  thickness  of  the  layer.  From  the  equations  for 
lj  and  J,  in  the  inner  layer  and  the  integral  functions  in  the  outer  layer  one  obtains  the  following: 
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By  specifying  ci  >  CH  •  Ae  and  fl  at  the  initial  station  che  above  expressions  and  matching  conditions 

are  used  to  calculate  the  remaining  unknowns:  y  ,  U  ,  d  ,  m ,  n,  H  ,  and  B. 
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b.  FINAL  VELOCITY  AND  ENTHALPY  PROFILES 

Since  at  hypersonic  speeds  the  peak  boundary  layer  temperature  can  occur  well  within  the  wall  layer, 
accurate  velocity  enii  enthalpy  profiles  near  the  wall  are  required.  In  order  to  avoid  the  logarithmic 
singularity  at  the  surface  given  by  the  law  of  the  wall  the  laminar  sublayer  and  transition  layer  are  in¬ 
cluded  in  the  determination  of  final  profiles  (as  well  as  arbitrary  laminar  and  turbulent  Prandtl  numbers) 
so  that?  0  at  “'0  .  This  is  accomplished  by  including  the  laminar  contribution  to  the  total  stress 
and  heat  flux  in  the  expressions  for  :(~ )  and  <j  (7)  in  the  wall  layer  and  by  using  the  Van  Driest  variation 
for  the  dimensionless  mixing  length  ,  i.e.. 


6-Ji 


where 


( >  ‘  .  «i )  u .  f  . 


(56) 


For  adiabatic  flows  with  M  0  ,  a  is  a  constant  and  equals  the  incompressible  value  a  25.  For  cold  walls 
:rd  M  /  0  the  experimental  velocity  profiles  of  Danherg  and  Squire  (that  is  the  shift  in  the  value  ofS)  In¬ 
dicate  large  variations  in  a.  The  determination  of  a  from  these  experimental  profiles  is  discussed  below. 

Introducing  the  normalized  wall  layer  variables 

u/uf.  h  '  h  ^  ,  v  *  '  u  r  \  /  rw 


the  differential  equations  for  u'  and  h*  obtained  from  the  equations  for  the  total  stress  and  heat  flux 
become 


with  boundary  conditions, T‘  0  :  "u"  0  ;  h  '  !  . 


(57) 


(58) 


The  differentia)  equations  for'u"  and  h'  need  only  be  solved  at  selected  points  in  the  flow  field 
where  accurate  profiles  near  the  wall  including  the  sublayer  are  required.  Since  both  boundary  conditions 
for  the  two  first  order  equations  are  known  at  the  wall  the  solution  does  not  require  iteration  and  is 
performed  as  an  auxiliary  calculation  in  the  downstream  integration  of  the  two-layer  equations. 

The  asymptotic  integral  of  the  equation  for  V  for  "y*  >  >  \  is 
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which,  for  a  given  value  of  a  and  solution  of  the  differential  equations  for  and  h*  ,  can  be  solved  for 
B.  By  iterating  on  an  assumed  value  of  a  and  matching  the  computed!  with  the  experimental  values  reported 
by  Ditnfcerg  and  Squire  the  variation  of  a  with  /He  and.  M  for  various  Mach  numbers  was  obtained  (see  Fig¬ 
ure  1). 


7.  COMPUTER  RESULTS  AND  EXPERIMENTAL  COMPARISONS 

By  specifying  initial  values  for  Se  , 9  ,  C/  and  CH ,  and  also  the  unit  stagnation  Reynolds  number,  where 
for  an  isentropic  external  flow  with  p~T 
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Eqs.  (73),  (26),  (50),  (51),  (A  1-1)  and  (A  1-2)  are  solved  simultaneously  to  give  ail  the  necessary  start¬ 
ing  conditions.  A  set  of  nine  nonlinear  differential  equations  is  then  integrated  to  give  the  solution 
dowTstream  of  the  initial  station.  These  differential  equations  are  the  momentum,  first  moment  and  energy 
equations  for  the  outer  layer,  the  equation  for  rffl  from  the  inner  layer,  and  equations  obtained  by  differ¬ 
entiating  the  relations  for  Um,  Hm  ,  m,  n  and  B  with  respect  to  «.  The  method  used  to  solve  the  system, 
vnlcn  is  linear  when  solving  for  the  derivatives,  uses  Gauss  elimination  with  partial  pivoting,  with  an 
iterative  routine  to  improve  the  solution. 15  \  comparison  of  this  method  of  solving  systems  of  linear 

equations  with  other  techniques  Is  given  in  P.eference  16. 

For  zero  pressure  gradient,  nonadiabatic  flows  the  average  computing  time  on  an  IBM  360  machine  is 
about  13  seconds  for  Re„  to  increase  by  a  factor  of  10^.  This  i.s  approximately  the  computing  time  required 
by  finite  difference  methods  to  calculate  a  single  station. ^  As  of  the  date  of  completion  of  this  paper 
'.June  1971),  computer  runs  have  been  made  for  adiabatic  and  cold  walls  (0.05 <  Hw /Ke  <  1  )  up  to  Mach  10, 
relaxing  flows  where  Cj  and/or  Cyi  are  far  from  their  equilibrium  values  initially,  boundary  layers  in  strong 
positive  and  negative  pressure  gradients  and  flows  with  a  varying  spreading  metric.  Comparisons  have  been 
made  with  several  of  the  experiments  for  Incompressible  flows  reported  at  the  AFOSR-Stanford  conf erencel? 
and  results  for  ,  »  and  A*  '<  compare  quite  well  with  most  of  these  experiments.  For  example,  Figure  2 
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stii-ws  a  comparison  with  one  of  the  more  interesting  experiments  —  the  relaxing  flow  from  a  positive  pres¬ 
sure  gradient  reported  by  Bradshaw  and  Ferriss.  Momentum  balance  eons iderat ions  show  that  tuc  first  experi¬ 
mental  value  for  »  (at  x  «  4.4  ft.)  is  probably  too  soal' .  If  the  initial  "  liad  been  taken  to  be  about 
0.475  in.  the  theoretical  curve  would  ha . e  Just  about  pass  :d  through  the  five  values  of  0  measured  tarther 
downstream. 

Figure  3  shows  that  Eqs  (57)  and  (58)  yield  quite  accurate  results  for  the  velocity  profile  in  the 
wall  layer  with  surface  mass  injection,  provided  that  empirical  values  of  the  additive  constant  B  are  avail¬ 
able.  These  results  show  that  not  only  is  the  linear  lav  of  the  wall,  (Eo.  (59)),  still  In  evidence  with 
blowing  but  that  the  value  of  y*  where  the  profile  deviates  from  a  linear  law  can  be  represented  reasonably 
well.  Here  i(u'  )  is  the  Integral  oi>  the  left  hand  side  of  Eq.  (59). 

The  variation  of  the  equilibrium  flat  plate  Cf  with  Rr„  and  is  compared  with  several  experiments 
in  Figs.  4  and  5.  These  results  (with  the  exception  of  the  experiments  by  Lee,  et  al)  are  for  adiabatic 
flow,  however,  the  theory  predicts  a  relatively  weak  effect  of  wall  cooling  on  skin  friction.  At  Mach  6 
and  Re,)  *=  10*,  for  example,  for  Hw.He  “  0.03  is  only  about  15  percent  greater  than  the  adiabatic  value 
of  Cf  .  At  these  same  conditions  the  Reynolds  number  based  on  A*  for  the  cold  wall  la  about  one-third  the 
value  for  an  adiabatic  wall. 

Figure  6  demonstrates  the  existence  of  an  equilibrium  Cf  variation  with  Re#  and  the  approach  to  this 
equilibrium  variation  if  the  initial  Cf  is  too  large  or  too  smali.  A  similar  type  of  relaxation  for  the 
heat  transfer  and  total  enthalpy  profile  is  shown  in  Figure  7.  For  these  solutions  the  Initial  Pf  was  set 

equal  to  the  equilibrium  value  but  the  initial  value  of  the  Reynolds  analogy  parameter  2  Cff  was  set  at 

values  other  than  one.  This  resulced  in  an  initial  K  versus  u  profile  which  was  nonlinear  In  the  outer  laver. 
The  solutions  shown  in  Figure  7  demonstrate  the  relaxation  of  the  Reynolds  analogy  parameter  back  to  one, 
and  the  relaxation  of  ar  initially  perturbed  H  versus  u  profile  back  to  e  linear  Crocco  Integral  for  the 
who’e  layer  (see  schematic  inserts  of  profiles  in  Figure  7).  Relaxing  flows  of  this  sort  have  been  measured 
on  wind  tunnel  walls  downstream  of  the  nozzle  throat. 

Figure  8  shows  results  for  Cj  ,  0  ,  Vm  ,  end  the  Reynolds  analogy  parameter  for  a  boundary  layer  in  a 

region  where  dp 'dx  0  followed  by  a  region  where  dp/dx  0  .  The  edge  Mach  number  decreases  from  2.6  to 

1.3  over  the  first  50  inches  and  then  increases  to  2.6  again  at  i  ■  100  inches.  In  each  case  the  results 
are  compared  with  a  solution  for  Me  »  constant  -  2.6,  In  the  region  of  positive  pressure  gradient  the  wall 
layer  thickness  decreases  but  then  increases  as  dp/dx  c  0  .  This  behavior  Is  reflected  in  the  variation  of 
Lm,  which  shows  that  near  x  •  100  Inches  most  of  the  velocity  variation  across  the  boundary  layer  occurs  in 
the  wall  layer.  Thus,  the  two-layer  model  Is  seen  to  predict  the  kind  of  hehavior  hypothesized  by  Coles^ 
in  his  paper  on  the  Law  of  the  Wake. 

Figures  9  and  10  show  comparisons  of  the  theory  with  data  for  two-dimensional  flows  in  negative  pres¬ 
sure  gradients  at  initial  Hach  numbers  of  1.5  and  3.9,  respectively,  while  Figure  11  shows  a  comparison  with 
the  method  of  Bradshaw  for  a  flow  in  zero  pressure  gradient  at  Hach  3,  followed  hy  a  region  of  strong  ad¬ 
verse  pressure  gradient.  Both  methods  predict  that  the  flow  separates,  i.e.,  Cf  .0.  For  the  two-layer 
model  the  solution  was  stopped  wnen  Cf  decreased  to  2  x  10~3  at  x  »  67.8  cm.  In  this  region  T5ra  .  0  and  the 
layer  was  composed  almost  entirely  of  the  outer  layer,  again  demonstrating  the  kind  of  behavior  predicted 
by  Coles. 

Comparison  with  data  obtained  by  Lewis^®  for  a  boundary  layer  in  a  positive  and  then  negative  pressure 
gradient  Is  shown  in  Figure  12.  The  Mach  numl  :r  '.aned  from  4  to  2.57  to  4.17  over  a  distance  of  34  inches. 
The  experiments  were  performed  with  an  outer  hollow  cylinder  and  an  inner  axisymmetric  pressure  generating 
body  with  the  boundary  layer  data  taken  on  the  inner  surface  of  the  cylinder.  The  local  decrease  in  5*  in 
the  region  of  strong  positive  pressure  gradient  demonstrates  the  supercritical  behavior  of  the  turbulent 
boundary  layer. 1  The  theoretical  distribution  for  0  also  shows  a  local  decrease.  Both  curves  for  $•  and 
(  are  compared  with  the  predicted  variations  fer  zero  pressure  gradient. 

Figure  13  shows  several  solutions  (various  initial  values  of  cf  )  lor  the  experiments  conducted  by 
Mcuafferty  and  Barber, 21  which  were  performed  on  a  two-dimensional  curved  compression  ramp.  The  Mac'  number 
decreased  from  3  to  1.8  in  a  distance  of  3  inches,  and  the  houndary  layer  was  tripped  upstream  ol  the  ramp 
by  normal  injection.  Thus,  Cf  initially  was  probably  slightly  less  than  the  equilibrium  value  of  1.8  x  10”3. 
Figure  13  shows  that  for  an  initial  Cf  «  1.75  x  10-3  the  flow  remains  attached  (McLafferty  and  Barber  re¬ 
ported  that  the  flow  did  not  separate)  but  for  an  initial  Cf  *  1.5  x  10”3  the  flow  aeparatea  at  x  ■  2.73 

inches.  In  the  lacter  case  the  strong  pressure  gradient  did  not  permit  relaxation  back  to  the  equilibrium 

(  {  so  that  flow  separation  on  the  tamp  could  have  been  produced  if  the  injection  upstream  of  the  ramp  had 
been  stronger. 

Comparison  of  the  theory  with  data  taken  on  an  axisymnetric  curved  compression  ramp  is  shown  in  Fig¬ 
ures  14  and  15.  In  this  case  the  Mach  number  decreased  from  5.75  to  2.6  and  the  spreading  metric  increased 

by  a  factor  cf  1.7.  Figure  15  shows  that  Cf  actually  increases  slightly  due  to  the  metric  effect  (the  two- 

dimensional  results  show  only  a  40  percent  decrease  in  Cf  at  the  trailing  edge)  and  the  layer  does  not  even 
come  close  to  separating.  Both  theory  and  experiment  show  a  substantial  increase  in  the  wall  heating 
(Figure  15). 

Finally,  comparisons  with  data  on  a  waisted  body  of  revolution  at  «  1.4  and  2.4  are  shown  in  Fig¬ 
ure  16  and  17  which  Indicate  large  effects  produced  by  the  spreading  metric,  particularly  on  the  momentum 
thickness  variations. 

Hopefully,  results  for  flows  with  surface  mass  injection  will  be  available  at  the  time  of  the  con¬ 
ference. 
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In  addition  to  the  law  of  the  wall  for  lJm  and  the  Crocco  integral  for  ,  Hatching  relations  for 

(<Vdy  )m  and  (dH'dy  )m  arc  required  to  determine  the  exponents  a  and  m  of  the  power-iow  profile \e  tr,  the 
outer  layer.  These  are  given  below  along  with  the  expressions  for  rm  ,  (q  +ur  )M  «nd  a  the  maun  flux  in 
the  inner  layer.  These  expressions  are  applicable  to  a  boundary  layer  growing  into  a  rotational  (variable 
entropy  but  constant  stagnation  temperature)  in vise Id  flow. 
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An  improved  aixinc-leneth  model,  previously  applied  to  two-dimensional  flow,  is  her*  extended  to  cm  the 
three-dimensional  case,  relying  on  the  assumption  that  the  turbulent  shear  stress  acta  in  the  same  direction  as 
the  1 acinar. 

It  ia  used  to  work  out  similar  (.oluliona  to  the  local  equations  cf  a  turbulent  boundary  layer  with  small 
cross-flow.  In  the  general  care  of  a  compressible  fluid  with  arbi truly  pressure  gradients,  a  digital  routine 
enables  the  sets  of  transfer*- e  and  longitudinal  boundary-layer  profiles  and  the  wall  akin-friction  components 
to  be  determined  as  a  function  of  two  paraseters  expressing  the  influence  cf  pressure  gradients.  A  blow-by-blow 
comparison  with  available  experimental  results  shows  a  fair  measure  of  agreecent.  The  nodal  accordingly  offers 
the  requisite  hypotheses  on  which  to  build  an  integral  method  of  computing  three-dimensional  turbulent  boundary 
layers. 
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‘  '  transversals 
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U,vw  coerposantris  da  la  vi  tease 
Uf  Vitesse  de  frottpmeut  (Tp  jPpj' 
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X  frottanent  (ij  +1*) 

<J)  flux  de  chaleor  ((J>i  +(J>t) 

£  longueur  de  mdlange 

F  fonction  correct  ,-ioe  de  sous-couche  fioqueuee 
CfKCfr coefficient  de  frottement  locaux 

t  \/cFx7^ 

30  angle  limits 

Kz  courbure  dea  ligues  de  courant  erterieures 


K1  courbure  des  lignee  orihogonales 


noebre  de  Reynolds 
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6  dpaiaaeur  eonventionnelle  } 


Indices 

e  conditions  A  la  frontiAre  de  la  couche  limits 
p  conditions  A  la  parol 
1  grandeurs  luminaires 

t  grandeurs  turbulentee 


1  -  INTRODUCTION 

Le  but  de  l'dtude  entropriee  est  d'obtenir  pour  une  couche  limits  turbulente  tridimensionnelle,  dea  rensei- 
gnementsd'ordre  th^oriqua,  apportant  eur  lea  caractdristiquee  de  la  couche  limite  et  spdoialement  eur  le  profii 
des  viteaees  transversaJ.es  dee  rdeult&te  moins  empii/iques  qua  ceux  dost  il  eet  gdndralement  fait  usage  dans 
1' analyse  dea  experiences  ou  dans  l'Atablisoement  d®  methodes  de  calcul. 


Le  traitement  dtabli  pour  oela  est  base  eur  l!ext»ncion  au  tridime naionnel  d'un  echdma  de  longueur  de 
melange  ddja  utiliu£  ltrgement  dans  le  cae  dee  couches  limitee  bidfmensionnellee,  at  qui  a  conduit  pour  cellee-ci 
A  des  rdsultste  cohArente,  bien  confirmds  par  1' experience  duns  un  large  domains  de  conditions  aux  limiteo 
(Rdf.  Li]  et  [2])„ 


Ca  schdma,  qui  fournit  une  expreaeion  du  frottement  dais  teute  la  couche  limits  peut  en  principe  It re  uti¬ 
lise  dans  une  resolution  numdrique  dee  dquationa  locales  de  la  couche  limite  mettant  en  oeuvre,  par  example,  une 
technique  de  diffdrencas  finiee  avec  dee  conditions  aux  liaitee  quelconquee.  Pour  aboutir  plus  sispleoant  A  dee 
rdeultate  qui  permetterrt  de  juger  de  fa?on  eyetdmatique  de  1* '.rfluenoe  des  facteure  agieeante,  il  a  enmbld  prd- 
fdrable  de  rechercher  au  prdalable  dee  solutions  de  similitude  locale, en  ee  p la} ant  dans  dee  cas  pour  leequele 
lee  ddrivdee  longitudinalee  et  tranaversalee  dea  profilB  de  couche  limite  peuvent  @tre  ndgligdee. 


Cee  eolutions  de  similitude  permettent  de  oompldter  les  families  de  profile  longitudinally  dtablies  prur  le 
bidimeneionnel,  par  dee  families  de  profils  transveraaux  et  de  determiner  1' influence  das  gradients  de  pression 
qui  e'exeroent  dans  lee  deux  directions  eur  lee  caractdrietiquee  de  la  couche  limite  et  notamaent  eur  le  frotta¬ 
nent  de  parol. 


J 

t 

i 

t 

i 

i 

i 


I 


i 

i 

i 


; 


25 


(*■)  Ingdnieur  de  Recherche,  Direction  d’Adrodynamique 
(**)  Chef  de  Division  de  Recherche,  Direction  d'A^rodynamiqua 


7-2 


2  -  SiViTIKS  SSdJutliS  -  FKI.£:?2  JS  AiV llaSCb  - 

Dare  ur  svsttae  general  de  cooriorxdec  curriiignes  ortftsgcnales  les  equation?  locales  de  la  couche  lir.ite 
•.ridiEensionnelle  s' invert  (voir  par-  execple  la  reference  (jj)  t 

continuity  — i.  fl\Pu\i  ®!(PvU|  _i_  iLfh.Pw)  ”0  (l) 
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I/txe  y  eat  normal  a  la  pared  9ur  laquelle  se  deveiorpe  la  couche  liaite.h)  et  1 5  sont  ics  dleoent3  suivani: 
les  axes  x  et  e.  K)  et  Kg,  courbures  gdoddsiques  dos  lignes  *  =  cte  et  Z  =  cie,  s’expriaeut  par  lea  relations  t 


h,hj  fix 


K  _ _ 1_  fih<  _ 


h,h,  62  “  ffcu*  62 


T  est  le  frotteoent  total  (Tj  +  Xt  )»  0  ‘e  ohaleur  (  4)  T  )  dont  lea  sxpressions  seront  discuteee 

plus  loin.  1  in 

hj  est  l'enthalpie  totale  ^h('=h+  u  *w  J 

II  est  oocmode  de  choisir  «a:  systswe  d'axes  lie  b  l'dcoulenent  exterieur  k  la  couche  limits,  les  lignes 
2  *>  cte  dtant  alors  fo nodes  par  les  lignes  de  court c'  de  cet  deouleaent.  Outre  le  fait  que  ce  chon  apporto  une 
aiEplification  des  conditions  am  Unites  {  W«  »  0).  .1  pei'eet  d'obtenir  une  grande  simplification  des  equations 
elles-B&sas  dans  des  cas  ou  l’dcoulecent  transversal  ainsi  d'fi;d  peut  Stre  consider*?  coace  faible  devsnt  l’dcou- 
leoent  longitudinal. 

Les  tomes  relatifs  b  l'dcoulenont  transversal  regroupds  entre  crochets  dona  les  dquations  (l),  (2),  (3)  et 
(4)  di3paraissent  loraqu’est  applique  ce  principe  de  prevalence.  II  e3t  alore  Evident ,  cocme  il  a  dte  denont re 
a  1'origine  par  EICEE3i3hE:2.£H  [rdf.  4]  que  ies  dquations  longitudinale3  de  quantity  de  nouvenent  et  d’dnargie 
ne  contenant  plus  w  sont  ddcouoldes  ds  I' equation  de  quantity  de  nuuvement  transversale  (i  condition  toutefois 
que  Tx  et  4>  aoient  aussi  indypendants  de  w  ).  Cette  hypothese  de  faible  dcoulenent  transversal  et  la  ainpli- 
lioatioc  qu'elle  apporte  sont  &  la  base  du  traiienent  de  similitude  qu'on  va  effectuer. 


3  -  SCEJIA  BE  TURBUlilKCE  -  rKOTTU  .STO  ST  FLUX  D2  CiiAiJUR  - 

Rappelons  qu'ur.  s china  de  longueur  de  melange  a  die  etabli  et  applique  (ref-  1  it  2)  dans  le  cas  d'une 
couche  limite  bidicensiorc’elle.  Bans  ce  sendee,  le  term*.  turbulent  du  frotterant  est  exorime  par  la  foirule 
clas3ique  de  longueur  de  ndlange  dans  la  sortie  extdrieure  de  la  couche  Unite.  On  a  retenu  pour  cctte  longueur 
de  melange  la  fonrJ.e  univcrsellol 


4  =  0.085 fh ( r^p  4) 

5  \0, 085  0  / 


^avee  k  =  C,4ly 


Jans  la  3 ous -couche  'fisqueusc,  or.  e.  estime  nyce5"'aire  de  tenix  cot.pte  du  fait  que  le  frotterant  turbulent  n’est 
plus  proportionnel  a  l’intcnsit*!  de  turbulence  et  on  a  introduit  une  fonction  correctrice  F  pour  traduire  l’in- 
fluence  de  la  viscosite  sur  lo  frotteoent  turbulent.  L'ex-ression  gonerale  du  frotteoent  total  a  ete  nice  ainsi 
sous  la  forme  : 


T  =  U.  — +  pF‘f  I  — I 

by  lfiy‘  py 

Faisant  appei  aux  rdsultats  de  Van  JKIrST  (rof.  5),  relatifs  a  la  plaque  plane  incompressible,  on  a  suoposd  que 
F  d y pend ait  dans  le  cas  genyral  du  rapport  du  frottement  turbulent  au  frottement  laminaire  ;  on  a  montre  en  fait 
(rdf.  2),  que  la  Inaction  correctrice  s 'e.rpricnii  dgalement  &  parti:.-  du  frottement  total  X  et  do  la  longueur 
de  cdlarge  par  la  relation  : 

F  r  1  _  exp|^_  _JL_ (Tp)'lJ  (ovec  k  =  o,4l)  (6) 

Nulle  &  la  paroi,  la  fonction  correctrice  tend  vers  1  on  ecoulecent  plciiemont  turbulent. 


L'idde  qvd.  a  permi3  d'dtendre  le  schdoa  preoddent  au  oas  d'une  couche  limite  tridimonsionnelle,  a  ete 
d'admettre  qu'il  eriste  une  relation  entre  los  directions  du  frottement  turbulent  ct  du  frottement  laminaire. 
L’hypothese  la  plus  simple,  retenue  dgale-ent  par  HASH  (rdf.  6),  est  de  supposer  que  oes  directions  sont  confon- 
dues.  Four  cela,  il  suffit  que  les  compc3antes  Ti,  et  Tt»  du  frottement  laminaire  soient  dans  le  mSme  rapport 
que  les  composantes  et  Tt2  du  frottement  turbulent  ;  oeci  implique  quo  Tf,  et  T t. ;  peuvent  se  mettre 

sous  la  forme  I 


Tu  -  e 


Tt*  =  e  ^ 
fiy 


C  apparair.3ant  comme  une  viscosite  turbulent*,  commune  aux  deux  directions. 

C  devnnt  dc  plus  se  ramener  h  la  forme  bidimensionnello  quand  w  =  0,  on  a  etd  eondui.t  i  choisir 
1' expression  :  _ 


e  -  PFl?l\/(^f  + 

vV6yy  'bY ' 


dont  la  forme  est  d'ailleurs  comparable  a  une  formule  propos.l-fl  par  PEIIRY  et  J0UBSRT  (rdf.  7). 
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It  long  )eur  do  t  '-large  est  toujours  dorsido  dot  la  formula  (5)  ;  .’a  fonction  correctrice  s'cxrrine  toujoers 
en  fonc:.-  e  T  ct  £.  •  or  la  forcule  (6). 


Sans  lc  caa  d'  r.  deeui  rent  transversal  faible  les  frett ocer.tc  totaux  dans  les  deux  directions  oe  reduiccnt 


ta  =  ll  +pF^2|.6H| 
r  6y  1 6y  I  by 

x ,-a  —  +  p F2-?2 

6y  6y | 6y 


(7) 

0) 


On  voit  que  T*  re  depend  pas  dew  , 

is  flux  de  chulcur,  enfin,  t  etc  exprime  dans  l’hypctheje  d’u.i  ncchre  de  P'rjJOTL  turbulent  constant  par  t 

On  a  choisi  dans  les  cal  cult  effectues  jusqu'ici.  (P* 0,725  et  ft  *  0,69. 


4  -  SOiraoiS  S3  SII-.mrJjE  - 
4.1.  -  Hypotneses  ae  similitude  - 

En  vue  de  a it  miner  a  partir  du  scr.faa  precedent  des  families  de  orofils  pour  los  vitesses  longitudinale 
et  transversale, et  pour  l’enthalpie  dans  le  can  coapressibla,  on  t'esi  place  duns  des  conditions  de  similitude 
pour  jesquelles  les  derivees  longitudinales  de  ces  profils  pouvent  ®tre  negligees  et  pour  lesquollos  le  systane 
des  equations  (l),  (2),  (3)  et  (4)  se  reduit  h  un  systems  d'equations  dif ferentielles  ordinaires. 


En  ce  qui  concerns  d'abord  1 1  dcoulement  longitudinal,  on  a  d  t  que  1 1  hyoot r.ese  d'ur.  dcpulecent  trar3ver3al 
faible  decouple  seaequatiens  de  liquation  transversale,  et  pc  met,  conotc-tenu  des  express .cns  ds  Tjc  et  <J>  de 
traitor  le  probleme  come  pour  un  ecoulement  bidicansionnel.  On  ranpellera  qu'unt  solution  usynptotique,  valable 
pour  un  sombre  de  Reynolds  tendant  vers  l'infini,  a  .'te  itablie  (ref.  1  et  2)  dans  le  enj  du  fluid*  incompresoi- 
ble.  Basee  cur  1' observation  exoerisentale  de  c ruches  lirites  d'equilibre,  elle  cettait  en  oemre  une  hypothese 
de  similitude  qui  portait  sir  1«  profil  des  viteases  deficitaires  (  Uc_uj/UT  *  fonction  de  y/g  supposee 
indepenaar.c  dc  X  . 

Cette  force  de  similitude  e3t  beaucoup  plus  discutable  dan3  le  cas  general  compressible.  On  peut  montrer 
d'autre  part  qu'aux  grands  nonbres  de  deynolds,  elle  est  en  fait  identique  a  une  similitude  des  u/u *  1  puisque 
la  ddrivee  sui  vent  x  de  UT /u*  tend  vers  0. 

C'est  done  plus  simplenent  1 ' hypothese  de  similitude  localei  /u*  =  fonction  de  y/6  dont  la  ddrivde 
juivant  x  ast  negligee,  qui  a  ete  rctenuc  dans  le  present  trad.:  sent.  De  la  m&ne  maniere  une  similitude  locale 
a  etd  sunposee  applicable  aux  profils  d'erthalpie  totals,  sous  la  forme  hj/hj*  =  fonction  de  y/g 

I'h/nothece  de  similitude  h  faire  pour  1 ' ccoulecent  transversal  est  a  priori  plus  ddlicate  etant  donne  qua 
l1  equation  transversale  prdoente  la  particularite  de  dependre  non  seulement  du  gradient  de  pression  6p /6z  , 
mais  dgalement,  per  Ki  et  Kg,  de  la  geometric  de  la  surface.  Suivant  une  hypothese  utilisde  pour  la  couci.e  limi.te 
laninairc  (rdf.  8),  on  a  pose  cue  la  Vitesse  transversale  dtait  le  produit  d’une  fonction  de  X  par  une  fonction 

<"Y/6  &*«*>■>’($) 

©(x)etant  det.emn.ndo  a  posteriori  pour  satisfaire  a  la  similitude. 


4.2.  -  Solution  et  prcfil3  pour  l'dcoulercrt.  longitudinal  - 

L1  hypothese  de  similitude  r.ur  les  vitessos  et  l'enthalpie  tetaie  reduite  est  done  de  la  forme  : 

±  =?'(!)  et  h l  -q 
u<t  1  {5 J  hi*  y  U/ 

Avec  nos  notations  les  fom.ules  (7)  et  (9)  donnent  pour  le  frotter.ent  et  le  flux  de  chalcur  los  relations  : 

T* 


-  p’YiL  J_  +  £  F*fi.V  pft 
.U,1  ~  We  Rs  P«  UJ  r  J 


Pcu*h 


.  =/q"_  f'c "  yiViL  J_  +  £  £V!f  f 

it  V  hit  Am  pRr  Pt  '  ' 


la  derivation  de  f  et  g  etant  off  etude  par  raonort  a  y/g 

L'hyaotlidse  de  similitude  app?.iquee  aur  d>quation3  (2)  et  (4),  ecrites  pour  un  eooulemert  traravi  real  faible, 
conduit  aux  deux  Equations  differentiejles  or:inaires 


(Si) 

'  _  c’VPv 
lp*u«~ 

JL  p’  y 

Pe '  b 

66  \  b  6u« 
6s  /  +  ue  6s  1 

(A’2-’) 

f-Is-P 

)  u* 

\-  n’Y-^A  . 

f’_y 

P«  '  6 

66  \ 

hi* 

P«ti*hi, 

)  ^  \PtUt 

6s  ) 

(10) 


Les  ad-riveos  de  f,  g, 

l  ds  =  h^  dx  ). 


Tx  ct  <|) 


sent  crises  par  raoi  ort  u  v/6;  s  est  ia  longueur  curviligne  vraie 


(11) 
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la  ri  tease  vernieale  a*  exr.rf.ee  4  parti r  de  X' equation  do  continuity  (l). 


Uu  conditions  311  Unites  utilisees  pour  rssoudre  ce  systtee  sont  le3  conditions  cits  piques  d'ar!.erence  A 
la  paroi  et  d'e”ouie-ent  erterieur  sans  fret  tenant,  A  savoir  : 

er:  ^r  =  0  5  F  ’  -  0  ot  (  g’^hp/hie  (  temperature  imposAe) 

/oua”- _  'frb  P1*  (po.  (flux  do  chaleur  iaoosA) 

en  1=1  :  f’  =  1  (u  =  u,);  g’  =  i(h;  =  h„);  f’^oCl^o) 

0 

Er.  co  qu:.  concemc  les  paracAtreo,  on  no. era  d'abord  que  (ft1,  e"(o)  ou  g'(0),  et  65/6S  qui  ar.paraisaent 
1  priori  sont  er.  fait  des  resultsts  de  la  solution  pour  que  les  conditions  aux  licit es  soient  aatiafaitea. 

Lea  paracetres  indepondants  dAterrirart  Is  fanille  des  solutions  sont  ainei  les  suivsnts  t 

I.'ocbre  de  Reynolds  ;  noobre  de  Kach  Mg 

parnnAtre  ds  gradient  de  pression  3  =  —  ;  enthaluie  ou  flux  de  chaleur  tlB  o*.i  (t)-, 

bs  hit 

Un  pro  raise  de  resolution  nuoArique  du  systooe  des  Equations  (10)  et  (it)  a  etd  Atabli ,  grfee  auq'iel  il 
est  possible  is  determiner  dans  le  cas  general  d'un  fluids  compressible  avec  gradient  de  pression,  temperature 
de  paroi  at  nombre  de  Reynolds  quelconques,  les  profils  4e  vite38e  et  d'enthalpie,  ainsi  que  les  coefficients 
de  frottamont  ot  de  iiux  oe  cha'eur  A  la  p-xoi. 

Un  exeaple  de  l'une  des  families  de  pro  fils  a.nsi  etabliee  eat  dome  figure  1,  pour  un  cas  de  noobre  de 
Kach  a- sez  AlovA,  avec  tram  fort  de  shsle-.ir  (on  s'y  ert  placA  a  un  noobre  de  Reynolds  assez  grand  pour  qu'una 
solution  reel  latent  turbuler.te  soit  ob:.  nuc).  Uni  variation  syatematique  du  paranetre  0  a  pernio  de  couvrir 

la  gamma  complete  des  gradients  de  pression  posi tifa,  de  la  plaque  plane  ^rofil  de  dAcollement.  C-  nctera 

V influence  essentielle  de  ce  gradie.it  c.e  press. .on  sur  la  forme  dea  profile  de  vitesso  ot  d'enthalpxo.  On  obser- 
vere  special  enent  la  defort.  on  eons 'dArnole  da  la  courbe  enthalple-v* tense  (at  en  consequence  la  variation  du 
facteur  d'analogie  de  Reynoleu  Ch/Cf )  pour  laqi  sile  une  relation  lineaire  toe'  *  .res  Aridecnent  en  def.nt  des 
que  l'r.n  s'Acarte  du  cas  de  la  plaque  plane. 

Or  ionnera  (rAf.  9)  les  retultats  obtenus  lors  l'une  variation  systAmatique  du  noobre  de  Kach,  de  la  tempe¬ 
rature  ae  prroi  et  du  paramAtre  de  gradient  de  pression,  en  ce  qvu  eonceme  les  proiils,  lo  frottecent,  uc  fvx 
de  chaleur  et  les  Apaisseurs  caractefxstlques  de  la  couche  linite. 


4.3.  -  Solution  et  profile  pour  l'ecouloment  transversel  - 

L'hypothAse  de  similitude  sur  la  Vitesse  transversals  est  done  e  priori  de  la  forme  W/u$s0(S).t!(y/f ) 
Cependart,  pour  clarifier  la  suite  da  1' expos A  or.  dira  des  maintenant  que  l'Aquation  transversale  de  eimilitvde 
Acrite  avec  cette  relation,  fait  apparaftro  un  paramAtre  K*6/0  ;  or  celui-ci  doit  8tre  constant  pour  qu:  la 

similitude  soit  realisAe,  la  valeur  de  la  constants  etant  d'ailieurs  indifferente.  On  a  ainsi  AtA  amend  finale- 
ment  A  utiliser  pour  la  sinili  ude  transversale  on  orofil  rAduit  dAfini  par  la  fomule  : 

dome  pour  le  frottenent  transversal  : 


Avec  cette  relation,  la  formula  (8) 

-Tr  L  ±+£ 

P8u*k,6  "  Rj  P,  V6/  1  / 


L'hypothese  de  similitude  appliquee  A  l'equation  (3) 
A  1' Equation  dii'fArentielle  ordinaire  : 


Acrite  pour  un  Acouleraent  transversal  faible,  conduit 


f  -Tz  V-^'/Pv  Ppiy  p  [ft  bKj6  6  6u„  K6Vt'/P,  r’*'\l 

(pT^m)  Uue  p;F  f  w+p;  [ta  ir+u;  ^  )\  ',2) 


Les  derivAes  de  t'  et  Tz  sont  prises  par  rapport  A  y/J 
partir  de  1’ Equation  de  continuity. 


La  vitesse  verticale 


Pv/Peu4 


s'exprirae  A 


Les  conditions  aux  Unites  sont  encore  dictees  par  la  condition  d' adherence  A  la  paroi  et  par  celle  d'une 
vitesse  transversale  exterieure  nulle  : 

t’(o)~  t’(1)=0 

Pour  des  conditions  R6,M4)Pethp  fixees  la  distrioution  des  vitesses  longitudi.nales  et  des  enthalpies 
qui  apparaissent  dans  l'equation  (12)  est  dd tend. nee  par  la  solution  des  equations  longitudinales  (10)  et  (il). 
L'dquation  (12)  est  ainsi  lindaire  en  t1  et  fait  apparaftre  un  seul  paramAtre  supplement aire  representant  l'in- 
fluence  du  gradient  de  pression  transversal  et  des  cour ;ures  j 

6  6Kj5  6  du®  ..  « 

E=Kl6  'bT+  ^  fe?-Kl6 

Comote  tenu  des  expi  .-ssiom  dcmee3  pour  Kj  et  K2  (section  2)  le  paranetre  de  gradient  de  pression  transver  ¬ 
sal  pout  encore  s'dorire  : 


E  =  6  —  log  |  K2  6  «Je  h2  j 

Ur.  programme  de  resolution  nunerique  de  1' Aquation  (12)  a  Ate  etabli  et  joir.t  A  celui  qui  permet  de  resoudre 
les  Equations  longitudinales,  de  fafon  A  obtenir  Agalement  les  profils  de  vitesse  transversaux  et  le  frottenent 
correspondent,  ceci  pour  des  valeurs  quelconquea  des  ciuq  parametres  P,E,Rj,Mt  et  Op  (ou  <^p  ).  Appli- 
qud  intensivomont  dans  une  large  gammo  de  ces  parametres,  il  a  conduit  A  tout  un  ensemble  de  rAsultats,  dont  un 
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exenrle  reprcsontA  figure  2  est  relatif  a  un  Acoulement  incompressible  dans  un 

if  modorA, 

11  oet  ir.tAressar.t,  an  pratique  de  remplacer  la  variable  par  une 

n'intervient  plus,  en  faisant  intervenir  les  Apaisseurs  de  deplacenent  longitu 
la  viarable  choisie  est  ainsi  i  „  ,  «  !  ~ 

Sfe-eft-W) /L  k<* 

On  u  observe  que  t'  te?tl  vero  0  quand  E  tend  vers  +  oe>  (Acouleme.nt  transversal  nil);  par  contre  — 
tend  ver3  un  profil  limits  non  nul.  u*  6i 

On  renarque  Agalecent  que  l'on  peut  aboutir,  quand  E  dicroit,  A  de3  profils  dont  le  sens  s' inverse  dans  la 
partie  inierieure  de  la  couche  linite,  phAnooAne  qui  reut  physiqueoent  se  produire  le  long  d'une  ligne  de  courant 
qui  prAserte  un  point  d'  inflexion  ou  le  gradient  de  proooion  transversal  change  de  aigne. 


gradient  de  prossion  longitudinal 


variable  dans  laquelle  Kg  6 
iinalo  et  transvenale  6,  ec  6*. 


(f) 


5  -  Oa-j>AiliISO«  DES  iHOFILS  A  L'  EXP  ..dEHCE  - 


5.1 .  -  Mode  da  Conparaison  - 

On  se  propose  aaintenant, pour  obtenir  un  premier  oontrfile  de  la  validity  de  la  eolutj on  proposAe,de  cajpjrer 
les  r-eultate  auxquels  elle  conduit  a  ceux  de  1' experience.  Notons  bion  qu'il  ne  e!agit  pas  de  calculer  ’.3  deva- 
lopoement  do  la  couche  linite,  maia  de  contrfiler  que  les  profils  expArimentcux  sont  bien  reprceentablee  par  la 
famulle  des  profils  thdoriques. 

I 

La  solution  Atant  relative  &  des  couches  linites  senblables,  alors  que  !•' experience  ne  l'est  pas  a  priori., 
il  est  prefdrabl >  pour  la  comparaieon  enviaagAe  de  renplaoer  les  paranetrea  (3  et  E,  directement  liAs  aux 
propriAtAs  de  1' Acoulement  axtArieur,  par  des  parametres  de  feme  oaracterisant  les  profil3  eux-c&eee. 


Pour  1'  t'coulaient  longitudinal,  on  a  choisi  ainsi  comme  parametre  de  conparaison,  le  fact eur  de  forme 
H  =  6i/Qn.  Le  mode  de  canr.. raison  consists  done  a  donnar  A  Rj  ,  ,  hp  (ou<t>p)  lee  valours  expArimentalee 

puis  A  rechercher  la  vale  it  de  (3  qui  permet  d1 obtenir  dans  la  solution,  le  facteur  de  forme  de  1' experience 
k  laquelle  on  3e  compare. 


Pour  1' Acoulement  transversal,  on  a  choiai  le  parametre  6<tg( \j  qu'or.  peut  foimer  k  partir  de  la  solu¬ 

tion  ;  on  a  en  effet  l 


Le  mode  de  comparaieon  consists  alors,  apres  avoir  determine  les  profile  longitudinaux,  a  rechercher  la 
valeur  de  E  qui  permet  d1 obtenir  dans  la  solution  le  parametre  —  9  0o  <*e  1' experience. 

6* 


5.2.  -  Rear'1, vats  de  la  eomparaison  - 


One  premiere  eomparaison,  relative  k  un  Acoulement  incompressible, a  AtA  effeotuAe A  propos  des  experiences 
de  EAST  et  HOXEi  [l-Af.  10],  Ces  experiences  avaient  comporte  une  determination  detailiee  des  profils  de  viteeae 
longitudinaux  et  transversaux,  pour  la  couche  limits  tridimensionnelle  d'une  plaque  eur  laquelle  est  peed  un 
profil  cylindxlque  ;  la  technique  deorite  prAcAdemment  a  ete  eppliquee  de  fajon  systAmatique  A  oee  reeultats 
expArimentaux. 

Un  exe'.ple  typique  de  la  comparaieon  dee  profile  transversaux  eat  reprAsentA  figure  3  |  il  eet  relatif  k 
une  aerie  de  quatre  profile  (notes  430  -  428  -  426  -  424  dans  la  reference  [to])  montrant  ua  ecouloment  transver¬ 
sals  qui  va  en  e'intensifiant  A  1'epproche  de  la  ligne  de  separation.  Apree  avoir  determine, comme  il  a  AtA  decrit, 
les  profile  de  w5i/u,6j,  les  vitesses  transversales  ont  ete  octenues  en  prenant  pour  les  valeure  expAriaen- 

taloe  Les  profils  sont  donnee  dans  une  representation  ''polaire"  w(u)  •  Mise  A  part  une  lAgfere  incertitude  eur 
le  mi'iii'u  de  w/u* ,  qui  provient  d'une  incertitude  sur  la  valeur  experimentale  de  (30  »  ^is  qui  correspond  en 
fait  A  une  tree  faible  distance  y,  l'aocord  peut  Stre  coneiddre  comme  satisfaieant.  On  oouligncra  que  cet  accord 
demeure  eati3faiearrt  mfine  lor3que  w/u  atteint  des  valeurs  importantes,  bien  que  l'hypothfese  d'un  faible  Acoule- 
ment  transversal  soit  A  la  base  du  rAsultaf  U..rviqu». 


La  ssoonde  eomparaison,  relative  A  ur  4-ouiement  compressible,  a  port 4  sur  las  profile  experimental!!  obtenus 
par  HALL  et  DICKENS  [rdf.  li]  A  la  paroi  lattrale  d'une  tuydre , dormant  lieu  A  des  lignes  de  courant  qui  prAsen- 
tent  un  point  dinflerion  (  Mg  =  1,92,  paroi  vi!  batique).  La  figure  4  montre  la  eomparaison  des  profils  transver- 
■naux  eux  stations  notAes  B26  ,  328,  B30,  B32,  B>1,  B35  dans  la  rAfArence  [  1 1  ] .  Il  est  intAressant  d*  observer  no- 
tnrment  la  dAformation  et  le  changement  de  eigne  dee  profile  apree  le  point  d* inflexion  j  ce  coraportement  est 
effcctivement  indiquA  par  les  profils  dAduits  de  la  solution. 


6  -  EPAISSEURS  CARACTERISTI QUES  ET  FROTTEEENT  - 

Sur  un  Dlan  pratique,  l'utilisation  des  solutions  qui  viennent  d'Stre  prAser.tAes  doit  tendre  vers  la  dAter- 
mination  des  caractAristiques  principale3  de  la  couche  limite,  telles  que  los  Apaisseurs  de  dAplacement  et  de 
quantite  de  nouvemsnt  et  les  coefficients  de  frottement  longitudinaux  et  transversaux. 

A  priori  ces  caracterietiques  sont  dAterminables  dans  le  cas  genAral  au  moyen  du  programme  Atabli  pour  la 
resolution  numerique  dos  equations  (10),  (il)  et  (12)  et  dependant  des  cine  parametres  AnoncAs,  Il  est  Avident, 
que  pour  un  usage  pru  ue,  il  convlent  de  chercher  4  rdduire,  au  moyen  d'-ne  reprAsertstion  convenable,  le  no®- 
bre  de  ce3  parametres  )  il  convient  au3Si  de  chercher  A  remplacer  p  et  E  par  des  parametres  plus  otxmnodAment 
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utiliaahles,  par  eiecple  dans  une  sethoie  integral6. 

Sous  plafart  essentia ller.ent  pour  ce  qui  suit  ions  le  cas  du  fluids  incompressible,  lea  paracetres  ront 
reduuts  a  0  ,  E  et  R$.  Or.  7a  chercher  A  utiliser  lea  propriety  Stabiles  anterieurenent  par  la  solution  asvnpto- 
tique  pour  61i miner  1* influence  du  noebre  de  Reynolds.  On  va  Toir  apparaltre  en  a6ne  tempo  das  parametres  qu.- 
recplacercnt  coasodenent  0  et  S. 


0.1 .  -  Seoul  ^cent  longitudinal  - 


Rappelo.ns  encore  que  dans  le  cas  du  fluids  incompressible,  une  solution  tsyaptotique  a  perria  d'etablir 
[ref.  1  et  2 J  la  facille  deo  profils  de  Vitesse  deficitaires,  irilependants  d  noebre  do  Reynolds,  sous  la  formo 
(ir.u  ) /ut -F'(y/6,)  parametres  a  priori  en  function  de  (f  ,/Tp)  d  p/ds  .  On  a  de,  a  mor.tr6  [ref.  l]  qu’il  etait 
citnode  de  rceplacer  er.  pratique  ce  dernier  paracetre  par  le  factaur  de  forme  du  profil  deficitaire  (paraaAtre 

de  uLAUSSR)  :  G  =  I2/l,  ov«c  I2=/V*d»S  el  I,  V’dt)  ('■!  =  y/6) 


On  a  v6rific  enfir.  que  les  solutions  obtonuea  dans  la  ncuvellc  hypothese  ie  similitude  u/u»  =  F’(y/6)  sont  en 
tree  bor.  accord  avec  les  relations  ddduites  de  la  solution  asymptotique  ;  celles-ci  peuver.t  Sire  utili3ees  peur 
obtenir  los  relations  qui  concernent  les  6pai33eur3  caracteristigues  et  le  coefficient  de  frottenent. 


De3ignar.t  V^/2  par  Y  ,  les  dpaisseurs  de  deplace  cert  et  de  quantity  de  aomscent  sont  alors  donr.6es 
par  les  fe- rules  :  , 

La  loi  er.rirar.t  le  coefficient  de  frotteoent 


64  _  1 

044*  1-G7 


1  ecrit 


7=  -rlogR^+D*  (k=0,4i) 


I]  et  0*  sont  des  fcnctions  de  G  resultant  de  la  solution  asymptotique  ;  elles  ont  pu  @tre  renresentees  [ref.  l] 
oar  des  ferrules  qui  sont  rap  e.’ues  section  6.3. 


6.2.  -  Syulenent  tra-r-versal  - 


0a  la  o&e  maniere  que  pour  1’  ecoulement  longitudinal,  on  a  cherche  k  recplacer  le  paranetre  E  par  un  par.*- 
metre  X  plus  comode  et  q-i  permette  d’eliciner  l'inflience  du  noobre  de  Reynolds  pour  den  fonction3  appropri6es. 
Le  choix  de  ce  paracktre  T  a  etd  dgalenent  dietd  par  l'etabliesenent  d'une  solution  asymptotique  pour  l'ecoule- 
aer.t  transversal  ;  dans  cette  solution  la  variable  deceure  w/u, KjS  qui  est  done  une  fonction  de  y/6  ir.ddpen- 
dante  de  R$  .  Les  profils  asymutotiques  ainsi  ottenus,  oeuvent  Str©  paramdtres  oar  leur  integrale  e'est-e-dire 

X  63 t  ainsi  le  paranetre  transversal  choisi  pour  remplaccr  E. 

On  s'est  linite  dans  les  representations  qui  suivent  k  utiliser  les  solutions  dans  la  gacme  (0  <  T  <+<*>) 
de3  valeurs  de  T  qui  do.-r.cnt  des  profile  sans  changement  de  signe  .  T  =  0  represents  l'eccuieuent  transversal 
nul.  T  =  +  00  peut  repre3enter  un  point  d' inflexion. 

On  a  verifio  dot  des  solutions  dtablies  a  differenta  nombres  de  Reynolds  que  le  profil  dee  vi teases  transver- 
3ales  demerge  :re3  voisin  du  profil  asymptotique,  sauf  a  proximity  de  la  paioi.  En  consequence,  les  dpaisseurs 
integrole3  cr:..ct  '..i.stiques  de  la  couche  lim.te  pouver.t  8tre  eeprim^es  au  meyen  des  resultats  de  la  solution 
asymptotic,-.*:. 


On  doimera  plu3  svecinlerer.t  dcu>:  relations,  ir.teressant  les  6paicseurs  de  deplnce-ment  et  de  quantity  de 
nouveaer.t  trarsvercales  qu'.  apparairser.c  dans  les  equations  globales  de  la  couche  liir.ice.  On  trouve  immediatement 
a  tnrtir  de  la  solution  asymptotique  : 


e<2  cr  t1h-i 


av«c  -~ 


GT 


/Wdr, 


et 


Jo  tlZdT| 


a:.  re 


J«n  fcnctions  <i>,  et  4*2  sont  reprosc-nteeo  figure  5.  Observons  qu'on  aurait  <J>4  =  =  1  pour  u.  prefil  lind- 

WrC(u.Ujj  .  Leo  fcnctions  s'ecartcr.t  en  f  t  i  t  a3sez  peu  de  l'unitc  specialemer.t  an  gradient  de  ire3sion 
pcciti*.'  et  loujque  f  tend  vers  0  (ccoulement  transversal  nul).  Ces  resultats  rejoignent  done  en  ’.rai ique  les 
o-j.y ’".’itiony  crperinont;ile3  aites  par  JOiCISTON  [ ref.  12 j. 


La  validity  des  rolations  preeddenten  a  etc-  ccntrJldc  au  moyen  d'une  coaparaisor.  aux  rirultats  exn^rimsntaur 
de  EAdf  et  HOXEY  (ref.  10)  et  de  CIKPSSTY  et  HEAD  [ref.  13j  }  la  figure  6  montre  ainsi  un  bon  accord  entre  lea 
valours  ccsurocs  do  52/04£  et  1c:  valeurs  calculdes,  <Stant  d.etemind  en  fonction  du  G  et  du  T  qui  rearltent 
des  valeurs  oxpe'rijaonialco  do  64,6*4,61  ,<r  V  .A  titre  compaiutif  on  a  dgalenent  portd  figure  6  la  ccxnpa- 
ruisor.  du  5i/Q12  experlaer.tal  a  colui  qui  reoulterait  d'un  profit  de  EAGER  W/u  -  ig  P0(l  -  y/6 [r6f.  1 4] 

L  ;  robie: .e  se  preoente  do  fa^cn  plus  delicate  pour  1* angle  limite  0O  qui  depend  evidecrent  du  comporte- 

ner.t:  a  :  i'OXi:..ite  do  la  paroi. 
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Considdrons  ci-centre  1' allure  scb&iati- 
que  des  nrofijj  t’(P')  obtenus  pour  3  et  T 
fixds  quand  Rj  augoente  vers  1' inf  ini.  Les 
solutions  montrei.x  que  leurs  pertes  k  la  parol 
convergent  pratiquecent  en  un  point  da  cooiw 
donndea  <J>1  «t  lesquelles  sont  fono- 

tione  seuiecent  de  3  et  ?.  On  en  ddduit 
alors  laadjiatepent  que  la  loi  pour  1* angle 
Unite  eat  de  la  foroe  : 

ig0o_  -1MG,T) 
k26  "  1  -  V«4>2  (GJ  ) 

On  pourra  preferer  utiliser  pour  la 
ecopa.aison  a  1* experience  ou  dani  une  cathode 
integrals  une  relation  pour  (J0  /6i  ; 

eelle-ci  peut*  s’dcrire  final. neat  : 


f9  0o= 


-6t/6d 

G,  GH  . 

V-  77-7 -C* 


H-1 


(13) 


ovec  Gj  =  ■— 


<J)iT 

$iT« 


£,  et  Ci  sont  done  e^aienent  deux  functions  ae  G  et  T  foumics  par  le3  solutions  asyuptotiques.  Dos  forau- 
les  represent  _v.  los  resultats  obtenus  pour  ees  deux  fonctions  sont  donnees  section  6.3. 

La  valici te  de  cette  relation  pour  le  frotteeent  transversal  a  e.qaienent  ete  cor.trftlee  au  ooyen  d'une  cocpa- 
rai3or.  nux  resultats  expdriner.taux  des  references  [  10 j  et  L'3J.  La  figure  7  aontre  sue  les  valeurs  mesurres  de 
p0  sor.t  er.  bon  accori  avec  celles  qui  resultant  d’une  application  de  la  relation  (l 3)  utilisant  les  valeurs 
expericor.tales  ie  6,  ,  t»n  ,  6*  it  If  .  A  titre  cocparatif  on  a  djai  orient  poite  la  cocpa:ui3on  du  0O  experi¬ 
mental  a  colui  qui  resulterait  de  l’utilisation  d'un  prefil  de  VMisS.  ;  l'acccrd  ect  assez  bon  avec  ie3  experien¬ 
ces  de  HEAL  et  CLKPSTY  effectuees  &  un  noebre  de  Reynolds  Rgi.  de  l’ordre  de  5  000  ;  le  prefil  de  HAGER  donne 
rur  cor.tro  ies  0O  tres  differonts  de  ceux  obtenus  k  un  noebre  Reynolds  Rg,,  de  l’ordre  de  50  OCO  Dar  EAST  et 
H0X17. 

La  foreule  que  I'on  propose,  secble  one  presenter  l’avantage  de  tenir  cnopte  d’une  influence  inportante  du 
noebre  de  Reynolds  sur  1’ angle  licite  0O  . 


6.3.  -  Rovue  dec  resultats  rratiques  - 


En  rOuune  on  a  vu  que  les  enaisseurs  caracteri.itiq.jes  do  la  couc'-.e  lirjte  et  les  coefficients  dc  "rot  tenant 
Deuvcr.t  @.r  .  ox.-iriy.es  cn  flride  incompressible  ii  r.artir  deo  relations  qui  font  intervenir  dec  fonctions  p'.o  -ltant 
das  solutions  asys- totiques. 


Pour  1’ecoulcrcr.t  lorvritudinal,  les  era  is  sours  caraetcristiques  et  la  loi  de  frotteeent  o'ecrivrit  : 


£=11* 


H  = 


;  y  =  -f  |Q9  ^  +  D# 


i-GY  5  Y  k 

On  a  nontre  ogalcr.cr.t  [ref.  ij  que  .Ventralnenent  du  fluide  exterieux  par  la  couche  linite  eat  do  la  fonr.e 


(  Y  =VCF*/z 

avec  /  ' 

[  k  =  0.41 


d6_^  _  pv 

ds"u*~  ' 

If,  >  et  ?  sont  den  fonctions  de  G  (parametre  de  CLAUSES)  pour  lcsauelles  peuvent  @tre  utilisdes  les  for- 
nulos  no  reprds  ;:.tation  suivantes  : 

I,  =  0,613  3  -  (3.6  +  76, fc6  (l/G  -  0,154 )2^  ’^G 

D*  =  2  G  -  4,25  3?  +  2,12  (pour  G  <  300) 

P  =  0,074  0  -  1 ,0957/G 


Pour  1 ' eooulor.cnt  tr  nsvcrsal,  les  ranports  d'epaissours  caracteriuxiques,  ct  ia  loi  de  frotteuv.  ont  dtd 
cases  ecus  la  for..e  : 


H 

Fm  ’ 


=  ijll 
IT  Y  H 


*93,= 


-Sit  / 6 


GH 

H-1 


1 


~e2 


4*1 >  $1  >  6-i  Cz  r  or.t  dcs  fonctions  de  G  et  de  T  =-(6i/6)/kj6chcisi  come  pur  ace  t  re  transversal  et  dor.t  on 
considers  la  variation  dans  la  ;a-x.i  C  <  T  <■  +  o»  . 

Loo  f'cr.ctions  4>1  et  <£> j  sor.t  re- resentees  fi/pure  5. 

I/Os  fonct.ono  st  Cl  pouvent  t-tro  roprdsor.tdcs  par  les  foroulos  ; 


Cj=  e/(£+i/li) 

c=2I,/T 


-<,=  20,61  J/fe* 

f  OH75C0’*^) 

-<  2 =(e  +  0,317^/(2,21  +-0,423  e)+0,856.10  '  1 

«<3  =  (2,26Gz-6,3  g)/2I* 
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?  -  coiicuBio;;  - 

V utilisation  du  schema  ae  longueur  <le  melange  preoose,  dans  la  aet^imnation  de  solutions  secblablcs,  a 
:«rcis  d'etablir  un  enmeable  de  resultats  relatifs  aux  couches  Unites  turbulentes  tridinensiomelles,  rosultats 
qui  aettent  or.  1  unit’ re  l'influence  des  faoteurs  esser.tiels  intcrv-nar.t  dans  le  ddvelopne:-.ent  do  eca  eouches  Unites 
line  com-araisor.  satin! aisar.te  de  ees  r-.sultats  tr.3ori.pias  a  soux  ic  l1 experience  a  -itt  r.alisee,  noiamment 
er.  ce  aui  conceme  le  profit  des  vitesses  trarsversales.  II  est  a  noter  cue  les  families  tie  orofils  determines 
par  los  solut.ons  secblent  en  fait  susceptibles  de  repr5ser.ter  correetemcnt  Its  profils  experiment uux,  mfine  dans 
des  o.is  oil  l'ccoul_ar.t  transversal  ne  pcut  plus  Stre  considere  corie  faifcle  devant  l'eeouler.er.t  longitudinal. 

ilea  lois  pratiques  pour  les  c-paissours  earaeteristicues  de  Is  eouche  Unit;  ?t  rtur  los  deux  coefficients 
d'i  fr.'tto-f.rt  ent  eu  Stre  duduites  des  solutions  etablics.  211es  fort  intorvonir  deux  ara’.otros  representant 
1*  influence  du  gradient.  de  aressicr.  longitudinal  ot  du  gradient  transversal  ;  elles  or.t  egalcc.cr.t  l’avsntaje  de 
tenir  cotirta  d’unn  influence  a.treciable  du  nottbre  de  Reynolds  but  1' angle  Unite  (J0  ;  donr.ees  ici  pour  le 
fluide  incoitpre.-sible,  leu-  extension  au  eas  compressible  est  er.  cour3. 

On  dispose  er.  fin  de  eorrte  de  result  eta  qui  soablent  touvoir  .o'.-mir  les  hyoothes;3  cahdrer.tcs  et  raison- 
natles  spuhaitees  dans  l'etobliacc..ent  i'ur.e  methods  in.tegrale  de  caleul  des  couebcs  Unites  tridine.-sionnelles. 

Une  telle  nethode  a  on  fait  6t  cine  au  point  et  a  deja  conduit  a  dec  rfsultats  rrouotteurs  dons  differ  ntes 
applications. 
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A  CALCULATION  KBTHOD 

FOR  THHEB-DIMESSIONAL  INCOMPRESSIBLE  TURBUIHiT 
BOUNDARY  LAYERS 

t., 

F.  Seeselin*  and  J.P.F.  LLndbout 
National  Aerospace  Laboratory  NLR,  Amsterdam,  Netherlands 


summary 

A  system  of  partial  differential  equatlone  which  can  be  ueed  as  a  mathematical  model  for 
three-dimensional  incompreeeible  turbulent  boundary  layers  ie  diecueeed.  Certain  mathematical  pro¬ 
perties  of  theee  equations  are  elucidated.  The  equations  have  a  finite  domain  of  dependence*  thie 
fact  considerably  simplifies  tbe  problem  of  calculating  three-dimensional  boundary  layer  flowe. 

The  equations  are  solved  numerically  by  means  of  a  simple  linear  explicit  finite  difference 
soheme .  The  choice  of  an  efficient  difference  scheme  is  guided  by  two  well-known  oriteria  for  the 
stability  of  linear  difference  echemer.  with  constant  coefficients.  The  method  is  not  restricted  to 
small  cross  flow,  or  to  flows  under  Infinite  ewept  wing  conditions. 

The  method  ie  used  to  calculate  several  experimental  flowe.  The  agreement  between  the  com¬ 
putational  and  the  experimental  results  Is  found  to  bo  encouraging,  although  there  is  room  for  im¬ 
provement  . 

Computation  times  were  found  to  be  quite  eoeeptable. 

1.  INTRODUCTION 

Ae  hae  been  amply  demonstrated  at  the  1968  Stanford  Conference  on  Computation  of  Turbulent 
Boundary  Layers  (Ref.  1),  the  engineer  who  wishes  to  calculate  a  two-dimensional  incomprssdible 
turbulent  boundary  layer  has  eeveral  methods  of  sufficient  accuracy  at  hie  disposal.  Some  aspects 
require  further  attention,  euoh  as  the  effect  of  streamline  curvature  on  the  turbulence  structure, 
but  in  moet  situatione  tbe  remaining  uncertainties  do  not  seem  to  constitute  a  source  of  large  in¬ 
accuracies.  Because  two-dimeneioi.al  boundary  layers  can  now  be  calculated  In  a  more  or  less  satis- 
factory  way,  and  becauee  present-day  computers  poasese  euffioient  computing  capacity  (se  is  shown 
by  Refe.  2  and  ;  and  by  the  present  paper),  the  time  seems  ripe  for  the  development  of  methods  to 
fulfill  the  practical  need  for  three-dimensional  turbulent  boundary  layer  calculations  on  a  routine 
basis. 

Boundary  layer  calculation  methods  may  he  divided  into  two  olaeees:  differential  and  integral 
methods.  Differential  methods  have  the  number  of  independent  variables  equal  to  the  number  of  space 
dimensions,  and  enable  the  flow  to  he  computed  in  detail.  Integral  methods  have  one  Independent 
variable  leee,  and  do  not  permit  to  predict  the  flow  in  detail,  but  give  certain  functionals  of  the 
solution,  such  ae  akin-friction  and  displacement  thickness.  In  the  two-dimensional  case,  there  are 
differential  ae  well  as  integral  methods  that  give  good  results  (Ref.  l).  Leaving  out  of  considera¬ 
tion  methods  for  flows  with  small  croeeflow  or  flows  with  variations  in  two  epace-directione  only 
(quasi-three-dimensional  flows),  a  three-dimensional  differential  method  (Ref.  2)  and  a  three-dimen- 
elonal  integral  method  (Ref.  3)  were  recently  published.  It  is  generally  held  that  in  two  dimensions 
differential  methods  are  much  more  computer  time  ooneuming  than  integral  methods,  hut  in  our 
opinion  it  ie  likely  that  lurther  numerical  analyeie  will  make  it  possible  to  increase  the  efficienoy 
of  differential  methods  appreciably.  At  the  present  time  it  seeme  diffioult  to  say  whether  in  three 
dimensions  the  difference  in  computing  time  between  differential  and  integral  methods  will  he  appre¬ 
ciable  or  not.  Generalizing  integral  methods  from  two  dimensions  to  three  seems  to  require  more  addi¬ 
tional  empirical  input  then  the  extension  of  differential  methods  to  three  dimensions.  At  any  rate, 
at  the  present  stage  of  development  cf  three-dimer.oional  boundary  layer  calculation  methods  a  die- 
oueeion  of  advantages  and  disadvantages  of  integr?  I  h.s  oompared  to  differential  methods  eeems  pre¬ 
mature  . 

The  preeent  paper  presents  a  differential  method,  which,  like  the  method  of  Nash  (Ref.  2), 
ie  based  on  an  extension  to  three  dimensions  of  the  two-dimensional  Reynolds  stress  equation  put 
forward  hy  Bradshaw  et  al.  (Ref.  4).  No  additional  empirioal  input  la  necessary.  The  resulting  equa¬ 
tion  is  different  from  the  Reynolds  atreee  equation  employed  by  Nash,  hut  identical  to  the  equation 
proposed  by  Bradshaw  (Ref.  6).  A  numerical  method  for  the  ablution  of  the  resulting  equatlone  is 
described.  The  results  are  compared  with  eeveral  experiments,  end  with  results  obtained  by  Naeh  (Ref.  2) 
and,  for  quasi-three-dimeneional  flowe,  by  Bradshaw  (Ref.  6). 

2.  A  SEMI-EMPIRICAL  REYNOLDS  STRESS  EQUATION 

For  boundary  layere  on  non-developable  surfaces  the  equations  have  to  he  written  down  in  curvi¬ 
linear  co-ordinates.  Thie  can  be  done  moet  conveniently  with  the  aid  of  tensor  notation.  The  reader 
not  familiar  with  '  ensc~  analyeie  may  think  of  the  equations  as  written  in  Cartesian  oo-ordinatee  by 
making  no  distinction  between  super-  and  subscripts,  by  interpreting  the  subscript  ,J  as  and  the 
metric  teneoi  gu  as  the  Kronecker  delta  S;:  ,  and  hy  summing  ove:  indices  that  are  repeated  in  a  pro¬ 
duct.  Cartesian  io-ordinatss  can  only  he  used  for  boundary  layers  on  developable  surfaoes.  The  nume¬ 
rical  scheme  and  the  computational  results  to  be  deeoribed  later  in  this  paper  will  be  reetrioted  to 
such  surfaces. 

The  co-ordinates  are  chosen  orthogonal  and  suoh  that  the  surfaoe  to  whioh  the  boundary  layer 
is  attached  is  given  by  xg  ■  0,  aad  that  normals  to  thie  eurfaoe  are  giver,  by  x\  •  x^  ■  0.  Henoe,  x? 
measures  distance  along  normals  to  the  eurface.  Apart  from  the  preceding  conditione,  the  oo-ordinate 
ayetem  dose  not  need  to  be  precisely  defined  at  this  stage.  It  may  or  may  not  be  a  streamline-oo-ordi- 
nate  system.  The  ij-co-ordinate  is  ohoeen  roughly  hut  not  neoessarily  preoieely  parallel  to  the  i»- 
viecid  streamlines  at  the  edge  of  the  boundary  layer.  Latin  indices  will  have  range  ( 1,2,3 >  ,  Greek 
indices  have  range  Jl.jj.  ’ 

In  turbulent  boundary  layere  the  stress  ie  dominated  by  the  eo-oalled  Reynolds  etreae*  exoept 
very  close  to  the  wall  the  viscous  etrees  ie  negligible.  From  the  Navie.'-Stokee  equatlone  the  exact 
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equation  fcr  the  Reynolds  etress  follows  in  a  straightforward  way  (see  e.g.  Hef.  7).  This  exact  equa- 
'  •..n  should  distinguished  from  the  semi-empirical  appioxiaations  which  will  be  discussed  here¬ 
after.  The  exact  equation  for  the  Reynolds  etress  -  <u|tua'>takes  the  following  fojm  in  the  boundary 
rayer  approx' o-ationi 


U><upiuz>.j 


(l) 


The  s.mbol  <•>  denotes  an  average.  Small  letters  denote  turbulent  f luctuations ,  capitale  averaged 
quantities.  The  tars  at  the  left-hand side  represents  advectlon  of  Reynolds  stress,  the  firet  term 
at  the  right  represents  production,  the  second  dissipation  and  the  third  interaction  be twee-  rate  of 
strain  fluctuations  and  pressure  fluctuations.  The  viscous  dissipation  term  has  been  omitted  because 
it  is  almoet  negligible.  Eq.  (l)  cannot  be  used  as  it  etands,  because  of  the  "closure-problem",  which 
is  at  the  heart  of  the  difficulties  connected  with  the  understanding  of  turbulent  flowet  Eq.  (1) 
contains  unknown  quantities  <UaU.g>  ,  <Tuaiutcola>  ,  etc.  Theee  unknown  quantities  will  be  replaced  by 
expressions  involving  only  <uxcf|>und  'Jj  by  means  of  semi-empirical  assumptions. 

For  the  calculation  of  two-dimensional  boundary  layers,  Bradshaw  et  al.  (Ref.  4)  have  with 
good  results  made  uee  of  the  following  approximation  to  Et  .  (l)i 
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where  a,  0  end  L  are  empirical  functions,  arid  ii  is  the  maximum  of  <  UjU2>  for  a  given  value  of  xp. 

It  is  assumed  that  <U.,Ux>ie  negative  throughout  the  boundary  layer.  The  first  term  at  the  rigkt- 
handside  of  (2)  is  an  approximation  of  part  of  the  production  term  in  (l),  the  eecend  approximates 
the  diffusion  term  and  the  third  approximates  the  rate  of  strain-preseure  interaction  term  and  part 
of  the  production  term.  Because  it  tends  to  decrease  -  <u~,Uftthe  last  term  will  henceforth  he  re¬ 
ferred  to  ae  the  dissipation  term.  For  a  motivation  of  Eq.  (2;  the  reader  is  referred  to  Ref.  4. 

For  three-dimensional  boundary  layers,  Eq.  (2)  hae  to  be  replaced  by  two  equations  for  the 
two  equations  for  the  two  relevant  components  <-UgUj>  of  the  Reynolds  stress  teneor.  Sinoe  turbu¬ 
lence  ie  inherently  a  three-dimensional  phenomenon,  the  stiucture  of  the  turbulence  in  two-dimen¬ 
sional  boundary  layers  does  not  differ  in  an  eesential  way  from  the  structure  in  three-dimeneional 
boundary  layers,  so  that  Eq.  (2)  may  be  taken  ae  a  point  of  departure  for  the  derivation  of  a  three- 
dimensional  ehear  stress  equation. 

One  way  to  generalise  (2)  to  three-dimensions  is  to  interpret  thie  equation  ae  an  equation  for 
the  magnitude  of  the  two-dimensional,  vector  {Of  course,  the  Reynolds  stress  is  a  teneor, 

but  in  the  boundary  layer  approximation  it  behaves  like  a  two-dimen eional  vector).  Unfortunately,  it 
ie  difficult  to  assign  a  direction  to  this  vector.  One  ie  tempted  to  take  the  same  direction  as  uead 
in  the  eddy-vlecosity  methods,  i.e. 


u»,a/‘'vji  •  (3) 

Thie  approach  is  follows  by  Naeh  (Ref.  2).  However,  experiments  show  that  (3)  does  not  always  hold. 
Another  approach  ie  to  generalize  Eq.  (2)  to  a  vector  equation,  assigning  directions  to  the  various 
terms.  This  strategy  has  been  followed  by  Bradshaw  (Ref.  6),  and  will  also  be  followed  here. 

For  a  study  of  the  pressure-strain  rate  interaction  term  it  is  useful  to  write  down  the  equa¬ 
tion  for  the  pressure  fluctuation > 


P,Ll  =  -  *  Uti  u!|-  4  *  <u‘j  «* > 


The  solution  of  this  equation  may  be  written  as 


(4) 
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P  (**) - -JJJg  (*«  .y*)2  u  f  (^)  u; .  (^)  ay ,  , 

D 

fh) “  iff  G  { u^(fo)  4t(^}  -  <  “ft'1 **)>}  ( 3 } 

p-f’+tft'y  Ityl* 


Here  0  is  the  Green's  function  for  the  Laplace  equation  in  the  domain  B,  which  is  the  boundary  l^yer. 
In  an  infinite  domain,  0  would  be  equal  to  IXft'ftti/'TO  •  The  pressure  has  been  split  up  into  two  partei 
pO)  is  due  to  interaction  between  turbulence  and  mean  flow,  jW  results  from  turbulence-turbulence 
interaction. 

First,  it  will  be  tried  to  assign  a  direction  to  the  preseure-strair.  rate  interaction  term  in 
(1).  For  >  one  finds 


>  -  -  zIJJ$ u!i (»*)<  HVv (6) 

The  main  contribution  to  the  integral  cores  from  eddlee  of  which  the  length  ecale  ie  the  dissipation 
length  parameter  A  as  defined  by  Towneend  (Ref.  7>  P . 47  / •  For  high  enough  Reynolds  number  A  is  much 
smaller  than  the  scale  of  the  energy  containing  eddlee  (i.e.  the  boundary  layer  thickneee).  This  means 
that  the  eddies  that  dominate  (6}  are  to  a  good  approximation  homogeneous.  One  tksn  hae 
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where  for  brevity  the  co-ordinate  system  has  been  assumed  Cartesian,  so  that  terns  involving  Christoff  el 
symbols  do  not  appear,  duoatitution  of  (7)  in  (6),  repeated  partial  integration  and  application  of  the 
boundary  layer  approximation  results  in 


<  (*#)**, *»*#)> - zjfJ<  u5 ^ eLt,diiaii(8) 

D  >  7i 


p 

The  integrals  are  Cauchy  principal  value  integrals,  ’.*ith  the  reasonable  assumption  that 
is  parallel  to  Ox^x^c^x^j),  ,  the  same  is  true  for  <j^u.g  .  The  direction  of  is  not 

evident  from  (9).  Because,  as  vail  be  discussed  shortly  ,  there  is  evidence  that  part  of  the  pressure- 
strain  rate  interaction  term  is  in  the  direction  of  the  velocity  gradient,  perhaps  ^  ia 

parallel  to  2  .  ’ 

A  detailed  study  of  the  presBure-atrain  rate  interaction  term  has  been  made  by  Botta  (Ref.  8). 
He  substitutes  a  Taylor-aeries  for  U*.  (u*l  around  tho  point  y^.  =  x.  and  obtainea  a  result  of  the 
following  form:  ,l  ’ 


If  the  coefficients  and , 
ti1'..  -  V  hut.  tV^  a  Hngg 


of  <p  'us  >  ,  but  this  doe&"  not  seem  easy  for  the  non-isotropic  eddy-structure  of  1 
o  that  wdTwill  rely  on  (8)  and  (9),  for  guessing  the  direction  of  (u^ 

<£’**' )>  Rotta  obtains  by  physical  reasoning  the  following  result t  ’  ’ 


tj  could  be  estimated,  (10)  would  giv< 


(10) 


lL  ond{.r  could  be 'estimated ,  (10)  would  give  information  about  the  diraotion 
this  doeanot  seem  easy  for  the  non-isotropic  eddy-structure  of  length  ecala  X  , 

For 


<f’  us,«0  >  = 


(11) 


The  same  reasoning  that  was  used  to  obtain  Eqa.  (8)  and  (9)  oan  bo  applied  to  ■*•*,»)>  t 

one  then  finds  this  term  to  be  parallel  to  a  third-order  moment  of  the  velooity  fluctuation.  This 
result  is  not  very  useful.  Assuming  Eq.  (11)  to  be  accurate,  <to**)(a,  „+U.  v  is  tat. an  to  be 
parallel  to  <u-xa$. 

Aooording  to  the  preceding  disouseion,  the  pressure-strain  rate  interaction  term  is  for  a  large 
part  parallel  t-<  'U^U^.  Apart  from  the  diffusion  term,  which  is  Bmall,  Eq.  (l)  then  has  a  right-hand- 
side  with  a  contribution  parallel  to  the  velocity  gradient  equal  to  - <u.*u.t>  =  -1.1  |<u^ap> JSl^  In 

the  two-dimensional  case,  this  is  equal  to  1.1  <U1u.2>U1,,  instead  of  0.3<u.UjS,  as  in  Eq.  (2)  with 
a  »  0.3*  This  is  one  of  the  reasons  lor  which  Bradshaw  (Ref.  6)  postulates,  that  the  pressure-strain 
rate  interaction  term  consists  of  two  parts,  one  of  which  is  parallel  to<u^ua>,  whereaa  the  other 
equals  0.8  Bradshaw  notes  tbat  some  support  for  this  assumption  is  provided  by  an  exact 

solution  for  the  asymptotic  case  of  a  large  scale  strain  rate  applied  to  a  small  scale  isotropic  tur¬ 
bulence  field  derived  by  Crow  (Ref.  9).  Thie  point  of  view  oan  be  ocnoiliated  with  the  results  iust 
obtained,  if  it  ie  hypo  t,  a  si  zed  that  is  parallel  to  g.  Because  Rotta'a  study  and  tho 

conclusion  drawn  here  from  Eq.  (8)  are  not  rigorous,  and  beoauee  Crow'e  solution  is  not  strictly  vslid 
for  boundary  layers,  there  remains  a  considerable  degree  of  uncertainly  conoeming  the  behaviour  of 
the  pressure-etrain  rate  interaction  term. 

Fortunately,  for  the  assistant  of  a  direction  to  the  dissipation  term  in  (2)  the  knowledge 
that  part  of  the  preasure-t train  rats  interaction  term  ie  parallel  to  the  shear  stress  is  suffioient. 
The  dissipation  term  in  (2)  must  then  be  taker,  parallel  to  the  shear  etress,  beoause  there  can  be  no 
doubt  that  the  other  term  in  (2)  which  represents  part  of  the  pressure-strain  rate  interaction, 
namely  the  production  term,  is  not  parallel  to  the  shear  stress,  but  parallel  to  the  velooity  gradient 
(see  Eq.  (l)).  Hence,  the  dissipation  term  in  (2)  oan  be  generalized  to  three  dimensions  as  follows: 


Dissipation  term  ■■ 


<'u-au’oc>’l  <uau/3>!  /(-* 


(12) 


The  diffusion  term  in  (1)  can  al3o  be  transformed  with  the  uso  of  Eq.  (5)  and  by  partial  inte¬ 
gration.  One  obtains,  in  the  boundary  layer  approximation, 


Again  assuming  < )}to  be  parallel  to  S  is  also  found  to  be  parallel  to 

this  vsctor.  Similarly,  i3  found  to  be  parallel  to  a.bfrd  order  velooity  fluctuation  moment, 

which  result  cannot  be  used.  For  wont  of  a  better  assumption,  i*  taUen  to  be  parallel  to 

,  which  may  be  expected  to  dominate  the  diffusion  term  anyway.  Thus,  one  has  the  following 
generalization  of  the  diffusion  term  in  (2)« 


;  M  =  wax  . 


Diffusion  term 


(14) 
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The  production  tern  in  (1)  is  obviously  in  the  direotion  of  ■;  . 

It  is  now  possiole  to  r.-lte  down  the  following  thiee-dimensioniil  gansralisation  of  (2),  re¬ 
placing  -  <u^U|t>  by  the  aymbol't^  i 

.h«.  |T!*jfsT,!i14 

The  same  shear  etrees  equation  hae  also  been  arrived  at  by  Bradshaw  (Hef.  6}  by  a  different 
wv  of  reasoning.  Psrhaps  the  fact  that  different  trains  of  thought  lead  to  (15)  ie  encouraging. 

3.  DISCUSSION  OP  EQUATIONS  AND  BOUNDARY  CONDITIONS 

The  equations  to  be  used  here  as  a  mathematical  model  for  three-dimensional  turbulent  boundary 
layers  are! 


U*.  =0, 


(16) 

(17) 

(18) 


where 
in  the 


Q„  »  U^Uj^l  c  *  ^qs.  (16)  and  (17)  nay  be  combined  suoh  that  the  unknowns  are  differentiated 
same  direction: 

(19) 


wherey^pi (^+afc|)*4, f>.  aM{/2fe,  IJ^-  'Vp* (t>%-a.|<r|)*  R“^^+£^  »%=|up|^=s- 


T 


i.  fl8)  and  (19)  it  is  clear,  that  the  equations  are  hyperbolic.  There  are  throe  characterie- 
l.  (19)  8 hows ,  that  the  bi-characteristics  which  together  form  one  characteristic  are  tangent 


vrom  Sqs. 
tic3.  Eq.  ,  . . 

to  the  vector  (l|Tnlft/Ut)  ,  and  that  the  bi-charaoteristios  of  a  seoond  characteristic  are  tangent  to 
the  vector  .  Note  that  the  orthogonal  projections  on  the  surfaoe  of  these  bi-oharaoteris- 

tics  coinoide  with  the  orthogonal  projection  of  the  veloolty  vector.  The  x-  or  ths  r-uierivative  may 
be  eliminated  from  (18)  with  the  use  of  (19),  whioh  ehows  that  normale  to  the  surface  are  also  bi¬ 
characteristics. 

It  is  of  interest  to  investigate  what  the  region  of  lnfluenoe  of  a  given  point  is.  The  fore¬ 
going  hyperbolic  system  is  not  symmetric  and  the  characteristics  have  points  of  oontact*  therefore 
a  general  theory  concerning  eiistence,  uniqueness  and  domain  of  dependenoe  of  solutions  is  not  avail¬ 
able  (Ref.  10,  pp.  618,  676).  Ore  possibility  is  that  a  perturbation  applied  to  a  solution  in  a  given 
point  P  propagates  along  the  bi-characteristics  through  P  without  spreading  to  other  bi-characteris¬ 
tics  (Pig.  ]^0).  Another  possibility  ie  that  the  perturbation  spreads  to  all  bi-charaoteristios  that 
contain  a  point  or  intersect  a  region  where  the  perturbation  is  present*  as  a  consequence,  the  in¬ 
fluence  of  a  perturbation  in  P  is  present  in  the  wedge  which  contains  all  bi-characterletios ,  or, 
equivalently,  all  velocity  veotors  through  the  normal  on  the  body  surfaoe  through  F  (see  Pig.  ]($). 

In  the  first  case  the  region  of  influencs  of  a  given  surface  element  is  as  depioted  in  Pig.  l(o),  in 
the  second  case  as  drawn  in  Pig.  1(1).  In  the  second  oase  the  domain  of  dependenoe  ie  smaller,  and  is 
identical  to  the  domain  of  dependence  for  the  1 hree-dimensional  laminar  boundary  layer  equations,  as 
derived  heurlstically  by  Raetz  (Ref.  11).  Ab  long  as  it  is  no.  known  whioh  of  the  two  possibilities 
sctually  occurs  it  seems  best  to  confine  the  calculations  to  ms  smaller  one  of  these  two  domains, 
because  one  can  then  be  sure  that  the  initial  data  completely  define  the  solution  in  this  domain, 
and  because  one  saves  computational  effort.  Raetz' e>  influence  principle  may  be  formulated  as  follows. 
Initial  data  given  on  an  arbitrary  surface  S  d3fine  the  solution  completaly  in  a  finite  domain  of 
dependence,  which  is  bounded  by  S  and  by  surfaces  generated  by  normals  to  the  body-surface,  whose 
intersections  with  the  body  surface  are  in  every  point  P  tangent  to  the  projection  of  that  stream¬ 
line  through  ths  normal  in  P,  which  makes  either  the  largest  or  the  smallest  angle  with  the  undisturbed 
stream  of  all  streamlines  through  ths  normal  in  P.  Pig.  2  may  be  helpful  in  understanding  this  defini¬ 
tion.  In  Fig.  2,  tan  8  ■=  max  Uj/U^,  tan  Y  «  min  U^/Up. 


Intuitively,  one  expects  the  influence  principle  to  be  not  just  a  property  particular  to  the 
semi-empirical  system  of  equations  adopted  here,  but  to  have  wider  significance.  For,  whether  a  bound¬ 
ary  layer  be  laminar  or  turbulent,  one  expects  transport  of  the  properties  of  the  flow  to  be  due  to 
two  affects  only  in  the  boundary  layer  approximation!  (i)  convection  tlth  the  flow,  and  (ii)  diffusion 
perpendicular  to  the  surface.  If  this  is  admitted  as  fact,  the  influence  principle  immediately  follows. 

The  influence  principle  is  of  great  pr-ntieal  importance.  Suppose  for  instance  that  one  wishes 
to  calculate  the  laminar  boundary  layer  in  a  point  P  (Pig.  3)  which  ie  in  ths  vicinity  of  a  portion  of 
tha  body  for  which  boundary  layer  calculations  are  difficult  to  perform,  suoh  as  the  wing-fuselage 
junction,  or  a  discontinuity  due  to  a  defleoted  control  surface.  According  to  the  influence  principle, 
the  boundary  layer  in  P  oan  be  oaloulated  without  computing  t^e  flow  in  the  more  diffioult  regions, 
as  long  as  these  are  outside  the  domain  of  dependenoe  of  P,  Furthermore,  in  experimental  investiga¬ 
tions  the  measurement  of  flow  conditions  in  J  given  point  P  ie  only  relevant  if  the  flow  is  also 
measured  in  an  upstream  region  of  which  the  domain  jf  dep  ndves  contains  P.  Otherwise,  the  flow  in 
P  cannot  be  predicted  by  calculation  methods . 

The  initial  and  boundary  conditions  will  now  be  oonsidered.  In  order  for  the  problem  to  be 
well-posed  as  a  Cauchy  initial  value  problem,  and  should  b„-  given  on  a  surfaoe  which  is  nowhere 
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tangent  to  the  characteristic  directions.  Assuming  this  initial  surface  to  be  built  up  of  normals  to  the 
body-surface,  derivatives  of  Ua  can  be  expressed  in  derivatives  m  the  initial  surface  with  Eq.  (19). 
Then  Eq.  (18)  gives  U2  on  ths  initial  surface,  whereupon  Eq.  (19)  gi'-'as  ths  derivatives  of  U#  aniTa, 
and  the  calculation  can  proceed.  In  contrast  with  laminar  bo-mdary  layers,  no  boundary  condition  ia 
to  be  applied  at  the  cutsr  edge  of  ths  boundary  layer,  a  point  which  has  bsen  overlooked  until  now. 

The  reason  for  this  is,  that  near  ths  outer  edge  ,  where  |TT|  -*» 0,  all  'oi-charactsriatios  point  out¬ 
wards,  so  that  ths  unknowi*  are  completely  defined  by  the  equations,  and  the  application  of  boundary 
conditions  result*  in  non-exist*  ics  of  solutions,  unless  ths  boundary  conditions  ars  comoatible  with 
the  equations,  i.e.  ars  such  that  thsy  would  also  be  satisfied  by  the  solution  if  thsy  were  not  im¬ 
posed.  This  happens  to  be  the  case  with  ths  boundary  conditions  that  are  usually  imposed  on  boundary 


layers) 


UCC~UCG 
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0  as  x, — ►  00 
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Near  the  wall  ons  bi-charactsristic  points  towards  the  wall,  and  two  boundary  conditions  •  re 
nsedsd  here.  Following  5radshaw  at  al .  (Ref.  4),  the  law  of  the  wall  is  imposed  at  a  suitable  dis¬ 
tance  from  the  wall,  rather  than  imposing  the  no-slip  condition  and  incorporating  the  hard  to  calculate 
viscous  sublayer  in  ths  computational  region.  At  present,  there  is  still  .-ome  uncertainty  concerning 
the  law  of  the  wall  in  thrss  dimansions.  It  seems  best  to  assume ,  as  Bradshaw  (Ref.  6)  and  Nash 
(Ref.  ?.)  also  do,  that  in  three  dimensions  the  magnitudes  of  the  velocity  and  shear  stress  vectors 
are  related  to  each  other  in  the  same  way  as  in  two  dimensions.  In  the  calculations  reported  here 
the  law  was  used  in  both  its  s4iiple  form: 


K\ -(*>)(««  c**C/v>A) , 


with  K  =  0.4  and  A  =  2.  and  its  extended  form,  as  ’vritten  down  for  example  in  Ref.  6. 

A  second  boundary  condition  ia  obtained  by  prsscri ting  the  direction  of  the  shsar  stress.  In  the  re¬ 
gion  where  ths  lew  of  ths  wall  is  valid,  mixing-length  theory  is  a  good  approximation,  so  that  the 
shear  stress  is  in  the  direction  of  the  velocity  gradient.  Numerical  solutions  of  the  equations  with 
the  msthod  to  be  described  shortly,  showed  that  near  the  wall  the  velocity  vector  is  almost  parallel 
to  the  velocity  gradisnt.  Hence  the  shear  stress  may  just  as  well  be  taken  parallel  to  the  velocity 
vector,  end  this  assumption  has  been  used,  because  it  is  computationally  more  convenient.  Hence 


WV^  (22) 

Furthsr  boundary  oonditionr  need  not  be  applied. 


4.  A  FINITE  DIFFERENCE  SCHEME 


In  the  rsgion  where  ‘he  boundary  layer  is  to  be  calculated  a  grid  is  constructed  with  nodes 
(X,«{ax,  ,Xa«*rtAXJl,X3-nAXa  ).  After  the  solution  has  besn  found  in  grid-points  in  the  plane/t^fAX, 
it  is  calculated  in  the  adjacent  plane  X,»  (?+l)AX1  ,  by  means  of  a  six-point  one  step  explicit  dif¬ 
ference  scheme..  In  order  to  calculate  .he  solution  in  a  typioal  point  B  in  the  plane  ,  use 

is  made  of  the  values  of  the  solution  in  the  points  Aq .  A^  in  ths  plane  X,«fAX1  (see  Fig.  4). 

The  numerical  solution  will  only  converge  to  '.tie  exact  solution  as  the  computational  grid  is  refined  , 
if  the  differenoe  scheme  is  consistent  with  the  tfferential  equations  ard  is  stable.  The  Ccurant- 
Frisariohs-Levy  (CFL)  condition  (Ref.  12)  is  necessary  for  stability.  Ths  CFL  condition  says  th.it 
for  stability  it  is  necessary  that  the  characteristics  through  B  intersect  the  plane  X^fAX,  -within 
the  quadrangle  AoA.A^A,-.  Because  in  Eq.  (19)  no  derivatives  of  Uj  appear,  it  can  be  considered  sepa¬ 
rately'  from  Eq.  (15).  The  characteristics  of  (19)  have  the  following  direction: 

The  CFL  condition  takse  the  following  formi  ' 


AX|  6  A ^ ^ 


(|ffl  **,+ 


(2?) 


Usually,  T1>a  is  a  small  quantity  (of  the  orier  of  0.05).  Furthermore,  for  most  boundary  layers  it  is 
possible  to  ohooso  the  x^-axis  such  that  Ms/U)  is  also  t:  small  quantity  over  a  large  part  of  the  flow. 
It  turns  out  that  ths  restriction  placed  on  the  step-sice  by  (23)  is  not  much  more  severe  than  the 
restriction  imposed  by  the  requirement  of  accuracy.  In  order  for  a  scheme  to  be  accurate  the  step- 
size  should  be  so  small  that  the  variables  change  little  over  one  step.  Provided  one  can  show  that 
(23)  is  al3o  sufficient  for  stability,  there  does  not  seem  to  be  much  reason  to  use  more  complicated 
difference  schemes  (e.g.  implicit  or  Wo-step  echemes),  that  are  not  subject  to  (23). 

A  condition  that  ie  usually  sufficient  for  stability  is  the  Neumann  stability  condition.  This 
condition  says  that,  if  tha  coefficients  in  the  differenoe  3chorae  are  taken  to  be  constant  and  latsral 
boundaries  (i.e.  the  wall  and  the  edge  of  the  boundary  layer)  are  aaseni:,  the  amplitude  of  a  narmonio 
wave  of  arbitrary  wave-l9ngth  should  not  increase  as  it  propagates  through  the  computational  grid.  The 
Neumann  oondition  is  often  more  stringent  than  the  CFL  condition. 

The  difference  scheme  is  constructed  as  follows.  Use  is  made  of  the  differential  equations  in 
the  form  (19)  rather  than  (16)  and  (17)>  Assume  that  the  solution  has  been  calculated  in  the  X,«{AX, 
plane.  A  line  is  drawn  through  B  (Fig.  4)  parallel  to  one  of  the  two  characterise  ds  O.T^.Dj/O,)  in 
Aq.  This  line  intersects  the  q.-adrangle  A^A^A^Aj  in  one  of  the  four  triangles  that  make  up  the  quad¬ 
rangle.  The  xo—  end  x,-deri  vati  ve3  are  now  discretized  in  such  a  way  that  use  is  only  made  of  the 
verticee  of  the  triangle  just  mentioned.  This  p.roosdure  for  obtaining  a  difference  approximation  to 
quasi-linoar  hyperbolic  systems  was  for  the  two-dimensional  ca3e  first  proposed  by  Courant ,  Isaacson 
and  Rees  (Ref. 13 J  For  Eq.  (19)  one  obtains: 
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where  -fit m Sgn. 7^ a»  *Sgn  (Uj/U, )  .  It  has  been  assumed  that  the  co-ordinates  are  Cartesian.  Af  ter  U* 

and1Tx  have  bden found  f  om  (24),  an}'  discretized  version  of  Eq.  (16)  results  in  an  ordinary  difference 
equation  for  U2,  for  which  the  stability  properties  are  aaiy  to  investigate.  It  turns  out  that  for 
Ilq.  (24)  the  Neumann  condition  is  identical  to  the  CFL  condition  (£q.  (23)).  Hence,  Eq.  (24)  is  opti¬ 
mum  in  the  sense  that  the  stability  condition  is  as  weak  as  possible.  It  is  noteworthy  that  this  would 
not  have  been  so  if  instead  of  (19)  Sqs.  (16)  and  (17)  had  been  discretized,  for  instance  such  that 
the  direction  in  which  an  unknown  is  differentiated  is  taken  into  account  analogous  to  the  way  in 
which  tha  direction  ci  the  characteristics  is  taken  into  account  in  (24).  For  the  echeme  obtained  in 
this  way,  the  Neumann  condition  was  found  to  be  much  more  severe  than  (23) . 

Eq.  (24)  contains  the  main  body  of  the  method.  Special  measures  art  necessary  near  the  surface 
where  the  initial  conditions  are  applied,  and  near  the  late.al  boundaries  of  the  computational  region. 

In  general,  the  initial  surface  ie  not  a  plane  xp  =  constant.  The  lateral  boundaries  can  be  defined 
arbitrarily'.  In  ore  or  to  keop  the  computational  work  down  to  a  minimum  the  lateral  boundaries  were 
made  to  coincide  with  the  boundaries  of  the  region  of  influence  of  the  initial  surface;  obviously, 
calculations  out6ido  thi.  region  do  not  produce  meaningful  results.  Tha  orthogonal  projection  of  the 
computational  region  typically  looks  like  Fig.  5-  In  accord  with  the  definition  of  thi  influence 
principle,  tan  J5  ■  max  >  tanT  »  min  UaAj,  .  In  order  to  treat  cells  that  are  not  rectangular, 

the  equations  are  transformed  to  non-orthogonal  co-ordinates  that  coincide  with  the  cell  boundaries. 

As  a  result,  along  the  lateral  boundariee  boundary  conditions,  which  otherwise  would  have  to  b»-  guessed, 
are  not  needed.  The  presence  of  lateral  boundaries,  which  ie  not  accounted  for  in  the  Neumann  stability 
criterion,  did  no  affect  the  stability  of  the  calculations. 


5.  COMPARISON  WITH  EXPERIMENT 

Four  experiments  have  been  selected  to  compare  the  present  calculation  method  with;  the  results 
will  he  described  successively.  The  computer  program  proved  to  be  sufficiently  flexible  to  accomodate 
the  initial  anc  boundary  conditions  for  all  test  cases;  no  modifications  in  the  program  were  necessary. 

5.1  Relaxing  constant  pressure  flow  (kef.  5) 

The  flow  takes  place  over  a  flat  plate  under  constant  pressure,  with  three-dimensional  Initial 
conditions  (Fig.  6).  The  flow  at  the  trailing  edge  of  a  45°  "infinite"  swept  wing  furnishes  the  ini¬ 
tial  profiles.  As  Fig.  6  shows,  the  initial  profiles  show  almost  no  spanwiee  variation.  Fig.  7  gives 
at  three  stations  angles  of  velocity,  shear  stress  and  velocity  gradient.  The  scatter  in  the  direc¬ 
tion  of  the  velocity  gradient  ie  due  to  the  fact,  that  the  numerical  evaluation  of  the  velocity  gra¬ 
dient  is  uorie  very  crudely,  namely  by  first  order  differencing.  Fig.  8  gives  velocity  and  shear  streoa 
profiles,  and  Fig.  ?  the  magnitude  of  the  skin-friction.  Tha  agreement  between  calculations  and  ex¬ 
periment  is  satisfactory.  There  is  also  good  agreement  between  the  present  calculations  and  the  cal¬ 
culations  by  Bradshaw  (Ref.  6).  This  reflects  favourably  upon  the  soundness  of  the  present  numerical 
method.  In  Ref.  6  the  same  differential  equations  are  solved  as  in  the  present  paper,  but  with  a  more 
straightforward  numerical  technique,  which  uses  the  fact,  that  there  are  really  only  two  independent 
variables  in  the  present  flow.  A  difference  between  the  method  of  Ref.  6  and  the  present  method  ie, 
that  in  Ref.  6  the  law  of  the  wall  is  employed  in  its  extended  form,  i.e.  assuming  the  shear  stress 
magnitude  to  vary  linearly  in  the  wall  region,  whereas  in  the  present  calculations  the  law  of  the 
wall  is  used  in  its  simple  form,  with  the  shear  stress  assumed  constant.  However,  in  the  flow  under 
discussion  the  preesure  is  constant,  so  that  the  difference  between  the  two  laws  of  the  wall  should 
he  slight. 

The  calculation  took  19  min.,  including  compilation  and  printing,  on  a  CDC-3300  computer. The 
number  of  grid-points  in  the  Xg-direction  (perpendicular  to  the  wall)  varied  between  2j  and  30-  In 
the  x-,-directi.on  (perpendicular  to  the  tunnel-axis)  the  number  a/  grid-points  was  maximally  30;  it 
decreased  during  the  course  of  the  computation  because  the  width  of  the  computational  region  decreased. 

5.2  Forward  facing  step  under  ,5°  yaw  (Ref.  14) 

In  this  flow  there  were  large  pressure  variations  in  the  direction  perpendicular  to  the  suiw 
ftJ.ce .  In  the  calculation  the  surface  pressure  has  -een  used,  therefore  accuracy  is  to  be  expected 
only  in  the  lower  third  or  so  of  the  boundary  layer.  The  computational  region  is  shown  in  Fig.  10. 

In  the  calculation  separation  occurred  appreciably  rloser  to  the  step  than  in  the  experiment.  This 
corresponds  to  the  fact  that  the  wall-cteamline  angle  is  underestimated  (Fig.  13)*  The  calculation 
by  Bradshaw  (Ref.  6)  also  underestimates  the  wall  streamline  angle,  but  to  a  lesser  extent.  The  dif¬ 
ference  between  Bradshaw's  and  the  preeent  calculation  is  probably  due  to  the  difference  in  the  law 
of  the  wall.  Near  the  vail,  IhG  shear  stress  direction  is  predicted  inaccurately  by  both  methods.  In 
Fig.  13.  res  scatter  in  the  angle  predicted  by  the  present  method  is  due  to  the  fact  that  angles  at 
different  spanwise  positions  are  presented.  Because  spanwise  variations  in  initial  and  boundary  con¬ 
ditions  are  absont-,  the  scatter  ie  a  measure  of  the  numerical  truncation  error  of  the  present  method. 
Figs.  11  (a)  and  (b)  show,  that  the  eelocity  magnitude  is  slightly  overestimated,  whereas  the  shear 
stress  magnitude  is  predicted  correctly.  The  prediction  of  the  velocity  and  shear  stress  directions 
near  tha  wall  (Fig.  1 J.  (c))  leaves  somethin'!;  to  he  desired.  The  agreement  with  the  calculations  of 
Ref.  6  it  se tiefactoi v ;  the  differences  near  the  wall  may  be  ascribed  to  the  difference  in  the  law 
of  the  wall.  The  sfciti-i ri j  .ion  (Fig.  12)  is  slightly  underestimated;  again,  improvement  is  to  be  ex¬ 
pected  frsrn  the  fee  of  the  extended  law  of  the  wall. 

The  c v  iputatior;  time  for  this  case  v/ae  50  min.  The  number  of  grid-points  in  the  Xo-direction 
7.  .ad  betw.ten  20  and  40;  the  number  of  grid-points  in  the  x^-direction  was  maximally  3O. 

ir.iv.  te‘‘  swept  wing  aoundary  layer  experiment  (NLR,  unpublished). 

At  ilLK,  an  experiment  is  in  preparation  in  which  a  pressure  distribution  qualita lively  similar 
if  ut  !■  «»<  •  'uuthilur  jr  w  ’t'fl’AU"  75°  tmi  1  aruig  it  rta  or  a  list  *«.  (Vg.  4  *howe 
an  oilflow  a  tern  as  observed  during  an  exploratory  run;  the  pattern  approximately  represents  the 
surface  etreamline.  The  region  of  influence  of  a  surface  segment  parallel  to  the  leading  edge  is  de- 
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picted  in  Pig.  Tp,  together  with  a  surface  streamline,  Two  calculations  were  made,  one  with  the  simple 
ar.d  one  v/ith  the  extended  law  of  the  wall.  Ideally,  the  left-hand  boundary  should  coincide  with  this 
surface  streamline.  As  in  the  previous  vest-case,  the  crossflow  angle  near  the  surface  is  underesti¬ 
mated,  although  the  use  of  the  extended  law  of  the  wall  gives  considerable  improvement.. 

The  calculation  took  46  min.  with  the  simple  law  of  the  wall  and  ,17  min.  with  the  extended  la* 
of  the  wall.  The  number  of  grid-points  in  the  x--direction  varied  between  20  and  40t  in  the  x^-direo- 
tion  it  was  maximally  15. 

5.4  Swept  wing  experiment  by  Cumpsty  and  Head  (Kef.  15) 

This  experiment  concerns  the  boundary  layer  flow  on  a  6l.l°  swept  wing.  Two  calculations  were 
made,  both  with  the  extended  lav;  of  the  wall  but  with  different  pressure  distributions.  One  distribu¬ 
tion  (distribution  (l))  was  taken  directly  from  the  measurements;  the  pressure  was  assumed  to  vary 
linearly  between  the  two  chords  where  the  pressure  was  measured.  The  second  distribution  (distribution 
(2))  is  a  tenth-degree  polynomial  fit  to  the  (courteously  to  us  oupplied)pressure  distribution  used  by 
Braashaw  (fief.  6).  Pig.  16  gives  the  resulting  velocity  distribution  at  the  edge  of  the  boundary  layer 
at  the  locus  where  boundary  layer  measurements  were  made,  together  with  the  pressure  gradient  for 
Bradshaw's  distribution  and  the  polynomial  approximation  in  the  region  where  separation  is  predicted. 
Pigs.  17  and  18  cihow  that  the  agreement  between  the  present  calculation  and  that  of  Pef.  6  is  reason¬ 
ably  close.  The  scatter  in  the  present  calculation  is  fiuo  to  spanvdse  variations,  ™itt  distribution 
(2),  which  has  no  spanwise  variation,  these  should  he  absent.  The  scatter  i3  a  measure  of  the  trunca¬ 
tion  error  of  the  difference  scheme.  The  large  difference  between  the  present  calculations  displayed 
in  Pig.  18  shows,  that  relatively  small  pressure  differences  (see  Fig.  16)  can  have  a  large  affoct  on 
three-dimensional  boundary  layers.  This  fact  has  also  been  observed  experimentally;  introduction  of  the 
traverse  gear  into  the  flow  caused  the  separation  line  to  move  appreciably  in  this  experiment.  The  fact 
that  Bradshaw's  calculation  prediots  separation  earlier  than  the  present  calculation  corresponds  pro¬ 
bably  to  the  fact  that,  as  shown  in  Pig.  16,  Eradshav/’a  calculation  has  c  steeper  pressure  gradient  in 
the  region  where  separation  is  predicted.  Pig.  19  gives  a  comparison  between  the  present  method,  the 
method  of  Nash  (Ref.  2)  and  experiment.  The  difference  between  the  directions  of  shear  stress  and  velo¬ 
city  gradient  was  found  to  be  small,  so  that  the  present  results  should  agree  with  those  of  Nash;  this 
is  indeed  the  cass.  Agreement  with  experiment  is  disappointing.  Nash  obtained  much  better  agreement 
(Pig.  19)  by  imposing  an  additional  spanwise  pressure  gradient,  equal  to  twice  that  formed  by  dividing 
the  maximum  difference  in  pressure  between  the  two  spanwise  measuring  stations  by  the  distance  between 
them.  Bradshaw  also  obtained  better  agreement  with  experiment  than  shown  in  the  figures  by  correcting 
the  mixing  length  for  streamline  curvature. 

Both  calculations  took  about  55  min.  The  number  of  grid-points  ir.  the  xp-direction  was  maximal¬ 
ly  51,  in  tne  xj-direction  27. 

6.  CONCLUSIONS 

A  method  has  been  presented  with  which  it  is  possible  to  compute  three-dimensional  incompressible 
turbulent  boundary  layers  at  reasonable  cost.  The  method  is  not  restricted  to  small-cross  flows  or 
"infinite"  swept  win,;  type  flows,  and  is  flexible  enough  to  handle  a  variety  of  flow  situations  without 
modification. 

Agreement  v/ith  experiment  is  satisfactory,  but  can  be  improved.  To  this  end,  as  has  also  been 
noted  in  Ref.  2,  more  and  better  experiments  are  needed.  The  pressure  should  be  measured  aoourately 
ana  in  many  points,  because  small  uncertainties  in  the  pressure  distribution  or  small  deviations  in  the 
flow  from  a  nominally  "quasi- three-dimensional"  state  can  have  large  effects. 
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FIG.  1  (0)  PERTURBATION  CONFINED  TO  Bi  -  CHARACTERISTICS  THROUGH  P. 

(b)  PERTUR8AT1ON  CONFINEC  TO  WEDGE  rONTAINING  ALL  VELOCITY  VECTORS  THROUGH  THE  NORMAL. 

(c)  REGION  OF  INFLUENCE  OF  SURFACE  ELEMENT  A  BCD. 

(d)  REGION  OF  INFLUENCE  OF  SURFACE  ELEMENT  ABCD. 
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FIG.  2  DOMAIN  OF  INFLUENCE  OF  SURFACE  SEGMENT  FIG.  3  TYPICAL  SHAPE  OF  THE  DOMAIN  OF  DEPENDENCE 

ABCD  ACCORDING  TO  RAETZ'S  INFLUENCE  PRINCIPLE. 


FIG.  4  Hi  SIX  POINTS  THAT  OCCUR  IN  THE 
DIFFERENCE  SCHFl'E 


FIG.  5  ORTHOGONAL  PROJECTION  OF  TYPICAL 
COMPUTATIONAL  REGION. 


FIG.  •  INITIAL  PROFILES  FOR  THE  CALCULATION  OF  EXPERIMENT  BY  BRADSHAW  AMO  TERRELL  (REF.  J). 

-  *  »  ft,  a  .  2.SWJ  *  M  <■«.). - .  «  *13.  t  ,  .»S  (.».,',  •.  EXPERIMENTAL  "ESULTk 

AT  ,  «  77.  .  „  2. 


MOLE  F»S  .  VMEL  CtNHUlME  D£C*t  IS 

FIG.  7  CALCULATION  OF  VELOCITY,  SHEAR  STRESS  AND  VELOCITY  GRADIENT  ANGLES  IN  EXPERIMENT  BY 

BRADSHAW  AND  TERRFLL  (REF.  5). - ,  CALCULATION.  EXPERIMENTAL  RESULTS  j,  VELOCITY. 

O.  SHEAR  STRE5i.  ^.VELOCITY  GRADIENT  CALCULATION,  REF  6  *,  VELOCITY  SHEAR  STRESS. 
A,  VELOCITY  GRADIENT  (a).  »-«  .  77.  t  WJ,  I.OOlip.J.  ik).  < - 1 *B3,S  w5  >  1.t4(in.);  (c).  «  -  <  c 
BE,  £  =  1.23  (in. | 


u/«.  «/«,  T.  io>/,i,T4  »>/,>. 


FIG.  8  MEASURED  AND  COMPUTED  PROFILES,  EXPERIMENT  BY  BRADSHAW  AMD  TERRELL  (  REF.  5). 
»  -  I  =  8»(.n.),£WJ  r  1.23  ( in.)  o,  EXPERIMENT, - ,  CALCULATION. 
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FIG-  *  MAGNITUDE  OF  SURFACE  SHEAR  STRESS.  EXPERIMENT  BY  BRADSHAW  AND 

TERRELL  1  REF.  S). - CALCULATION.  •.  EXPERIMENT.  •.  CALCULATION 

(REF  *). 


FIG-  )0  REGION  OF  INFLUENCE  OF  SURFACE 
Aft.  ALSO  COMPUTATIONAL  REGION; 
JOHNSTON'S  EXPERIMENT  (  REF.  Hi. 

- - .  EXPERIMENTAL  SEPARATION  LME- 


r/r# 


\X\  l03Vt 


DEGREES 


FIG  1  \  COMPARISON  WITH  JOHNSTON'S  EXPERIMENT  i  k*.¥.  ’4).  DISTANCE  FROM  STEP  MEASURED  ALONG  TUNNEL  CENTERLINE  4.3  «  2.43  (•)  VELOCITY  MAG- 

<«).(k).(c)  NITUDE.  •,  EXPERIMENT. - .  CALCULATION  (fci  SMEAR  STRESS  MAGNI TUDE.  «.  EXPERIMENT.- — .  CALCULATION,  (c)  VELOCITY.  SHEAR  STRESS  AND  VELOCITY 

GRADIENT  ANGLES. - .  CAC  CULATiON.  EXPERIMENTAL  RESULTS  •,  VELOCITY  .O,  SHEAR  STRESS.  O.  VELOCITY  GRADIENT.  CALCULATIONS  OF  RCf.  6  *  #ELO 

CITY.R.  SHEAR  STRESS.  A.  VELOCITY  GRADIENT. 


FIG.  13  ANGIE  BETWEEN  WALL  STRE  .LINE  AND  TUNNEL  CENTERLINE,  JOHNSTON'S  EXPERIMENT  (REF.  14). 
..  PRESENT  CALCULATION  AT  .074  in.  FROM  THE  WALL  ;0  ,  EXPERIMENT;  *,  CALCULATION,  REF.  4. 
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FI3.  U  OIL  n  FLOW  PICTURE  OF  WALL  -  STREAMLINES  IN  NLR  -  EXPERIMENT 


PIG.  15 


REGION  OF  INFLUENCE,  ALSO  COMPUTATIONAL  REGION,  USING  SIMPLE  LAW  OF  THE  WALL. 
NLR  -  EXPERIMENT. _ .  EXPERIMENTAL  WALL  STREAMLINE-  - .  COMPUTED 

wall  streamline  using  extended  law  of  the  wall 


FIG.  16 


-HF  twd  inviscio  velocity  distributions  along  aaused  in  the  calculations  of  the 
cumpsty  and  head  fldw.  aa,  line  along  which  boundary  layer  measurements  were 
made  BB  and  cc  lines  along  which  the  pressure  was  measured,  do  and  ee, 

BRADSHAW S  AND  PRESENT  SEPARATION  PREDICTION,  RESPECTIVELY 
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DISTANCE  FROM  PRESSURE  MINIMUM  ALONG 
TUNNEL  AXIS ,  m 


FIC.  17  CUMPSTY  ANO  HEAD  EXPERIMENT.  COMPARISON  OF 

CHOROWISE  COMPONENT  OF  SKINFRICTION  COEFFICIENT 
IN  CALCULATION  OF  REF.  6  AMO  PRESENT  CALCULATION, 
USING  EXTENDEO  LAW  OF  THE  WALL  ANO  PRESSURE 
DISTRIBUTION  (2). 


FIG.  It  CUMPSTY  AHOHEAO  EXPERIMENT.  SURFACE  CROSS— flun 
ANGLE  WITH  RESPECT  TO  LOCAL  FREE  STREAM  OIRECTlON. 
EXTENOEO  LAW  OF  THE  WALL  USED  IN  THE  CALCULATIONS. 

aa.  bb;  cc.  oo,  separation  positions,  experimental. 

BRAOSHAW  CALCULATION  ANO  PRESENT  CALCULATIONS, 
RESPECTIVELY, 


O  O 


FIG.  19  CUMPSTY  AND  HEAO  EXPERIMENT,  MAGNITUOE  ANO  OIRECTlON  OF  VELOCITY  VECTOR. 

- .  PRESENT  CALCULATION  WITH  PRESSURE  DISTRIBUTION  (1);  0  .EXPERIMENT; 

A  ,  CALCULATION  BT  NASH  (REF.  7);  •  ,  CALCULATION  BY  NASH  WITH  ADDITIONAL 
SPANWISE  PRESSURE  GRADIENT,  (o),  1 59s  •  IS.4  mm.,  CHOROWISE  DISTANCE  FROM  PRESSURE 
M'KIMUM  19S  mm  (b),  6WS  •  19.0  mm,,  CHOROWISE  DISTANCE  FROM  PRESSURE  MINIMUM  249  mm. 
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SUMMARY 

Recent  numerical  studies  carried  out  by  the  author  and  his  colleagues  In  their 
attempt  to  develop  an  invariant  model  of  turbulent  shear  flow  are  described.  The  results 
of  comparing  computations  using  a  tentative  model  of  such  flows  with  experimental  data 
for  the  axially  symmetric  free  Jet,  the  two-dimensional  free  shear  layer,  and  the  fiat 
plate  boundary  layer  are  presented.  The  need  for  more  carefully  designed  and  documented 
free  turbulent  flow  measurements  is  discussed  in  relation  to  the  problem  of  selecting  more 
refined  models.  Some  observations  are  also  made  concerning  the  application  of  double 
correlation  closure  schemes,  of  which  the  present  method  Is  one,  to  the  computation  of 
turbulent  flows  other  than  classical  Incompressible  shear  layers.  In  particular,  the 
possibility  of  more  correct  methods  of  calculating  the  behavior  of  chemically  reacting 
turbulent  flows  Is  examined. 

INTRODUCTION 

It  Is  certainly  true  that  there  is  nothing  new  under  the  sun.  The  work  In  which  my 
colleagues  and  I  have  been  engaged  for  the  past  few  years  Is  certainly  no  exception  to 
this  rule.  We  have  been  attempting,  as  have  a  number  of  other  groups,  to  construct  a 
model  of  turbulent  shear  flows  based  on  a  closure  of  the  equations  of  turbulent  motion 
given  by  Reynolds  (Ref.  1)  almost  a  cer.tury  ago.  The  method  used  to  close  the  system  of 
equations  is  a  modeling  of  the  appropriate  terms  In  tne  equations  for  the  second-order 
correlations  of  fluctuating  quantities.  This  general  approach  was  discussed  In  19**5  by 
Prandti  and  Wleghardt  (Ref. 2)  and  was  pursued  In  some  detail  by  Rotta  (Ref.  3).  Within 
the  past  few  years,  many  investigators  have  turned  their  attention  to  such  techniques. 

The  motivation  for  our  own  attempt  to  construct  a  new  model  of  turbulent  shear  flows 
does  not  stem  from  a  desire  to  calculate  with  greater  accuracy  or  In  more  detail  the 
characteristics  of  turbulent  boundary  layers  or  the  classical  free  shear  flows.  The 
attempt  Is  made  because  we  wish  to  get  some  Idea  of  the  character  of  certain  turbulent 
flows  for  which  there  Is  not  sufficient  empirical  Information  available  to  permit  the  use 
of  conventional  computational  techniques  with  any  degree  of  confidence.  The  particular 
problems  we  were  anxious  to  analyze  were  the  decay  of  a  turbulent  vortex,  the  generation 
of  turbulence  by  the  atmosphere,  and  the  dispersal  of  chemically  active  species  In  the 
earth's  atmosphere.  It  has  been  our  hope  that.  If  we  could  develop  a  sufficiently  general 
second-order  closure  model  of  turbulent  shear  flows  that  could  handle  with  one  Invariant 
model  the  classical  shear  layer  problems,  we  could  then  apply  this  model  to  the  problems 
mentioned  above. 

This  paper  Is  an  effort  to  brlnv  tc  your  attention  some  of  the  findings  that  have 
resulted  from  the  detailed  studies  we  have  performed  In  our  attempt  to  create  an  Invariant 
model  of  turbulent  shear  flow. 

DESCRIPTION  OF  AN  INVARIANT  MODEL  OF  TURBULENT  SHEAR  LAYERS 

The  equation  for  the  time-independent  mean  velocity  In  an  Incompressible  turbulent 
medium  was  given  many  years  ago  by  Reynolds  (Ref.  1).  It  Is 

paJai,j  =  -p,i  +  (*i  -  P<uJ!uis),j  (1) 


In  this  paper,  bars  over  a  quantity  or  angular  brackets  around  a  quantity  Indicate 
average  values  of  that  quantity  while  primes  indicate  the  Instantaneous  fluctuation  of 
the  quantity  from  its  mean  value.  The  mean  molecular  stress  tJ  Is  given  by 


T1 


(u1  k 


(2) 


The  second-order  correlation  of  the  velocity  fluctuations  that  appears  in  Eq  (1)  represents 
the  transport  of  momentum  by  turbulent  eddies  and  Is  called  the  Reynolds  stress.  An 
equation  for  this  second-order  tensor  was  also  given  by  Reynolds.  It  Is,  for  steady  flow, 

PaJ<uiuk>,j  =  -P<aJ'uk>ai,j  -  P<uJ!urQk,j  '  p<uJ'ui,ui>,j  -<ulP’>,k  -  <uicr;,\i 


+  <p'(ui,k  +  uK.,l^  +  ps'“‘<uiuk>,mn  -  2pSrnn<ui,muk1n> 


(3) 


In  the  past.  It  has  been  c\  stomary  to  carry  out  investigations  of  turbulent  shear 
flows  by  means  of  Eq  (1).  In  tnese  studies  the  unknown  second-order  velocity  correla¬ 
tion  term  was  modeled  In  terms  of  the  mea.i  velocity  and  a  length.  Computations  made  In 
this  manner  form  the  vast  bulk  of  the  literature  on  turbulent  shear-  flow  calculations  to 


B-2 


the  present  time.  The  methods  that  are  now  In  usp  employing  thl3  type  of  modeling, 
having  evolved  over  a  period  of  many  years,  are  exceedingly  useful  and  enough  empirical 
data  have  been  amassed  to  enable  one  to  calculate  solutions  to  a  wide  Variety  of 
engineering  problems  with ‘a  great  deal  of  confidence.  There  are,  however,  a  number  of 
problems  facing  engineers  today  which  require  the  calculation  of  turbulent  shear  flows 
for  which  there  is  no  existing  body  of  experimental  data.  Two  flows  which  ccme  readily 
to  mind  are  the  generation  of  turbulence  and  turbulent  transport  correlations  by  the 
earth’s  at.a.c  -phere  and  the  decay  of  a  turbulent  vortex.  In  the  case  of  these  two  flows, 
we  may  ask  ourselves  the  following  questions:  "Is  there  not  a  somewhat  more  basic  method 
of  computing  turbulent  transport,  chenomena  than  the  eddy  viscosity  or  mixing  length 
models  presently  in  use?"  "Can  no.  such  a  method  permit  us  to  generalize  the  experimental 
results  that  presently  exist  so  as  to  estimate  the  nature  of  turbulent  flows  that  have  not 
yet  been  Investigated  experimentally?"  The  answers  to  these  two  questions  are  not  as 
straightforward  as  one  would  like.  In  answer  to  the  question  as  to  whether  there  is  a 
more  basic  method,  the  reply  must  be:  Yes,  but  the  real  difficulty  comes  when  one  tries 
to  establish  Just  how  much  more  fundamental  the  proposed  new  method  Is  to  be.  If  a  new 
method  Is  truly  more  fundamental,  then  it  will  allow  better  estimates  of  unknown  flows 
than  can  be  made  by  older  techniques.  It  Is  fair  to  say,  at  the  present  tine,  that  there 
is  considerable  hope  among  those  who  practice  the  art  of  calculating  turbulent  shear  flows 
that  the  new  methods  now  being  developed,  of  which  the  method  to  be  described  here  Is  but 
one,  take  Into  account  enough  physics  that  Is  not  contained  In  older  models  so  that  a 
technological  advance  can  be  made.  It  Is  as  yet  too  early  In  the  history  of  these  new 
methods  to  make  any  strong  statement  as  to  Just  how  much  more  powerful  they  are  than  the 
older  methods. 

If  one  wishes  to  make  use  of  both  Eqs  (1)  and  (3)  in  computing  turbulent  shear 
flows,  the  first  step  must  be  a  choice  of  models  for  those  terms  In  Eq  (3)  which  are  not 
expressed  in  terms  of  the  mean  velocity  or  the  second-order  velocity  correlation.  The 
terms  which  must  be  modeled  are 

(1)  the  pressure-strain  correlation  in  the  tendency-towards-lsotropy  term,  namely, 
^p'  (ui,k  +  uk,i^  » 

(2)  the  third-order  tensor  in  the  velocity  diffusion  term,  namely,  <ujuju£>  ; 


<u}p’>  ; 


(3)  the  pressure  velocity  correlation  In  the  pressure  diffusion  terms,  namely, 


(i))  the  general  viscous  dissipation  term  2Mgmn<u'  u'  > 

1  |in  K  jli 


There  are  many  ways  in  which  a  modeling  of  the  above-noted  terms  may  be  accomplished. 
We  have  tried,  for  our  Initial  Investigation,  to  take  as  simple  a  model  as  possible  for 
each  term.  We  have  then  attempted  to  determine  by  calculation  the  adequacy  of  the  chosen 
model  and  the  sensitivity  of  the  calculated  results  to  the  particular  choice  of  model. 

To  date  the  following  models  have  been  Investigated  to  some  extent. 

(1)  For  the  tendency-towards-lsotropy  term,  we  choose,  following  Rotta  (Ref.  3), 
the  following  model: 


;p'S,k  +  uk,i»  =  -  A^(<uiuJ>  -  gik  |) 


where 


j2  =  K  =  <umV>  =  <u’2>  ♦  <v'2>  *  <w'2> 


and  Aq  Is  a  scalar  length  associated  with  the  tendency  towards  isotropy  and  Is  to  be 
Identified.  More  complicated  models  of  this  term  have  been  discussed  by  Chou  (Ref.  U) 
and  by  Hanjallf?  and  Launder  (Ref.  5).  To  date,  we  have  had  considerable  success  using 
the  simple  Rotta  model  given  above  and,  in  line  with  our  philosophy  of  U3lng  the  simplest 
possible  model  that  will  give  reliable  results,  we  have  confined  the  majority  of  our 
computational  studies  to  the  use  of  Eq  (*!). 

(2)  For  the  velocity  diffusion  term,  we  must  model  <(u^ujUjp>  .  The  simplest  covar¬ 
iant  tensor  of  rank  three  that  is  symmetric  In  all  three  Indices  that  we  can  form  out  of 
the  second-order  correlations  Is 


<uiuj\k  +  <ujuk>i  +  <uiui>. 


This  expression  has  all  the  tensor  and  symmetry  characteristics  required  of  our  model.  To 
make  it  dimensionally  correct,  the  above  expression  must  be  multiplied  by  a  scalar  velo¬ 
city  and  a  scalar  length.  The  simplest  scalar  velocity  we  can  form  from  the  second-order 

correlations  is  J  <um’u;>  =  q  ,  so  we  model  the  tensor  <Cujujup>  as 

<ulujuk>=-A2q  [<uiujV  +  <UjUk>i  +  <UkUl>,jJ  (6) 
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where  a  scalar  length  associated  with  velocity  diffusion  and  is  also  to  be  identi¬ 

fied  by 'matching  experimental  results. 


(3)  The  pressure  velocity  correlation  \p'u£)  in  the  pressure  diffusion  term  is 
modeled  by  analogy  with  the  velocity  diffusion  term  as 


<P’UJ> 


-(•  Vj't<uBl,u 


k\m 


(7) 


In  our  work,  in  order  to  cut  down  the  number  of  parameters  in  ->ur  turbulence  model,  we 
have  cor.sldered  only  two  special  cases  of  Eq  (7).  We  have  considered  the  case  A-  «  Ag 
and  the  case  where  \p'u')  *  0  ,  i.e.,  the  case  A_  »  0  .  J 


the  vis 


and 


(4)  We  have  consl'ired  two  models  for  the  expression  g  <  u,'  uA  3  appearing  in 
lscous  dissipation  term:  *  * 

<uiuk> 


ilpatlon 
(a) 


g  <u^  jinuk  ,n>  = 


Co) 


(“/u1  u'  >  = 
g  <'U1  ,muk  ,n  3X2 


(a) 

(9) 


In  both  these  models,  X  is  a  dissipative  length  scale.  The  argument  for  choosing  the 
latter  expression  is  that  it  is  expected  that  the  turbulence  will  be  almost  isotropic  in 
that  part  oi  the  spectrum  responsible  for  dissipation  of  turbulent  kinetic  energy.  Thus, 
one  would  expect  the  dissipation  to  be  almost  isotropic  even  if  the  turbulence  Itself  is 
not.  Further,  there  is  experimental  evidence  that  the  loss  of  3hear  correlation  oy 
viscous  action  is  relatively  much  smaller  than  the  loss  of  kinetic  energy  by  viscous 
action  In  our  initial  computations  using  Eq  (9)  as  a  model  of  dissipation,  we  experi¬ 
enced  some  difficulties  in  obtaining  solutions.  There  was  a  tendency  for  solutions  to 
develop  with  negative  values  for  the  mean  square  velocities  when  the  turbulence  became 
very  nonlsotroplc .  This  tendency  was  overcome  by  the  use  of  Eq  (8)  for  the  dissipation 
model.  This  model  does  not  have  a  large  effect  on  the  development  if  the  shear  correla¬ 
tions  because  the  primary  contribution  to  loss  of  shear  v’ith  thl3  model  is  not  the 
dissipation  term  but  the  tendency-towards-isotropy  term.  Although  the  whole  question  of 
modeling  the  dissipation  term  is  still  under  investigation,  the  work  reported  here  was 
can-led  out  using  Eq  (8),  for  the  reasons  stated  above. 


In  the  models  giver;  above,  we  would  expect  that  the  scalar  lengths  A^,  Ag,  and  A^ 

would  all  be  related  to  the  local  integral  scale  of  the  turbulence.  These  lengths  are, 
in  turn,  related  to  the  local  scale  of  the  mean  motion  for  the  flows  we  shall  investigate 
here,  and  we  ira^e  the  assumption  in  the  computations  we  will  discuss  presently  that  A-,, 
Ag,  and  A.,  are  all  proportional  to  some  local  characteristic  length  6char  of  the  1 

mean  motion  under  consideration. 


We  will  expect  the  length  appearing  in  the  dissipation  model  to  be  related  to  the 
microscale  of  the  turbulence  which,  in  turn,  must  be  related  to  the  Integral  scale  via  a 
Reynolds  number  in  such  a  way  that  production  of  turbulence  is  balanced  to  a  large  extent 
by  dissipation. 

If  the  models  we  have  Just  discussed  [Eqs  (4  and  (6)  -  (6)]  are  substituted  in  the 
basic  equation  for  the  second-order  velocity  correlations  [Eq  (3)3,  the  resulting  equation, 
taken  together  with  the  momentum  and  continuity  equations,  makes  a  closed  set  (see 
Appendix  A).  When  this  set  is  reduced  to  boundary  layer  form,  it  is  found  to  form  a 
parabolic  system  (see  Appendix  E). 


This  set  of  equations  will  admit  similarity  solutions  at  high  Reynolds  numbers  as 
well  as  permit  calculations  of  turbulent  flews  near  walls,  if  one  makes  the  following 
choice  of  the  relation  between  the  length  scales: 


and 


where 


A1 

*  cl6char 

(10) 

A2 

-  °2A1  "  c26char 

(U) 

Aq 

=  c3Ax  =  c^6char 

(12) 

X 

=  A,/va  +  b  •  Re. 

1  Ai 

(1?) 

ReA 

A1 

=  pqAj/p. 

dM 

For  self-similar  free  turbulent  flows,  the  structure  given  above  is  all  that  is 
needed  to  compute  a  turbulent  shear  layer  or  a  free  Jet .provided  the  five  constants,  c. , 
Cj,  Cj,  a  ,  and  b  are  given.  To  find  these  constants,  we  must  resort  to  the  comparison 

of  calculated  flow  fields  with  experimental  results. 


it  w*  wish  u-  compute  a  boundary  layer  flow,  we  must  considpr  an  additional  problem. 
Whan  a  wsll  .s  present  In  a  shear  flow,  ve  wish  to  apply  the  boundary  condition  at  the 
wall  that 


<u'u'> 

N  1  K  Z"0 


0 


where 


Is  measured  normal  to  the  su-Vace .  In  addition,  there  should  be  no  diffusion  of 
through  the  surface,  rc  that  '3<u.;u£>/jz  -  0  at  r  ■  0  .  Thus,  It  Is  reasonable 


to  assume  that  near  the  wall 


<u*u->  «  A11cz1+t>  (15) 

where  Alk  Is  a  constant  and  !)  Is  a  positive  constant.  But  If  there  is  no  diffusion 

through  the  wall,  then  all  that  is  diffused  towards  the  wall  by  viscosity  at  z  *  €  is 
dissipated  in  the  region  between  ?.  «  e  and  z  *  0  .  (It  is  easily  verified  that  all 
other  terms  in  the  model  equation  for  ^u)u£^  are  neglible  if  e  is  sm*ll  enough.)  Thus, 


or,  using  Eq  (15), 

C  €  1 

2  /  2_2dz  =  (1  +  tj)^ 

Jo  X 

If  this  relation  is  to  hold  for  all  e  -*  0  ,  we  must  have 

X  =  oz  (l6) 

where 

ac  =  2/(1  +  tj)v) 

Thus,  near  a  solid  surface,  we  always  assume,  in  applying  our  model,  that  Eq  (16)  holds 
in  the  region  near  tne  wall. 

It  is  convenient  to  express  this  result  in  terms  of  .  .  .  Near  a  wall,  Eq  U3) 
becomes 

X  =  Aj/ZT  (17) 

Using  Eq  (16),  we  may  writ, 

Ax  =  a/az  (1.8) 

Thus,  for  boundary  layer  flows,  a  is  another  number  which  must  be  found  from  experi¬ 
mental  results. 

In  our  first  attempts  to  construct  a  model  of  turbulent  shear  flows  (Refs.  6  and  7), 
the  following  assumptions  were  made  to  construct  the  simplest  possible  model  of  boundary 
layer  flows: 

(1)  It  was  assumed  that  all  the  large  lambdas  associated  with  inviscid  modeling  were 

equal,  i.e.,  =  Ag  =  A^  -  A  . 

(2)  It  was  assumed  that  a  was  equal  to  one. 

(3)  In  the  outer  portion  of  a  boundary  layer,  A  was  taken  to  be  a  constant  c, 

times  *  gg  (*  gg  Is  value  of  z  for  whicn  u  is  99%  of  the  free  stream  velocity;. 

This  value  was  assumed  to  hold,  independent  of  z  ,  as  the  wall  was  approached,  until  A 
became  equal  to  /""a  times  z  .  For  smaller  values  of  z  ,  A  was  taken  equal  to/a  z  . 

With  these  assumptions,  the  boundary  layer  forms  of  Eqs  (1)  and  (3)  with  appropriate 

modeling  (Appendix  B)  were  solved  with  various  choices  for  the  parameters  a  ,  b  ,  and  c. 

=  A  /6  gg  to  produce  a  developing  turbulent  boundary  layer  on  a  flat  plate.  It  was 

determined  at  that  time  that  the  following  choice  of  parameters 

C,  -A/fl  gg  "  0 .061} 

a  =  2.3  (19) 

b  =  0.125 

yielded  a  fair  representation  of  a  turbulent  boundary  layer.  The  mean  velocity  profile 
and  the  behavior  of  skin  friction  with  Reynolds  number  were  adequately  represented.  The 
distributions  of  the  second-order  correlations  within  the  boundary  layer  were  reasonable. 

The  results  of  this  original  parameter  search  were  used  to  compute  a  number  of  other 

turbulent  flows  in  order  to  demonstrate  the  method  (Refs.  8  and  9)* 
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Before  proceeding  with  further  applications,  it  was  considered  necessary  that  a  more 
derailed  parameter  search  should  be  made.  In  parti ~ular,  two  free  turbulent  flows  -  the 
free  Je^  and  the  free  shear  layer  -  should  be  calculated  to  determine  the  values  of  the 
pan-mete  s  ,  a  ,  and  b  that  would  best  fit  the  experimental  results  for  both 

flows.  (The  equations  for  the  free  shear  layer  are  the  same  as  those  for  the  boundary 
layer  given  In  Appendix  B.  The  equations  for  the  axially  ry-retiic  free  Jet  arc  given  in 
Appendix  C.)  The  value  of  c^  being  the  ratio  of  A^  to  some  arbitrarily  defined 

characteristic  length  In  each  case  in  not  an  invariant  of  the  pr'  iem  and  was  to  be  chosen, 
with  fixed  values  of  the  other  parameters,  to  obtain  best  results  in  each  case.  Once 
these  studies  were  complete,  the  model  would  be  used  to  compute  turbulent  boundary  layer 
flows  so  that,  by  comparison  with  experimental  results,  values  for  and  a  could  be 

made  for  this  flow.  Hopefully,  all  flows  could  be  described  In  a  reasonable  way  by  a 
single  choice  of  the  basic  model  parameters  ,  c^  ,  a  ,  b  ,  and  (where  appropriate)  a. 

Ihe  values  of  local  A,  determined  from  the  values  of  c^  in  each  case  were  then  to  be 
compared  with  the  local  magnitude  of  the  integral  scale  L  In  each  case.  If  It  was 
found  that  the  value  of  c^  represented  a  choice  that  amounted  to 

A  =  const  L  =  PL  (20) 

then  It  would  te  assumed  that  a  reasonab1.-  invariant  model  had  been  determined. 

THE  SEARCH  FOR  NEW  MODEL  PARAMETERS 

Our  search  for  a  new  model  of  turbulent  shear  layers  began  with  an  attempt  to  describe 
the  axially  symmetric  free  Jet  with  '.he  original  turbulence  model  obtained  for  a  boundary 
layer  flow.  This  model,  as  mention'd  in  the  previous  section,  was  one  for  which  A.  *  A_  = 
A,  =  A  .  This  choice  leaves  three  parameters  to  be  determined.  They  are  c.  = A /&  h 
and  the  two  constants  a  and  b  in  the  expression  f 

X  -  A/  V a  +  b  •  Re^ 

The  method  '  °  searching  for  values  for  these  parameters  was  as  follows.  The  equations  for 
a  free  Jet  *  re  programmed  so  as  to  solve  the  system  of  equations  for  a  free  Jet  developing 
in  the  axial  direction.  At  an  arbitrary  initial  station  in  thi  axial  direction,  a  mean 
velocity  profile  and  profiles  of  the  pertinent  second-order  correlations  were'  arbitrarily 
as.sumed.  For  a  given  choice  of  model  parameters  (in  this  case,  a  ,  b  ,  and  ^  =  A/r  ^  , 

where  r  5  is  the  radius  for  which  u  is  one-half  the  centerline  value),  the  free  Jet 
equations  were  solved  for  the  development  of  the  Jet  downstream  of  the  initial  distribu¬ 
tions.  In  all  cases,  essentially  self-similar  solutions  were  obtained  far  downstream  of 
the  start  of  the  calculation.  If  a  set  of  parameters  could  be  found  so  that  the  resulting 
self-similar  flow  agreed  with  experimental  measurements  with  respect  to  the  rate  of 
spread,  as  well  as  with  respect  to  mean  velocity  and  correlation  distributions,  it  would 
then  be  assumed  that  a  reasonable  turbulence  model  had  been  achieved. 

Actually,  such  calculations  were  carried  out  for  both  free  Jets  and  two-dimensional 
free  shear  layers-  With  the  single  A  model,  it  was  found  that  no  combination  of  para¬ 
meters  a  ,  b  ,  and  c,  could  produce  an  adequate  description  of  either  a  free  Jet  or  a 
free  shear  layer.  In  general,  it  was  found  that  if  the  parameters  were  adjusted  so  as  to 
give  an  adequate  rate  of  spread  of  the  mean  profile  (i.e.,  If  the  level  of  the  turbulent 
shear  correlation  was  large  enough)  the  spread  of  the  correlations  <u,'u')>  by  diffusion 
was  always  too  large.  This  general  result  is  illustrated  In  Figure  lxwnere  it  is  seen 
that.  If  the  general  level  cf  the  shear  correlation  <u'w')>  were  to  natch  the  experi¬ 
mental  data  of  Wygnanski  and  Fiedler  (Ref.  10)  in  the  region  of  maximum  shear,  it  is  clear 
that  far  too  long  a  tall  of  (u  w')  at  large  r  would  result.  This  was  a  very  general 
result  for  free  shear  flows  and  rorces  us  to  consider  a  more  complicated  model. 

The  difficulty  that  was  experienced  with  the  constant  A  model  was  the  existence 
of  too  much  diffusion  relative  to  the  rate  of  loss  of  correlations  .  either  by  dissipation 
or  the  tendency  towards  isotropy.  To  correct  this  difficulty  in  the  studies  reported 
here,  the  diffusion  lengths  /C,  and  were  made  smaller  than  A,  .  An  Idea  of  the 

effect  of  reducing  the  diffusion  lengths  relative  to  chr  isotropj  length  can  be  seen  from 
Figure  2.  Here  the  rms  value  of  the  longitudinal  velocity  fluctuation  w'  ,  that  has 
been  calculated  for  several  choices  of  model  parameters,  is  plotted  versus  radius  In  a 
self-similar  free  Jet.  Note  that  as  the  diffusion  lengths  A,  and  A^  (which  are  Cj 

times  A..)  are  reduced,  the  amount  of  diffusion  is  obviously  reduced  and  the  levels  of 
turbulence  on  the  Jet  centerline  are  appreciably  Increased. 

The  effect  of  the  choice  of  the  scale  of  the  lsctropy  length  A.  can  be  seen  from 
Figure  3-  The  distribution  of  longitudinal  turbulence  intensity  is  shown  as  a  function 
of  radius  for  two  choices  of  A^  relative  to  the  local  value  of  r  5  ■  It  is  seen  that 

the  levels  are  mun  lower  for  the  smaller  A.  than  for  the  larger  value  This  is  what 
one  might  expect  because  of  the  increased  dissipation,  as  well  as  the  increased  loss  of 
shear  correlation  by  the  tendency  towards  isotropy  when  the  scale  A,  and,  hence,  A  is 
made  smaller. 

The  effect  of  neglecting  pressure  diffusion  can  be  seen  in  Figure  ;  the  longitudinal 
velocity  fluctuations  in  a  free  Jet  are  shown  as  a  function  of  radial  position  for  a 
given  choice  of  model  parameters  a  ,  b  ,  c.  ,  and  c«  for  two  choices  of  c,  .  One 
choice  Is  Cj  =  Cj  and  the  second  Is  c^  =A0,  i.e.,  neglect  of  pressure  diffusion.  It  is 
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seen  that  for  this  choice  of  the  other  parameters,  the  effect  of  neglecting  pressure 
diffusion  is  not  large. 

Having  given  some  idea  of  how  some  of  the  various  parameters  entering  the  model  for 
turbulent  shear  layers  affect  the  solutions,  we  must  now  discuss  the  selection  of  an 
actual  set  of  parameters.  If  one  considers  only  a  single  type  of  shear  flow  that  one 
wishes  tc  model,  say,  the  free  Jet,  it  Is  possible  to  choose  a  whole  spectrum  of  models 

which  will  give  a  good  description  of  the  mean  spread  of  the  free  Jet  and  the  distribu¬ 

tion  of,  say,  the  longitudinal  turbulent  velocity  field.  To  illustrate  this  point,  le 
may  refer  to  Figure  5-  Here  we  see  that  two  profiles  of  longitudinal  velocity  fluctua¬ 
tion  can  be  obtained  with  radically  different  choices  of  b  and  A^  .  It  Is  observed 
that  If  one  chooses  small  b  one  must  also  choose  a  small  value  of  Ai  relative  to  a 
characteristic  scale  of  the  Jet.  What  then  Is  the  basic  difference  between  these  two 
solutions?  It  is  this.  For  the  solution  with  small  b  and  small  A  ,  the  balance  of 

the  production  of  turbulence  is  more  by  dissipation  and  less  by  diffusion  than  for  the 

other  case.  Also,  for  the  case  of  small  b  and  small  A  ,  the  solutions  are  more 
isotropic  on  the  Jet  centerline  than  for  the  ether  case. 

The  choice  between  the  two  models  exhibited  In  Figure  5  must  be  made  on  the  basis  of 
the  degree  of  diffusion  and  the  decree  of  isotropy  desired  In  the  calculated  result.  This 
Is  a  difficult  decision  to  make:  for  existing  experimental  data  do  net  agree  as  to  how 
isotr;pic  free  Jets  are  on  their  centerlines,  as  will  oe  seen  presently.  There  is  another 
way  that  one  can  decide  between  two  different  models.  If  one  use3  the  same  model  to 
compute  two  different  tur'ulent  flows  having  essentially  different  geometries,  the  model 
which  giv?s  the  best  rest;'  s  for  both  flows  is,  since  we  are  seeking  an  Invariant  model, 
tb?  one  to  choose. 


As  mentioned  previously,  we  have  computed  self- similar  solutions  for  a  free  shear 
layer  as  well  as  for  an  axially  symmetric  free  jet.  Actually  a  search  for  model  para¬ 
meters  for  each  type  of  flow  was  carried  cut.  As  a  -esult  of  these  studies,  it  was 
deteimined  that,  insofar  as  the  parameter  studies  have  proceeded  at  this  point,  the 
following  model  for  free  turbulent  shear  flows  gave  the  best  results : 


Also,  the  value 


a  =  2.5 
b  =  C .125 
c2  «  0.10 
c3  -  0.10 


Al/6char 


0.50 


(21) 


(22) 


was  found  best  for  both  flohs,  although  it  was  not  part  of  the  plan  to  have  a  common 
value  of  .  As  mentioned  above,  for  the  free  Jet, 

*char  =  r.5 


(23) 


The  characteristic  length  for  the  free  shear  layer  was  taken  as 

6char  “  z.25  "  z.75 


(24) 


which  is  the  distance  normal  to  the  flow  in  the  shear  layer  from  the  point  where  the 
velocity  is  one-quarter. the  external  driving  velocity  to  where'  it  is  three-quarters  this 
velocity . 

In  Figures  6  through  13,  we  show  comparisons  with  experimental  data  of  the  velocity 
correlation  profiles  computed  for  both  a  free  Jet  and  a  free  shear  layer,  using  the  model 
parameters  given  above.  The  experimental  results  are  taken  from  the  work  of  Wygnanskl 
and  Fiedler  (Refs.  10  and  11),  Gibson  (Ref.  12).  and  Donaldson,  Snedeker,  and  Margolls 
(Ref.  13). 

Figures  6  and  7  show  the  longitudinal  fluctuations  in  a  free  jet  and  free  shear 
layer,  respectively.  The  agreement  between  model  calculations  and  experiment  is  good  in 
both  cases.  For  the  free  Jet  in  Figure  6,  it  would,  perhaps,  have  been  desirable  to  have 
a  little  more  diffusion  (larger  A.  and  larger  b)  in  the  model  in  an  attempt  to  reduce 
the  overshoot  In  <w'w'>  near  the1 centerline  of  the  jet. 

Figures  8  and  9  show  distributions  of  normal  fluctuations  in  both  the  free  jet  and 
the  free  shear  layer.  Here  we  note  the  agreement  with  experimental  data  is  not  so  good. 
There  appears  to  be  a  little  too  much  diffusion  for  these  cases.  Also,  note  the  very 
large  discrepancy  between  measured  normal  fluctuations  on  the  centerline  as  reported  in 
three  separate  experiments.  The  data  of  Gibson  show  the  components  of  turbulent  velocity 
to  be  essentially  isotropic  on  the  Jet  centerline,  while  those  of  Wygnanskl  and  Fiedler 
and  Donaldson,  Snedeker  and  Margolls  do  not.  From  the  results  shown  in  Figure  8  it 
would  appear  that  if  one  were  to  desire  more  isotropy,  one  would  wish  to  choose  a  smaller 
value  of  Ai  and,  hence,  a  smaller  value  of  b  .  This  is  opposite  to  the  conclusiun 
drawn  from  Figure  6 . 


Figures  10  and  11  show  the  sidewise  components  of  turbulence  for  the  free  jet  and 
free  shear  layer,  respectively.  The  agreement  between  experiment  and  computed  results  is 
better  for  the  free  jet  than  for  the  free  shear  layer.  The  reason  for  this  behavior  is 
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not  known . 


In  Figures  12  and  13,  we  show  the  shear  correlations  for  the  free  Jet  and  the  free 
shear  layer.  The  agreement  in  both  cases  is  fair.  It  should  be  noted  that  the  experi¬ 
mental-  values  of  shear  correlation  from  Ref.  10  have  been  shown  as  reported  (the  open 
circles)  in  Figure  13  and  also  as  corrected  by  us  (the  solid  symbols)  so  as  to  agree 
with  the  measured  rate  of  spread  of  the  free  shear  la:er.  A  comparison  of  the  measured 
shear  and  that  inferred  from  the  mean  velocity  profile  was  repci -ed  by  Wygnanskl  and 
Fiedler  but  apparently  tneir  computations  contained  an  error.  Also  shown  in  Figure  13  is 
the  level  of  shear  that  may  be  inferred  from  the  mean  spread  of  ' se  free  shear  layer 
studied  by  Tollmien  (Ref.  14)  and  Prandtl  (Ref.  15)  many  yeai-3  age.  It  is  seen  from  the 
results  presented  in  Figures  12  and  13  that  the  model  gives  a  fairly  good  representation 
of  the  shear  in  both  the  'ree  jet  and  the  free  shear  layer. 

A  careful  study  of  Figures  6  through  13  shows  that  It  really  is  necessary  to  study 
further  the  problem  of  choice  of  modal  parameters.  However,  before  this  is  done,  it 
appears  desirable  to  have  at  hand  experimental  data  which  one  car  rely  on  to  be  truly 
representative  of  the  basic  flow  which  is  being  calculated.  It  is  difficult  to  choose  a 
more  sophisticated  model  until  the  question  of  the  degree  of  isotropy  on  the  centerline 
of  a  free  Jet  is  settled.  In  addition,  one  should,  at  this  point,  determine  if  the  modal 
Just  found  for  free  shear  layers  can  be  used  for  a  model  of  the  outer  regions  of  a 
boundary  layer  and  give  reasonable  results. 

Before  turning  to  the  problem  of  the  turbulent  boundary  layer,  it  will  be  instruc¬ 
tive  to  find  a  relationship  between  the  values  of  A.  used  in  the  free  shear  layer  and 
the  free  Jst  calculations  and  the  general  magnitude  if  the  integral  scales  measured  for 
such  flows.  In  the  computations  that  have  been  made,  it  has  been  assumed  that  A1  is 
constant  across  a  free  Jet  or  a  free  shear  layer  at  any  given  longitudinal  position  and, 
in  magnitude,  proportional  to  the  local  scale  of  the  mean  flow.  It  is  well  known  that 
the  integral  scales  of  such  flows  are,  in  general,  proportional  to  ohe  local  mean  scale: 
but  the  actual  value  of  the  integral  scale  varies  across  the  layer. 

In  Table  1,  we  present  the  values  of  integral  scale  within  a  free  Jet,  as  reported 
by  Wyijnanskl  and  Fiedler.  The  Integral  scale  tabulated  is  the  longitudinal  Integral 
scale 

/>  oo 

l  =  )  /  <w'(z1)w*(z2)>  dU2  -  z1)  (25) 

1  w0 


for  tne  free  Jet. 

Table  1.  Integral  Scales  in  a  Free  Jet  after  Wygnanskl  and  Fiedler  (Rsf.  10) 


Radial  Position 

Dimensionless  Scale 

Scale  Ratio 

r/x 

L/r>5 

A1/L 

0 

0.448 

1.12 

.05 

0.595 

0.84 

.10 

0.726 

0.69 

.15 

0.850 

0.59 

.20 

0.855 

0.58 

Also  presented  in  Table  1  Is  the  ratio  of  the  computational  scale  A-^  to  the  local 
integral  scale  L  .  Thus,  a  typical  value  for  this  ratio  for  the  free  Jet  is 

Ax/L  =  0.69  (26) 

For  the  free  shear  layer,  similar  results  are  given  in  Table  2.  These  experimental 
values  are  also  due  to  Wygnanskl  and  Fiedler.  The  longitudinal  integral  scale  is,  in 
this  case,  defined  by 


L 


1 

<u'u  'XXj) 


<u' (x1)ul (xg)>  d(x2 


xl> 


(27) 


Table  2.  Integral  Scales  in  a  Free  Shear  Layer  after  Wygnanskl  and  Fiedler  (Ref.  11) 


Location  in  Jet 

Dimensionless  Scales 

Scale  Fatio 

L/x 

L/(z.25"Z.75) 

VL 

Inner  Region 

0.098 

0.846 

0.59 

Center 

0.103 

0.883 

0.57 

Outer  Region 

0.147 

1.27 

C  .39 

(23) 


•.  z'.z*.  value  of  A./:,  for  a  free  s' ear  layer  appears  t  tie  approximately 

,/L  *  0.55 

A. 

As  mentioned  previously,  there  *  net  much  point  ir:  going  further  with  studies  cf 
present  r  ,1c.  until  It  has  teen  s:plied  to  a  boundary  iayer.  Note  should  be  made  at 
-.is  pcli.t,  •  r.wc-ver,  t:  , c her  c:bo''j  of  calculating  turbulent  shear  floes  -  methods  that 
■e  str.l  iar  :  o  the  T.ethc.;  being  d*  cussed  here.  As  mentioned  before,  the  idea  behind 
.(>  r.ett.od  1  nut  new.  It  follows  x  trend  suggested  by  Frandtl  and  Wiegnardt  (Bef.  2)  and 
;1.V/,js  closely  the  general  line  of  appr  ter  taken  by  Rctta  (Bef.  3).  Since  these  two 
lettering  pater.:,  tar.;,  .tore  -r  less  .-in  iar  studies  have  been  undertaken.  Typical  of 
a:  studies  ;;re  those  of  Giu.chxe  (:.ef.  16),  Bradshaw,  Terrlss  4  Atwell  (Hef.  17), 

i:  low  ’•  roMi.-o  (Hef  18),  lawain  4  F ‘itchett  (F.ef.  19),  and  Beckwith  4  Bushnell  (Ref.  20). 

t.c’i-  .topr.i  j  lest*  d  of  these  nethci.s  do  not  assume  a  _ocal  scale,  as  we  have,  but  carry 
,c.’ig  with  the  computational  r.  :  .erne  an  equation  for  the  required  scale.  Such  an  equation 


was  derived  by  Ho* t a  (Hef. 3)  from  the  equation  'or  the  two-point  correlation  terser 
'j t  A  W  ’ j(B)>  .  There  is  no  question  but  that,  ir.  tv  future,  the  method  presented  here 

sr.ould  be  en.hr.. ..-ei  by  coipilng  the  present  set  of  model  equations  to  an  equation  for  the 
integral  scale.  To  date,  bowever,  we  have  avoided  making  this  connection  in  order  to 
study  the  character  of  the  model  and  its  deoer.dence  on  the  scale  A-^  without  this 
dependence  becoming  inextricably  mixed  with  the  additional  modeling  that  must  be  done  in 
the  equation  that  is  used  to  compute  a  scale. 

Before  proceeding  further,  it  must  be  demonstrated  that,  if  the  present  model  is 
applied  to  a  boundary  layer,  useful  results  will  be  obtained  for  the  same  choice  of  model 
parameters  that  has  been  made  for  fret  turbulent  shear  flows. 

APPLICATION  OP  MODEL  TO  BOUNDARY  LAYERS 


If  the  model  of  tur  ulent  shear  flows  Is  to  be  applied  to  a  boundary  layer,  the  para¬ 
meters  c2  %  c,  ,  a  and  b  are  known.  But,  since  the  characteristic  length  xn  a 

boundary  layer  is  arbitrary  (as  it  is  in  the  free  jet  and  the  free  shear  layer),  we  are 
at  licerty  to  choose  cp  ,  i.e.,  the  ratio  between  A.  and  the  characteristic  length 
(which,  in  this  case,  we  take  equal  to  6  ^  ,  the  thickness  of  the  layer  in  which  the 

velocity  reaches  99?  of  Its  free  stream  value). 

At  diseased  Ir.  a  previous  section  of  this  paper,  one  other  parameter  enters  tne 
problem,  namely,  a  ,  tne  coefficient  appearing  in  Eq  (16).  We  have,  then. 


for  D  <  z  £  c16  gg.'{  cn/a  )  and 


for  z  >  cx6  5g/(aeT 


A^  =  a»/az 


A1  '  Cl6.99 


With  only  these  two  parameters  a  and  ci  to  determine,  the  search  is  not  difficult. 
The  model  that  has  been  found  is  the  following: 

a  =  2.5 
b  =  0.125 


c  ^  =  0.1 


C1  "  Al/6.99  "  °-15 
a  ■  0. ?//""£  =  0.443 


The  ability  of  this  model  of  a  turbulent  shear  layer  to  predict  the  known  mean 
properties  of  turbulent  boundary  layers  is  shown  in  Figures  14  through  16,  In  Figure  14, 
show  the  skin  friction  developed  by  our  model  as  it  proceeds  from  a  disturbed  laminar 
layer  to  a  fully  turbulent  layer.  Also  shown  are  the  laminar  skin  friction  law  and  the 
turbulent  law  proposed  by  Coles  (Ref.  21)  which  is  a  good  fit  to  experimental  data.  It 
is  no  great  surprise  that  the  general  levels  of  skin  friction  we  computed  agree  well 
with  experimental  findings  inasmuch  as  the  values  of  a  ana  c^  were  chosen  to  get  these 
levels  correct.  Of  more  importance  is  the  nearly  exact  following  of  the  trend  of  skin 
friction  with  Reynolds  number  by  the  model  computations. 

Figure  15  shows  a  comparison  of  the  computed  mean  velocity  profiles  developed  by  the 
model  in  the  vicinity  of  the  wall  and  the  well-known  law  of  the  wall  as  proposed  by  Coles 
(Ref.  21).  It  may  be  seen  that  the  law  of  the  wall  is  not  quite  achieved  by  the  present 
selection  of  model  parameters.  The  results,  however,  are  sufficiently  accurate  to  be 
encouraging. 

In  Figure  16  we  compare  the  experimentally  determined  velocity  defect  law  proposed 
by  Coles  (Ref.  21)  with  the  results  of  our  model  computations.  It  Is  seen  that,  once 
the  turbulent  boundary  layer  is  well  established,  the  computational  model  gives  a  fairly 
good  representation  of  the  outer  regions  of  the  turbulent  boundary  layer. 
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With  these  results  In  hand,  we  must  now  consider  the  relationship  of  the  computa¬ 
tional  scales  used  to  the  longitudinal  integral  scales  that  are  found  In  the  outer 
regions  of  turbulent  boundary  layers.  Por  this  purpose,  we  may  use  the  measurements  of 
Grant  (Ref.  22).  When  the  experimental  correlations  reported  by  Grant  for  y/4  «  0.66  • 

in  a  turbulent  boundary  layer  are  Integrated  to  give  the  longitudinal  integral  Scale,  one 
obtains  L/6o  =0.3  •  Since  for  our  calculations,  6Q/6  gq  =0.63,  we  find  that 

L/&  gg  =  0.25  •  Since  the  computational  scale  useu  -as  A^/6  ^g  *  0.15,  we  find  that 

A^'LiQ.6  (32) 

This  .is  a  most  welcome  result  since  it  shows  that,  for  all  the  turbulent  flows  we  have 
investigated,  the  ratio  of  the  proper  computational  scale  to  the  longitudinal  Integral 
scale  is  approximately  tne  same. 

SOME  COMMENTS  ON  SECOND-ORDER  MODELING  TECHNIQUES 

The  method  of  modeling  turbulent  shear  flows  which  we  have  just  described  was 
developed,  as  we  have  previously  pointed  out,  in  order  to  attempt  calculations  of  turbu¬ 
lent  flows  other  them  the  classical  shear  layers  that  we  .  discussed  in  the  previous 
sections.  The  author  and  his  colleagues  have  applied  the  model  to  the  calculation  of  the 
decay  of  a  turbulent  line  vortex  (Ref.  ?3),  to  the  generation  of  turbulence  in  the  earth's 
atmosphere  (Refs.  7  and  9),  and  to  the  dispersal  of  pollutants  by  the  atmosphere  (Ref. 

2k).  Since  these  computations  were  carried  out  with  the  original  oversimplified  constant 
A  model  discussed  previously,  one  must  not  take  the  numerical  values  obtained  too 

seriously;  nevertheless,  these  computations  did  give  some  most  interesting  results  and 

insights.  Certainly  the  utility  of  the  method  was  demonstrated  and  it  appears  that  it, 
ar/1  others  like  it,  should  be  carefully  studied  ar.d  refined  in  the  next  few  years.  The 
first  order  of  business  should  be  a  continuance  of  the  types  of  parameter  studies  that 

we  have  Just  described,  for  as  large  a  spectrum  of  shear  flows  as  can  be  reliably 

measured.  In  this  way,  we  would  hope  to  develop  a  model  with  the  broadest  capability 
possi ble . 

It  is  here  that  one  runs  into  the  difficulties  that  were  touched  upon  previously  in 
connection  with  the  free  Jet  and  the  free  shear  layer.  It  would  be  very  helpful  indeed 
if  the  research  community  could  agree  on  canonical  free  Jet  and  free  shear  layer  experi¬ 
ments  which  could  te  performed  by  several  investigators.  The  purpose  of  these  experiments 
would  be  to  strive  for  agreement  between  experimentalists  as  to  what  the  characteristics 
of  such  flows  were  and  to  explain  any  discrepancies  that  might  exist.  Before  very  much 
refinement  of  turbulent  snear  flow  models  can  be  accomplished,  it  appears  that  we  are 
going  to  have  to  have  a  more  precise  definition  of  what  the  models  must  predict. 

Assuming  one  had  ideal  experimental  data  with  which  to  work  In  developing  a  second- 
order  correlation  model  of  turbulent  flow,  there  Is  still  the  question  of  whether  one 
really  need  go  to  all  the  trouble  entailed.  There  are  some  who  Insist  that  such  a  model 
will  not  accomplish  enough  more  than  can  be  obtained  f~om  older  methods  to  Justify  the 
effort  and  expense  of  such  calculations.  The  author  disagrees  with  this  viewpoint  and 
believes  that  the  problem  of  computing  chemically  reacting  turbulent  flows  is  a  case  in 
point.  For  this  reason,  let  us  nrw  turn  to  a  brief  discusjion,  for  time  does  not  permit 
a  complete  treatment,  of  some  of  the  problems  that  are  involved  in  the  computation  of 
chemically  active,  turbulent  flows. 

MODELING  OF  CHEMICALLY  REACTING  FLOWS 


For  most  computations  of  chemically  reacting  turbulent  flows,  it  has  been  customary 
for  engineers  to  proceed  with  the  calculation  according  to  the  following  scheme.  First, 
the  engineer  develops  by  seme  method  (mixing  length,  eddy  diffusivlty,  or  other  method) 
equations  for  the  time-averaged  or  mean  values  of  the  concentrations  of  the  reacting 
species  of  Interest  (say,  species  a  and  P  )  at  each  point  in  the  turbulent  flow  under 
consideration.  He  also  obtains  ar.  equation  for  the  mean  value  of  the  temperature  that 
is  expected  at  each  point  in  this  flow.  It  is  then  customary,  if  the  equations  that 
generally  govern  the  reaction  between  a  and  P  ,  are 

DC 

TST  =  -Wp  (33) 


DC 


:  =  -k0C_C£ 


ST"  _  “^a'P 

to  assume  that  valid  equations  for  the  time  rates  of  change  of  the  mean  values  of  the 
mass  fractions  of  a  end  p  are 

DC 


(34) 


W  -  "klCaCp 


(35) 


DC 
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~  -k2CaCp 


(36) 


•Grant  defined  60  as  that  height  in  the  boundary  layer  where  the  velocity  defect  was 
equal  to  the  friction  velocity. 


2:.  tcese  equations,  ;a  and  7g  are  t '  ‘  e-averaged  mass  fractions  of  the  two  species 

and  i<i  and  x,  are  the  re&tt.tn  rates  k.  and  evaluated  at  the  mean  temperature 

7  ,  i.e.,  k,  =  k,;?;  and  k_  *  k,(7)  . 

Although  equations  such  as  (3.’)  <nd  '  }S)  .!"•  used  extensively  at  the  present  time, 
it  is  net  difficult  to  show  that  they  are  incori--.dt  whe-n  reaction  rates  are  fast  and  the 
scale  of  the  turbulence  is  large.  This  nay  be  df.-  e  by  considering  the  proper  forms  of 
has  (33)  and  (3*0  when  t.oey  are  averaged.  The  we.i-kncwn  results  are* 

rr  ■  -i(va  *  /coc£>)-  '  Vsic’>  *  '"*;c;cp! 


5  r*  Q 


-sl('-,rs  '  <c?i)  -  [V4C5>  -  V*2C;>  *  -3-) 


7c  demonstrate  the  character  of  these  equations,  let  us  discuss  them  under  the  assumption 
that  ki  =  kj  =  0  .  Equations  (37)  and  (3b)  then  reduce  to 


-*l(CoC 


<rc: 


.39) 


(40) 


It  Is  clear  from  these  equations  that,  if  one  wishes  to  calculate  the  reaction  of  c  with 
*  ,  it  wil."  be  necessary  ho  have  an  equation  for  the  second-order  correlation  <( C^CIN’ 

unless  one  can  show  that  <(C(JC,JS>«  C^Cg  for  the  particular  flow  in  question.  The  condi¬ 
tions  required  for  <(c„JCg>«  C^Cg  car:  be  derived  ir.  the  following  way.  First,  by 

following  the  method  used  by  Reynolds  for  the  derivation  of  the  equation  for  the  turbulent 
stress  tensor,  one  finds  the  following  equation  for  the  substantive  derivative  of  the 
correlation  \C,)C^)>:** 


where  the  term  ( D<(C^C^)>/Dt )  „hem  is  the  contribution  of  chemical  kinetics  alone  to  the 

substantive  derivative  of  <Cc(^Cj)>  .  This  expression  can  be  found  from  Eqs  (33)  and  (34) 
and  is  p 


It  Is  instructive  to  discuss  tfv  behavior  of  the  correlation  for  the  case  of 

turbulent  reactions  in  the  absence  of  any  appreciably  large  gradients.  In  this  case, 
Eq  (41)  becomes 


D<C^ 

re 


)chem 


**”*<%.*  ce,»> 


(43) 


The  second  term  on  the  right  of  Eq  (43)  is  the  destruction  of  the  correlation  <  C’C'> 

a  p 

by  the  action  of  molecular  diffusion.  In  line  with  our  previous  work,  we  will  model  this 
term  by  means  of  a  diffusion  scale  length  \  so  that  Eq  (4j)  becomes 


rFor  a  discussion  of  these  equations  that  is  related  to  the  present  treatment,  reference 
should  be  made  to  O'Brien  (Ref.  25)  which  was  published  after  this  work  on  the  modeling  of 
chemically  reacting  turbulent  flows  was  started. 

»s 

For  the  purposes  of  this  illustrative  discussion,  the  flow  is  treated  as  incompressible. 
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(44) 


The  diffusion  terr. 
characteristic  tire 


r.  this  equation  ouch  that  v  C'Ci^  tends  tc  coproac",  zero  with  a 
*-3*  *-  ^  P 

~ .  .  &  -  j.  ? 


T  dlf  f 


=  \  2 /2t 


(45) 


What  is  the  overall  effect  of  the  firs'  term  or.  the  right-hand  side  of  Eq  (44)?  The 
effect  is  difflcilt  tc  oee  frooi  ar.  inspection  ox"  Eq  (-‘2),  tut  we  may  derive  an  expression 
for  what  this  terr.  accomplishes  from.  Eqs  {  '9)  and  (40).  First,  multiply  (39)  by  Cg  and 
(1(0)  by  C  and  then  add  the  resulting  equations.  The  result  Is 


46) 


This  equation  can  be  interpreted  by  saying  that  the  effect  of  r.he-al stry  alone  is  to  drive 
CQCp  tc  the  negative  of  n  C^Cp  (or  (C ^C.' >  to  the  negative  of  '-accj)  with  a  charac¬ 


teristic  time 


che'.n 


1 


'l"B 


(47) 


Equation  (46)  states  that  the  reaction  between  a  and  &  will  always  stop,  i.e., 

CQCc  +  <C^Cji>  will  become  zero,  short  of  the  exhaustion  of  a  or  B  unless  a  and  p  are 

perfectly  mixed  wherever  they  occur  in  the  turbulent  flow  under  consideration.  The 
physical  reason  (or  this  is  that,  in  the  absence  of  diffusion,  if  a  and  B  are  not 
perfectly  nixed  to  start  with,  the  final  state  of  the  gas  in  sny  volume  element  will  be 
a  and  products,  6  and  products,  a  alone,  or  B  alone,  but  never  any  region  containing 
both  o  and  B  .  It  is  easy  to  see  that,  no  matter  what  the  values  taken  on  by  Ca  ana 
Cfj  are  as  a  function  of  time,  if  CQ  is  never  nonzero  when  Cp  is  nonzero  and  vice 
versa  so  that  no  reaction  is  possible,  it  is  mathematically  true  that  CQCp  +  ^CaCfP>“  c  • 

.'h'is ,  Eqs  (39)  and  (40)  state  that  no  reactions  are  possible  as  required  by  the  physics 
of  the  problem. 

An  actual  example  may  make  the  meaning  of  <C^C^>  more  clear.  Consider  that  the 
flow  of  material  by  a  given  point  is  such  that  alternate  blobs  of  a  and  p  pass  the 
point.  Let  us  suppose  that  half  the  time  the  flow  is  all  a  and  half  the  time  it  is  all 
B  •  The  resulting  concentrations  are  sketched  in  Figure  17.  If  this  pattern  keeps 
repeating,  the  average  values  of  Cq  and  Cjj  are  obviously  CQ=  1/2  and  C^“  1/2  . 

Whenever  the  flow  is  all  a ,  =+1/2  and  =-1/2  .  Whenever  the  flow  is  all  B  , 

C'  =  -1/2  and  Ci  =  +1/2  .  We  find  then  that  the  average  value  of  C'C'  must  be 
a  p  _  a  B 

<C'CI>  *  -1/4  .  Since  <C'C^>  =  -C  C„  ,  no  reaction  is  possible  according  tc  Eqs  (39) 
a  p  a  p  a  p 

and  (40)  and  obviously  no  reaction  should  occur. 

We  may  now  return  to  Eq  (44).  If,  in  this  equation,  the  scale  X  is  small  enough 
and  the  reaction  rates  are  slow  enough,  the  second  term  on  the  right-hand  side  of  the 
equation  will  be  dominant  and  the  flow  will  be  such  that  is  always  almost  zero. 

This  means  that  molecular  diffusion  is  always  fast  enough  to  keep  the  two  species  well 
mixed.  On  the  other  hand,  if  the  reaction  rates  are  very  fast  and  X  is  very  large,  the 
first  term  on  the  right-hand  side  of  Eq  (44)  will  be  dominant  and  will  tend  to 

be  approximately  equal  to  -CQCp  and  the  two  species  will  be  poorly  mixed.  The  rate  of 

removal  from  the  flow  of  a  and  B  by  reaction  will  then  not  be  governed  by  reaction 
rates  but  will  be  limited  by  molecular  diffusion.  To  put  these  notions  into  quantitative 
form,  let  us  consider  the  ratio  of  the  two  characteristic  times 


N  = 


Tdlff 

Tchem 


R2Ca) 


(46) 


and  a  contact  index 


I 


C  Cft 
a  6 


*  <c;cb> 


CaCB 


<C'C, 


c  c. 

a  B 


(49) 


We  note  that  if  N  is  much  smaller  than  one,  diffusion  will  be  very  rapid  and  the  two^ 
species  a  and  P  will  be  in  intimate  contact  with  each  other.  In  this  case  <  C^C^/C^Cg 

will  be  small  and  the  contact  index  will  approach  one.  If,  on  the  other  hand,  N  is 
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much  larger  t!._..  o:.e,  mixing  will  be  poor  and  will  approach  -CqC0  •  The 

contact  ir.iex  w’.l]  then  approach  zero.  In  this  cass  the  reaction  will  be  diffusion- 
limited. 


In  many  lai oratory  flows,  the  dissipative  or  diffusive  scale  of  turbulence  is  very 
snail  and  M  is,  indeed,  snail  so  that  the  neglect  of  <CC^?2S>  in  the  kinetic  equations 

is  permissible.  Cn  the  other  hand.,  if  the  laboratory  experiment  is  Just  increased  In 
size,  holding  all  other  parameter?  .,u;r.  as  velocity,  temperature,  e^c.,  constant,  one 
soon  finds  that  the  character  ci  one  flow  changes.  This  nay  be  seen  by  examining  the 
expression  for  the  dimensionless  quantity  N  in  more  detail. 


Let  us  assume  the  diffusive  scale  of  a  turbulent  flow  Is  of  the  order  of  the  dissi¬ 
pative  scale  so  that  we  may  use  the  expression  for  X  given  in  a  previous  section, 
namely , 

X£  =  A^/t'a  .  bpqA1/n)  ;50) 

Substituting  this  expression  Into  £q  (48)  gives 


A?  k,“  *  k  J? 

N  -  —  1  fa.  2  a 
o£r  a  +  bpqA^/ u 

For  relatively  high  Reynolds  numbers,  this  expression  becomes 


(51) 


N  -  *  hca)  (52) 

If  an  experiment  Is  per.ormed  in  the  laboratory  and  a  value  of  H  for  this  experiment 
is  determined  or  estimated  and  is  found  to  be  small  compared  to  one,  then  we  know  that 
the  diffusive  mixing  of  the  flow  Is  such  that  the  species  a  and  0  are  In  contact.  The 
reaction  rate  of  these  species  Is  then  chemically  controlled.  Now  If  the  apparatus  Is 
just  scaled  up  in  size,  all  other  things  being  equal,  N  will  Increase  linearly  with 
size  since  the  scale  Ai  increases  linearly  with  the  size  of  the  apparatus.  When  the 
scale  has  been  Increased  sufficiently,  so  that  N  is  no  longer  very  small  compared  to 
one,  the  nature  of  the  flow  In  the  device  must  change,  for  the  species  a  and  0  will  no 
longer  be  In  Intimate  contact  at  equivalent  positions  in  the  apparatus. 

The  turbulent  atmospheric  boundary  layer  is  a  good  example  of  a  flow  in  which  it 
is  essential  to  keep  track  of  the  correlation  If  one  is  to  be  able  to  make  sense 

of  the  reaction  of  species  which  are  Introduced  into  the  flow.  To  demonstrate  this,  we 
list  in  Table  3  some  of  the  second-order  reactions  responsible  for  the  production  of 
photochemical  smog.  We  have  also  listed  in  this  table  the  reaction  rate  recommended  for 
each  reaction  (Ref.  26)  and  an  estimate  of  the  number  N  for  each  reaction  if  it  occurs 
In  tne  atmospheric  boundary  layer  where  a  typical  value  for  X  is  1C  centimeters.  It  is 
interesting  to  note  that  It  is,  In  general,  those  reactions  listed  in  Table  3  fur  which 
N  is  greater  than  one  that  investigators  have  found  to  proceed  more  slowly  than 
predicted  by  formulas  such  as  Eqs  (35)  and  (36)  when  the  reaction  rate  determined  from 
laboratory  experiments  Is  used.  This  difficulty  has  led  some  investigators  to  search  for 
other  chemical  reactions  that  might  be  considered  which  would  explain  this  discrepancy. 

It  certainly  appears  unwise  to  follow  this  course  until  such  time  as  one  has  at  least 
developed  a  viable  scheme  for  properly  computing  turbulent  reacting  flows.  It  is  the 
author's  opinion  that  an  acceptable  method  of  computing  such  flows  can  be  developed 
through  the  use  of  second-order  correlation  equations  such  as  Eqs  (4l)  and  (42).  Methods 
of  modeling  the  third-order  correlations  that  appear  in  these  equations  can  be  found  that 
are  similar  to  those  used  to  study  the  generation  of  turbulence  and  turbulent  transport 
that  were  discussed  in  previous  sections  of  this  paper.  The  development  of  a  viable 
method  for  computing  chemically  reacting  turbulent  flows  according  to  such  a  scheme  is 
under  active  development  by  the  author  and  his  colleagues  at  the  present  time.  It  Is 
important  to  note  in  this  connection  that  it  is  essential  in  developing  this  general 
method  to  consider  fluctuations  In  density  and  in  the  reaction  rate  constants  when  the 
chemical  rate  equations  are  considered. 

SUMMARY 


Recent  numerical  studies  carried  out  by  the  author  and  his  colleagues  In  their 
attempt  to  develop  an  invariant  model  of  turbulent  shear  flow  are  described.  The  results 
of  comparing  computations  using  a  tentative  model  of  such  flows  with  experimental  data 
for  the  axially  symmetric  free  jet,  the  two-dimensional  free  shear  layer,  and  the  flat 
plate  boundary  layer  are  presented.  The  need  for  more  carefully  designed  and  documented 
free  turbulent  flow  measurements  Is  discussed  in  relation  to  the  problem  of  selecting  more 
correlation  closure  schemes,  of  which  the  present  method  is  one,  to  the  computation  of 
turbulent  flows  other  them  classical  incompressible  shear  layers.  In  particular,  the 
possibility  of  more  correct  methods  of  calculating  the  behavior  of  chemically  reacting 
turbulent  flows  Is  examined. 
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7a:  le  3.  Some  Second-Order  Reactions  Responsible  for  Photochemical  Smog  (Ref.  26) 


Readier. 

k  (pps-sec)-1 

N 

+  »•  -'  -  +  * 

...  +  .»■-»  - ? 

3.3  *  ia-t 

0.25  • 

c  3  3  <- 

1.7  x  10~5 

5. j  »■  10-3 

NO,  +  NO  =  2N3, 

4.8 

1.4  x  lO'3 

NO  +  KC_  =  NO.  +  OK 

2  e 

1.7  x  i0_1 

50.0 

OH  +  C,  *  HO-  +  0-, 

3  c  e 

1.7 

5-0  x  102 

OH  +  CO  =  H  +  C Op 

5.0  *  10-2 

1.5  x  102 

CH-C,  *  NO  <=  CH,0  +  NO. 

3  2  3  c 

■)  *7 

J-  •  i 

5.0  x  202 

C.H.O.  +  NO  *  C.H.O  +  NO. 

2  3c  23  2 

1.7 

5.0  y  102 

CjlijjOj  ♦  NO  =  CHjCHO  +  N02 

1.7 

5.0  x  102 

CK,0  +  C2  =  HCHO  +  HO. 

1.7 

5.0  x  102 

, 

r  t,’  +  O  s  CH  +  r  p  r 

3"6  J  —3  2*3“ 

6.o  «•  ia_i 

1.8  x  10u 

C,H£  +  0,  *  HCHO  +  C.H, 0. 

3  t>  3  2  A  c 

6.3  *  10-3 

2.5 

C.H.  ♦  0  =  CH.O  +  C.H.O 

j  o  2  3  2  3 

1.7  *  10  w 

5.0 

<•  KC2  =  CH,0  +  CH,CH0 

3.4  x  10-2 

10. C 

C2H,0  +  M  =  Cii3  CO  +  M. 

1.7  *  10-1 

50  u0 

•Those  reactions  for  which 

N  Is  small  compared  to  one  are 

those  which 

treated  using  mean  quantities  in  the  basic  equations  of  chemical  change,  i.e., 
correlations  in  fluctuating  quantities  may  be  neglected. 
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Figure  1.  Result  of  a  free  Jet  computation  with  a  single  A  model 

of  turbulence 
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Figure  1). 


Figure 


The  effect  of  neglecting  pressure  diffusion  wher  calculating  a  self¬ 
similar  free  jet 


.  Two  choices  of  model  parameters  that  yield  almost  the  same  distributions 
of  <w'w')>  for  a  self-slmllftr  free  jet 
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Figure  6. 
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Figure  7. 


Comparison  of  experimental  results 
longitudinal  velocity  correlations 


and  model  predictions  for  the 
in  a  free  shear  layer 
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Figure  8.  Comparison  of  experimental  results  and  model  predictions  for  the 
radial  velocity  fluctuations  In  a  free  Jet 
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Figure  9.  Comparison  of  experimental  results  and  model  predictions  for  the 
normal  velocity  fluctuations  in  a  free  shear  layer 
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Figure  10.  Comparison  of  experimental  results  and  model  predictions  for  the 
sidewise  fluctuations  in  a  free  Jet 
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Figure  ]1.  Comparison  of  experimental  results  and  model  predictions  for  the 
sidewise  fluctuations  in  a  free  shear  layer 
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Figure  12.  Comparison  of  experimental  results  and  model  predictions  for  the 

shear  correlation  in  a  free  Jet 


Figure  13.  Comparison  of  experimental  results  and  model  computations  for  the 
shear  correlation  in  a  free  shear  layer 
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Figure  15.  Computed  velocity  profiles  for  three  Reynolds  numbers. 
Computation  started  at  Rex  =  20,000.  The  reference  velocity  u^.  is 

defined  by  xwaU  =  pu~  . 
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Figure  16.  Computed  velocity  defects  for  three  Reynolds  numbers. 
Computation  started  at  Rex  »  20,000.  The  reference  velocity  uT  is 

defined  by  tm11  =  Pu2  . 


Figure  17.  Simple  problem  Illustrating  *  -C  Cw  when  no  reactions 

are  possible  p  a  p 


APPENDIX  A.  CONSTANT  DENSITY  MODEL  EQUATIONS  FOR  STEADY  FLOW 
Continuity : 


u^  “  0 


Momentum: 


~u\,i  '  -pip,i  +v  -<uJ'ui>,; 


Stress  tensor: 

5J<uiuk>,j  *  -<uJ'uk>  5ij  5k,J 


+  [A2q(<uiuP,k  +  <u£uk\i  4  <uiuk>,i)],j 

+  [A3q  <ui,ui>,i],k  4  [A3q  <ui'uk>,£],i 

-  -  *ik  I)  4  v[«Ji<uiuk>,ji  - 2  <~$r-] 
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APPENDIX  3.  MODEL  EQUATION’S  FOP  A  BOUNDARY  LAYER 

We  usa  a  Cartesian  coordinate  system  (x,y,z)  with  the  free  stream  velocity  in  the 
x-dlrectlon  and  with  z  as  the  coordinate  normal  tc  the  wall.  The  velocity  components 
are  denoted  by  (u,v,w).  With  the  usual  assumptions  for  a  constant  pressure  boundary 
layer,  Eqs  (A.l)  through  (A. 3)  become 
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A  BE  EVALUATION  OF  ZERO  rcESSl'RE 
GRADIENT  COMPRESSIBLE  TURBULENT  BOON  HART  -JTER  MEASUREMENTS 

J aaci  S.  Oonberg* 

University  of  Eulnnn,  Newark,  Delaware 


SUMURT 

A  nuabar  of  coaprestlbla  turbulent  boundary  layer  velocity  and  teaperatura  profiles  with  zero  pres¬ 
sure  gradient  have  been  collected  and  prapared  for  computer  analysis.  An  aasiawd  equation  for  tiasa 
profiles  has  been  chosen  allowing  four  constants  to  ba  adjustad  by  a  nonlinear  least  squares  tadinlque 
to  fit  tLa  experimental  data.  The  four  constants  ara:  a  velocity  seals,  boundary  layar  thickness,  the 
constant  of  the  seal-log  region  and  tha  wake  constant,  II.  This  equation  Is  analogous  to  Cola's  Incoapraa- 
slbla  law  of  tha  wall  and  wake  but  uses  a  generalized  velocity  to  account  for  coaq>resslblllty .  Measura- 
aents  froa  AS  adiabatic  wall  tests  hava  been  analyzed  covering  a  Mach  nuabar  range  froa  2  to  6  and  a 
momentum  thickness  Reynolds  nuabar  range  froa  2.3  X  10*  to  7.5  X  10s.  Of  thrsa  profiles,  29  Included 
skin  friction  balance  data  which  allowed  dlract  evaluation  of  the  universal  constant  of  turbulance  (seen 
value  of  k  •  .13)  through  comparison  between  tha  shear  velocity  and  the  prof 11a  velocity  scale.  The 
constants  of  the  seal-log  and  the  wake  region  were  found  to  be  Independent  of  Reynolds  end  Mach  nuabers. 
A  alailar  analysis  was  carried  out  for  the  Halted  nuditr  of  total  teaperature  profiles. 


ROTATION 

C  ■  Profile  constant  associated  with  seai-logarlthalc  region 
B  -  Local  total  enthalpy  •  CpTt 

•  Characteristic  total  enthalpy  scale  for  the  thermal  boundary  lcyar 
■  Nondimension al  total  enthalpy  -  i  /  /£~  d(H-B„) 

H,  °  Pw 

T  “  Teaperature 

u  ■  Local  mean  velocity 

ur  ■  Characteristic  velocity  scale  for  turbulant  velocity  proflla 
u++  ■  Nondlaena tonal  velocity  •  -  JU  /T  du 

u*  o  Pw 

ut  •  Sheer  velocity  •  ^v/dy 
y  •  Distance  normal  to  the  surface 

a  -  Thermal  dlffuslvlty 

8  *  (T.w-Tw)/(TtS-Tu) 

6#  ■  Velocity  boundary  layar  thlcknass 

A  ■  Thermal  boundary  layer  thlcknass 

k  ■  Unlvsrsal  constant  of  turbulence  (mixing  length  constsnt) 
v  “  Xitematlc  viscosity 

II  “  Profile  constant  associated  with  tha  waka  region 
o  *  Density 

T  ■  Sh-.’sr  stress 

u  *  Waka  function 

Subscripts 

aw  -  Adiabatic  wall  conditions 

s  ■  Characteristic  scale 

t  ■  Total 

w  •  Wall  conditions 

6  -  Edge  of  the  boundary  layer 

♦Associate  Professor  Department  of  Mechanical  &  Aerospace  Engineering 
and  Consultant  U.S.  Army  Ballistic  Research  Laboratories,  Aberdeen,  Maryland  -  U.  S.  A. 


1.  IKTWBLCT-OS 


Most  experimentalists  investigating  seme  aspect  of  compressible  turbulent  boundary  layers  nave  at¬ 
tempted  to  treasure  the  distribution  of  seat:  velocity  and  temperature  through  the  layer.  During  the  past 
20  years,  a  considerable  number  of  these  profile  measurements  have  been  reported.  It  would  appear  that 
a  sufficient  body  of  data  is  now  available  to  begin  .-  uore  systematic  correlation  approach  with  the  ob¬ 
jective  of  trying  to  obtain  more  quantitative  information  from  the  boundary  layer  surveys  themselves, 
rather  than  making  comparison  between  theory  and  skin  friction,  hast  transfer  or  other  surface  data.  The 
approach  of  this  study  is  an  extension  to  compressible  flow  of  some  of  the  tests  used  by  Coles  and  Hirst* 
to  "classify  and  criticize"  the  available  incompressible  data  for  the  AFOSE-lFP-St anford  Conference  on 
Turbulent  Boundary  Layers. 

2 .  APPROACH 

In  order  to  exploit  the  above  proposal,  the  following  approach  was  adopted: 

(A)  A  considerable  uuq>le  of  the  published  compressible  turbulent  boundary  layer  survey  data 
was  collected  and  stored  on  IBM  cards.  The  initial  search  turned  up  about  150  zero  pressure  gradi¬ 
ent  profiles  where  tabulated  data  where  available  or  graphical  data  could  be  reasonably  evaluated. 
These  deta  cover  a  range  of  Mach  numbers  from  1.5  to  12  and  momentum  thickness  Reynolds  matters 
from  10-  to  10^.  Only  perfect  gas  cases  weie  considered  with  eir  or  nitrogen  as  the  test  medium. 

The  geometry  of  the  test  surfaces  were  mostly  flat  plates  and  nozzle  walls  where  the  pressure  gradi¬ 
ent  effects  are  expected  to  be  small.  The  main  results  reported  here  will  be  concerned  with  adia¬ 
batic  wall  conditions  which  limits  the  range  of  Mach  numbers  to  approximately  2  to  6. 

Obviously,  net  all  of  the  surveys  considered  are  equal  in  quality  and  part  of  the  evaluation 
procedure  must  be  concerned  with  determination  of  internal  consistency  and  consistency  between  sur¬ 
veys.  It  Is  also  evident  where  more  experimental  data  are  needed.  In  general,  it  may  be  concluded 
that  none  cf  the  experimenters  used  all  the  techniques  available  to  them  -  especially  the  Investiga¬ 
tors  who  concern  themselves  with  skin  friction  balance  measurements  in  zero  pressure  gradient  adia¬ 
batic  wail  boundary  layers.  The  most  notable  omission  of  these  investigators  was  temperature  pro¬ 
file  measurements .  Tnus,  their  important  measurements  have  to  be  interpreted  using  theory  or  cor¬ 
relations  based  on  other  temperature  measurements. 

(3)  An  analytical  framework  was  assumed  in  order  to  reduce  the  mass  of  data  points  into  a  mana¬ 
geable  set  of  numbers  from  which  to  draw  some  conclusions.  The  equations  chosen  to  represent  the 
velocity  and  temperature  distribution  are  not  final  recommendations,  but  they  do  represent  a  first 
step,  to  which  modifications  may  be  introduced  as  required  or  alternative  approaches  adopted  and 
then  tested  against  the  available  experimental  evidence.  The  initial  approach  is  based  on  similarity 
concepts  as  extensions  of  the  law  of  the  wall  -  the  lew  of  the  wake  suggested  by  Millikan2,  Coles3 
and  many  others  for  incompressible  turbulent  boundary  layeis.  The  procedure  makes  the  following 
assumptions : 

1)  The  effects  of  compressibility  are  accounted  for  by  forming  a  reduced  velocity 


This  assumption  is  quite  arbitrary  m  the  present  context  although  it  is  consistent  with  the 
Prandtl  mixing  length  approach  as  applied  to  compressible  flow  by  VanDriest^,  Moore3,  Spalding 
and  Chi6  among  many  others.  The  assumption  can  be  tested  to  some  extent  by  tlj  .ng  other  alter¬ 
native  assumptions. 

2)  The  boundary  layer  consists  of  two  basic  regions,  a  wall  region  and  a  wake  or  defect  region 
descrlbable  by  functions  of  two  essentially  independent  variables.  In  the  wall  region,  it  is 
assumed  that  the  velocity  distribution  can  be  described  in  terms  of  a  velocity  scale  (i^)  and 
a  length  scale  vw/ug  where  ug  is  to  be  determined  from  experimental  velocity  profile  data.  In 
the  defect  region,  the  same  velocity  scale  is  assumed  to  apply  but  a  new  length  scale  6  charac¬ 
teristic  of  the  total  boundary  layer  thickness  is  assumed  and,  5g  is  alao  to  be  evaluated  from 
experimental  data.  The  specific  definition  of  £g  depends  on  the  assumed  form  of  the  wake  func¬ 
tion. 

3)  The  two  regions  of  the  boundary  layer  are  connected  by  a  region  of  overlap  where  formulas 
for  both  regions  predict  the  same  velocity  distribution.  Millikan2  has  shown  that  this  implies 
that  the  velocity  is  a  semi- logarithmic  function  of  y  in  the  overlap  region. 


or : 

u'  “In  (^— )  +  D 


(2) 


Note  that  the  above  semi-log  equations  are  nearly  identical  with  the  usual  turbulent  boundary 
layer  semi-log  equations.  The  one  difference  is  that  the  mixing  length  constant,  K,  does  not 
appear  and  may  be  considered  to  have  been  absorbed  into  the  velocity  scale,  ug .  If  ug  is  re¬ 
placed  by  u  /<  and  C  by  kC  +  lnx,  then  the  usual  form  of  this  relation  is  recovered.  The  reason 
for  this  nevr  definition  of  the  velocity  scale  is  because  k  and  ug  cannot  be  determined  independent¬ 
ly  from  experimental  velocity  profile  data.  Another  reason  for  chosire  this  definition  is  that 
it  clearly  brings  out  that  K2  is  the  slope  of  the  non-dimensional  velocity  profile  at  y  “  0; 


the  wail  length  »caie  Is  valid  to  y  •  0.  then: 
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u'  •  u^  f(usy/iu  ) 

and  assiaing  Kewtonian  friction  at  the  wall 


da' 

dy 


uM'(O) 


with  the  result  that 


-  f'(o)  O) 

Since  the  probe  data  is  relatively  poor  near  the  wall  in  the  laminar  sub- layer,  it  la  necessary 
to  use  skin  friction  balance  measurements  to  obtain  the  relationship  between  ug  and  u_  and  the 
ratio  of  u£  to  it,  provides  a  net hod  of  evaluating  <. 

The  equation  which  is  used  to  describe  the  compressible  turbulent  velocity  profile  (neglecting 
the  laainar  sublayer)  is  obtained  by  analogy  with  incompressible  flow  equation  propoaed  by 
Coles. 

S7\> 

J  0 

where  approximately 

w(y/.  )  -  sin*(-  £-) 

5s  2 

Thin  equation  is  aastaed  valid  except  in  the  1  vainer 

du++  *  0 
dT/6  s 


The  four  profile  constants  u  ,  6  ,  C  and  H  are  determined  by  a  least  squares  fit  to  each  M sa¬ 
il  red  velocity  profile.  s  u  u 


-  In  <^£*)  +  C  +  2JI  w(Y/6  )  (4) 

vv  * 


(5) 


sublayer  and  beyond  the  point  where 


3.  TEMPERATURE  PROFILE 

The  temperature  distribution  was  calculated  for  many  surveys  where  temperature  measurements  were  not 
available  by  using  a  well  known  modification  of  the  Crocco  temperature-velocity  relationship: 


where 


T  -  T  2 

~ - =*  -  8  l  +  (1-3)  (-  ) 

A .  r  A  U  t  •-  ( 

t6  w  c 
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A a  has  been  noted  by  many  investigators,  tlmost  acy  expression,  similar  to  the  above,  gives  adequate  re¬ 
sults  for  low  Mach  number  data  under  adiabatic  conditione.  Across  w,*-*.  of  the  layer,  the  total  enthalpy 

is  nearly  constant  in  any  case.  However,  for  the  high  heat  transfer  cr  high  Mach  number  situation,  rhe 

deviation  of  experimental  data  from  the  Croces  relationship  is  known  to  be  significant. 

There  appears  to  be  a  need  to  find  better  methods  of  correlating  temperature  profile  data  than  the 
Crocco  equation.  In  analogy  to  the  above  method  of  describing  the  velocity  profile,  two  length  scales 
(6h »  ciy//  Hs)  and  a  total  enthalpy  scale  (Hs)  are  introduced  In  an  attempt  to  find  a  more  suitable  correl¬ 
ation  formula.  The  resulting  equation  is: 

H*4  -  j  /H  ,f%~ d  (H-H,)  -  In  )Tl II—  +  C  +  2It  «  (7) 

HS0/pw  V  Otf  H  «H 

%  J  2  n  y 
where  Ujj  *  sin  ^  j- 

Hg  »  Characteristic  enthalpy  scale 

£,  -  Characteristic  thermal  boundary  layer  thickness 

(Not  necessarily  equal  to  the  thickness  of  the  thermal  layer) 

The  enthalpy  scale  and  the  thermal  boundary  layer  thickness  and  the  two  profile  constants  (C,  and  It„)  are 
obtained  from  each  profile  where  temperature  data  are  reported  by  the  same  least  squares  method  used  for 
the  velocity  profile. 


M 


A  related  approach  for  the  incompressible  enthalpy  profiles  has  been  explored  by  Alber  lad  Coats7  in 
a  recent  paper.  Their  aoalys  is  based  on  a  mixing  length  analysis  where  it  Is  assumed  that  llg  is  pro¬ 
portional  no  the  wall  heat  transfer  rate  and  thus  Ht  »  0  for  the  adiabatic  case.  In  the  adiabatic  com¬ 
pressible  boundary  layer  there  is  a  characteristic  enthalpy  distribution  which  has  many  of  the  same  features 
of  wall  and  wake  regions  as  the  velocity  profile;  thus,  a  finite  enthalpy  tcale  can  be  defined  which  is 
valid  over  a  significant  part  of  the  enthalpy  distribution  although  it  does  not  appear  that  this  siallar- 
ity  can  extend  to  the  wall  as  seems  to  be  the  case  for  the  velocity  profiles. 


4.  LEAST  SQUARES  METHOD 

An  Initial  computer  program  was  written  to  determine  ug,  5g ,  C  and  H  for  the  velocity  profile  and 
the  corresponding  quantities  for  the  temperatu-e  profiles,  where  available,  by  an  Iteration  procedure. 
The  velocity  profile  equation  (4)  can  be  re-written  as: 


u*-  a,  In  a 1f  +  a,  +  aB  aln'ajy  (8) 

where  at,  »2 ,  a,,  and  at  can  be  used  to  calculate  the  more  meaningful  profile  quantltlea.  Since  6  (or 
a2)  is  contained  within  the  transcendental  function,  it  cannot  be  evaluated  by  the  usual  methods  and, 
therefore,  its  value  vaa  first  estimated  end  the  other  three  constants  determined  in  a  straight-forward 
way.  The  computer  program  calculated  the  standard  deviation  of  the  data  points  with  respect  to  the  re¬ 
sultant  equation.  A  nuafeer  of  such  calculations  were  required  to  bracket  the  minimim  value  of  the  stand¬ 
ard  deviation  to  a  predetermined  degree  of  accuracy.  Later,  a  general  weighted  nonlinear  least  square 
fit  sub-routine  was  obtained  from  the  U.  S.  Naval  Ordinance  Laboratory  which  considerably  shortened  the 
iteration  procedure  with  a  higher  degree  of  accuracy.  This  program  computes  the  four  constants  from  four 
initial  estimates  by  assuming  small  perturbations  to  the  a'n  which  allows  the  equation  to  be  expressed 
by  the  linear  terms  of  a  Taylor  expansion  whereby  an  improved  estlmace  of  the  a*s  is  obtained  to  start 
a  new  iteration.  Again,  a  predetermined  test  is  applied  to  terminate  the  calculation. 

There  are  two  problems  that  arise  in  the  least  square  fitting  procedure.  First,  the  equation  is 
quite  nonlinear  with  a  number  of  "local"  maxlmums  and  mlnlmuas.  This  wse  a  particularly  troublesome  prob¬ 
lem  with  the  first  technique  used.  For  example,  if  Sg  is  overestimated,  is  small  and  the  best  fit 
equation  tends  toward  the  situation  where  the  sine-squared  term  is  eliminated.  Trial  and  error  changes 
of  the  initial  values  of  the  ccnstants  usually  corrected  the  diffl  :ulty  which  was  detected  by  finding  ab¬ 
surd  valued  for  the  a's  or  by  Che  poor  fit  obtained  when  the  data  were  graphed. 

The  second  problem  has  to  do  with  the  a  priori  unknown  range  of  validity  of  the  basic  equation.  As 

already  has  been  pointed  out,  the  equation  used  here  cannot  be  used  to  describe  either  the  sublayer  or 
the  free  stream.  Unfortunately,  it  is  often  difficult  to  identify  the  data  points  which  should  be  exclud¬ 
ed  from  the  calculation  except  by  inspection  of  the  plotted  results.  Ultimately,  part  of  tbe  problem  can 

be  eliminated  by  dt  ignlng  the  form  of  the  velocity  profile  which  is  valid  across  the  entire  boundary  lay¬ 

er  although  there  may  still  be  a  need  to  exercise  judgment  about  those  points  effected  by  wall  interference. 


5.  DISCUSSION  OF  RESULTS 

Figures  and  2^  show  representative  non-dimensional  velocity  profiles  of  u++  versus  ugy/v .  The 
solid  line  drawn  through  the  data  is  the  best  fit  to  equation  4.  The  standard  deviation  in  U+4-  is  .077 
and  .022,  respectively,  which  can  be  Interpreted  as  .6  and  .25  percent  of  the  free  stream  velocity.  This 
shows  that  equation  4  describes  the  velocity  data  in  the  range  where  it  has  been  applied  to  the  same  order 
of  accuracy  as  that  quoted  for  current  pressure  transducers. 

Figure  3  shows  an  example  of  the  quality  of  the  fit  of  the  sin7  term  for  the  wake  function  of  Coles. 
As  pointed  out  earlier,  no  data  beyond  y  -  6S  has  been  Included  in  the  fitting  process. 


5.1.  Velocity  Scale 

As  previously  noted,  if  the  similarity  of  the  velocity  profile  is  valid  to  y  *  0  then  the  velocity 
scale  obtained  from  the  boundary  layer  profile  is  related  to  the  shear  velocity  through  Newton's  law.  This 
hypothesis  is  tested  by  a  comparison  between  us  and  u-f  where  values  of  Oj  have  been  obtained  from  skin  fric¬ 
tion  measurements  (references  8  to  11).  Figure  4  shows  the  result  in  non-dimensional  terms  of  uj/u8  versus 
u^/Uf.  The  mean  line  through  the  data  has  a  slope  of  .43  which  is  in  reasonable  agreement  with  the  most 
frequently  quoted  values  of  .4  or  .41  for  the  universal  constant,  K. 


5.2.  Profile  Constants 

The  computer  evaluation  of  the  constants  Cu  and  Hu  are  given  in  Figure  5  including  results  from  45 
profiles  obtained  from  12  investigators  (references  8  -  19).  The  constants  are  plotted  versus  the  momentum 
thickness  Reynolds  number  and  no  discemable  trend  is  evident  although  there  is  considerable  scatter  in 
the  data  about  the  mean  values  of  Cu  ■  1.77  and  Hu  ■  .81.  Also,  there  is  no  observable  trend  of  Cu  or 
nu  with  Mach  number  in  the  range  of  2  to  6  or  with  the  geometry  of  the  test  surface  (flat  plate  and  nozzle 
wall  data  are  included). 


5.3.  Total  Temperature  Profile 

Figure  6  and  7  illustrate  the  ability  of  the  assumed  equation  to  fit  the  total  enthalpy  distribution 
for  one  adiabatic  wall  case  of  Sturek*^  .  The  solid  line  thr.ugh  the  data  is  best  fit  to  equation  7 
with  the  data  points  at  both  extremes  omitted  which  obviously  do  not  agree  with  the  trend  of  the  equation. 


The  wake  function  Is  approximated  by  the  sin^  term  equally  as  well  as  in  the  velocity  case.  A  numoer  of 
points  beyond  y  «  A  fall  on  the  computed  line  although  theie  is  a  region  at  the  outer  edge  of  the  profile 
vhete  the  transition  to  the  constant  free  stream  temperature  occurs  that  camct  be  included.  Figure  6 
also  shows  a  sharp  departure  from  equation  7  that  occurs  near  the  wall  for  these  adiabatic  heat  transfer 

cases. 


5.4.  Temperature  Profile  Constants 

Profile  constants  from  only  ten  temperature  surveys  at  near  adiabatic  wall  conditions  have  been  tost* 
ea  and  eight  are  at  essentially  the  same  conditions  for  the  present  purposes.  These  preliminary  results 
can  thus  be  summarized  in  the  following  table  vhere  the  eight  profiles  of  Sturekl?  have  been  replaced  by 
their  average  values. 


Temperature  Profi le  Constants 


from 

pest  Fit 

to  equation 

7 

Ref. 

*6 

PrX/us 

A 

12 

2.49 

.686 

-3.74 

.89 

1.04 

14 

5.92 

.902 

-  .82 

.56 

.68 

19 

3.5 

.923 

-5.32 

.69 

.83 

These  results  represent  such  a  small  sasple  that  the  specific  values  should  be  considered  highly  pre¬ 
liminary;  however,  it  is  interesting  that  for  the  adiabatic  wall  conditions,  Ua  is  approximately  the  same 
ss  (ug/Pru)2  and  thus^H^y/ou  %  Ujy/^.  So,,e  results  which  Include  the  effects  of  heat  transfer 

show  that  Hg  is  strongly  affected  b i  the  heat  transfer  rate  and  increases  with  increasing  heat  transfer. 

The  relatively  large  negative  values  of  Cjj  can  be  associated  with  the  size  of  the  thermal  sublayer  in  which 
the  total  enthalpy  distribution  vs  dominated  by  condition*  at  the  wall.  The  thermal  sublayer  is  an  order 
of  magnitude  larger  than  the  velocity  sublayer  as  can  be  seen  by  comparing  Figures  1  and  6.  The  wake  con¬ 
stant  II|{  Is  about  the  same  magnitude  as  the  velocity  parameter.  The  thickness  parameter  A  is  generally 
smaller  as  might  be  expected  although  the  total  thermal  boundary  layer  may  be  up  to  twice  as  large  as  A 
and  therefore,  larger  than  the  velocity  boundary  layer. 


CONCLUSIONS 


A  number  of  velocity  and  temperature  piofile  measurements  for  compressible  (Mach  number  2  to  6)  tur¬ 
bulent  boundary  layers  (momentum  thickness  Reynolds  numbers  «  2.3  X  10*  to  7.5  X  10s)  have  been  re-evaluated 
in  terms  of  similarity  concepts  developed  in  incompressible  flow.  The  velocity  (or  enthalpy)  profile 
equation  with  four  adjustable  constants  has  been  shown  to  adequately  describe  the  velocity  (or  total  en¬ 
thalpy)  with  a  high  degree  of  accuracy  except  in  the  subls  t.  and  in  a  transition  region  near  the  free 
stream.  The  velocity  scale  parameter  (u^l  is  shown  to  be  proportional  to  the  shear  velocity  (uT)  and  the 
constant  of  proportionality  equals  .43  which  is  in  reasonable  agreement  with  the  Incompressible  values. 

The  profile  constants  C„  and  Hu  have  been  fount  to  be  independent  of  Reynolds  number  and  Mach  number  al¬ 
though  there  is  considerable  scatter  1%  the  data.  Preliminary  data  has  shown  that  the  total  temperature 
profile  can  be  described  in  a  procedure  analogous  to  chat  used  for  the  velocity  profile  and  that  the  en¬ 
thalpy  scale  is  approximately  the  same  order  as  the  square  of  the  velocity  scale.  The  thermal  sublayer 
for  the  cases  investigated  was  found  to  be  considerably  larger  than  the  velocity  sublayer. 
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Figure  5.  Profile  Parameters  C„  and  II, 


versus  Momentum  Thickness  Reynolds  Number 
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Figure  7.  Wake  Function  for  Total  Enthalpy  Profile 
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SUlj'JkKT 

This  paper  reports  an  experimental  investigation  of  the  turbulent  boundary  layer  on  a  large,  thermally 
insulated  flat  plate,  in  which  t'ach  number  and  total  temperature  profiles  and  shear  stress  at  the  wall 
were  measured. 

The  measured  velocity  profiles  are  found  to  be  in  fairly  good  agreement  with  a  number  of  theoretical 
treatments.  Similarly,  the  ceasured  sldn-frl  stJ on  coefficients  are  fairly  well  predicted  by  flat-plate 
skin-friction  laws 

The  fore  of  the  total  temperature  profile  close  to  the  wall  suggests  an  increase  in  turbulent  Prandtl 
number  as  the  wall  is  approached.  At  all  conditions,  the  wall  temperature  was  found  to  be  higher  than 
would  be  expected  in  adiabatic  flow  conditions,  whilst  there  was  a  substantial  deficit  of  enthalpy  flux 
within  'he  boundary  layer.  No  satisfactory  explanation  for  these  conflicting  observations  has  jet  been 
found. 

POTATION 

B  additive  constant  in  law  of  wall 

local  akin  frictioi  coefficient  =  xw^h)eue 

d  probe  diameter 

T  temperature  function  (Tt  -  Tw)/(Tt  -  ?w) 

V  !'ach  number 

R  Reynolds  nuaber/m 

T  static  temperature 

Tt  total  temperature 

u  velocity  in  x  direction  in  boundary  layer 

Au  deviation  from  logarithmic  portion  of  velocity  profile  in  the  outer  edge  of  the  boundary  layer 

u^  friction  velocity  =  /t t/pw 

5  boundary  layer  thickness  at  which  V/U_  =  0.99=  t/u.  -  0.995 

boundary  layer  momentum  thickness 

k  von  Barman  constant  in  law  of  wall 

surface  shear  stress 

v  Jd.ne_-.atic  viscosity 

[1  wake  component 

Suffices 


e  edge  of  boundary  layer 

w  wall 

1 .  INTRODUCTION 

This  paper  briefly  reports  some  measurements  of  the  turbulent  boundary  layer  on  a  lurge,  thermally  insula¬ 
ted  flat  plate,  made  In  the  3ft  x  4ft  supersonic  wind  tunnel  at  RAE  Bedford.  These  measurements  are  an 
extension  of  tl>e  experiments  of  Hastings  and  Sawyer  (l),  and  were  node  as  pirt  of  a  joint  research  programme 
between  RAE  and  DFVLR-AVA  GBttingen.  Complete  results  will  be  given  i:i  a  later  paper. 

Hie  test3  covered  a  range  of  Math  numbers  from  2.5  to  4.5,  and  a  large  of  Reynolds  numbers  based  on  boun¬ 
dary-layer  momentum  thickness  fret,  about  5  *  1C*  to  >0  x  10*.  Ski.-  friction  raa  measured  using  a  floating- 
element  balance,  and  velocity  and  temperature  profiles  across  the  boundary  layer  were  measured  using  a 

1  and  3^0ya^  Aircraft  Establishment,  Fsdford,  England 

^Deutsche  Forschungs-und  Verauchsar.s tnlt  ftlr  Luft  und  Raumfahrt,  Aeroiynamische  Ver3uchsanatr.lt  GOttingen, 
Germany 


The  measurements  are 


co-tire!  tct~l-ter.?erai.:re  and  pitot-pressure  probe  develope  it  . .V.\  CBttisgen  (3). 
r.o:  pared  here  with  sore  rurrer.t  theories. 


2.  ..,TiVr.3.' DsTAILA 

2.  1  Fiat  Plate 

Tic  flat  plate  that  was  usee  for  these  tests  has  been  described  in  detail  by  Hastings  and  Sawyer  (l).  t 

was  about  0.9m  (35in)  wide  and  about  1.3"  (65ir^  long,  and  mas  provided  nit.*-.  22  holes  into  which  plain  or 

instrumented  plugs  could  be  fitted,  the  latter  carrying  either  the  skin  friction  balances  or  the  boundary- 
layer  probe.  The  plate  spanned  the  tunnel  horizontally  with  a  gap  of  1  y.r  between  each  side  of  the  plate 
and  the  tunnel  sidewall.  For  the  present  tests,  an  attempt  was  Hade  to  minimize  heat  transfer  by  providing 

layera  of  heat  insulation  on  the  back  surface  of  the  plate,  and  totween  the  plate  and  the  cantilevers 

which  supported  it.  Another  difference  from  the  experiments  of  Hastings  and  Sawyer  was  the  use  of  a  rough¬ 
ness  band  to  move  transition  fornard  towards  the  leading-edge  of  the  plate.  The  band  consisted  of  E.liotiri 
.small  glass  spheres)  0.23rm  (0.011  in)  in  diameter,  distributed  sparsely  froc  2.%:-?.  (0.1  in)  to  5.08mm 
(0.2in)  downstream  of  the  leading-edge. 

2.2  Skin  Friction  Balances 

For  the  present  tests  the  skin-friction  balance  of  Hastings  and  Sawyer  was  replaced  by  a  commercially 
available  balance,  Kistler  type  322c.  102,  having  an  element  of  diameter  9.75=us.  Four  specimens  of  this 
balance  were  tried,  but  results  are  presented  only  for  those  two  which  gave  consistent  and  repeatable  read¬ 
ings.  The  present  measurements  of  skin  friction  are  believed  to  be  accurate  to  within  1/j  at  the  higher 
Reynolds  numbers. 

2.3  Combined  Probe  for  Ton;  cratur  and  pitot  Pressures 

Fig  1  shows  the  combined  total  temperature  ar.d  pitot  pressure  probe  used  for  the  profile  measurements;  the 
development  of  this  probe  has  been  r.  scribed  m  detail  by  "eier  (3).  For  the  measurements  of  total  tempera¬ 
ture,  a  small  quantity  of  air  was  sue  .■  d  past  the  chromel-aiumel  thermocouple  junction  situated  just  within 
the  pitot  entry.  The  pitot  pressures  ware  recorded  by  capsulo-weighbeac  nometers. 

2.4  Surface-Temperature  I'oasures.cnts 

”ne  surface  temperatures  were  measured  by  chronei-aluncl  surface  thermocouples,  the  second  junctions  of 
which  -..-ere  in  a  2erac  constant-temperature  reference  box.  These  temperatures  were  in  good  agreement  with 
those  derived  from  the  cold  resistance  of  platinum  surface-hot-films  installed  to  detect  the  beginning 
and  end  of  the  region  of  transition  fren  laminar  to  turbulent  flow  (a). 

2.5  -'ir.d  Tunnel  and  Test  Conditions 


At  the  time  of  the  experis.c  its  of  H.-stinga  and  lawya."  (l),  the  tunnel  was  equipped  with  a  fixed  wcoden 
nozzle  giving  a  !/ach  number  of  4.  This  has  now  been  replaced  by  a  flexible  nozzle,  end  there  have  also 
been  modifications  to  the  subsonic  portion  of  the  tunnel  circuit  to  improve  the  steadiness  of  flow  in  the 
working  section  (5).  These  modifications  include  the  Installation  of  vortex  generators,  to  make  the  final 
subsonic  diffuser  run  full,  and  of  a  honeycomb  and  additional  screens  in  the  settling  chamber. 

In  the  present  ezrperir.cnts ,  3kin-friction  and  profile  measurements  were  made  at  distances  of  368,  623,  876, 
1130  and  13S4mn  from  the  leading-edge.  The  nominal  fach  numbers  and  unit  Reynolds  numbers  of  the  tests 
are  given  in  Table  I. 


Kc 

TAB  Li!  I 

, . .R/m  x  10  7 . 

2.5 

1.15 

1.55 

1.95 

- 

_ 

_ 

2.8 

1.15 

1.65 

1,95 

- 

- 

- 

3.0 

1.15 

1.55 

1.95 

- 

- 

- 

3.5 

- 

1.55 

1.95 

2.55 

- 

- 

4.0 

- 

- 

- 

- 

2.75 

- 

h.5 

- 

- 

- 

- 

- 

3.05 

In  the  second  phase  of  these  experiments,  to  be  reported  separately,  boundary-layer  measurements  were  made 
in  the  range  of  unit  Reynolds  numbers  do*n  to  0.3  x  lO'/m. 

3.  P-tSULTS 

j .  1  Law  of  the  nail  Representation  of  Velocity  Profiles 


Fig  2  3hows  some  typical  velocity  profiles  plotted  semilogarithmically  in  ’law  of  the  wall’ 
wr.  Lch  arc  based  on  the  fluid  properties  (p ,  v )  obtaining  at  the  wail.  It  may  be  seen  that, 
In'-.!,  number.'  of  both  2.3  and  4.3,  the  p  fil ss  have  a  well-defined  logarithmic  region  where 


coordinates 
at  frees tream 
we  may  write 
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Fig  3  shows  values  of  the  von  Harman  constant  k  determined  by  the  best  straight-line  fit  to  the  inner 
region  of  the  profiles  (y/6  <  0.15,  u^y ^  >  40),  The  value  of  h  sho»3  no  appreciable  dependence  on  Rey¬ 

nolds  number,  but  increases  significantlyawith  Vach  number,  from  about  0.48  at  Ke  =  2.5  to  0,60  at  V.e  =  4.5. 
The  vaaue  sugrested  by  Coles  (6)  for  incompressible  flow  is  0,41. 
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Also  shown  in  Pig  3  is  the  value  of  x  given  by  the  correlation  of  .inter  and  Gaudet  (7).  /greencat  with 
the  B*asurecents  1s  quite  good  at  !ie  =  2.5  and  3.5  but,  at  Ve  =  4.5,  the  correlation  noticeably  underesti¬ 
mates  x.  The  additive  constant  B  in  the  law  is  found  to  vary  only  slightly  with  Kach  number,  and  the 
correlation  of  Ain  ter  and  Gaudet  is  found  to  describe  this  variation  fairly  well. 

Fig  4  scows  the  magnitude  of  Coles's  (6)  wake  component  fl  defined,  as  illustrated  in  Fig  2,  from  the  ratio 
of  the  'overshoot'  of  the  velocity  profile  above  the  logarithmic  line  to  the  slope  of  this  line: 

_  x  Au 

n  =  1  ir 

T 

The  values  of  tl  obtained  as  shown  in  Fig  2  are  somewhat  sensitive  to  the  line  fitted  to  the  logarithmic 
part  of  the  profile.  They  also  depend  on  whether  or  not  a  probe  displacement  correction  is  made  to  the 
profile.  The  points  plotted  in  Figs  3  and  4  have  been  obtained  from  the  best  log-line  fitted  to  uncorrec- 
ted  profiles.  The  vertical  bars  in  these  figures  indicate  the  uncertainty  in  fitting  this  log-line,  plus 
the  further  uncertainty  associated  with  a  possible  displacement  correction  of  0.15  tines  the  probe  diameter. 

At  the  higher  Reynolds  nunbers,  n  is  seen  to  have  approximately  the  same  value,  0.55*  that  Coles  (6)  found 
in  incompressible  flow.  The  tendency  for  n  to  decrease  at  loner  Reynolds  numbers,  which  is  particularly 
noticeable  at  Ve  =  4.5,  was  also  observed  both  by  Coles,  for  incompressible  flow,  and  by  Hastings  and 
Sawyer  at  Me  =  4.  This  behaviour  at  low  Reynolds  number  in  compressible  flow  has  been  discussed  tenta¬ 
tively  by  Green  (8)  and  will,  it  is  hoped,  be  revealed  more  completely  by  the  seoond  phase  of  the  present 
experiments. 

The  anomalous  values  of  n  in  Fig  4,  apparent,  at  the  highest  Reynolds  numbers  at  M0  =  2.5,  are  from  the  two 
rearmost  stations  on  the  plate,  in  a  region  where  the  boundary  layer  was  perturbed  from  its  equilibrium, 
flat-plate,  condition  by  oblique  shock  waves  running  across  the  plate.  These  waves  were  generated  by  air 
flowing  through  the  gaps  between  the  edges  of  the  plate  and  the  tunnel  sidewalls  in  the  proximity  of  the 
plate  leading-edge.  (In  later  tests,  these  waves  hav°  been  eliminated  by  fitting  vertical  fences  along 
the  edges  of  the  plate).  Besides  perturbing  the  velocity  profiles,  these  wsves  also  caused  appreciable 
flow  convergence  on  the  plate  centre  line,  so  that  the  twodimensional  momentum-integral  equation  did  not 
apply.  Outside  this  perturbed  region,  however,  the  twodiaensional  oocentim  balance  on  the  plate  centre¬ 
line  was  satisfied  to  within  10  to  15  percent. 

A  final  inference  that  has  been  made  from  the  results  shown  in  Fig  4  is  that,  in  the  present  experiments, 
the  boundary-layer  trip  has  not  had  a  significant  effect  on  the  character  of  the  velocity  profiles. 

Although  Coles  (7)  showed  that  anomalous  values  of  H  oould  be  found  close  to  tripping  devices,  the  agree¬ 
ment  in  the  variation  of  il  with  Reynolds  number  between  the  present  measurements  and  those  made  by  Hastings 
and  Sawyer,  with  transition  free,  suggests  that  even  the  profiles  obtained  closest  to  the  rou^iness  band 
were  with  a  boundary  layer  in  a  state  of  equilibrium.  Further  information  on  this  point  will  be  obtained 
in  the  second  phase  of  these  experiments. 

3.2  Rotta'a  Velocity  Profile  Family 

Keier  has  described  (9)  a  family  of  theoretical  velocity  profiles  due  to  J  C  Rotta  which  are  based  on  the 
form  of  the  law  of  the  wall  proposed  by  Rotta  (10)  for  compressible  flow,  and  on  Coles's  wake  function. 

In  adiabatic  flow  at  a  given  Mach  number,  the  two  free  parameters  of  the  family  ire  the  skin- friction 
coefficient  and  the  Reynolds  number  baaed  on  the  boundary  layer  thickness.  The  values  of  these  two  para¬ 
meters  which  give  the  minimum  roa  deviation  between  the  theoretical  and  experimental  velocity  profiles  may 
be  found  using  a  computer. 

A  third  parameter  which  may  be  varied  during  this  iterative  procedure  is  the  probe  displacement  correction, 
which  is  assumed  constant  across  the  boundary  layer.  Fig  5a  shows  how  the  fit  between  theory  and  experi¬ 
ment  is  improved  by  making  this  displacement  correction  (for  convenience,  it  is  the  theoretical  profile, 
rather  than  tha  experimental  one  which  is  displaced  laterally  in  Fig  5a).  For  the  example  shown  in  Fig  5a, 
the  effect  of  this  correction  is  to  reduce  the  theoretical  valua  of  the  skin  friction  coefficient  by  5$, 
although  the  corrected  theoretical  value  remains  appreciably  higher  than  that  measured  by  the  skin-friction 
meter. 

Fig  5b  shows  how  the  displacement  correction  appears  to  be  primarily  a  function  of  Ujd/vw  (where  d  is  the 
probe  diameter),  with  a  small  but  significant  variation  with  Kg.  (The  negative  sign  denotes  the  convention 
of  making  the  correction  to  the  theoretical  profile).  By  virtue  of  the  way  the  correction  is  determined, 
so  as  to  minimize  the  rms  deviation  between  theory  and  experiment,  its  value  is  dominated  by  the  points 
closest  to  the  wall.  Hence  the  correlation  ir.  "law-of-the-wall"  variables  shown  in  Fig  5b  is  to  be  expected. 
Fig  5b  shows  only  the  prebe  corrections  derived  for  x  =  623mm,  at  which  position  there  was  very  little 
scatter.  The  other  positions  on  the  plate  show  clearly  the  variation  with  u^d/v^  But,  because  of  increased 
scatter,  the  variation  with  Me  is  less  well  defined.  Despite  the  scatter  almost  all  the  probe  corrections 
'’or  92  profiles  Tall  within  the  broken  curves  on  Fig  5b. 

3.3  Mixing-length  Analysis  of  Fenter  and  Stalmach 

Allen  suggested  (ll)  a  convenient  and  accurate  method  of  predicting  the  local  skin-friction  coefficient 
from  a  measured  velocity  profile.  For  adiabatic  flow,  he  found,  that  the  most  accurate  version  of  the  law 
of  the  wall  in  compressible  flow  was  that  derived  by  Fenter  and  Smalnach  (12)  on  the  basis  of  von  Kerman's 
mixing-length  hypothesis.  Tills  method  has  besn  applied  to  the  present  results  in  the  manner  suggested  by 
Allen;  namely  by  using  each  point  on  the  velo:ity  profile  in  turn  to  deduce  a  value  of  Cf ,  and  plotting 
these  values  of  Cf  against  the  corresponding  position  y  of  the  pitot  probe.  Fig  6a  shows  typical  predic¬ 
tions  of  Cf  as  a  function  of  probe  posit  or.  at  Mach  numbers  Me  =  2.5  and  4.5  and  two  values  of  R  6,  at  each 
Mach  number.  A  curve  such  as  that  for  M,  -  4.5,  R  62  =  4880  has  two  plateaux  which  apparently  indicate  two 
different  levels  of  skin-frictior.  coefficient  (inner  and  cuter  values).  The  inner  value  is  a  maximum  and 
gives  good  agreement  with  the  Cf  measured  by  the  skin-friction  balance,  The  outer  value  is  a  minimum  and 
its  agreement  with  the  measured  Cf  is,  in  general,  less  satisfactory  and  varies  considerably  with  both 
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Vaeh  number  ar-d  Reynold*  number.  This  variation  i.';  vhe  predicted  Cf  between  the  inner  and  outer  values 
•cross  the  logarithmic  region  of  the  boundary  layer  is  nost  probably  associated  with  a  departure  fret  the 
particular  form  of  the  lair  of  the  wall  proposed  by  renter  and  Sta loach.  The  values  of  skin  friction  pre¬ 
dicted  from  the  inner  plateau  are  compared  with  the  directly  aeasured  values,  on  a  percentage  basin,  in 
Pig  6b.  Theee  results  confirm  Allen's  conclueions  as  to  the  usefulness  of  this  method. 

3.4  Cooparlson  with  Plat  Plate  Relations 


In  Fig  7,  the  predictions  by  the  flat-plate  skin-friction  relations  of  Spalding  and  Chi  (13)  and  Winter 
and  Caudet  (7)  are  compared  with  tl  a  si ’suromenta.  The  cccparisona  are  made  on  a  jsreentage  basis,  with 
the  theoretical  value  of  Cf  determined  from  the  measured  value  of  R  6g.  Fig  7a  shows  that,  for  the  method 
of  Spalding  and  Chi,  the  error  at  lie  higher  Refolds  numbers  is  about  * %.  at  =  2.5,  falling  to  -J S  at 
Ke  =  4.5-  In  addition,  thin  figure  shows  Ifcst  skin  friction  is  appreciably  underestimated  at  the  loner 
Reynolds  numbers  and  higher  !!ach  numbers;  the  error  is  as  nuch  as  12JJ  at  the  lowest  Reynolds  number  at 
Ke  =  4.5 -  Some  of  this  undereetlrate  is  rlsuost  certainly  due  to  the  failure  cf  the  theory  of  Spalding  f.ni 
CM  to  talcs  account  of  the  vaid rtior.  of  the  wake  component  at  low  Reynolds  number,  nnich  wae  dincuae-M  in 
Section  3.1.  The  prediction  me  .hod  of  Winter  and  ..eudet  (7),  illustrated  in  Fig  7b,  app  ars  elightly  more 
accurate  than  that  of  Spalding  a.4  Chi.  At  high  Reynolds  numbers,  the  error  given  by  this  method  is  only 
about  1#  at  ka  =  2.5  falling  to  -2fi  at  ka  -  4.5.  However*,  like  Spalling  and  Chi,  Sinter  and  Caudet  neglect 
tne  variation  of  wake  component  with  Reyinlds  number  and  he*',  s,  at  low  Heyno’os  number. ,  the  undereetiaation 
of  skin  friction  again  increases  to  about  12£  at  Ha  =  4.5.  (The  measurements  by  ifii.tev  and  Caudet,  which 
were  made  on  tire  sidewall  of  the  HAS  8ft  x  8ft  tunnel,  did  not,  of  course,  extend  down  to  eufficiently  low 
Reynolds  numbers  for  the  decay  of  the  '..ike  component  to  be  observed). 

3.5  Wall  T—peratures 

Despite  the  attempts  made  to  insulate  the  flat  plate  dssorlbed  in  Section  2.1  above,  the  wall  tempera turee 
were  considerably  higher  than  those  based  on  a  recovery  factor  r  -  0.89  (r  =  VPr) ,  the  value  commonly 
aeeociated  with  a  turbulent  boundary  layer  (14).  The  total  temperature  selected  for  these  tests  would 
have  given  T„  =  15^  for  r  e  0.89  but,  in  fa-t,  the  wall  temperatures  vere  generally  about  23°C  (Pig  8). 

The  wall  temperaturee  varied  from  day  to  cay  by  shout  i  2°C,  hut  in  nc  apparent  systematic  manner.  The 
epanwiee  temperature  variation  acrose  the  piste  was  net  reaeured  but  wae  believed  to  be  small. 

3.6  Total  Temperature  Profiles 

Some  typical  measured  total-temperature  distributions  acroee  the  boundary  layer  are  ehown  in  Fig  9  in 
terms  of  the  function  F  where 

r  =  (Tt  -  Tw)/(Tt  -  T#) 

and  has  values  F  =  C  at  the  wall  and  F  =  1  in  the  freeetream.  The  profilee  measured  at  Ma  =  2.5  and  4.5 
at  two  Reynolds  numbers  are  .anpared  with  the  Crocoo  relstionahip  (15) 

F  *  'Vue) 

and  the  .Vali  relatiorjhit>  (l6)  , 

1  =  (p/ue)2. 

The  Wale  relationship  ie  closer  to  the  meaeured  points  than  the  Crocco  relationship,  at  least  near  the 
outer  edge  of  the  boundary  layer,  but  neither  relations ;ip  ie  in  good  agreement  with  the  data.  Their 
failure  ie  particularly  marked  cloee  to  the  wall  where,  in  eome  caeee,  total  temperature  increaees  as  the 
wall  ie  approacned. 

Fig  5  euggeste  that  this  increaee  in  total  temperature  .s  the  wall  is  approached  is  most  in  evidence  *t 
the  higher  Mach  numbers.  However,  a  survey  of  ail  tha  temperature  profilee  so  far  measured  suggests  that 
the  region  of  increasing  total  temperature  ie  not  restricted  to  high  Mach  numbers  alone,  but  occurs  at  all 
Mach  numbers  if  the  local  value  of 

v/v- 

becom6e  less  than  50.  Meier  and  Rotta  have  ehown  (17)  how  a  total  t  mperature  variation  of  this  type  in 
the  wall  region  can  be  predicted  if  an  increase  in  turbulent  Prar.dtl  number  occurs  for  values  of  u^y/v^  < 

50.  Fig  9  shows  a  typical  prediction  taken  from  reference  ’i1  of  the  temperature  distribution  for  tfe  =  3.0 
and  R6j  =  10100.  An  increase  in  turbulent  Prandtl  number  near  the  wall  would  rem  that  in  this  region  the 
turbulent  heat  exchange  decreaeee  more  rapidly  tM  the  turbulent  momentum  exchange..  A  similar  variation 
in  turbulent  Prarvltl  number  is  believed  to  occur  aa  .isonic  speeds  (l8)  ti though  other  recent  experiments 
have  euggeeted  that  the  Prandtl  number  first  increases  (for  values  of  Uj.y/v,  <  200),  reaches  a  peak  at  abou* 
u^y/v  .  =  50  and  then  deoreaees  as  the  wall  ie  approached  (ip).  Temperature  measurement  very  close  to  the 
wall  is,  cf  course,  exceedingly  difficult  and  hence  this  particular  aepeut  of  the  i vaults  should  be  regarded 
with  eome  caution. 

The  abeence  of  a  significant  overshoot  in  the  temperature  distribution  in  the  outer  part  of  the  boundary 
layer  means  that  the  total  enthalpy  defect  in  the  layer 

6 

f  (p/pe)  (w\)  (1  -  Tt/Tt  )  c.y 

4  e 

cannot  be  zero  as  it  should  be  for  a  boundary  layer  on  a  thermally  insulated  surface.  In  fact,  the  nett 
enthalpy  defect  in  the  boundary  layer  is  considerable,  particularly  at  the  higher  Maoh  numbers. 
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Although  the  measured  enthalpy-defect  thicknesses  show  some  scatter,  it  has  been  estimated,  according  to 
Reynolds  analogy,  that  the  wall  would  need  to  be  maintained  well  below  recovery  temperature  -  of  order  20°C 
at  Ke  r  2,5,  but  substantially  wore  at  =  ^-*5  -  to  achieve  the  necessary  heat  transfer.  In  contrast, 
the  censured  wall  tecperatures  are  a  few  degrees  above  the  normal  adiabatic  recovery  toaperature.  I'orecver, 
calculations  of  heat  transfer  through  the  thermal  insulation  on  the  plate  Indicate  that  the  heat  flux  assoc¬ 
iated  with  the  enthalpy  defect  could  not  be  passed,  either  to  the  tunnel  structure  or  to  the  flow  over  the 
back  of  the  plate  without  appreciably  higher  driving  temperature  differences  than  are  observed.  It  Is  not 
thought  that  the  temperature  piobe  is  sufficiently  inaccurate  to  be  the  cause  of  those  discrepancies;  hence, 
the  loss  free  the  thermal  ener©'  balance  cannot  at  present  he  explained. 

4.  CONCLUSION'S 


The  main  conclusions  may  be  summarized  under  three  headings. 

(1)  Velocity  i*rofiles 

The  velocity  profiles  plotted  in  the  law  of  the  wall  coordinates  show  a  significant  increase  in  the  value 
of  the  von  Karoan  constant  k  as  Mach  number  increases  from  He  =  2.5  to  4.5.  This  agrees  fairly  wall  witi 
the  correlation  of  ..'inter  and  Caudet,  although  the  latter  to  aooe  extent  underestimates  the  increase  in  x 
above  v.e  =  3.5  (Fig  3).  *t  the  higher  Vsch  numbers,  the  decay  of  the  wake  component  n  of  the  velocity  pro¬ 
file  at  low  Reynolds  numbers  is  fairly  well  defined  (Fig  k)  and  is  consistent  with  the  observations  of 
Hastings  and  Sawyer  and  Green. 

The  measured  velocity  profiles  can  be  fitted  vary  closely  to  the  family  of  theoretical  velocity  profiles 
proposed  by  J  C  Rotta.  The  agreement  is  particularly  good  if  a  probe  displacement  correction,  dependent 
primarily  upon  Ujd/v,,  is  made  (Fig  5). 

The  technique  proposed  by  Alen  for  estimating  skin  friction,  using  the  mixing-length  formulation  of  the 
law  of  the  wall  developed  by  Renter  and  Stalmach,  1s  found  to  be  fairly  act  ante. 

(2)  Skin  Friction  Predictions 

The  flat-plate  skin-frictioi  laws  of  Spalding  and  Chi  and  Winter  and  Caudet  are  in  fairly  good  agreement 
with  the  measurements  but,  ac  high  Mach  numbers  and  low  Reynolds  numbers,  significant  deviations  become 
apparent  (Fig  7).  Some  of  ti  es"  deviations  are  attributable  to  the  neglect  by  these  prediction  methods  of 
the  decay  of  the  wake  component  of  the  velocity  profile  r.t  low  R  '.holds  number. 

(3)  Temperature  Profiles 

The  wall  temperatures  are  higher  than  expected  on  an  adiabatic  surface  (Fig  8),  suggesting  heat  transfer 
fron  the  wall  to  the  boundaiy  layer.  In  contrast,  the  temperature  profiles  in  the  boundary  layer  show  no 
significant  overshoct  and  imply  heat  flow  from  the  boundary  layer  to  the  plate  (Figs  9  and  10).  The 
observed  defect  in  enthalpy  flux  does  not  seam  attributable  to  errors  in  temperature  measuremer .  by  the 
probe.  Hu  appreciable  heat  flow  cor.  pass  through  the  insulation  from  the  plata  to  the  tunnel  structure  or 
to  the  stream  past  the  back  surface  of  the  plate. 


These  temperature  measurements  present  a  paradox  which  will  be  the  subject  of  further  investigation. 
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Fig. 2  Typical  velocity  profiles 
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Fig.  5  Pitot  probe  corrections 


Fig.6  Skin-friction  coefficients  derived  from  Fenter  and  Stalmach  law  of  wall 
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Fig. 7  Comparison  of  estimated  and  measured  skin-friction  coefficients 


Fig.8  Variation  of  wall/total  temperature  ratio  along  plate 
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COMPARISONS  BETWEEN  SOKE  KIOH  REYNOLDS  NUMBER  TURBULENT  BOUNDARY  LAYER 
EXPERIMENTS  /?  KAC11  H,  AND  VARIOUS  RECENT  CALCULATION  PROCEDURES 

by 

f  i  • 

D.J.  Peake  ,  G.  Brakmann  and  J.K.  Romeskie' 


SUMMARY 

The  objective  of  these  studies  was  to  assess  the  Influence  of  streasrise  pressure 
gradients  upon  two-dimensional  compressible  turbulent  boundary  layers  at  high  Reynolds 
numbers,  in  the  absence  of  'end-wall  effects'  and  cnJtcts  cf  longitudinal  curvature. 
Boundary  layers  recovering  to  equilibrium  conditicvis  tare  of  special  Interest. 

Measurements  were  made  at  a  Mach  number  of  4  of  pressure  distribution,  local  skin 
friction  and  boundary-layer  profiles  along  the  intems.1  surface  of  a  parallel,  circular 
cross-section  duct  where  an  axisymsetric  centre-bod'  'that  could  be  extended  into  the 
duct)  provided  the  means  of  imposing  an  adverse  pressure  gradient  upon  the  test  flow. 

The  Reynolds  number  based  on  the  duct  length  of  33-inches  was  alsost  50  mlllicn. 

Results  from  three  expcrlmei.es  arc  presented  in  this  paper,  namely  a  near  xt  ro  pres¬ 
sure  gradient  flow,  an  adverse  pressure  gradient  case,  and  a  flow  relaxing  downstream  of 
a  r ten-induced  separation.  These  results  are  compared  against  the  seven  recent  and  re- 
s^ctive  calculation  methods  of  Bradshaw/Perris?,  Nash,  Chan,  Zwarts,  Cebeci/3oith, 
-sad/Green,  and  Stratford/Beavers,  in  terms  o i  integral  parameters ,  local  skin  friction 
coefficients,  and  velocity  profiles  (where  calculated). 

In  general,  the  boundary  layer  predictions  of  all  the  methods  were  in  reasonable 
agreement  with  experiment.  The  outstandii  g  excel -ion  was  the  discrepancy  observed  between 
the  calculated  and  experimental  skin  friction  results  In  the  "iverse  pressure  gradient 
flew,  which  has  been  attributed  tentatively  to  the  static  prvsrare  gradient  acroas  the 
boundary  layer  In  the  region  of  the  streamwl3e  pressure  Increase. 

LIST  OP  SYMBOLS 

APG  Adverse  pressure  gra  lent  flow  case 

Cp  Local  skin  friction  coefficient 

C  Specific  heat  at  constant  pressure 

P  (PP  -  PE) 

Cpp  Preston  tube  pressure  coefficient  »  - — 

IS 

dc  Width  of  cobra  probe  head  In  direction  of  traverse  normal  to  the  wall 

dg  Diameter  of  static  hole 

D  Preston  tube  diameter 

r Eddy  viscosity 

c  fit 

•H  Shape  factor  ii,  compressible  flow  ■  ;  also  enthalpy 

•Hp  Entrainment  shape  parameter  ■  —  ^  m  jJq  dy 

J  ^E  E 

•H  Shape  parameter  “  t-  (^  "  Sg] 

.'incompressible  shape  parameter,  sometimes  called  velocity  shape  factor 


n 

1  - 

l 

u 

■  UE. 

<Jy 

r  h- 

Jo  ug 

i  - 

UE. 

dy 

kq,  Thermal  conductivity 

A 

l  Mixing  length 

Le  Dissipation  length 

M  Mach  number 

Pc  Cobra  probe  pitot  pressure 

P  Local  static  pressure 

PQ  Stagnation  pressure 

Pp  Preston  tube  pitot  pressure 

PrT  Turbulent  Prandtl  number 

q  Dynamic  pressure 
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r 


Temperature  recovery  factor  *  0.89 
R  Radius  of  duct 

Rr.  Reynolds  number  based  on  Preston  tube  diameter  and  local  mainstream  conditions 

S.  Reynolds  number  based  on  boundary-layer  momentum  thickness  and  local  maln- 

1  stream  conditions 

RPG  Ring  pressure  gradient  floe  case 

7  Static  temperature 

T  Stagnation  temperature  of  mainstream 

TR  Recovery  temperature  at  an  adiabatic  wall  (  r  *  ".89) 

u  Velocity 

utw  Friction  velocity  •  /x^/Oy 

X  Distance  along  duct  wail,  measured  from  cowl  lip 

y  Distance  normal  to  duct  wall 

ZPG  Zero  pressure  gradient  flow  case 

Creek 

Y  Intermittency 

*6  Boundary-layer  thickness 

•6#  Displacement  thickness  ■  f(  1 ' 4ufi)  dy 

4  Correction  for  cobra  probe  displacement  effect 

•a  Momentum  thicknesr  “  P  ll  -  —  dy 

J0  *IEUE  ^  UE> 

u  Absolute  viscosity 

v  Kinematic  viscosity  *  p/p 

p  Density 

t  Shear  stress 

9  Angle  subtended  at  duct  centre  by  arc  length  of  cowl 

9  Yaw  angle  of  cobra  probe  head 

Subscripts 

C  Compressible  flow;  cobra  probe 

D  Preston  tube  diameter 

E  Local  mainstrt  am  conditions  at  boundary-layer  edge 

1  Incompressible  flow 

0  Stagnation 

P  Preston  tube 

R  Recovery 

tw  Wall  shear  stress 

W  Wall 

Superscripts 

'  Quantities  evaluated  at  an  intermediate  temperature 

Fluctuating  quantities  in  Section  2. 

NOTE:  (i;  The  factor  (1  -  was  inserted  into  the  integrands  of  the  •  terms  when 
determining  experimental  values . 

(ii)  Additional  symbols  (not  defined  in  the  List),  to  be  consistent  with  the  seven 
calculation  methods  employed  in  this  paper,  are  introduced  and  discussed  in 
Section  2. 

1.0  INTRODUCTION 

The  Proceedings1*2  of  the  Conference  held  at  Stanford  University  in  1968  indicated 
that  many  of  the  recent  integral  and  differential  calculation  procedures  for  incompres¬ 
sible,  two-dimensional,  turbulent  boundary  layers  can  provide  both  rapid  and  reliable 
predictions  of  flows  in  arbitrary  pressure  gradients.  This  generality  was  restricted, 
nevertheless,  to  ^lows  that  did  not  Interact  significantly  with  the  mainstream,  or  in 
other  words,  to  those  that  were  not  close  to  separation.  On  the  effects  of  compressibility, 
it  was  considered  that  additional  data  were  required,  especially  fot  flews  in  adverse  and 
relaxing  pressure  gradients,  in  preference  to  the  expending  of  enormous  effort  on  the 
proliferation  of  new  theories  -  a  state  of  saturation  that  has  already  occurred,  of  course, 
in  the  incompressible  flow  case. 

Prior  to  the  Stanford  meeting,  an  experiment  to  include  adverse  and  relaxing  pressure 
gradients  had  already  been  devised  by  NAE  and  McGill  University  to  obtain  some  definitive 
mean  flow  results  at  Mach  ii,  under  conditions  of  high  Reynolds  number  (Rg  of  30,000). 


The  eoeuaents  at  the  Stanford  meeting,  therefore,  provieed  substantial  support  for  the 
present  objectives.  The  experiment  was  then  expanded  in  scope  to  provide  a  framework  of 
results  from  three  different  boundary  layer  flows  against  which  to  test  the  compressible 
versions  of  some  of  the  advocated  methods  at  Stanford,  as  well  as  some  other  recent  ca1- 
culatlon  techniques.  The  approaches  chosen  included  the  differential  turbulent  kinetic 
energy  field  methods  of  Bradshaw3*1*,  Hash-,  and  Chan6*7,  as  well  as  the  differential  mean 
field  method  01  Cebeci/Smith8 .  These  were  supplemented  by  the  dissipation  integral 
method  of  Zwarts*,  the  entrainment  integral  method  of  Head/Green1 9 > ! * ,  and  the  momentum 
Integral  method  of  Stiatford/beavers12 .  From  these  attimp.s,  it  wa •  anticipated  that  the 
mort  promising  methods  might  be  revealed  for  potential  application  to  other  important 
flow  cases  in  aeronautical  engineering. 

Despite  the  fact  that  many  sets  of  compressible  turbulent  boundary  layer  data  are 
available,  most  have  been  measured  in  nominally  zero  pressure  gradient,  while  those  taken 
in  flows  with  pressure  gradient  have  often  suffered  from  detrimental  rig  effects.  The 
consequence  is  that  few  data-sets  are  of  adequate  quality  to  3erve  as  a  basis  against 
which  to  compare  the  various  calculation  techniques.  In  particular,  there  is  a  scarcity 
of  satisfactory  measurements  at  high  Reynolds  numbejs  either  in  strong  adverse  (but  with¬ 
out  shock  waves)  or  in  relaxing  pressure  gradients,  the  latter  flow  type  causing 
noteworthy  embarrassment  to  most  calculations. 

Experiments  conducted  in  nominally  two-dimensional  configurations,  where  adverse 
pressure  gradients  were  applied  remotely  from  the  tost  surface,  have  been  influenced  to  a 
greater  or  lesser  degree  by  'end-wall  effects’.  The  boundary-layer  growth  on  the  end 
walls  (unless  this  is  controlled)  induces  a  flow  convergence  both  in  the  mainstream  flow 
and  in  the  test  boundary  layer  (see  Zwarts9,  for  instance).  The  difficulties  with  end- 
wall  effects  are  aggravated  in  supersonic  flow,  where  shock-induced  separations  may  also 
be  involved.  Longitudinal  curvature  of  the  test  surface  itself  has  provided  an  alterna¬ 
tive  means  of  generating  an  adverse  pressure  gradient  * 3» * 4 » 1 5  * 50 ,  but  there,  the  changes 
in  static  pressure  along  a  normal  to  the  surface  may  be  substantial  enough  to  invalidate 
the  usual  assumption  of  constant  static  pressure  across  the  boundary  layer*,  even  for 
moderate  pressure  gradients  at  aow  Mach  numbers.  In  the  Mach  6  case  of  Reference  15,  for 
example,  subsequent  analysis17  showed  that,  across  the  boundary  layer  thickness,  the 
static  pressure  changed  along  a  normal  to  the  .urface  by  as  much  as  80  percent  of  the  wall 
pressure,  and  demonstrated  that  the  isobars  in  the  boundary  layer  were  close  to  the  linear 
extensions  of  the  Mach  lines  in  the  mainstream.  Amongst  other  factors  that  may  adversely 
affect  the  quality  of  a  'standard  boundary  layer  experiment'  are  difficulties  with  trip¬ 
ping  devices,  the  unknown  influence  of  local  turbulence  on  pitot  tube  readings, the  effects 
due  to  probe  size,  shape  and  displacement,  the  effects  of  outer  intermittency  and  the 
sensitivity  of  integral  thicknesses  to  the  few  data  points  near  the  wsll. 

To  eliminate  the  undesirable  secondary  flow  effects  from  end  walls,  a  test  surface 
comprising  the  inner  wall  of  a  circular  cross-section,  parallel  duct  is  an  obvious  choice. 
A  large  constant  radius  test  section  should  be  provided  so  that  there  are  no  problems  as 
a  result  of  changing  transverse  curvature  and  rapidly  thickening  layers.  A  suitable  ratio 
of  test  boundary-layer  thickness  to  radius  of  curvature  should  be  <0.1  for  the  effects  of 
transverse  curvature  to  be  negligible.  (In  low  speed  flow18,  the  effect  of  transverse 
curvature  on  the  index  of  the  power  law  of  the  turbulent  boundary  layer,  was  shown  to  be 
insignificant  for  ratios  of  boundary  layer  thickness  to  radius  of  curvature  of  up  to  3.) 

A  prescr  ed  pressure  field  may  then  be  generated  conveniently  by  means  of  an  axisymmetric 
centre-b„dy  located  within  the  duct,  the  centre-body  contour  depending  on  the  choice  of 
supersonic  or  subsonic  mainstream  test  conditions.  Moreover,  the  pressure  gradient  con¬ 
ditions  can  be  varied  by  altering  the  centre-body  design  without  disturbing  the  instru¬ 
mentation  along  the  test  surface,  while  the  near  zero  pressure  gradient  case  may  be 
handled  by  retracting  or  removing  the  centre -body  altogether. 

As  an  additional  variable,  the  duct  length  can  be  changed  by  building  it  in  sections; 
there  is  then  the  provision  to  obtain  an  Initial  boundary-layer  development  under  essen¬ 
tially  zero  pressure  gradient  conditions  before  commencing  any  pressure  rise,  a  feature 
assisting  the  input  of  initialising  boundary  values  in  the  calculation  methods.  A  suit¬ 
able  length  of  wetted  surface  may  also  be  added  downstream  of  any  applied  pressure  rise 
to  investigate  boundary  layers  recovering  to  equilibrium  conditions. 

With  the  centre-body  removed,  we  may  also  study  the  difficult  computational  case  of 
a  boundary  layer  relaxing  downstream  of  a  local  separation,  induced,  say,  by  a  forward 
facing  step  (a  shock/boundary-layer  interaction  flow  configuration  not  unlike  that  inves¬ 
tigated  by  Green  10>19)  or  we  may  meacure  the  three-dimensional  boundary  layer  In  the 
duct  at  angle  of  attack.  The  installing  of  instrumentation  is  facilitated  by  access  to 
it  from  outside  the  rig;  measurements  of  static  ar.d  impact  pressures  at  the  wall,  temper¬ 
atures,  and  viscous  flow  profiles  of  both  mean  and  fluctuating  quantities  being  clear 
choices  for  any  experiments  of  the  kind  outlined  in  the  present  paper. 

The  type  of  parallel  duct  discussed  above  forms  the  basis,  in  fact,  cf  the  test  rig 
to  be  descrihed  in  Section  3.  The  duct  was  placed  in  a  Mach  ^  mainstream  in  the  NAE  5-ft 
x  5-ft  wind  tunnel  to  investigate  three  different  boundary-layer  flows  under  nominally 
two-dimensional  conditions.  The  tests  were  performed  at  a  Reynolds  number  of  almost  50 
million  based  on  the  33-lnch  wetted  length  of  test  surface  and  undisturbed  Mach  4  stream 
conditions,  while  heat  transfer  to  or  from  the  flow  was  assumed  negligible.  This  assump¬ 
tion  follows  from  the  fact  that  with  the  tunnel  open  for  rig  servicing,  the  temperature 
of  the  test  surface  is  that  of  the  local  ambient  atmosphere.  During  the  short  duration 
i  ' 

longitudinal  curvature  also  has  a  significant  effect  on  the  turbulence  structure16. 
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tunnel  run,  tre  stream  stagnation  temperature  la  also  close  to  that  of  the  local  ambient 
atmosphere,  Ht-nce,  because  o?  the  large  heat  capacity  of  the  teat  surface,  the  resulting 
decrease  in  wall  temperature  is  small,  and  the  wall  is  close  to  an  adiabatic  temperature 
condition . 

The  first  test  was  a  near  zero  pressure  gradient  flow;  the  second  was  concerned  with 
an  adverse  pressure  gradient,  th„*  initial  Mach  4  mainstream  diffusing  to  Mach  2  down¬ 
stream  of  which  the  boundary  layer  was  permitted  to  relax  at  virtually  constant  pressure  | 

along  a  length  of  about  200  boundary-layer  displacement  thicknesses;  while  the  third 
Involved  a  boundary  layer  recovering  downstream  of  a  stop-induced  separation.  The  same 
physical  length  of  nominally  zero  pressure  gradient  b«*-u,dary  layer  was  allowed  to  develop 
upstream  of  the  pressure  rise  and  upstream  of  the  step . 

This  paper  provides  a  description  of  the  measurements  made,  and  their  comparisons 
with  the  aforementioned  calculation  methods;  emphasis  being  placed  on  integral  paraaieters, 
local  skin  friction  coefficient  and  velocity  profiles. 

2.0  PREDICTION  OF  THE  COMPRESSIBLE,  TURBULENT  BOUNDARY  LAYER 

IN  ARBITRARY  PRESSURE  GRADIENTS 

An  unsophisticated  interpretation  of  a  turbulent  boundary  l^yer  is  that  it  consists 
of  a  free  shear  layer  constrained  by  a  solid  wall.  The  wake-like  choracter  is  evidenced 
by  the  entrainment  and  lntermittency  phenomena,  and  by  the  sensitivity  of  the  outer 
region  of  the  boundary  layer  to  pressure  gradient  and  mainstream  turbulence  level.  The 
wall  constraint,  on  the  other  hand,  reveals  iuself  in  the  viscous,  laminar  suo-layer,  and 
in  the  logarithmic  part  of  the  near:  velocity  profile. 

Two  similarity  laws  have  been  demonstrated  to  characterise  the  overall  development 
of  a  turbulent  boundary  layer  -  at  ’rust,  for  flows  in  nominal  equilibrium  —  called  the 
'law  of  the  wall'  and  the  'law  of  the  wake*.  Given  that  tha  law  of  the  wall  applies 
(that  is,  there  is  a  relationship  between  mean  velocity  end  sheading  stress  velocity) 
then  a  convenient  means  of  estimating  the  wall  shearing  stress  is  -~cvided.  The  law  of 
the  wake,  on  the  ether  hand,  circumvents  the  necessity  to  stipulat*.  the  physlcr  of  the 
shear  flow  turbulence.  References  1  and  2  hint  that  the  inclusion  ••he  law  of  the  wall 
or  other  equivalent  data  appears  to  be  a  trait  of  the  successful  Incompressible  prediction 
methods,  and  it  will  be  noted  in  the  following  discussion  that  the  explicit  or  implicit 
inclusion  of  the  wall  law  Is  a  feature  of  all  the  compressible  flow  calculation  methods 
used  herein. 

In  the  compressible,  trroulent  boundary  layer,  the  fluctuating  velocity  field  pro¬ 
motes  transport  of  momentum  and  heat  across  the  mean  flow  streamlines.  It  is  the  explicit 
or  implicit  description  of  this  transport  mechanism  that  constitutes  the  fundamental 
problem  of  calculating  turbulent  boundary  layer  development.  For  steady.,  two-dimensional 
turbulent  boundary  layer  flow,  the  momentum  and  thermal  energy  equations  contain  essen¬ 
tially  two  unknowns:  terms  involving  the  time  mean  of  the  product  of  two  fluc-.uatlng 
velocities,  -u'v' ,  known  as  the  turbulent  (or  Reynolds)  shear  stress;  and  a  term  Involving 
the  time  mean  of  the  product  cf  a  fluctuating  velocity  and  a  fluctuating  temperature, 

-v’T' ,  (or  sometimes  expressed  in  terms  of  enthalpy  -v'H' ) .  The  relationships  (if  say) 
between  these  fluctuating  quantities  and  the  mean  velocity  and  mean  temperature  distribu¬ 
tions  have  never  been  strictly  defined  by  experiments,  reliance  having  been  placed  on 
empirical  correlations.  As  McDonald  points  out  in  his  concise  assessment  of  certain  com¬ 
pressible  turbulent  boundary  layer  methods  in  Reference  20,  the  success  or  failure  of 
proposed  methods  of  prediction  will  thus  be  associated  directly  with  the  way  the  mean 
flow  variables  are  related  to  the  temperature  correlation,  v'T’ ,  along  with  the  procedure 
for  representing  possible  temperature  effects  on  the  relationship  between  the  mean 
velocity  field  and  turbulent  shear  stress  term,  -u'v'.  We  shall  attempt  to  illustrate  in 
this  r4sum£  of  calculation  methods  used  herein,  how  each  of  these  correlations  is  de¬ 
scribed,  and  their  possible  advantages  and  shortcomings. 

In  the  numerical  solution  of  the  boundary  layer  partial  differential  equations,  the 
mean  field  is  usually  related  to  the  turbulent  stress  and  temperature  correlations  in  an 
explicit  form.  Such  relationships,  for  Instance,  those  of  'eddy  viscosity'  or  'mixing 
length',  are  used  in  a  large  number  of  the  incompressible  calculation  procedures;  but 
their  limitations  in  the  compressible  flow  case  are  unclear.  An  Bradshaw  points  out  in 
Reference  A,  the  assumption  that,  the  apparent  eddy  viscosity,  et,  in  the  outer  part  of 
the  boundary  layer  is  a  constant  multiple  of  the  integral  of  velocity  defect  across  the 
boundary  layer  (et  being  taken  independent  of  the  mean  density  profile  end  Mach  number) 
may  well  be  satisfactory  for  zero  pressure  gradient  flow.  Yet  in  view  of  the  paucity  of 
reliable  experimental  data,  there  is  no  reason  to  presume  that  such  a  state  applies  in 
compressible  flows  with  pressure  gradient.  Bradshaw  discusses  further4  that  even  in 
incompressible  flow,  large  variations  in  dimensionless  eddy  viscosity  (or  mixing  length) 
can  occur  in  rapidly  changing  boundary  layers;  the  latter  are  often  encountered  in  com¬ 
pressible  high  speed  flows  and  changes  in  density  may  affect  the  eddy  viscosity  or  mixing 
length.  We  shall  begin  with  commenting  on  those  methods  that  do  not  utilise  compressi¬ 
bility  transformations,  followed  by  those  that  do. 

2 . 1  The  Differential  Turbulent  Kinetic  Energy  Field  Method 

of  Bradshaw/Ferrlss ;  and  of  Nash 

Prior  to  the  publication  in  1966  (by  Bradshaw  et  al3)  of  a  method  to  calculate 
boundary  layer  development  utilising  the  turbulent  kinetic  energy  equation,  most  proced¬ 
ures,  as  we  have  inferred  already,  had  relied  upon  the  properties  of  the  turbulence 
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tsuch  as  entr^innwnt  or  local  shear  stress  profile)  co  be  related  to  the  local  mean  flew 
conditions.  For  exanqile,  in  the  ’eddy  viscosity'  or  'mixing  length*  hypotheses,  the 
assumption  is  made  that  the  local  rhear  stress  in  a  boundary  layer  is  governed  by  the 
local  velocity  gradient  o?  the  mean  flow  at  that  point. 

Bradshaw  et  al3  argued  thae  there  was  a  much  closer  relationship  between  the  shear 
stress  profile  and  the  turbulence  structure  than  between  the  shear  dress  and  the  mean 
velocity  profile.  On  .e  the  relations  between  the  shear  stress  and  the  turbulence  inten¬ 
sity,  dissipation,  anu  diffusion  are  known  or  are  prescribed,  the  differential  turbulent 
kinetic  energy  equation  defining  the  rate  of  change  of  turbulent  energy  along  a  stream¬ 
line,  can  be  converted  into  an  equation  for  the  rate  of  change  of  turbulent  shear  stress 
(in  a  two-dimensional  boundary  layer).  Ho  assumption  of  the  shear  stress  with  respect  to 
the  mean  velocity  gradient  is  needed.  The  method  of  Bradshaw  ev  al3  relies  exclusively 
on  assumptions  concerning  the  turbulence  structure  that  were  mainly  deduced  from  detailed 
measurements  in  constant  pressure  low-speed,  tumulent  boundary  layers.  By  invoking 
Morkovin's  hypothesis1 *  that  the  turbulence  structure  is  unaffected  by  compressibility 
when  Mach  number  (and  hence  density)  fluctuations  are  small,  the  same  empirical  functions 
as  used  in  incompressible  flow3  can  be  adopted  for  the  compressible  flow  case 11 .  Such  a 
philosophy  would  appear  more  credible  than  the  postulate  that  eddy  viscosity  relations 
between  the  shear  stress  and  the  mean  flow  are  'unaffected  by  compressibility.  The  mean 
flow  is  substantially  altered  by  compressibility,  especially  in  a  longitudinal  pressure 
gradient,  but  there  is  no  justification  for  implying  that  the  shear  stress  is  altered 
correspondingly.  Raving  adopted  Morkovin's  hypothesis,  no  supplementary  physical  input 
is  required  apart  from  the  compressible  version  of  the  universal  law  of  the  wall  for  the 
inner  boundary  condition  (and  from  which  the  wall  shear  stress  is  calculated).  The  tem¬ 
perature  distribution  across  the  boundary  layer  is  prescribed  by  the  Crocco  relation 
(with  a  recovery  factor,  r  ■  0.89,  consistent  with  an  adiabatic  wall): 

CpT  +  i  ru2  -  CpTw 

Entrainment  (as  a  function  of  Mach  number)  is  also  required  to  scale  the  turbulent  energy 
diffusion  term,  G.  The  mean  continuity,  momentum,  and  turbulent  kinetic  energy  (shear 
stress)  equations  form  a  hyperbolic  set  whose  solution  is  obtained  by  the  method  of 
characteristics.  The  distinctive  feature  of  the  method  is  that  no  compressibility  trans¬ 
formations  are  needed.  It  is  clear  furthermore ,  that  no  simple  transformation  will 
reduce  the  compressible  flow  equations  to  a  corresponding  incompressible  form. 


Nash  adopted  the  same  physical  reasoning  as  Bradshaw,  to  develop  a  three-dimensional 
method  to  calculate  compressible  turbulent  layers5.  With  the  third  dimension  removed, 
the  method  reduces  essentially  to  Bradshaw's  two-dimensional  formulation,  with  but  a  few 
minor  differences  in  the  empirical  input.  Nash,  however,  elected  to  use  a  stagge red-mesh , 
forward  difference  nu-ierical  scheme  to  solve  the  boundary  layer  equations,  rather  than 
the  cnaracterlstics'  routine  used  by  Bradshaw. 

2 . 2  Mixing-Length,  Integral  Turbulent  Kinetic  Energy  Field  Method  of  Chan 


Following  the  pioneering  work  of  Bradshaw  et  al,  and  Nash,  an  additional  contribution 
to  the  technique  of  using  the  turbulent  energy  equation  ha3  been  that  of  Chan,  whose 
incompressible  formulation6  has  recently  been  adapted  to  account  for  compressibility7. 

In  this  method,  and  what  may  at  first  sight  appear  to  be  the  antithesis  of  Bradshaw's 
proposals,  the  phenomenological  concept  of  mixing  length  is  used.  It.  is  no  longer  corre¬ 
lated  directly  with  the  mean  flow  field  of  the  turbulent  boundary  layer,  however,  but  is 
scaled  (in  the  outer  layer)  from  an  integral  form  of  the  turbulent  kinetic  energy  equa¬ 
tion.  Hence  the  history  of  the  turbulent  state  is  considered  explicitly  and  the  mixing 
length  correlation  is  permitted  to  vary  as  the  boundary  layer  develops.  Chan's  method  Is 
thereby  similar  to  the  method  of  Bradshaw  et  al1*,  except  that  In  the  use  of  an  Integral 
form  of  the  turbulent  kinetic  energy  equation,  the  pressure-velocity  diffusion  process  is 

eliminated  ( ^  dy  =  0)  and  an  assumption  is  made  concerning  the  distribution  of  mixing 
length  across  the  boundary  layer. 

Utilising  the  implication  from  Morkovin's  hypothesis21,  and  the  research  ol'  Malse 
and  McDonald22,  that  compressibility  will  not  significantly  affect  the  character  of  the 
mixing  length,  the  boundary  layer  is  spilt  Into  two  regions:  the  laminar  sub-layer  and 
the  exterior  turbulent  flow.  In  the  former,  van  Driest' s  laminar  damping  is  assumed,  so 

aidi,  i.ue  inj.Xi.iig  leiigvii  is  given  uy  . 
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For  flows  in  zero  or  favourable  pressure  gradients,  xmax  identifies  the  surface  shear 
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In  the  outer  turbulent  region,  the  turbulent  shear  stress 
mixing  length  by: 

=  JiflUifiH  |u  „  {2  [|u|2 
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while  the  turbulent  kinetic  energy  and  viscous  dissipation  are 
(see  Reference  7): 
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Inserting  these  quantities  into  the  turbulent  kinetic  energy  equation,  and  integrating 
across  the  boundary  layer,  a  functional  relation  is  obtained  for  the  scaling  of  the  mix- 
\ng  length,  l\ .  The  empirical  Inputs  for  k  and  the  distribution  of  the  dissipation 
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When  the  scaling  of  the  mixing  length  at  the  boundary  layer  outer  edge  is  evaluated  from 
the  integral  turbulent  kinetic  energy  equation,  the  local  state  of  turbulence  is  then 
known  corresponding  with  the  flow  development  upstream. 


Once  the  turbulent  state  le  provided,  the  two-dimensional  boundary  layer  equations 
of  motion  (continuity,  x-momentum  and  x-enthalpy)  are  transformed  in  terms  of  a  stream 
function.  In  the  enthalpy  equation,  the  eddy  conductivity: 


where  the 
thermally 


turbulent  Prandtl  number, 
insulating. 
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The  body  surface  is  assumed  to  be 


The  momentum  equation  is  first  of  all  linearised  and  both  it  and  the  thermal  energy 
(enthalpy)  equations  are  written  into  a  finite  difference  form.  The  calculation  is  an 
Iterative  one:  the  momentum  equation  is  integrated  assuming  a  distribution  of  total 
enthalpy  to  produce  a  velocity  field.  This  in  turn  is  used  to  solve  the  enthalpy  equation 
and  the  new  totnl  enthalpy  distribution  replaces  the  assumed  one.  The  calculation  is 
repeated  until  a  criterion  of  convergence  is  satisfied.  Details  of  the  computation  scheme 
are  to  be  found  in  Reference  7. 


2.3  Entrainment  Integral  Method  of  Head/Green 


The  next  calculation  procedure  that  we  wish  to  include  is  a  recent  development  by 
Green11  of  his  earlier  entrainment  method10,  which  used  as  its  starting  point  Head's 
entrainment  method  for  incompressible  flow2*.  We  remember  that  Head's  physically  realistic 
and  simple  formulation  predicted  the  rate  at  which  mainstream  flow  was  entrained  into  the 
turbulent  boundary  layer.  Green  extended  the  basic  assumptions  of  Head's  method:  namely, 
th:?t  in  high  Mach  number  flows,  Just  as  In  there  at  low  Mach  number,  the  entrainment  is 
related  directly  to  the  velocity  defect  in  the  outer  region  of  the  boundary  layer,  being 
adequately  defined  by  a  form  parameter  of  the  vloclty  profile: 


It  should  be  sc  essed  that  this  integral  method  does  not  employ  a  transformation.  Green 
indicates  in  Reference  10,  in  fact,  that  the  compressibility  transformations  that  he  ex¬ 
amined  therein  implied  that  the  dimensionless  entrainment  rate,  Hj,  was  invariant  with 
Mach  number  in  constant  pressure  boundary  layers  (which  is  not  demonstrated  in  most- 
experiments),  and  leads  to  the  underestimating  of  boundary  layer  thickness  at  high  Mach 
numbers . 


The  procedure  for  a  solution  is  outlined  in  Reference  11.  The  boundary  layer  param¬ 
eters  are  obtained  by  solving  the  momentum  integral  and  entrainment  equations  simulta¬ 
neously,  with  step-by-step  progression  downstream.  Auxiliary  relations  for  local  skin 
friction  coefficient,  Cp,  and  a  snape  parameter,  K,  are  utilised,  the  latter  being 
related  to  the  usual  shape  factor  H  by: 

T 

H  -  (F  +  1)  J-  -  1 


H,  in  turn,  is  explicitly  related  to  Hj  (see  Figure  25).  The  skin  friction  coefficient 
in  an  arbitrary  pressure  gradient  is  obtained  from  the  incompressible  skin  friction  law  of 
Nash  and  Thompson  coupled  with  the  correlation24  of  Spalding/Chi  for  flat  plate  skin 
friction  (“Cpg),  to  yield  the  following  equation: 


H 

0.9  . 


Cp  and  CpQ  occur  at  the  same  momentum  thickness  Reynolds  number. 
2 .  *1  Momentum  Integral  Method  of  Stratford/Beavers 


To  retain  a  sense  of  perspective 
aforementioned  and  subsequent  methods 
Integral  correlation  of  Stratford  and 
Included.  These  authors  demonstrated 


from  the  greater  or  lesser  complexities  of  the 
(to  be  explained),  the  straightforward  momentum 
Beavers12  first  published  in  1959,  has  also  been 
that  many  of  the  momentum  integral  methods  prior  to 
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I960  could  be  expressed  in  the  Torn: 

•)  -  f (M)  X  Rj‘b  . 

whare  7  is  an  equivalent  flat  plate  length  defined  by: 

7  ■  P~l  (*  PdX  , 

•'O 

and  P  -  !K/{1  +  0,2  M2)]4 

The  equivalent  distance  7  is  such  that  the  actual  boundary  layer  growth  "long  the  physi¬ 
cal  vetted  length,  X,  upon  attaining  a  final  mainstream  Mach  number  M.  is  the  3ame  as 
that  which  would  occur  over  the  distance  7  at  a  constant  Mach  number,  tt.  If  it  is 
assumed  that  there  is  no  variation  cf  boundary  luyer  thickness,  6,  with  Mach  number,  an 
accepted  formula  for  incompressible  flow  may  be  used  tc  derive  momentum  thickness,  0,  and 
displacement  thickness,  6*,  using  algebraic  expressions  for  the  ratios  0/4  and  6*/6 
arranged  to  fit  values  givon  by  a  one-seventh  power  law,  say.  For  mainstream  Reynolds 
numbers  of  the  order  of  107,  Stratford  and  Beavers  proposed  that: 

4  -  0,23  7  r_-«-1«67 

0  -  0.022  (1  +  0.1  M2)-0,7  X  R^~° • 188 7 

6*  -  0.028  (1  +  0.8  mV*44  7  R^-0'1667 
for  a  thermally  insulated  wall. 

The  ratio  of  compressible  to  incompressible  skin  friction  coefficient  at  the  same 
Reynolds  number  based  on  7,  for  flow  on  a  flat  plate,  is  given  by: 

(i +  o.i  4r°-7 

and  Cp,  has  been  taken  herein  from  a  correlation  by  Winter,  Smith  and  Gaudet25  for 
incompressible  flat  plate  flow: 

Cp  -  0.0198  Rc-~°  ’ 1 305 
i  £ 

Stratford  and  Beavers  Indicate  that  the  equations  above  for  4  and  4*  would  be  applicable 
only  in  mild  or  zero  pressure  gradients,  while  that  for  0  could  be  used  generally.  In 
this  method,  it  is  clear  that  no  account  is  taken  of  the  discrete  turbulence  structure  of 
the  boundary  layer  in  a  direct  or  an  indirect  way,  and  it  might  be  expected  that  for  non- 
equil.lbrium  boundary  layer  flows,  the  method  would  yield  poor  results  (see  McDonald20). 


2 . 5  Differential  Mean  Field  Method  of  Cebecl/Smith 

In  the  method  of  Cebeci  and  Smith8,  the  algebraic  deteils  of  which  are  somewhat  com¬ 
plex,  the  continuity,  momentum  and  thermsl  energy  (enthalpy)  equations  are  set  down  for 
two-dimensional  flow,  and  the  approach  followed  in  which  the  turbulent  boundary  layer  is 
regarded  as  a  composite  layer  consisting  of  inner  and  outer  regions.  The  two  similarity 
laws,  the  law  of  the  wall  and  velocity  defect  law  of  the  wake,  are  assumed  to  be  applic¬ 
able.  The  Reynolds  shear  stress  term  is  eliminated  through  the  use  of  the  eddy  viscosity 
concept.  An  eddy  viscosity  Is  Introduced  In  the  Inner  region  that  Is  based  on  Prandtl's 
mixing  length  theory,  with  a  modification  to  mixing  length  near  the  wall  to  account  for 
the  laminar  sub-layer  In  the  form  suggested  by  van  Driest  (as  In  Chan's  method).  To  ac¬ 
count  for  compressibility,  the  density  Is  again  assumed  variable,  and  a  more  sophisticated 
expression  for  the  damping  term  in  the  van  Driest  law  is  used  to  account  for  the  heat 
transfer  in  the  sub-layer: 


where  A  «  26  vw 

trary  distance, 
defined. 


the 


and  v  Is  the  mean  value  of  v  obtained  from  averaging  over  an  arbi- 
sub-layer,  for  Instance.  The  shear  stress  at  the  wall  Is  thereby 


In  the  outer  layer,  the  eddy  viscosity  Is  taken  to  depend  upon  the  local  density  and 
lntermittency ,  y(y/6),  the  latter  function  having  been  derived  for  incompressible  flow  as: 

y  =  §  [l  -  erf  5  (£  -  0.78)] 

The  eddy-viscosity  formula  for  the  outer  region  is  then: 

e,  =  pKoU-S^y  ,  where  K?  =  0.0168  . 

vouter  h 

It  Is  noteworthy  that  y  does  depend  upon  the  longitudinal  pressure  gradient  in  practical 
flows  (see  Fiedler  and  Head26,  for  example),  although  such  an  effect  is  net  included  here. 
The  Inner  and  outer  regions  are  matched  at  the  y-station  where  ^touter  ■  e,  .  As  in 
Chan's  method,  the  product  -pv'H'  in  the  enthalpy  equation  is  agalrriiiminatearby  utilis¬ 
ing  an  eddy-conductivity  concept  and  Is  introduced  into  the  enthalpy  equation  by  the 
definition  of  turbulent  Prandtl  number: 
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It  is  taken  as  unity,  although  (as  the  authors  state®)  there  is  evidence  to  suggest  that 
in  the  outer  part  of  the  boundary  layer  the  turbulent  Frandtl  number  approaches  2. 


The  boundary  layer  equations  are  then  solved  by  first  of  all  transforming  (according 
to  the  Probstein/Flliot  approach  for  laminar  boundary  layers)  the  physical  co-ordinate 
system  tc  remove  the  singularity  at  x  *  o  and  to  stretch  the  co-ordinate  normal  to  the 
flew.  The  laminar-type  Levy-Lees  transformation  is  then  utilised  to  re— scale  the  boundary 
layer  thickness  to  an  order  comparable  tc  that  of  downstream  distance.  The  fluid  proper¬ 
ties  of  specific  heat  at  constant  pressure,  absolute  viscosity,  thermal  conductivity  of 
the  fluid  and  enthalpy  are,  for  convenience,  expressed  as  power  law  functions  of  tfhe 
local  static  temperature  in  the  flow. 


The  method  used  to  solve  the  boundary  Iver  equations  replaces  the  streamwise  deriv¬ 
atives  in  both  the  momentum  and  thermal  ene’  jj  equations  by  finite  differences.  The 
momentum  equation  is  solved  in  a  linearised  form,  and  the  equations  integrated  normal  to 
the  wall  utilising  an  implicit  finite  diffe-  nee  technique  coupled  with,  an  increasing 
grid  mesh. 

2.6  The  Dissipation  Integral  Method  of  Zwarts 


Ewarts’  approach®*27  is  based  on  a  Crocco/Coles  type  transformation  that  reduces  the 
compressible  equations  to  a  corresponding  incompressible  form.  This  enables  the  use  of  a 
reliable  incompressible  calculation  procedure  in  solving  the  problem  and  Zwarts  chose  his 
own  method  for  this  purpose27. 

A  two-layer  model  of  the  flow  Is  adopted  in  the  incompressible  plane.  The  law  of 
the  wall  is  represented  by  the  convenient  expression  given  by  Spalding  in  Reference  28 
which  includes  both  the  laminar  sub-layer,  buffer  layer,  and  the  logarithmic  region.  The 
shear  stress  distribution  in  the  inner  layer  is  obtained  by  integrating  the  x-momentum 
equation  employing  the  Spalding  law  cf  the  wall  and  the  continuity  equation.  The  result¬ 
ing  specification  of  simultaneous  velocity  and  shear  stress  profiles  provides  a  solution 
of  the  inner  layer. 


In  the  outer  region  the  velocity  defect  is  expressed  by  a  fourth  order  polynomial  in 
(y/4),  and  a  constant  eddy  viscosity  is  assumed  across  the  region: 

Pouter  *  H7S7  “  kpuE6*  * 

an  expression  that  was  derived  for  boundary  layers  in  nominal  equilibrium.  The  constants 
in  the  polynomial  are  determined  from  the  boundary  conditions  at  both  the  mainstream  and 
at  the  Junction  with  the  inner  region.  Across  tne  Junction,  the  continuity  cf  shear 
stress,  velocity  and  velocity  gradient  is  necessary  to  prevent  terms  in  the  momentum 
equation  from  becoming  too  large  in  the  blending  region.  (The  remaining  free  parameter  is 
determined  from  the  integral  kinetic  energy  equation.)  The  shear  stress  in  the  outer 
region  follows  from  stouter  and  the  defect  equation.  Having  now  specified  simultaneous 
velocity  and  shear  stress  profiles,  the  outer  region  may  be  considered  solved  -  but  as 
Zwarts  points  out,  with  less  conviction  than  the  solution  for  the  inner  region,  because 
of  the  controversy  concerning  the  application  of  constant  eddy  viscosity  when  the  flows 
are  not  in  equilibrium.  The  constant,  k,  is  normally  assumed  to  be  0.018 (after  Clauser2®), 
but  Zwarts  has  demonstrated  that  most  velocity  profiles  measured  in  rigs  Immersed  in 
supersonic  wind  tunnel  flows  experience  the  effects  of  high  mainstream  turbulence  levels, 
which  tend  to  fill  out  the  velocity  profiles. 

Zwarts  advocated  an  increase  in  k  to  compensate  for  high  freestream  turbulence  levels 
at  higher  working  section  Mach  numbers  and  k  was  set  to  0.027  for  the  calculations  pre¬ 
sented  herein.  (The  reader  is  referred  to  a  further  discussion  on  tunnel  turbulence  levels 
in  Section  which  implies  chat  this  value  of  k  was  perhaps  too  high.) 


Coles  has  demonstrated  that  a  correspondence  between  the  incompressible  and  compres¬ 
sible  continuity  and  x-momentum  equations  In  two-dimensional  flow  can  be  established  if 
the  following  trans forma  cion  functions  are  introduced  (where  a,  n  and  5  are  as  yet  unde¬ 
termined)  to  transform  tne  stream  function  and  to  stretch  the  x  and  y  variables: 
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The  transformation  of  the  velocities  then  follows  directly.  These  are  substituted  in  the 
transport  terms  „  che  compressible  momentum  equation.  Assuming  the  mainstream  flow  to  be 
isentropic  the  momentum  equation  can  be  integrated.  Its  evaluation  at  the  wall  gives  an 
expression  for  the  transformed  wall  shear  stress,  which  applies  for  rough  or  smooth  walls 
and  covers  cases  with  mass  transfer  normal  to  the  wall.  The  further  assumption  of  a  smooth 
wall  in  the  integrated  momentum  equation  yields  one  relation  between  the  above  three 
transformation  functions.  Following  Crocco,  the  thermal  energy  equation  is  used  to  obtain 
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a  second  relation  between  the  transformation  functions,  assuming  a  Pranatl  number  of 
unity  and  no  heat  transfer  at  the  wall. 

The  third  transformation,  o,  was  deduced  by  Zwarts  via  Coles  "law  of  corresponding 
stations",  once  Incompressible  and  compressible  skin  friction  laws  were  supplied.  For 
the  incompressible  flow,  Spalding's  wall  1 t  i  was  assumed  while  the  compressible  skin 
friction  coefficient  ferm  was  assessed  from  compressible  flat  plate  data.  The  equation 
derived  for  o  presupposes  a  constant  pressure  and  adiabatic  flow,  and  is  only  strictly 
true  for  this  special  case. 

Zwarts'  incompressible  method  is  now  combined  with  the  transformation  procedure  to 
give  a  calculation  method  for  two-dimensional  compressible  turbulent  boundary  layers  in 
aibltrary  pressure  gradient,  assuming  the  wall  temperature  to  be  equal  to  the  mainstream 
stagnation  temperature. 

Numerically,  once  an  external  flow  velocity  distribution  is  prescribed  the  solution 
involves  the  simultaneous  integration  of  four  first  order  differential  equations  to  de¬ 
termine  the  boundary  layer  parameters  in  the  incompressible  plane.  The  various  compres¬ 
sible  parameters  of  interest  may  suDsequently  be  obtained  using  the  appropriate  trans¬ 
formations. 

In  closing  this  section,  it  is  perhaps  worth  recapitulating  that  the  methods  of 
Zwarts  and  Cebecl/Smith  presuppose  near  equilibrium  conditions  locally  in  the  flow,  rely¬ 
ing  upon  explicit  couplings  between  velocity  gradient  and  shear  otress.  The  methods  of 
Bradshav/Ferriss,  Nash,  and  Chan,  on  the  other  hand,  do  not  ignore  the  effects  of 
turbulence  history . 

3.0  APPARATUS  AND  TEST 

3-1  Wind  Tunnel  and  Model  Mounting 

The  tests  were  conducted  in  the  NAE  5-ft  *  5-ft  blowdown  wind  tunnel  at  a  nominal 
mainstream  Mach  number  of  A,  with  the  airstream  stagnation  pressure  and  temperature  at 
1C9  psia  and  77°F.  During  a  typical  run  of  12  seconds,  the  Reynolds  number  based  on  the 
test  boundary-layer  length  of  about  3  feet  was  close  to  50  million  in  the  Mach  A  flow. 

The  model  was  mounted  on  the  strut  pitching  mechanism  of  the  wind  tunnel  as  shown  on 

Figure  1.  The  roll  gear  was  removed  from  the  strut  to  shorten  the  moment-arm  and  thereby 
reduce  the  bending  moment  on  the  strut  pitching  linkage  caused  by  the  high  loads  during 
wind  tunnel  starting.  The  pitch  system  was  locked  so  that  the  model  was  fixed  at  angles 
of  incidence  and  yaw  of  0°  *  10'  with  wind-off. 

3.2  Model 

The  sectional  drawing  of  the  rig  cn  Figure  2  illustrates  its  resemblance  to  an  In¬ 
ternal  compression  supersonic  intake,  whese  internal  geometry  is  composed  of  the  long 

straight  circular  duct  of  9-lnch  diameter  and  the  translating,  axisymmetric  centre-body. 

In  the  cases  of  the  zero  pressure  gradient  and  step-induced  separated  flows,  the  centre- 
body  was  held  at  its  fully  retracted  position,  and  as  such  the  weak  shock  wave  disturbance 
from  the  3°  semi-cone  angle  spike  tip  just  intersected  the  test  boundary  layer  at  the  exit 
of  the  duct.  The  'step'  consisted  of  a  ring  of  thickness  0.15  inch  and  width  0.5  inch, 
whose  external  diameter  provided  a  close  tolerance  fit  inside  the  duct.  When  used,  the 
ring  was  locked  to  the  duct  wall  such  that  the  forward  face  of  the  ring  was  at  X  *  10  in. 
downstream  of  the  sharp  leading  edge  of  the  cowl.  For  the  adverse  pressure  gradient  flow, 
the  centre-body  was  translated  forward  21  inches  (from  the  retracted  position)  in  0.5  sec., 
once  the  starting  of  the  flow  had  been  monitored  and  established  by  a  pressure  sensor  in 
the  duct.  Activation  of  the  centre-body  was  effected  by  a  pressurised,  hydraulic  ram 
system  (see  Figure  1). 

To  yield  the  prescribed  pressure  distribution  for  the  adverse  pressure  gradient  flow, 
a  method  of  characteristics  was  employed  to  design  the  centre-body  contour,  coupled  with 
an  assessment  of  the  bound  ary -layer  growth9  ori  the  internal  due-,  surface  and  along  the 
cer : re-body  Itself.  At  the  -xtended  (design)  position  of  the  centre-body , the  mainstream 
f3  v  along  the  test  wall  consisted  of  three  regions  of  roughly  equal  length:  those  of  the 

zero,  adverse  (M  =  A-»2;,  and  recovering  pressure  fields.  An  overall  area  compression 
ratio  of  about  5  was  produced. 

3 . 3  Measurements  and  Instrumentation 


Measurements  along  the  test  wall  wei  made  of  static  pressure,  Preston  tube  pitot 
pressure,  and  wall  temperature.  Pitot  pressure  profiles  in  the  viscous  flow  and  the  main¬ 
stream  pitot  pressure  and  stagnation  temperature  were  also  recorded. 

Static  pressure  orifices  of  0.oA0-ii:ch  diameter  were  spaced  at  0.5-inch  intervals 
along  the  test  surface  at  sixty-four  streamwise  stations.  The  static  holes  were  grouped 
In  sets  of  ten  along  diagonal  rays  (see  Table  1)  to  avoid  downstream  disturbance  of  the 
boundary -layer  flow  at  a  nearby  measuring  station  resulting  from  the  local  three-dimen¬ 
sional  separations  about  the  Preston  tubes.  In  addition,  at  two  axial  stations,  X  *  11.75 
inches  and  21.75  inches,  extra  static  holes  were  positioned  around  the  duct  circumference 
to  check  for  two-dlmenslonallty  of  the  pressure  field. 

Preston  tubes  of  0. 016-inch  external  diameter  (see  Figure  3)  were  adapted  by  means  of 
brass  collars  to  fit  the  static  orifices,  and  were  sealed  at  each  static  hole  by  a  small 


quantity  cf  epoxy  cement.  Preston  tube  pressures  were  collected  from  all  of  the  static 
orifice  positions,  ten  at  a  time. 

Harnesses  of  pneumatic  tubing  emanating  from  the  seventy  static  orifice  positions 
along  the  model  test  surface1,  conducted  the  surface  pressures  to  a  transducer/wafer  switch 
assembly  mounted  on  the  outside  of  the  cowl  and  protected  from  the  tunnel  mainstream  by  a 
cover.  The  transducer  wafer  unit  consisted  of  seven  12-port  wafer  valves  and  seven  minia¬ 
ture  unbonded  strain-gauge  pressure  transducers.  Two  equlspaced  ports  on  each  wafer 
served  as  'homes',  such  that  three  pneumatic  zeroes  could  be  obtained  for  each  cycle  of  the 
wafer  rotor.  This  is  a  necessary,  procedure  to  establish  signal  detum  levels  during  a 
tunnel  run  in  order  to  correct  for  transducer  transient  and  case  pressure  eff.  :ts. 

Boundary-layer  traverses  for  pit. t  pressure  at  six  stations  along  the  wall  were  ac¬ 
complished  with  s  flattened,  three-tub.1  yawmeter  or  'cobra*  probe  as  shown  on  Figure  4. 

The  two  outer  tubes  are  chamfered  at  45°  to  form  a  yawmeter  while  the  centre  tube  (0.026- 
inch  wide  by  0.01?-lnch  high)  measures  pitot  pressure.  The  probe  is  capable  of  translating 
at  a  preselected  rate  to  a  maximum  extension  of  0.8  inch  in  ten  seconds.  As  it  traverses 
through  the  flow,  a  yaw-servo  system  aligns  the  probe  with  the  local  mean  flow  direction, 
to  determine  any  three-dimensionality  of  the  boundary  layer.  A  0.5-inch  diameter  flat- 
ended  steel  cylinder-  into  which  the  probe  stem  is  effectively  keyed  provides  the  mechanism 
for  yawing  the  probe.  In  so  doing  a  small  discontinuity  is  produced  by  the  flat  at  the 
duct  wall  that  might  cause  a  tiny  local  flow  disturbance. 

An  unshielded  lron-constantan  thermocouple,  of  Lead  diameter  0.002  inch, was  mounted 
above  the  pitot  orifice  of  the  cobra  probe  head,  to  measure  the  variation  of  stagnation 
temperature  through  the  boundary  layer.  The  thermocouple  was  calibrated  for  recovery 
factor  in  an  auxiliary  experiment,  but  equipment  problems  unfortunately  prevented  the  use 
of  the  thermocouple  during  the  present  tests. 

The  determination  of  wall  temperature  was  achieved  in  the  pressure  gradient  region  in 
the  upstream  portion  of  the  rig  (see  Table  1)  and  was  found  to  be  within  ±5°F  of  the  local 
adiabatic  wall  recovery  temperature.  The  measurement  was  made  by  setting  a  very  thin  plate 
into  the  wall  surface,  to  which  the  same  size  of  unshielded  thermocouple  bead  (as  men¬ 
tioned  above)  was  attached  to  the  bottom  surface  of  the  plate.  These  thin  wall  plates 
attain  equilibrium  conditions  quickly,  but  data  were  taken  throughout  the  tunnel  run  to 
verify  that  a  plateau  in  temperature  was  indeed  achieved. 

An  additional  thermocouple  was  mounted  externally  on  the  rig  to  measure  the  stagna¬ 
tion  temperature  of  the  mainstream.  This  was  essentially  similar  in  design  to  that  used 
on  the  cobra  probe  and  was  Intended  to  serve  as  a  reference  level  against  which  to  com¬ 
pare  the  output  of  the  cobra  probe  thermocouple. 

All  of  the  electrical  analogues  of  the  pressure  and  temperature  signals  were  relayed 
to  the  Honeywell-Brown  chart  recorders  of  the  5-ft  *  5-ft  tunnel  data  system  and  digitised 
for  further  processing.  Analogue  chart  results  were  also  gathered  simultaneously  during 
a  tunnel  run. 

4.0  RESULTS 

The  essential  results  of  the  three  experiments  are  shown  on  Figures  5  to  25  in  terms 
of  the  distribution  of  Mach  number,  the  velocity  profiles  and  integral  parameters,  and  the 
distributions  of  local  skin  friction  coefficient  along  the  duct.  (Some  of  these  results 
have  been  presented  earlier39  in  a  brief  summary  of  the  tests, but  the  comments  and  results 
herein  supersede  those  of  Reference  39.)  To  recapitulate,  we  remember  that  the  three  ex¬ 
periments  were  those  in  a  near  zero  pressure  gradient  (ZFG),an  adverse  and  recovering 
pressure  field  (APG),  and  the  flow  following  a  step-induced  separation  (RPG).  The  three 
abbreviations  in  brackets  will  be  used  as  a  shorthand  notation  in  the  following  discussion. 

4.1  Accuracy 

The  rms  surface  finish  on  the  internal  wall  of  the  duct  and  the  centre-body  was  close 
to  10  pinches  with  surface  waviness  better  than  0.0002  inch  per  inch  of  surface.  The 
maximum  eccentricity  between  the  centre-body  centre-line  and  the  duct  was  ±0.005  inch 
measured  across  a  duct  diameter. 

The  p.tot  pressures  collected  ..  n  the  cobra  probe  were  accurate  to  within  ±0.04  psla. 
The  positioning  and  backlash  errors  in  the  probe  potentiometers  and  gearbox  were  measured 
on  a  comparator,  resulting  in  translation  and  yaw  accuracies  within  ±0.0005  inch  and 
±0.2°  respectively. 

The  flattened  three-tube  geometry  of  the  cobra  head  probe  results  in  a  displacement 
correction  that  is  slightly  larger  than  that  normally  taken  for  circular  pitot  tubes30  in 
incompressible  flow.  Young  and  Maas31,  in  some  experiments  with  flattened  tubes,  made  a 
tentative  suggestion  of  ar.  outward  displacement  correction  of  0.24  dc  towards  the  region 
of  higher  velocity,  where  dc  is  the  width  of  the  probe  face  in  the  direction  of  traverse. 
This  value  has  been  accepted  herein, for  wall  distances  y  > 2dc-  as  Marson  and  Lilley32 
provide  some  evidence  that  displacement  errors  are  not  affected  significantly  by  compres¬ 
sibility.  For  distances  closer  to  the  wall  than  y=  2dc,  the  displacement  error  decreases 
continuously  as  the  wall  is  approached,  and  may  be  expressed  conveniently  in  terms  of  a 
function  of  d^/y  and  uTdc/v,  where  the  latter  quantity  when  based  on  wall  conditions 
varied  between  10C  and  500  in  the  present  tests.  An  analogous  representation  of  Macmil¬ 
lan's  total  displacement  effect  for  y/d^  £  2  was  derived  for  the  cobra  probe,  to  include 
the  above  range  of  uTy/dc  as 
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-  0.2*4  -  0.0*1 

dc 

No  corrections  for  the  effect  of  turbulence  on 


(t-0-5)  “■ 

the  pitot  readings  have  been  employed. 


Errors  due  to  large  static  pressure  holes  (i.e.  relative  to  the  boundary-layer  dis¬ 
placement  thickness,  6 •)  can  be  important  in  the  reduction  of  boundary -layer  profile 
measurements  and  when  using  surface  Preston  tubes  to  determine  surface  shear  stress. 
Rainbird33  found  that  in  subsonic  and  supersonic  zero  pressure  gradient  flows  at  high 
Reynolds  numbers,  large  static  orifices  (where  dg/i*  ■  10)  gave  pressure  errors,  AP, 
typically  twenty  times  the  value  of  the  undisturbed  surface  shear  stress.  In  the  present 
experiments,  the  parameter  ds/6*  was  always  Si  (except  in  the  laminar  boundary-layer 
region  close  to  the  duct  leading  edge),  so  that  the  influence  of  dg/5*  was  not  significant 
in  the  regions  along  the  duct  where  there  was  turbulent  flow.  In  fact  the  correlation  of 
Franklin  and  Wallace 3<*  for  deep  holes  has  been  adopted,  but  extended  to  compressible  flow 
by  inserting  the  local  wall  conditions  of  density  and  temperature.  The  following  curve 
fit  has  been  chosen  to  represent  the  correlation,  namely: 


TJ"  3.71  [l-.ipf-0.0021  pSjk-,5)]] 

except  when  uTWdg/v^  <  200,  then, 
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The  functional  relationship  in  the  above  expression  follows  from  the  law  of  the  wall  and 
the  assumption  that  the  static  pressure  hole  error  will  be  a  function  of  the  velocity  u 
at  a  distance  y  from  the  wall,  which  is  dependent  on  dg33.  Hence,  provided  a  law  of  the 
wall  region  exists  in  the  adverse  pressure  gradient  flow,  we  may  argue  that  the  hole 
error  correction  should  be  applicable  there,  as  in  the  zero  pressure  gradient  flow  case, 
noting  that  local  conditions  at  the  wall  should  be  used  in  the  hole  error  formulae. 


The  inaccuracies  in  measurement  and  repeatability  indicate  that  the  maximum  errors 
in  local  Mach  number  and  skin  friction  determination  are  AM  ±0.02  and  ACp  ■  ±0.0001. 

The  tunnel  stagnation  pressure  is  controlled  typically  to  within  ±0.1<  of  the  mean 
stagnation  pressure  level  during  any  given  run,  which  is  to  within  ±0.2  psi  in  the 
present  tests. 

*4.2  Mach  Number  Distributions  Along  the  Duct 

Figure  5  displays  the  Mach  number  distributions  along  the  duct  for  the  three  test 
flows  determined  as  a  function  of  corrected  wall  static  pressure  (for  hole  error)  to 
stream  stagnation  pressure,  Isentroplc  flow  through  the  duct  was  assumed  in  the  zero 
pressure  gradient  (ZPG)  and  adverse  pressure  gradient  (APG)  cases,  but  a  calculation  was 
made  for  the  loss  in  stagnation  pressure  through  the  oblique  shock  waves  existing  upstream 
and  downstrem  of  the  ring,  equal  to  about  30  percent  of  the  Mae’-  mainstream  stagnation 
pressure.  The  reflections  of  these  shock  waves  are  incident  up-.h  the  test  boundary  layer 
in  the  RPG  case  near  X  ■  29  inches  where  a  noticeable  sharp  drop  in  Mach  number  occurs. 

With  the  centre-body  extended  for  the  APG  flow,  the  adverse  pressure  gradient  com¬ 
mences  virtually  at  its  design  position  after  11.75  inches  of  near  zero  pressure  gradient 
flow.  The  centre-body  pressure  field  then  compresses  the  mainstream  from  Mach  *1  to  Mach  2 
alcng  the  following  10  inches  of  duct,  according  to  an  initial  cosine  and  subsequent  expo¬ 
nential  function,  that  when  plotted  appears  almost  linear.  A  slightly  favourable  pressure 
gradient  then  materialises  along  the  remainder  of  the  duct. 

*! . 3  Tests  for  Two-Dimensionality  of  the  Boundary  Layers 

It  was  emphasised  in  Section  1  that  one  of  the  alms  of  the  experiment  was  to  produce 
a  compressible  turbulent  boundary  layer  free  fro.-c  end-wall  constraints. 

Figures  6a  and  6b  show  some  sample  circumferential  variations  in  Mach  number  at  X  ■ 
11.75  and  21.75  inches  downstream  of  the  leading  edge.  Reference  to  Figure  5  indicates 
that  the  former  station  is  upstream  of  the  applied  pressure  field  in  the  APG  case .whereas 
the  latter  is  in  the  Mach  2  region.  Examples  from  the  three  test  flows  are  shown,  plotted 
relative  to  the  Mach  number  at  the  circumferential  angle,  50°.  For  many  of  the  runs, 

we  note  that  the  discrepancies  around  the  periphery  are  contained  within  the  maximum 
error  band  in  Mach  number  measurement, AM  -  ±0.02,  although  with  the  centre-body  extended, 
there  is  a  consistent  trend  in  the  sign  of  the  variation  at  each  station.  We  note  further 
that  with  the  centre-body  retracted,  the  ZPG  and  RPG  flows  yield  no  real  improvement  in 
circumferential  Mach  number  distribution,  the  implication  being  that  the  centre-body  is 
situated  concentrically  within  the  duct. 


The  cobra  head  yawmeter  probe  provided  a  second  means  of  determining  whether  any 
cross-flow  was  present  in  the  test  boundary  layers.  Figures  7a  and  7b  show  some  typical 
yaw  angle  outputs  as  a  function  of  distance  from  the  duct  wall,  at  the  traverse  stations 
corresponding  to  X  ~ 16  62  and  31.62  inches  -  refer  to  Figure  5  again  for  these  positions 
relative  to  the  pressure  ~lse.  The  initial  angular  setting  on  the  surface  Is  denoted  by 
but  this  does  not  nac-ussarily  represent  an  absolute  zero  angle  of  yaw.  It  is  more 
revealing  to  compare  the  * otal  yaw  movement  in  the  boundary  layer  relative  to  the  main¬ 
stream  setting  at  the  extremities  of  the  profiles.  It  will  be  seen  that  the  skew  angle 
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registered  by  the  probe  for  the  zero  pressure  gradient  flow  Is  within  the  ’deadband* 
error  of  ±0.2°  for  the  Instrument.  Both  the  adverse  pressure  gradient  and  step-induced 
pressure  gradient  flows  Indicate  a  skewing  in  the  Inner  layer-  of  1°  to  1.5°  relative  to 
the  mainstream  direction.  Such  a  small  yaw  Is  deemed  acceptable,  especially  as  It  does 
not  Increase  significantly  between  X  ■  16.62  and  31*62  Inches. 

A  third  method  of  checking  for  two-dimensionality  is  by  means  of  oil  dot  flow 
visualisation,  some  examples  of  which  are  Illustrated  on  Figure  8.  The  strips  of  thin 
paper  adhesive  tape  were  placed  in  the  duct  along  the  axial  direction  beginning  at  the 
cowl  leading  edge,  and  oil  dots  applied  before  a  tunnel  run.  Because  of  the  low  energy 
flow  at  the  base  of  the  bounaary  layer,  the  limiting  streamlines  are  very  receptive  to 
changing  direction  as  a  result  of  transverse  pressure  gradients.  A  plot  of  the  shear 
stress  trajectories,  therefore,  is  a  sensitive  indicator  of  three-dimensionality  in  the 
inner  regions  of  the  viscous  flow.  The  flow  visualisation  along  more  than  half  of  the 
d  ~t  wall  for  the  three  test  cases  demonstrates  no  particular  convergence  or  divergence; 
non-parallelism  of  the  oil  streaks  wiph  the  tape  edges  is  due  to  the  tape  being  slightly 
offset  from  a  longitudinal  surface  generator.  Additional  tapes,  not  shown,  that  adhered 
tc  the  downstream  region  of  the  duct,  demonstrated  the  same  lack  of  skew. 

From  this  examination,  we  feel  that  three-dimensionalities  are  small  enough  around 
the  duct  at  a  given  axial  station,  to  claim  that  nominal  two-dimensional  test  conditions 
have  been  achieved. 

4.1)  Transition  Location 


As  the  Mach  number  of  a  supersonic  mainstream  increases,  it  becomes  more  and  more 
difficult  in  wind  tunnels  to  promote  transition  of  a  compressible  laminar  boundary  layer 
by  artificial  means.  This  is  due  to  an  increasing  stability  of  the  laminar  flow  with 
increase  of  Mach  number,  that  is  accentuated  with  cooling  of  the  wall.  A  three-dimensional 
roughness  element,  to  cause  transition  at  a  length  Reynolds  number  of  about  one  million 
at  Mach  4  (which  would  be  close  to  the  leading-edge  of  the  cowl  in  the  present  experiment) 
would  require  a  height  about  equal  to  the  local  boundary  layer  thickness.  Now,  the  three- 
dimensional  protuberance-type  separations  produced  by  each  roughness  element  give  rise  to 
longitudinal  vortices,  whose  effect  would  be  unknown  on  enhancing  the  diffusion  charac¬ 
teristics  of  the  turbulent  boundary  layer.  In  addition,  undesirable  distortion  of  the 
mean  boundary  layer  profiles  would  result.  For  these  reasons,  it  was  preferred  to  allow 
transition  to  develop  naturally,  when  calculations  through  natural  transition  could  then 
be  attempted  using  the  method  of  Cebeci  and  Smith8. 

The  transition  regions  are  Indicated  qualitatively  by  the  reduction  In  oil  streak 
lengths  near  the  cowl  leading-edge  on  Figure  8,  and  quantitatively  on  Figure  9,  by  the 
Preston  tube  measurements.  The  Preston  tube  correlations  that  determine  skin  friction 
coefficient  (and  which  are  listed  in  Section  4.5)  cannot  be  accepted  as  accurate  in  lami¬ 
nar  flow,  of  course,  but  the  surface  Impact  tube  is,  notwithstanding,  a  useful  instrument 
to  indicate  the  mean  boundaries  of  the  transition  region.  From  these  measurements,  the 
transition  region  appears  to  commence  at  X  »  2  inches  at  the  trough  of  the  Cp  distributions 
(where  Ry  is  2.8  million);  and  to  finish  where  the  maximum  in  the  Cp  curve  occurs,  at 
X=6.5  inches  (where  Ry  =  9  million).  The  oil  dot  flow  visualisation  supports  this  diag¬ 
nosis,  although  there  is  some  evidence  of  a  changing  transition  position  around  the  duct. 

At  the  high  unit  Reynolds  number  of  the  present  tests  of  about  1.4  million  per  inch, 
an  extrapolation  of  the  results  of  Hastings  and  Sawyer35  collected  on  a  flat  plate  model 
at  Mach  4,  indicates  consistency  with  the  Preston  tube  results  quoted  above.  Hastings  and 
Sawyer  also  made  visible  the  transition  regions  by  sublimation  of  azobenzene  coatings,  and 
concluded  that  the  surface  pitots  Indicated  a  broader  transition  region  than  did  the  sub¬ 
limation  technique,  although  the  sublimation  patterns  were  certainly  dependent  on  the  time 
taken  for  their  establishment. 

The  length  of  the  transition  region  is  surprising,  perhaps,  for  it  Implies  a  rela¬ 
tively  low  mainstream  turbulence  level  at  the  tunnel  centre-line,  in  an  Intermittent  blow¬ 
down  facility  not  previously  noted  for  Its  low  turbulence  content.  The  pressure  fluctua¬ 
tions  measured  with  flush-mounted  microphones  in  the  working-section  wall  at  Mach  4  36  have 
been  shown  Independent  of  those  measured  at  the  wall  in  the  settling  chamber.  This  result 
is  attributable  to  the  closure  of  the  tunnel  nozzle  for  Mach  4  operation,  the  small  throat 
size  restricting  the  propagation  downstream  of  most  of  the  control  valve  noise.  The  major 
source  of  the  sound  field  at  the  tunnel  centre-line  must  therefore  be  the  turbulent  boun¬ 
dary  layers  on  the  tunnel  walls.  However,  since  the  fluctuating  pressure  field  external 
to  the  boundary  layer  is  swept  downstream  with  a  velocity  of  the  same  order  as  the  main¬ 
stream37  the  pressure  fluctuations  would  travel  along  the  local  directions  of  the  Mach 
waves.  The  implication  here  Is  that  the  wall  boundary  layers  not  far  downstream  of  the 
tunnel  throat  are  the  only  parts  of  the  tunnel  viscous  flow  that  can  radiate  acousti  j1 
disturbances  to  the  tunnel  centre-line  in  the  vicinity  of  the  rig  (note  that  the  duct  it¬ 
self  provides  an  effective  shield  for  the  test  flow).  The  fluctuating  pressure  level 
calculated  using  Reference  37  would  Imply  a  turbulence  level  (velocity  fluctuations)  of 
less  than  0.1  percent  at  the  high  unit  Reynolds  numbers  of  the  present  experiments,  all  of 
which  would  appear  to  be  consistent  with  the  measurements  of  Pate  and  Schueler38. 

4 . 5  Local  Skin  Friction  Measurements  Compared  with  Calculations 

The  experimental  skin  friction  data  obtained  from  the  correlations  described  in 
Appendix  1  are  listed  in  Tables  2,  3,  and  4,  and  shown  on  Figure  9a,  for  the  respective 
flow  cases  of  ZPG,  APG  and  RPG.  For  these  three  flows,  the  Tables  and  the  Figure  indicate 
that  the  values  of  Cf  given  by  the  Preston  tube  Hopkins/Keener  T'-method  and  the  Sigalia 
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T'-method  are  nominally  within  ±5  percent  of  each  other.  For  the  most  part,  the  Fenter/ 
Stalmach  correlation  yields  consistently  lower  values,  while  the  Hopkins/Keener  Ty-method 
provides  higher  values.  The  Somme r/Sncrt  T'-Rg  correlation  is  close  to  the  T'  Preston 
tube  correlations  in  the  ZPG  and  RPG  flows,  and  shows  a  general  scattering  of  values  about 
these  Preston  tube  correlations  in  the  A?G  case,  by  comparison,  Wilson's  Rg  method  pro¬ 
duces  the  largest  Cp  values  of  all  the  correlations  considered  herein. 

From  these  cursory  assessments,  the  bias  has  been  to  consider  the  Hopkir.s/Keener  T'- 
method  and  the  Sommer/Short  T‘-Rg  correlation  as  respective  representatives  of  the  Preston 
tube  and  velocity  profile  data.  These  are  plotted  on  Figure  9b  and  compared  against  the 
various  calculations  described  in  Section  3. 

We  note  first  of  all  that  most  of  the  Cp  calculations  in  the  ZFG  flow  are  virtually 
indistinguishable  from  the  measurements.  (A  10  percent  spread  does  appear  because  the 
computations  with  the  methods  of  Zwarts  and  Cebeci/Smith  are  somewhat  abovr  the  other 
calculations  due  to  higher  Cp  starting  values.)  The  bottom  graph  on  Figure  9b  illustrates 
that  the  reattached  boundary  layer  downstream  of  the  ring  generated  separation  exhibits  a 
rapid  recovery  to  a  near  zero  pressure  gradient  development.  All  of  the  calculations  ex¬ 
cept  Bradshaw's  and  Nash's  indicate  Cp  values  that  are  higher  than  the  measurements  be¬ 
cause  of  the  difficulty  in  interpreting  appropriate  Cp  starting  conditions.  In  contra¬ 
distinction,  the  calculations  in  the  APG  flow  do  not  agree  in  trend  with  the  experiment 
(the  one  exception  being  the  Stratford/Beavers'  method).  In  the  upstream  region  of  the 
pressure  rise,  the  experiment  indicates  an  increase  in  Cp  whereas  the  calculations  show  a 
decrease.  Further  downstream,  the  experimental  values  of  Cp  overshoot  the  values  that  one 
would  observe  In  a  constant  pressure  flow  (Zwarts  found  the  same  phenomenon9)  while  the 
calculated  skin  friction  coefficients  approach  the  constant  pressure  boundary  layer  values 
from  below.  In  addition,  the  experiment  shows  an  unexpected  hump  in  the  region  of  pres¬ 
sure  rise  preceding  the  entry  to  the  flow  relaxation  at  Mach  2.  The  hump,  in  fact, follows 
the  trend  of  the  Preston  tube  pressure  coefficient,  Cpp,  rather  than  that  of  the  Preston 
tuoe  pressure  itself  (see  Figure  10),  as  a  result  of  a  sudden  local  increase  in  the  static 
pressure  gradient.  The  bumpy  character  of  the  calculations  employing  the  Zwarts  and 
Cebeci/Smith  methods  is  due  to  the  utilisation  of  a  different  smoothing  routine  on  the 
experimental  static  pressure  data. 

In  view  of  the  discrepancy  between  the  calculations  and  the  experimental  APG  results, 
which  do  we  suspect  as  providing  wrong  information? 

In  the  APG  experiment,  there  is  encouraging  consistency  between  the  values  of  Cp 
calculated  from  the  Preston  tubes  and  from  the  velocity  profiles.  To  support  the  argument 
that  the  Preston  tube  correlation  may  be  applied,  we  refer  to  the  limitations  on  Preston 
tube  calibrations  given  by  Patel4'*  and  Brown  and  Joubert48.  Patel  showed  that  In  incom¬ 
pressible  flow,  a  pressure-gradient  parameter  that  measured  the  strength  of  the  streamwise 
pressure  gradient  as  it  affected  the  flow  in  the  law  of  the  wall  region  was  av/uT^,  where 
a« p_1(dp/dx).  Through  the  pressure  rise  region  of  the  present  experiment,  this  parameter, 
using  either  wall  (or  Intermediate  temperature)  values  for  determining  v,  p  and  utjf*  is 
no  larger  than  about  0.003,  in  the  same  region  where  uTyD/v  increases  to  about  900.  This 
value  of  av/ux$  is  clearly  less  than  the  value  of  0.01  ascribed  by  Patel  to  yield  a  maxi¬ 
mum  error  of  3  percent  on  Freston  tube  correlations  In  adverse  pressure  gradient.  Corre¬ 
spondingly,  Patel  stipulated  that  uTyD/v  should  be  <200,  however,  and  this  value  is 
exceeded.  Nevertheless,  Brown  and  Joubert48,  again  in  incompressible  flow,  considered 
that  in  severe  adverse  pressure  gradients,  the  parameter  aD/uxw  was  a  better  criterion  on 
which  to  base  the  failure  of  Preston  tube  correlations,  than  was  av/puxw-  For  the  AP(* 
case,  aD/uxw  is  no  greater  than  1.2,  whereas  Brown  and  Joubert  stipulate  the  first  signs 
of  failure  of  the  correlations  will  only  occur  when  aD/uTw  i  1.41.  The  errors  in  measured 
Cp  should  be  less  than  one  percent,  according  to  these  criteria.  For  the  existence  of  a 
logarithmic  region  in  the  boundary  layer  (which  is  seen  on  Figure  l1!).  Brown  and  Joubert 
also  suggested  that  av/uxu  <  0.05,  which  it  certainly  is  in  the  APG  case,  being  around 
0.003.  Contrary  to  Patel's  arbitrary  limits  on  Reynolds  number  (uTwD/v),  the  extrapolation 
of  the  area  beneath  the  one  percent  error  line  on  Brown  and  Joubert 's  plot  of  av/uTfl 
versus  uTy/D/v,  would  allow  an  almost  infinite  uTyD/v  corresponding  to  av/uT$  *  0,003. 
Finally,  the  specification  of  the  O.Ol67-inch  diameter  of  the  Preston  tube  was  chosen  to 
be  within  the  permissible  maximum  and  mini rum  limits  suggested  by  Hopkins  and  Keener40 
(and  consistent  with  an  adequate  response  time  when  coupled  to  the  pneumatic  measuring 
system).  McDonald's  work49  would  additionally  support  the  views  expressed  already  that 
the  pressure  gradient  is  insufficiently  adverse  to  affect  seriously  the  character  of  the 
laminar  sub-layer  from  its  flat  plate  form,  so  that  again,  we  would  interpret  that  there 
Is  no  violation  of  the  universal  law  of  the  wall. 

So  far,  then,  the  conclusion  of  these  assessments  is  that  the  Preston  tube  correla¬ 
tions  are  valid  in  the  APG  flow  case.  Bradshaw4  suggests  that  if  the  Preston  tube  corre¬ 
lations  are  believed,  the  large  overshoot  in  skin  friction  witnessed  in  the  relaxation 
from  the  adverse  pressure  gradient  could  occur  "If  the  lifetime  of  the  turbulent  eddies 
were  far  longer  In  supersonic  flow  than  in  low-speed  flow,  but  that  none  of  our  current 
physical  ideas  about  turbulence  support  this".  Having  assessed  the  effects  of  streamwise 
pressure  gradient  thoroughly,  the  remaining  test  is  to  query  the  effect  of  pressure 
gradient  normal  to  the  streamwise  flew  direction. 

McDonald20  discussed  that  if  the  mainstream  flow  is  of  the  simple-wave  type,  then  to 
the  usual  boundary  layer  approximation 


4.5.1 


11-14 


That  is,  in  any  supersonic  flow  wit h  a  large  streamwiee  pressure  gradient ,  (dp/dx)g,  the 
pressure  gradient  normal  to  the  wall  will  also  be  large.  If  a  linear  distribution  cf 
static  pressure  with  distance  from  the  wall  is  assumed  to  be  given  by  equation  4.5.1  for 
the  present  APG  flow,  the  static  pressure  at  the  boundary  layer  edge  during  the  stream- 
wise  pressure  rise  becomes  less  than  that  at  the  wall.  The  recalculation  of  the  sicin 
friction  coefficient  of  the  Sommer/Short  Rg-T'  method  results  in  a  reduction  from  0.00128 
to  0.00115  at  the  second  profile  station,  and  from  0.00149  to  0.00146  at  the  third  station. 
Now  the  Preston  tube  correlations  are  based  on  mainstream  values  derived  with  reference 
to  local  wall  static  pressure  that  is  assumed  constant  across  the  boundary  layer.  The 
effect  of  the  normal  pressure  gradient  then,  is  to  increase  the  Mach  number  at  the  bound¬ 
ary  layer  edge;  reference  to  equation  A1.10  will  indicate  that  Cp  will  be  thereby  reduced. 
Thue  we  may  contend  that  the  Preston  tube  correlations  are  valid  for  adverse  pressure 
gradient  flows  of  the  type  discussed  herein,  provided  the  true  mainstream  valuer  are  used. 
To  accomplish  this,  the  local  boundary  layer  thickness  must  be  known  along  the  whole 
wetted  length  of  the  surface. 


We  now  attempt  to  Justify  the  trends  of  the  calculation  procedures  as  being  correct. 
Why,  if  no  normal  pressure  gradient  is  entered  into  the  calculations  do  the  computed  Cp 
values  compare  (qualitatively,  at  least)  with  the  measured  Cp  values  that  have  taken  ac¬ 
count  of  an  assumed  normal  pressure  gradient?  When  reference  is  made  to  the  logarithmic 
velocity  profiles  on  Figure  14  for  the  APG  flow  (see  traverse  T2  at  X  *  16. 62-inches),  the 
profile  determined  when  the  normal  pressure  gradient  is  assumed,  is  little  different  from 
the  profile  plotted,  which  was  derived  assuming  constant  static  pressure  across  the 
boundary  layer.  This  result  is  not  surprising  because  the  only  relevant  Mach  number  in 
the  inner  layer  law  is  that  based  on  ujy  and  speed  of  sound  at  the  wall.  The  mainstream 
Mach  number  does  not  appear.  Thus  in  the  APG  flow,  the  law  of  the  wall  region  is  not 
altered  significantly  in  terms  of  mean  velocity  as  a  result  of  the  normal  pressure 
gradient  and  hence  the  skin  friction  calculated  from  assuming  the  properties  of  the  inner 
region  will  furnish  the  correct  trends  in  the  Cp  distributions.  (The  akin  friction  cal¬ 
culation  in  the  Stratford/Beavers '  method  follows  the  trend  of  the  Preston  tube  results 
on  Figure  9  —  with  no  normal  pressure  gradient  —  because  the  correlation  contains  a  Mach 
number  function  based  on  ME.) 

4.6  Mach  Number  and  Velocity  Profiles 


The  Mach  number  profiles  were  calculated  from  the  measured  cobra  probe  pitot  pres¬ 
sures  and  the  wall  static  pressures  (corrected  for  hole  error  as  outlined  in  Section  4.1) 
using  the  Rayleigh  pitot  relationship.  As  well  as  assuming  the  constancy  of  static  pres¬ 
sure  across  the  boundary  layer,  the  Mach  number  distributions  in  the  APG  flow  case  were 
also  computed  by  utilising  the  linear  reduction  in  static  pressure  across  the  boundary 
layer  that  was  implied  by  equation  4.5.1.  The  profiles  at  stations  T2  and  T3  in  the 
pressure  rise  are  the  most  affected  by  normal  pressure  gradient. 


References  35  and  50  provide  evidence  that  a  parabolic  distribution  of  static 
temperature  across  the  boundary  layer: 
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agrees  with  the  profiles  for  measured  temperatures  when  the  recovery  factor  is  taken  as 
0.89  (that  is,  for  zero  heat  flow).  These  quantities  were  used  to  reduce  the  present  data 
into  density  and  velocity  profiles,  assuming  the  same  respective  static  pressure  condi¬ 
tions  listed  above.  The  profile  data  for  the  three  boundary  layer  test  cases  are  listed 
in  Tables  5  to  7. 


Figures  11  and  12  present  the  experimental  normalised  Mach  number  and  velocity  pro¬ 
files  at  each  traverse  station  for  all  of  the  three  boundary  layer  experiments.  The 
'roller-coaster'  initial  profiles  measured  in  the  ZPG  and  APG  flows  (both  in  nominal  con¬ 
stant  pressure  regions;  display  some  effects  of  the  long  transition  length.  The  distor¬ 
tion  of  the  initial  profile  in  the  RPG  flow  is  a  result  of  its  proximity  to  the  system  of 
compression  waves  near  the  line  of  flow  re-attachment,  downstream  of 'the  ring.  Severe 
static  pressure  gradients  normal  to  the  wall  would  be  expected  there,  so  that  the  RPG 
initial  profile  can  only  be  considered  qualitative  at  best.  The  distortions  introduced 
into  the  boundary  layer  mean  flow  as  it  negotiates  the  abrupt  changes  caused  by  the  ring 
shock/expansion  wave  system  might  be  anticipated  to  decay  slowly  with  distance  downstream. 
Instead,  the  rapid  destruction  of  the  initial  profile  unevenness  in  the  RPG  (and  ZPG) 
cases  is  attributable  to  the  higher  diffusion  rate  of  the  turbulent  kinetic  energy  at  Mach 
numbers  near  4,  than  at  the  lower  Mach  numbers  existing  in  the  APG  flow.  In  the  latter 
case,  the  character  of  the  Initial  profile  is  carried  downstream  in  the  flow,  along  the 
remainder  of  the  boundary  layer  wetted  length.  Such  a  phenomenon  is  consistent  with  a 
falling  non-dimensional  entrainment  rate  as  the  Mach  number  reduces  through  the  region  of 
the  pressure  rise. 

Semi-logarithmic  plots  of  the  velocity  profiles  are  drawn  on  Figures  13,  14  and  15 
and  compared  against  Spalding's  single  formula  for  the  law  of  the  wall28.  If  the  linear 
range  is  taken  to  be  100 <  yutw/vW 4  300,  the  profiles  in  the  equilibrium  ZPG  and  non¬ 
equilibrium  RPG  cases  indicate  reasonable  agreement  in  slope  with  the  wall  law,  their 
varying  discrepancy  in  vertical  displacement  and  slope  from  the  wall  law  being  caused 
perhaps  by  inaccuracies  in  the  determination  of  uTW.  In  the  APG  flow,  the  linearity 
boundaries  on  yutw/vyj  must  be  relaxed,  for  the  pressure  rise  moves  the  profiles  towards 
higher  values  of  yu-tw/^w  (In  all  of  the  above,  the  shearing  stress  velocity  Is  based  on 
the  density  at  an  adiabatic  wall.)  The  third  and  fourth  traverses  of  the  APG  flow  demon¬ 
strate  an  irreclaimable  lack  of  similarity  in  the  inner  regions,  but  the  large  changes  in 


IMS 


the  slopes  of  the  linear  regions  cannot  be  attributed  to  the  normal  pressure  gradient. 

It  will  be  remembered  that  In  Section  *t.5>  although  the  normal  pressure  gradient  was  seen 
to  affect  the  skin  friction  coefficient,  u-.-w  itself  was  not  changed,  because  Mg  is  not 
featured  in  the  law  of  the  wall.  A  further  point  to  note  is  that  the  traverses  at  the 
entry  to  the  relaxation  region  (T4  and  T5)  in  the  APO  flow  ease,  show  that  the  flow  in 
proceeding  towards  equilibrium  overshoots  the  equilibrium  gradient  of  the  wall  law  to  then 
recover  subsequently  by  the  time  the  fifth  traverse  station  is  reached. 

Further  insight  into  the  experimental  results  of  the  three  test  cases  is  provided  by 
the  velocity  defect  profiles  on  Figure  16.  For  purposes  of  reference,  the  correlation  of 
Winter  and  Gaudet35  is  plotted  for  constant  pressure  boundary  layers  at  Mach  *1.  As  before, 
u-rw  is  based  on  the  density  at  an  adiabatic  wall  and  (for  the  defect  profiles)  6  is  taken 
at  the  distance  from  the  wall  where  u/uj?  ■  0.995.  An  inspection  of  these  profiles  on 
Figure  16  suggests  that  wake  similarity  is  not  achieved  in  either  the  ZPG  or  APG  flows 
until  the  boundary  layer  has  travelled  20-inches  or  more  downstream.  The  lack  of  simi¬ 
larity  of  the  upstream  profiles  is  credited  to  the  history  effects  of  the  long  transition 
length.  What  is  further  revealing  is  the  large  velocity  defect  of  the  RPG  flow  profiles, 
recovery  towards  a  constant  pressure  condition  occurring  only  at  the  fifth  traverse 
station.  (The  sixth  station  has  been  affected  by  the  ring  shock  wave  system  reflecting 
from  the  centre-line  that  causes  a  significant  shock/bounaary  l?yer  interaction.) 

Figures  17  and  18  enable  a  comparison  to  be  made  between  the  experimental  velocity 
profiles  (plotted  with  respect  to-the  physical  coordinate,  y,  normal  to  the  surface)  and 
the  turbulent  energy  calculation  methods  of  Bradshaw/Ferriss ,  Nash,  and  Chan;  as  well  as 
the  methods  of  Zwarts  and  Cebeci/Smith.  The  turbulent  energy  methods  were  initialised 
Just  downstream  of  the  leading-edge,  with  respectively  Bradshaw's  Macr.  k  shear  stress  and 
velocity  profiles  (in  the  methods  of  Bradshaw/Ferriss  and  Nash),  and  in  Chan’s  case,  the 
shear  stress  profile  was  generated  from  Bradshaw's  same  velocity  profile.  The  dummy  start 
at  the  X«  1.5-inch  station  (which  is  located  in  the  transition  region  of  the  physical  flow 
field,  of  course)  provided  a  long  marching  region  of  zero  pressure  gradient  flow  at  Mach  J|, 
before  the  pressure  rise  was  applied  in  the  APG  case,  to  dampen  any  mismatching  in  input 
conditions.  Bradshaw  and  Fenriss51  indicate  that  i)0  boundary-layer  thicknesses  downstream 
of  the  start  should  be  more  than  adequate,  for  most  purposes  of  calculation,  to  remove  the 
effects  of  initial  perturbations,  and  in  the  present  comparisons,  approximately  50 
Kjundary-layer  thicknesses  v;ere  used. 

Tne  proximity  of  the  first  traverse  station  to  the  backward  face  of  the  ring  in  the 
RPG  test  case,  resulted  in  the  necessity  of  starting  the  calculation  downstream  of  the 
step,  at  or  near  the  first  traverse  station,  Tl.  A  number  of  plausible  shear  stress  pro¬ 
files,  that  included  a  maximum  value  of  t  away  from  the  wall,  was  tried  in  the  Bradshaw/ 
Ferrlss  calculation,  but  all  except  zero  pressure  gradient  type  profiles  (when  input  with 
the  first  measured  velocity  profile  downstream  of  the  ring)  produced  instabilities  in  the 
downstream  integrations.  Hence  the  starting  conditions  for  the  ring  case  were  not  physi¬ 
cally  realistic  in  the  Bradshaw/Ferriss  calculation;  on  the  other  hand,  a  realistic  shear 
stress  profile  with  Tmax*1.5  xy  was  found  to  work  in  Nash's  method.  The  outcome  of  the  two 
calculations,  however,  are  little  different. 

The  starting  conditions  for  these  and  the  remaining  methods  are  listed  on  Table  8. 

Figure  17  displays  gratifying  agreement  between  the  calculated  and  experimental  ZPG 
profiles,  the  turbulent  energy  and  Cebeci/Smith  methods  indicating  slightly  fuller  pro¬ 
files  near  the  wall,  while  that  of  Zwarts  is  slightly  less  full  than  the  experiment.  The 
agreement  between  the  Preston  tube  and  corresponding  cobra  probe  velocities  is  also  satis¬ 
factory.  The  APG  flow  comparison  is  provided  on  Figure  18.  Here  we  see  that  the  inner 
regions  of  the  experimental  profiles  are  not  predicted  adequately  by  any  of  the  methods, 
the  profiles  in  the  regions  of  pressure  rise  and  recovery  revealing  a  curious  overshoot  as 
though  tending  to  behave  in  an  accelerating  flow.  The  differences  between  the  APG  vel¬ 
ocity  profiles  calculated  by  the  turbulent  kinetic  energy  methods  of  Bradshaw  and  Chan  on 
the  one  hand,  and  Nash  on  the  other,  are  also  difficult  to  explain.  In  Nash's  method,  the 
dissipation  length  and  the  diffusion  function  differ  by  about  10  percent  from  the  values 
given  by  Bradshaw  and  used  by  Chan.  The  other  essential  difference  is  in  the  mathematical 
treatments,  and  streamwise  interpolation  procedures,  although  Nash  has  done  extensive 
tests  (private  communication)  to  prove  his  numerical  accuracy.  (Note  that  the  relatively 
small  effect  of  the  normal  pressure  gradient  on  the  velocity  profile  shape  is  not  included 
on  these  experimental  profiles  plotted  on  Figure  18,  but  reference  to  Figure  12  will  indi¬ 
cate  that  the  remarks  above  will  still  apply.)  Because  of  the  difficulty  in  the  RPG  case 
of  providing  the  correct  shear  stress  input,  the  profiles  are  predicted  in  trend  as  shown 
on  Figure  19,  but  do  not  demonstrate  quantitative  agreement. 

4 . 7  Integral  Parameters 

For  Incompressible  turbulent  boundary  layers  in  arbitrary  pressure  gradients,  the 
Stanford  Proceedings  demonstrated  that  most  calculation  methods  when  compared  with  experi¬ 
ment  will  determine  the  momentum  thickness  adequately,  the  displacement  thickness  satis¬ 
factorily,  and  the  skin  friction  coefficient  to  (very  often)  only  fair  or  poor  accuracy. 
Clearly,  the  crucial  test  for  the  success  or  failure  of  a  computation  methuu  in  compres¬ 
sible  flow  will  still  be  the  accurate  prediction  of  the  most  sensitive  and  important 
parameter,  Cp.  As  vie  have  noted  in  Section  *).5»  in  the  APG  flow,  the  calculations  all 
agree  qualitatively  with  one  another,  but  that  their  discrepancy  with  experiment  was 
attributed  to  the  effects  of  static  pressure  gradient  normal  to  the  wall. 

Now  although  the  velocity  profiles  in  the  disturbed  boundary  layer  flows  indicate 
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differences  between  experiment  and  calculation  (especially  in  che  APG  and  RPG  cases)  the 
Integral  parameters  appear  to  yield  closer  agreement. 

The  integral  properties  were  calculated  from  the  velocity  and  density  profiles  (see 
Tables  5  to  7),  accounting  for  the  radius  of  the  duct,  a  procedure  contributing  to  the 
balancing  of  the  momentum  integral  equation  (of  which  more  later).  The  equations  defining 
displacement  thickness,  i* ,  momentum  thickness,  6,  and  so  „n,  are  as  fcr  two-dimensional 
flow  with  the  factor  (1  -  y/R)  inserted  into  the  integrands.  The  effect  of  (1  -  y/R) 
upon  the  integral  parameters  is  typically  about  1  percent. 

The  integral  parameters,  6*,  6  and  shape  factor,  H,  are  plotted  on  Figures  20,  21 
and  22  for  the  ZPG ,  APG  and  RPG  test  cases.  With  Increasing  X,  typical  flat  plate  varia¬ 
tions  of  £*  and  6  increasing,  and  H  slightly  decreasing,  are  seen  for  the  ZPG  flow 
(Figure  20)  and  the  same  feature  is  discerned  on  Figure  22  for  the  RPG  flow.  In  '■he  ZPG 
flow,  all  calculation  procedures  provide  good  prediction,  with  the  unsophisticated 
Stratford/Beavers'  method  yielding  answers  as  valid  as  the  more  physically  sound  methods 
of  Bradshaw/Ferris s  and  Green,  for  example.  In  the  RPG  case,  the  Stratford/Beavers '  cal¬ 
culation  again  provides  a  good  fit  with  the  experimental  results  (Figure  22).  The  starting 
conditions  for  the  RPG  calculations  are  not  all  identical.  It  will  be  noted  that  re¬ 
adjustment  of  the  initial  point  would  collapse  the  curves  onto  a  single  line. 

Figure  21  shows  also  that  all  calculation  methods  are  useful  in  predicting  6*,  8  and 
H  for  the  APG  flow.  No  appreciable  improvement  with  increase  of  method  complexity  appears 
obvious ,  so  that  one  might  conclude  that  the  various  models  of  the  turbulence  structure 
(where  used)  are  all  satisfactory  —  certainly,  for  the  three  test  cases  considered  here. 

On  the  other  hand,  we  still  observe  good  results  with  methods  which  do  not  consider  the 
turbulence  structure.  Furthermore,  the  experimental  points  when  compared  with  Green’s 
functional  relationship11  of  the  transformed  shape  parameter,  H,  versus  the  entrainment 
shape  parameter,  Hj,  (derived  from  flows  relaxing  downstream  of  shock/boundary  layer 
interactions)  are  seen  to  indicate  on  Figure  25,  a  higher  non-dimsnsional  entrainment  rate 
for  a  given  H.  Such  discrepancies  might  be  caused  in  part  by  the  sensitivity  of  Hj  and  H 
to  the  values  of  the  experimental  points  near  the  wall.  Inaccuracies  in  determining  the 
cobra  probe  Mach  number  through  the  effect  of  the  higher  turbulence  levels  near  the  wall 
on  the  cobra  pitot  tube  readings  are  unknown  in  compressible  flow.  In  addition,  the  dis¬ 
placement  effect  induced  bv  the  relatively  large  lateral  dimension  of  the  cobra  probo  head 
with  respect  to  its  heignt,  as  a  result  of  the  local  three-dimensional  protuberance  type 
separation  at  the  wall  -  see  References  52  and  53  -  might  perhaps  not  be  well  described 
by  equations  4.1.2  and  4.1.3.  Notwithstanding,  if  these  discrepancies  in  Hj  and  H  between 
experiment  and  calculation  were  true,  then  it  would  not  appear  to  hamper  too  seriously  the 
prediction  with  Green’s  method. 


As  we  have  seen  on  Figure  21  for  the  APG  case,  there  is  a  ^oninating  influence  of  the 
pressure  gradient  on  the  compressible  shape  factor  H,  where  the  significant  decrease 
through  the  pressure  rise  is  well  predicted  by  all  of  the  seven  calculation  methods.  The 
rapid  return  of  H  towards  a  flat  plate  constant  pressure  condition,  in  the  Mach  2  relaxa¬ 
tion  region  (the  Implication  of  which  we  note  is  also  on  the  velocity  defect  profiles  on 
Figure  16)  is  because  the  pressure  gradient  was  apparently  not  steep  enough  fc:  a  signifi¬ 
cant  loss  of  local  equilibrium  to  occur.  Although  the  Bradshaw/Ferriss  calculation 
imposes  a  constraint  on  the  development  of  the  turbulence,  concomitant  with  the  assumptions 
in  the  method,  if  the  calculated  shear  stress  profiles  are  accepted  as  representative  of 
the  experimental  flow,  they  disclose  that  a  maximum  Is  achieved  In  the  profile  equal  to 
about  2.5  ty  at  the  traverse  T3.  This  decays  rapidly  to  almost  zero  pressure  gradient 
fo,  iii  In  Hit  6-liiCheb  between  Ti  3  and  f5.  f  urthermore ,  the  plotting  of  the  Incompres 8 it ,ie 
velocity  shape  factor: 
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on  Figure  24,  confirms  that  the  pressure  gradient  is  relatively  weak,  for  Hj  In  incom- 

pftSaHli  flv»  and  1ft  advtffeS  pr&Mofe  gradient:,  ivnefteB  '♦alWe  of  S.Q  or  Wore. 

Consistent  with  this  idea  are  the  'full'  or  convex  rather  than  'hollow'  velocity  profiles 
that  are  obtained  throughout  the  test  flow.  Nevertheless,  the  APG  case  may  be  viewed  as 
a  good  test  for  compress' bility  (the  density  increasing  by  a  factor  of  8  through  the 
pressure  rise)  without  che  imposition  of  strong  shock  waves. 


Winter50  noted  that  the  incompressible  or  velocity  shape  parameter.  Hi 2,  exerted  a 
powerful  influence  on  the  skin  friction  coefficient  in  measurements  on  his  waisted  body 
model  at  Mach  numbers  up  to  2.8.  If  this  is  so  at  Mach  4,  a  small  change  in  in  going 
from  the  ZPG  to  the  APG  flow  case  produces  a  large  and  significant  change  in  skin  friction 
(Figure  9) . 


Finally,  Figure  23  shows  the  experimental  distribution  of  momentum  thickness  Reynolds 
number  along  the  test  surface,  based  or,  local  external  flow  quantities.  We  should  note 
the  decrease  in  Rg  at  the  last  traverse  station  of  the  APG  flow.  Here  the  boundary  layers 
from  the  duct  wall  and  the  centre-body  had  coalesced,  thereby  restraining  the  growth  of 
the  test  boundary  layer.  The  corresponding  decrease  in  6*  and  0  is  indicated  on  Figure  21. 

4 . 8  Closure  of  the  Integrated  Momentum  Equation 

McDonald  noted  that  in  some  of  the  poorly  predicted  boundary  layers  examined  in  his 
paper  in  Reference  20,  the  two-dimensional  von  Karman  momentum  equation  was  sadly  out-of¬ 
balance.  He  felt  that  the  out-of-balance  was  much  larger  than  that  which  could  be  blamed 
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on  three-dimensional  effects  and  pondered  whether  the  usual  neglect  of  the  normal  Heynolds 
stress  terms  in  the  von  Karman  equation  was  the  contributing  cause.  The  ,'urther  possibil¬ 
ity  remained  that  normal  pressure  gradient  effects  were  significant.  We  have  noted 
already  the  large  changes  in  skin  friction  coefficient  resulting  from  the  Inclusion  of  a 
static  pressure  gradient  across  the  boundary  layer  in  the  region  of  the  pressure  rise  in 
the  APG  flow.  We  should  like  to  consider  this  in  further  detail  in  relation  to  the 
closure  of  the  momentum  integral  equation. 

If  only  the  normal  Reynolds  stress  terms  are  neglected,  the  momentum  equation  can  be 
written  in  the  form  (see  Reference  20): 
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When  the  static  pressure  is  constant  across  the  boundary  layer,  P  i  P(y),  and  the  equation 
reduces  to  its  well  known  form.  At  the  boundary  layer  edge, 
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Utilising  this  in  the  momentum  equation  4.8.1,  we  obtain 
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If  we  now  choose  to  integrate  between  the  limits  of  X  =  X 


START 


and  X,  we  obtain: 


(pEuE0)X  -  :-YJE9)Xst  -  Jx__4*dP  *  [PE4  P£U^C1 


,dX 


4,8.4 


ST 


'ST 


In  attempting  to  balance  the  momentum  equation,  the  integral  form  is  to  be  preferred  over 
the  differential  form  as  the  differentiation  of  experimental  values  leads  to  serious 
errors.  We  may  set  Xg<j  at  the  first  traverse  station,  i.e.  XgT  *  11.62-inches,  and  assess 
the  balance  with  continuing  progression  downstream,  from  traverse  station  to  traverse 
station.  The  calculated  effects  of  the  normal  pressure  gradient  on  9  and  6*  as  well  as  on 
Cp  were  included  in  the  APG  case.  The  alternative  is  to  calculate  a  momentum  thickness  bv 
inserting  the  remaining  terms  from  the  experimental  measurements  and  to  compare  this  cal¬ 
culated  result  with  the  measured.  This  was  not  done  because  9  is  generally  insensitive  to 
large  changes  in  other  parameters. 


It  was  found  that  for  the  ZPG  flow,  the  momentum  integral  equation  indicated  reason¬ 
able  balance  provided  the  skin  friction  coefficient  of  Wilson  was  utilised,  although  the 
right  hand  side  of  equation  4.8.4  was  consistently  low  by  about  5  percent. 

In  the  APG  flow,  no  agreeable  balance  was  obtained  until  the  normal  pressure  gradient 
terms  were  Included.  The  balance  was  fair  until  the  third  profile  at  the  entry  of  the 
recovery  region  was  reached  when  the  left  hand  side  of  equation  4.8.4  becamej"25  percent 
larger.  In  any  event,  the  left  hand  side-  of  the  equation  was  again  always  higher  trian  the 
right  hand  side,  irrespective  of  the  experimental  Cp  distribution  assumed,  and  one  must 
presumably  attribute  this  to  the  omission  of  the  longitudinal  gradient  of  the  Reynolds 
normal  shear  stress  contribution. 


5.0  CONCLUSIONS 


Measurements  have  been  made  of  three  turbulent  boundary-layer  flows  in  a  parallel 
duct,  where  the  initial  mainstream  Mach  number  was  4  and  the  Reynolds  number  based  on  the 
33-inch  wetted  surface  was  close  to  50  million. 


The  outcome  was  that: 

1.  Nominal  two-dimensional  boundary  layers  were  achieved. 

2.  The  sever,  compressible  turbulent  boundary  layer  calculation  methods  used  were  all 
more-or-less  successful  in  predicting  the  integral  parameters  of  the  zero  pressure 
gradient,  adverse  pressure  gradient,  and  recovering  boundary-layer  flows.  Those 
methods  that  predicted  mean  velocity  profiles  did  well  in  the  zero  pressure  gradient 
flow,  but  not  so  well  in  the  other  two  tests.  Uo  improvement  in  prediction  was  noted 
with  increase  of  sophistication  cf  the  calculation  method. 

3  The  skin  friction  distributions  calculated  by  the  seven  boundary-layer  methods  were 
close  to  the  Hopklns/Ke« ner  intermediate  temperature  correlation  of  the  Preston  tube 
results  in  the  zero  and  recovering  pressure  fields.  However,  the  calculated  surface 
shear  stress  through  the  pressure  rise  in  the  adverse  pressure  gradient  flow  did  not 
agree  with  the  experiment,  the  discrepancy  being  assigned  tentatively  to  the  effects 
of  normal  static  pressure  gradients. 

4.  It  is  hoped  that  the  reasonable  comparison  obtained  between  the  calculations  and  the 
experimental  results  is  sufficiently  comprehensive  and  of  practical  use  to  encourage 
workers  in  the  field  of  compressible  turbulent  boundary  layers  to  engage  in  further 
and  more  refined  experiments.  Particular  emphasis  should  still  be  placed  on  flows  in 
adverse  pressure  gradients,  and  on  flows  recovering  to  equilibrium  after  experiencing 
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local  gross  disturbances.  As  well  as  the  mean  measurements  accomplished,  attention 
should  be  directed  towards  measuring  the  gradients  of  static  pressure  and  stagnation 
temperature  across  the  boundary  layer,  and  where  feasible,  the  measurement  of  turbu¬ 
lent  shear  stress.  Such  effort  would  seem  more  appropriate  and  useful  than  indulging 
in  more  and  more  variations  on  a  theme  of  calculation’. 
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APPENDIX  1.  LOCAL  SKIN  FRICTION  CORRELATIONS 

Several  of  the  existing  functional  equations  for  calibrating  Preston  tubes  in  com¬ 
pressible  flow  were  used,  and  compared  with  correlations  based  on  the  momentum  thicicness 
Reynolds  number  derived  from  velocity  profile  data. 

In  general,  the  compressible  flow  Preston  tube  data  can  be  collapsed  onto  a  relevant 
incompressible  correlation: 


Rd*  Cp?i  ■  t  [RDj  CFl]  Al.l 

Ly  writing:  RD£  Cppc  *  f  [Rp7  CFc]  ,  A1.2 

the  subscripts  i  and  C  referring  to  incompressible  and  compressible  flew,  respectively, 
and  where 

RDp  Cppc  -  8  [  ( Pp-Pp.)D2/^Pj,Vp]  A1.3 

and  Rd2  CFc  «=  8  [twD2/4pcv7]  A1.4 


Rp  is  the  Reynolds  number  based  on  Preston  tube  diameter  ar.-l  local  conditions  at  the  edge 
of  the  boundary  layer,  Cpp  is  the  Preston  tube  pressure  coefficient,  and  CF  is  the  local 
skin  friction  coefficient.  The  remaining  terms  are  defined  in  the  List  of  Symbols. 


The  straightforward  substitution  of  wall  density  and  wall  viscosity  into  the  latter 
two  equations  did  not  satisfactorily  collapse  compressible  flat  plate  Preston  tube  data 
onto,  the  Incompressible  correlation  of  Preston.  Hopkins  and  Keener40*41  demonstrated, 
however,  that  the  effects  of  compressibility  could  be  accounted  for  successfully  by  re¬ 
placing  the  pressure  difference  (Fp  -  Pg)  by  the  dynamic  pressure  determined  from  this 
pressure  difference,  coupled  with  the  adopting  of  an  intermediate  temperature  hypothesis. 
This  proposes  that  one  relation  for  surface  shear  stress  may  be  found  for  both  incompres¬ 
sible  and  compressible  flows  if  the  density  and  kinematic  viscosity  are  calculated  at 
temperature,  T* ,  a  value  between  the  wall  and  external  stream  static  temperature.  The 
form  of  T*  given  in  Reference  42  by  Sommer  and  Short  has  been  used  herein: 


T' 


te  1  +  0.035  h|  +  0.45  -  l] 


A1.5 


where  the  wall  temperature,  Ty,  is  considered  to  be  that  of  an  adiabatic  wall  with 
recovery  factor,  r  =  0.89: 


Tw  =  tr  =  (1  +  0.178  m|) 


A1.6 


The  resulting  functional 
becomes : 

f2(T 

where 

f2(T') 

with  T  in  °R, 
and 


quation  for  compressible  flow, 
)R£(Mp/ME)7  =  f[f2(T')R7CF] 

yEl2  p'  _  fT'  +  198. 6") 2  rTEl  “ 
V1"]  PE  '  Ite  +  198.6]  iT'J 


the  form  of  equation  A1.2, 
A1.7 

A1.8 

A1.9 


Mj.  Is  the  Mach  number  calculated  from  the  local  static  pressure  (assumed  constant 
across  the  boundary  layer)  and  the  Preston  tube  pressure,  via  the  Rayleigh  pitot  equation. 
For  consistency,  the  static  hole  error  was  still  subtracted  from  the  measured  wall  static 
pressure,  although  it  is  realised  that  none  of  the  Preston  tube  correlations  to  date  have 
involved  this  correction.  It  is  noteworthy  that  Hopkins  and  Keener  found1*1  after  their 
publication  of  Reference  40  that  the  equation  for  the  law  of  the  wall  that  is  implied  by 
the  author's  correlation  factors  did  not  agree  adequately  with  measured  velocity  profiles. 
One  reason  for  this  discrepancy  is  probably  due  to  the  omission  of  the  static  hole  error, 
or  in  other  words,  the  inappropriate  scaling  of  the  local  static  pressure  hole  with 
respect  to  the  size  of  the  Preston  tube.  Secondly,  we  should  note  that  Preston's  original 
calibration  in  incompressible  flow1*3  has  been  shown  to  be  somewhat  in  error,  and  revised 
calibration  curves  have  since  been  evolved  -  see  the  work  of  Patel41*,  for  example. 
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Moreover,  Patel  determined  that  the  values  of  the  constants  appearing  in  the  logarithmic 
region  of  the  law  of  the  wall  were  In  excellent  agreement  with  measured  velocity  distri¬ 
butions  In  the  wall  region  of  both  pipe  and  boundary  layer  flows.  Hence  the  Hopkins/ 
Keener  correlations  can  be  criticised  on  the  basis  of  their  determination  with  respect 
to  Preston’s  Incompressible  flow  calibration  that  was  slightly  in  error. 

The  following  table  summarises  the  Preston  tube  correlations  used  herein: 


METHOD 

CALIBRATION  FACTORS 

EQUATION 

NUMBER 

lo8l0[RDc0PPc] 

m  log1Q[R0cCpc]  +  Constant 

HOPKINS/KEENER, 
V,  (Ref. 40, Eq. 4! 

HOPKINS/KEENER, 
Tw,  (Ref.40,Eq.9) 

SIGALLA,  T', 

(Ref. 45) 

FENTER/STALMACH 
(Ref. -46) 

lOg10Cf2(T')R^(Mp/ME)2 3] 

log10^f2^TW^RD  CPP^ 

lo8iO[VV')RD(uP/uE)]2 
lo«lo[(vE^V?RDSln',('/5E  ^)K]2 

l.x32  log10[f2(T')R2Cp]+1.517 

1.162  log10tf2(Tw)R2Cp]+1.552 

1.145  log10(f2(T')R2Cp]+1.420 
1.116  logl0[f2(T')R£cp]+1.568 

A1.10 

Al.ll 

A1.12 

A1.13 

Hopkins  and  Keener40  did  simplify  their  intermediate  temperature  formulation  to  one 
that  was  based  on  wall  results  by  replacing  T'  by  Tu,  see  equation  Al.ll.  Sigalla45  also 
devised  a  reference  temperature  method  where  (Pp-Pw)  in  equation  A1.3  was  replaced  by 
0.5  p'up,  which  thereby  required  the  local  static  temperature  to  be  determined  as  well  as 
the  Preston  tube  Mach  number.  Finally,  Fenter  and  Stalmach46,  who  utilised  Wilson's 
theory47  (see  below)  to  develop  a  compressible  law  of  the  wall,  applied  this  to  obtain  e 
Preston  tube  correlation  in  supersonic  adiabatic  flow,  which  resulted  in  equation  A1.13. 


Two  methods,  those  of  Wilson4 5’  and  Sommer/Short42  based  on  the  momentum  thickness 
Reynolds  number  of  the  boundary  lay<T  profiles  were  also  used. 


Wilson's  correlation  is: 


sin"1 

-2 

[Tw| 

1 

■  *E 

te. 

F  [4.15  lcg10(Re  Sj>  +  2.7B]2 

° .  2 

where  o_  - — j-  A1.15 

a  1+0.2  Mg 


In  the  Somme r/Short  method42,  the  properties  of  the  flow  such  as  density  and  viscosity 
are  based  on  the  reference  temperature,  T' ,  see  equation  A1.5.  The  compressible  equation 
for  local  skin  friction  in  terms  of  Reynolds  number  based  on  momentum  thickn<=c.3  and  the 
von  Karman/Schoenherr  incompressible  equation  was  derived  as: 


T' | c  „  _ _ l _ 

F  17.O76[loglo(R0  J$)]2  +  25.112  log10(Re  p)  +  6.012 


A1.A6 


In  all  of  the  methods  where  the  wall  tempera!  .”e,  Ty,  is  required,  it  is  assumed  to 
be  given  by  equation  A1.6.  It  should  be  emphasise  at  all  of  the  above  correlations 
were  developed  in  nominally  zero  pressure  gradient  .r*.ows,  with  the  postulate  that  they 
should  still  be  adequate  in  mild,  arbitrary  pressure  gradients.  Patel  in  Reference  44 
Indicated  the  range  of  validity  of  Presto:,  tube  calibrations  in  incompressible  flow  (since 
updated  by  Brown  and  Joubert48)  where  Patei  concluded  that  provided  a  logarithmic  region 
existed,  the  calibrations  could  be  used. 
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TABLE  5.1 

FLOW  CASE:  ZPO  -  ZERO  PRESSURE  GRADIENT 

TRAVERSE  T1  AT _ X  ■  11.62  IKS.;  (RUM  NO.  9527) 

Stagnation  Pressure,  Pq  “168.9  PSIA 
Stagnation  Temp  -ature,  T0  -  537.0  °R 

LOCAL  MAINSTREAM  CONDITIONS 


Me  “  3.926  ;  Ug  ■  2207.0  FT/SEC;  PE  •  0.00078  SLUGS/CU.FT. 

PE  (“Py)  *  1.228  PSIA;  TE  -  131.5  °R 
«995  “  0.1566  IN. 

INTEGRAL  QUANTITIES 


Displacement  Thickness, 
Momentum  Thickness, 
Momentum  Thickness 
Reynolds  Number 
Compressible  Shape  Factor, 
Incompressible  Velocity 
Shape  Factor 
Shape  Parameter, 
Entrainment  Parameter, 


«•  •  0.0602  IN. 

6  -  O.OC79  IN. 

Re  •  0.1037*10* 
H  -  7.648 
Hf2  “  1.537 

ff  •  1.365 
-  23.78 


Cp,  WILSON 
Cp,  SOMMER/SHORT 


-  0 . 00134 
“  0.00116 


PROFILE  DATA 


y-INS. 

M/Me 

u/uE 

P/PE 

y-INS. 

m/me 

u/u£ 

P/PE 

0.0090 

0.3382 

0.5664 

0.3564 

0.0916 

0.8298 

0.9433 

0.7736 

0.0120 

0.4125 

0.6546 

0.3970 

0.0948 

0.8319 

0.9442 

0.7763 

0.0149 

0.4435 

0.6873 

0.4162 

0.0980 

0.8363 

0.9459 

0.7815 

0.0178 

0.4685 

0.7121 

0.4328 

0.1008 

0.8428 

0.9485 

0.7894 

0.0211 

0.4959 

0.7375 

0.4520 

0.1040 

0.8513 

0.0518 

0.7999 

0.0243 

0.5130 

0.7526 

0.4645 

0.1063 

0.3587 

0.9546 

0.8092 

0.0276 

0.5304 

0.7673 

0.4778 

0.1095 

0.8671 

0.9577 

0.8197 

0.0304 

0.5506 

0.7836 

0.4936 

0.1155 

0.8878 

0.9651 

0.8460 

0.0331 

0.5661 

0.7956 

0.5061 

0.1211 

0.9049 

0.9710 

0.8684 

0.0363 

0.5756 

0.8027 

0.5141 

0.1270 

0.9218 

0.9766 

0.8908 

0.0386 

0.5896 

0.8130 

0.5260 

0.1330 

0.9383 

0.9819 

0.9131 

0.0423 

0.5973 

0.8184 

0.5326 

0.1385 

0.9537 

O.9866 

0.9342 

0.0455 

0.6034 

0 . 8226 

0.5378 

0.1441 

0.9669 

0.9906 

0.9526 

0.0483 

0.6123 

0.8288 

0.5458 

0.1505 

0.9743 

0.9927 

0.9631 

0.0511 

0.6226 

0.8357 

0.5550 

0.1565 

0.9817 

0.9949 

0.9736 

0.0538 

0.6342 

0.8432 

0.5656 

0.1620 

0.9882 

0.9967 

0.9829 

0.0566 

0.6469 

0.8513 

0.5774 

0.1680 

0.9927 

0.9980 

0.9894 

0.0598 

0.6608 

0.8598 

0.5906 

0.1740 

0.9941 

0.9983 

0.9914 

0.0626 

0.6771 

0.8694 

0.6064 

0.1791 

0.9959 

0.9988 

0.9940 

0.0658 

0.6969 

0.8806 

0.6262 

0.1851 

0.9968 

0.9991 

0.9953 

0.0686 

0.7136 

0.8896 

0.6434 

0.1906 

0.9977 

0.9993 

0.9966 

0.0713 

0.7337 

0.9000 

0.6644 

0.1961 

0.9986 

0.9996 

0.9979 

0.0741 

0.7520 

C.9090 

0.6842 

0.2025 

0.9990 

0.9997 

0.9985 

0.0778 

0.7722 

0.9185 

0.7066 

0.2081 

0.9990 

0.9997 

0.9985 

0.0796 

0.7855 

0.9246 

0.7217 

0.2145 

0.9990 

0.9997 

0.9985 

0.0833 

0.8026 

0.9321 

0.7414 

0.2200 

0,9990 

0.9997 

0.9985 

0.0861 

0.8143 

0.9370 

0.7552 

0.2260 

0.9990 

0.9997 

0.9985 

0.0888 

0.8221 

0.9402 

0.7644 

0.2316 

0.9999 

0.9999 

0.9998 
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Displacement  Thickness,  6* 

Momentum  Thickness,  9 

Momentum  Thickness  P 

Reynolds  Number  r'9 

Compressible  Shape  Factor,  H 

Incompressible  Velocity  „i 

Shape  Factor  _12 

Shape  Parameter,  H 

Entrainment  Parameter, 

Cp,  WILSON 
Cp,  SOMMER/SHOHT 

PROFILE  DATA 


0.0853  IN. 
0.0116  IN. 

0.1496«105 

7-332 

1.454 

1.328 

18.49 

0.00126 

0.00110 


y-iNS 

M/Me 

u/uE 

P/PE 

y-iNS. 

M/Mp 

u/uE 

P/PE 

0.0090 

0.3347 

0.5577 

0.3601 

0.1059 

0.7296 

O.896O 

C.6630 

0.0125 

0 . 3820 

0.6159 

0.3845 

0.1086 

0.7383 

0.9005 

0.6722 

0.0159 

0.4184 

0.6570 

0.4055 

0.1118 

0.7457 

0.9042 

0.6800 

0.0183 

0.4378 

0.6775 

0.4175 

0.1141 

0.7542 

0.9083 

0.6892 

0.0215 

0.4584 

0.6983 

0.4306 

0.1174 

0.7602 

0.9113 

0.6958 

0.0239 

0.4780 

0.7172 

0.4440 

0.1201 

0.7673 

0.9147 

0.7036 

0.0267 

0.4875 

0.7261 

0.4506 

0.1257 

0.7814 

0.9212 

0.7194 

0.0294 

0.4991 

0.7367 

0.4589 

0.1316 

0.7975 

0.9285 

0.7377 

0.0322 

0.5082 

0.7448 

0.4655 

0.1367 

0.8100 

0.9339 

0.7521 

0.0350 

0.5189 

0.7541 

0.4734 

0.1418 

0.8267 

0.9409 

0.7718 

0.0373 

0.5224 

0.7571 

0.4760 

0.1468 

0.8430 

0.9475 

0.7915 

0.0405 

0.5316 

0.7648 

0. 4830 

0.1533 

0.8587 

0.9536 

0.8108 

0.0432 

0.5401 

0.7718 

0.4896 

0.1593 

0.8745 

0.9596 

0.8304 

0.0455 

0.5468 

0.7773 

0.4948 

0.1648 

0.8889 

0 .9648 

0.8487 

0.0488 

0.5551 

0.7839 

0.5014 

0.1703 

0.8991 

0.9684 

0.8618 

0.0511 

0.5633 

0 . 7902 

0.5080 

0.1758 

0.9101 

0.9722 

0.8763 

0.0538 

0.5697 

0.7952 

0.5133 

0.1818 

0.9270 

0.9778 

0.8985 

0.0566 

0.5808 

0.8C 35 

0,5225 

0.1864 

0.9367 

0.9810 

0.9116 

0.0589 

0.5886 

0.8092 

0.5291 

0.1915 

0.9464 

0.9841 

0.9247 

0.0621 

0.5963 

0.8147 

0.5356 

0.1970 

0.9583 

0.9879 

0.9418 

0.0644 

0.6084 

0.8232 

0.5461 

0.2016 

0.9654 

0.9899 

0.9509 

0.0676 

0.6207 

0.8316 

0.5570 

0.2076 

0.9745 

0.9926 

0.9637 

0.0699 

0.6280 

0.8365 

0.5636 

0.2131 

0.9791 

0.9940 

0.9702 

0.0727 

0.6367 

0.8421 

0.5715 

0.2187 

0.9844 

0.9955 

0.9777 

0.0750 

0.6480 

0.8494 

0.5820 

0.2237 

0.9881 

0.9966 

0.9830 

C.  07-32 

0.6592 

0.8563 

0.5925 

0.2293 

0.9909 

0.9974 

0.9869 

0.0805 

0.6660 

0.8605 

0.5990 

0.2352 

0.9927 

0.9979 

0.9895 

0.0833 

0.6728 

0.8645 

0.6056 

0.2408 

0.9943 

0.9984 

0.9918 

0.0856 

0.6796 

O.8685 

0.6122 

0.2463 

0.9961 

0.9989 

0.9944 

0.0888 

0.6863 

0.8724 

0.6187 

0.2518 

0.9970 

0.9991 

0.9957 

0.0911 

0.6925 

0.8759 

0.6249 

0.2569 

0.9980 

0.9994 

0.9970 

0.0944 

0.7003 

0 .8803 

0.6328 

0.2629 

0.9986 

0.9996 

0.9980 

0.0967 

0.7081 

0.8846 

0.6407 

0.2684 

0.9986 

0.9996 

0.9980 

0.1003 

0.7145 

0.8880 

0.6472 

0.2734 

0.9990 

0.9997 

0.9986 

0.1031 

0.7234 

0.8927 

0.6564 

0.279C 

0.9990 

0.9997 

0.9986 
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FLOW  CASE: _ ZPO  -  ZERO  PRESSURE  GBAnTCMm 


TRAVERSE — T_J _ AT _ X  »  20.62  IMS. 

Stagnation  Pressure,  P0  >  168.Q  PSIA 
Stagnation  Temperature,  Tq  »  537.0  CR 

LOCAL  MAINSTREAM  CONDITTOUS 


10.62  INS.;  (RUM  no.  qq-}7 ) 


M£  -  3.901 


PE  (“PW)  “  1>27°  pSIA;  Te  - 
5995  •  0.2615  IN. 

INTEGRAL  QUANTITIES 

Displacement  Thickness,  6* 
Momentum  Thickness,  g 

Momentum  Thickness 
Reynolds  Number  p8 

Compressible  Shape  Factor,  H 
Incompressible  Velocity  i 

Shape  Factor 

Shape  Parameter,  fjf 

Entrainment  Parameter,  Hi 


2203.5  FT/SEC;  p„  -  0.00060  CLUGS/CU .FT. 


132.8  °R 


Cp,  WILSON 
Cp,  SOMMER/SHORT 
PROFILE  DATA 


8*  ■  0.1006  I«, 

6  ■  0.011)1  IN. 

pe  -  0.1755.10* 
h  ■  7.154 

H12  -  1.1127 
&  ■  1.312 

Hi  -  13.92 

■  0.00113 
*  0.00107 


y-INS 

0.0090 

0.0135 

0.0164 

0.0187 

0.0215 

0.0239 

0.0267 

0.0299 

0.0322 

0.03115 

0.0368 

0.0396 

0 . 011114 
0.01)112 
0.0465 
0.01(97 
0.0525 
0 . 05118 

0.0580 
0.C607 
0.0635 
0.0663 
0.0681 
0.0713 
0.0732 
0.0759 
0.0792 
0.0815 
0.0838 
0.0865 
0.0893 
0.0916 
0.0944 
0.0971 
0 .09911 
0.1054 

0.1114 

0.11,69 


m/me 

0.3239 

0.3632 

0.3957 

0.4126 

0.4348 

0.4517 

0.4724 

0.4898 

0.5011 

0.5103 

0.5247 

0.5312 

0.5399 

0.5462 

0.5509 

0.5559 

0.5609 

0.5658 

0.5691 

0.5756 

0.5820 

0.5914 

0.6038 

0.6099 

0.6205 

0.6245 

O.6334 

0.6421 

0.64*4 

0.6521 

0.6577 

0  6633 
0.6661 
0.6703 
0.6758 
0.6853 
0.6943 
0.7062 


u/uE 

0.5407 
0.5906 
0.6289 
0.6479 
0.671 6 
0.6889 
0.7093 
0.7257 
0.7360 
0.7442 
0.7566 
0.7621 
0-7693 
0.7745 
0.7782 
0.7322 
0.7361 
0.79CG 
0.7925 
0.7974 
0.8022 
0.8092 
0.8180 
0.8223 
0.8295 
0.8323 
0.8381 
0.8438 
0.8466 
0.8502 
0.8537 
0.8572 
0.8588 
0.8614 
0.8646 
0.8702 
0.8754 
0.8821 


P/PE 

0.3587 

0.3781 

0.3957 

0.4055 

0.4190 

0.4297 

0.4434 

0.4554 

0.4634 

0.4701 

0.4807 

0.4857 

0.4924 

0.4973 

0  .5009 

0,5049 
0.5089 
0.5129 
0.5156 
0.5209 
0.5262 
0.5341 
0.5448 
0.5501 
0.5594 
0.5630 
0.5709 
0.5''89 
0.5b,'? 
0.5862 
0.5935 
0.5988 
0.6014 
0.6054 
0.6107 
0.6200 
0.6289 
0 .6408 


y-INS 

O.1220 

0.1275 

0.1330 

0.1376 

0.1422 

0.1468 

0.1514 

O.I574 

0.1630 

0.1680 

0.1731 

0.1781 

0.1827 

0.1878 

0.1929 

0.1984 

0.2030 

0.2095 

0.2i45 

0.2196 

0.2246 

0.2297 

0.2352 

0.2403 

0.2454 

0.2504 

0.2550 

0.2615 

0.2665 

0.2716 

0.2771 

0.2822 

0.2873 

0.2923 

0.2969 

0.3025 

0.3066 


M/Me 

0*7179 
0.7319 
0.7416 
0.7524 
0.7645 
0.7742 
0.7850 
0.7977 
0.8065 
O.8210 
0.8358 
0.8457 
0.8565 
0.8680 
0.8688 
0.8769 
0.8967 
0.9046 
0.9145 
0-9275 
0.9374 
0.9460 
0.9547 
0.9615 
0.9681 
0.9748 
0.9786 
0.9821 
0 . 984q 
0.9896 

0.9940 

0.9949 

0.9965 

0.9972 

0.9981 

0.9990 

0.9999 


u/uE 

0.8885 

0.8959 

0.9009 

0.9063 

0.9122 

0.9168 

0.9223 

0.9276 

0.9315 

0.9377 

0.9439 

0.9478 

0.9521 

0.9565 

0.9568 

0.9599 

0.9671 

0.9699 

0.9733 

0.9777 

O.9809 

0.9837 

0.9865 

0.9886 

0.9906 

0.9926 

0.9937 

0.9948 

0.9956 

0.9970 

0.9982 

0.9985 

0.9990 

0.5992 

O.0994 

0.9997 

0.9999 


p/pe 

0.6527 

0.6673 

0.67?5 
0.6  1 
0.7  3 

0.71.9 
0.7261 
0.7394 
0.7496 
0.7664 
0.7840 
0.7959 
0.8091 
0.8233 
0.8243 
0.8345 
0.8596 
0.8698 
0.8827 
0.8999 
0.9131 
0,9246 
0.9365 
0.9458 
0.9550 
0.9643 
0.9696 
0.9745 
0.9785 
0.9851 
0.9913 
0.9927 
0.9950 
0.9959 
0.9972 
0.9986 
0.9999 
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s 


TABLE  5.4 


PLOW  CASE-  m  -  ZER0  PRESSURE  0RAD^ 

,  v  .  35  6?  INS.*  (RUN  NO.  954QI 

tr tVF.RSE  T4  AT - 1.  ZZ-°-  1  ■■*-> - 

Stagnation  Pressure,  ?o  -  gj’ft  °r*A 
Stagnation  Temperature,  Tq  537- 


T.OCAL  MAINSTREAM  CONDITIONS 

M,  -  3-905  *  UE  -  2204*1  FT/SECi 

VE  (-Pw)  *  1.263  PSIA;  Te  -  132.6  °R 

«995  -  °-?900  TN. 

INTEGRAL  QUANTITIES 


0.00080  SLUGS /Cl! .  PT. 


Displacement  Thickness,  «•  •  °;JJ2|  g; 

Momentum  Thickness,  0 

Momentum  Thickness  r.  •  0.2017*10 

Reynolds  Number  .  7  226 

Compressible  Shape  Factor,  H  -  7.2<ib 

Incompressible  Velocity  H1  .  x.396 

Shape  Factor  _  u  \  29% 

Shape  Parameter,  2  „  17.60 


Entrainment  Parameter, 

CF,  WILSON 

Cp,  SOMMER/SHORT 

PROFILE  DATA 


17.60 

0.00119 

0.00103 


y-INS. 

0.0090 
0.0134 
0.0164 
0.0193 
0.0228 
0.0257 
0.0298 
0.0321 
0.0355 
0.0378 
0.0413 
0.0442 
0.0476 
0.0511 
0.0534 
0.0568 
0.0597 
C.0626 
0.0660 
0.0695 
0.0724 
0.0758 
0.0781 
0.0816 
0.0845 
0.0879 
0.0908 
0.0942 
0.0971 
0.1000 
0.1040 
0.1063 
0 . 109  8 
0.1127 
0.1161 
0.1184 
0.1224 
0.1259 
0.1288 
0.1351 


0.3522 

0.3877 

0.4147 

0.4260 

0.4450 

0.4586 

0.4719 

0.4790 

0.4861 

0.4967 

0.5053 

0.5138 

0.5191 

0.5261 

0.5347 

0.5397 

0.5481 

0.5563 

0.5628 

0.5693 

0.5788 

0.5897 

0.5973 

0.6079 

O.6168 

0.6284 

0.6342 

0.5413 

0.6483 

0.6525 

0.6563 

0.6597 

0.6652 

0.6689 

0.6743 

0.6823 

0 .6850 

0.6915 

0.6968 

0.7084 


0.5799 

0.6226 

0.6529 

0.6652 

0.6849 

0.6986 

0.7115 

0.7183 

0.7249 

0.7346 

0.7423 

0.7497 

0.7543 

0.7602 

0.7674 

0.7715 

0.7783 

0.7848 

0.7899 

0.7948 

0.8020 

0.8100 

0.8154 

0.8229 

0.8290 

0.8368 

0.8405 

0.8451 

0.8496 

0.8522 

0.8545 

0.8566 

0.8600 

0.8622 

0.8654 

0.8701 

0.8716 

0.8754 

0.8783 

0.8847 


0.3687 

0.3877 

0.4033 

0.4101 

0.4220 

0.4309 

0.4398 

0.4447 

0.4496 

0.4572 

0.4634 

0.4696 

0.4735 

0.4788 

0.4853 

0.4893 

0.4958 

0.5024 

0.5076 

0.5129 

0.3207 

0.5299 

0.5364 

0.5456 

0.5535 

0.5639 

0.5692 

0.5757 

0.5822 

0.5862 

0.5897 

0.5929 

0.5982 

0.6017 

0.6070 

0.6148 

0.6174 

0.6240 

0.6292 

0.6410 


y-INS. 

0.1409 
0.1472 
0.1535 
0.1604 
0.1656 
0.1719 
0.1777 
0.1846 
0.1909 
0.1967 
0.2036 
0.2093 
0.2151 
0.2208 
0.2272 
0.2329 
0.2393 
0.7450 
0.2614 
0.2533 
0.2646 
0.2709 
0.2772 
0.2836 
0.2896 
0.295i 
0.3014 
0.3072 
0.3135 
0.3193 
0.3256 
0 . 3319 
0.3388 
0.3452 
0.3509 
0.3572 
0.3636 
0.3693 
0.3757 


0.7223 
0.7344 
0.7455 
0.7563 
0.7706 
0.7834 
0.7971 
0.8115 
0.8258 
0.8346 
0.8496 
0.8613 
0.8738 
0.8859 
0.8978 
C  9105 
0.9214 
0.9321 
0.9418 
0.9514 
0.9596 
0.9681 
0.9746 
0.9799 
0.9827 
0.9873 
0.9900 
0.9528 
0.9937 
0.9952 
0.9961 
0.9971 
0.9977 
0.9986 
0.99?' 
0.995 
0.9995 
0.9995 
0.9999 


0.8922 

0.8985 

0.9041 

0.9094 

0.9162 

0.9221 

0.9283 

0.9345 

0.9406 

0.9441 

0.9501 

0.9546 

0.9593 

0.9637 

0.9679 

0.9723 

0.9760 

0.9795 

0.9826 

0.9856 

0.9882 

0.9907 

0.9927 

0.9942 

0.9950 

0.9963 

0.9971 

0.9979 

0.9982 

0.9986 

0.9989 

0.9991 

0.9993 

0.9996 

0.9998 

0.9998 

0.9998 

0.9998 

0.9999 


0.6553 

0.6680 

0.6798 

0.6915 

0.7072 

0.7216 

0.7372 

0.7539 

0.7708 

0.7ei3 
0.7995 
0.8139 
0.8295 
0.8448 
0.8602 
0.8768 
0.89H 
0.9055 
0.9185 
0.9316 
0.9429 
0.9547 
0.9638 
0.9713 
0.9752 
0.9817 
0 .9856 
0.9895 
0.9909 
0.9931 
0.9944 
0.9957 
0.9967 
0.9980 
0.9993 
0.9993 
0.9993 
0.9993 
0.9999 


I  Ml 


TABLE  5.5 

FLOW  CASE:  ZPG  -  ZERO  FRESSURS  GRAD  IXf 

TRAVERSE  T5  AT _ X  -  26.62  WS.;  (RUN  NO.  9544) 

Stagnation  Pressure,  Pq  ■  168.^  ?SIA 
Stagnation  Temperature,  Tg  »  537.  •’  °R 

LOCAL  XAjNSTREAM  CONDITIONS 

"  3.922  ;  Ug  -  2206.3  FT,  SEC;  p£  -  0.00079  SLUGS/CU.FT. 

lm?V>  *  1#236  PSIA;  TZ  is1-8  °R 
&995  -  0.3283  IN. 

INTEGRAL  QUANTITIES 


Displacement  Thickness, 

6» 

■ 

0.1310  IN. 

L  Tcr.tum  Thickness, 

e 

31 

0.0177  IN. 

l-’omentum  Thickness 

Reynolds  Number 

Re 

■ 

0.2356*10* 

Compressible  Shape  Factor, 

H 

■ 

7. 411 

Incompressible  Velocity 
Shape  Factor 

H12 

■ 

1.387 

Shape  Parameter, 

H 

m 

1 . 292 

Entrainment  Parameter, 

H1 

m 

16.10 

Cp,  WILSON 

m 

0.00114 

Op,  SOMKER/SHORT 

m 

0.0009S 

PROFILE  DATA 


y-INS. 

M/Mg 

u/uE 

P/PE 

y-INS. 

M/Mg 

U/Ug 

P/PE 

0.0090 

0.3091 

0.5284 

0.3420 

0.1667 

0.7246 

0.8956 

0.6545 

0.0109 

0.3596 

0.5938 

0.3666 

0.1731 

0.7369 

0.9019 

0.6675 

0.0146 

0.3914 

0.6316 

0.3840 

0.1794 

0.7490 

0.9078 

0.6806 

0.0181 

0.4119 

0.6545 

0.3959 

0.1863 

0.7609 

0.9135 

0.6937 

0.0211 

0.4249 

0.6686 

0.40^5 

0.1926 

0.7723 

0.9188 

0.7064 

0.0246 

0.4438 

0.6881 

0.4158 

0.1990 

0.7849 

0.9245 

0.7207 

0.0281 

0.4499 

0.6943 

0.4197 

0.2070 

0.7985 

0.9305 

0.7364 

0.0309 

0.4578 

0.7022 

0.4250 

0.2139 

0.8097 

0.9352 

0.7494 

0.0350 

0.4696 

0.7136 

0.4329 

0.4421 

0.2197 

0.8226 

0.9406 

0.7647 

0.0373 

0.4829 

0.7261 

0.2260 

0.8366 

0.9462 

0.7817 

0.0413 

0.4921 

0.7346 

0.7423 

0.4487 

0.2318 

0.8462 

0.9499 

0.7934 

0.0442 

0.5007 

0.4549 

0.2381 

0.8581 

0.9545 

0.8082 

0.0476 

0.5061 

0.7471 

0.4589 

0.2450 

0.8685 

0.9583 

0.8212 

0.0511 

0.5114 

0.7517 

0.4628 

0.2525 

0.8795 

0.9623 

0.8352 

0.0539 

0.5185 

0.7577 

0.4681 

0.2588 

0.8904 

0.9661 

0.8492 

0.0580 

0.5236 

0.7621 

0.4720 

0.2657 

0.9024 

0.9703 

0.8649 

0.0609 

0.5305 

0.7678 

0.4772 

0.2778 

0.9103 

0.9729 

0.8753 

0.0643 

0.5406 

0.7761 

0.4851 

0.2790 

0.9230 

0.9771 

0.8923 

0.0678 

0.5489 

0.7827 

0.4917 

0.2853 

0.9327 

0.9802 

0.9053 

0.0712 

0.5570 

0.7891 

0,4982 

0.2922 

0.9441 

O.9838 

0.9210 

0.0752 

0.5650 

0.7952 

0.5048 

0.2991 

0.9524 

0.9863 

0.9324 

0.0781 

0.5730 

0.8012 

0.5113 

0.3054 

0.9608 

0.9888 

0.9441 

0.0816 

0.5838 

0.8092 

0.5205 

0.3124 

0.9680 

0.9909 

0.9542 

0.081)5 

0.5900 

0.8136 

0.5257 

0.3187 

0.9726 

0.9923 

0.9607 

0.0885 

0.5976 

0.8190 

0.5323 

0.3256 

0.9791 

0.9941 

0.9698 

0.0914 

0.6021 

0.8221 

0.5362 

0.3331 

0.9836 

0.9954 

0.9763 

0.0942 

0.6065 

0.8252 

0.5401 

0.3394 

0.9873 

0.9964 

0.9816 

0.0983 

0.6154 

0.8312 

0.5480 

0.3463 

0.9909 

0.9975 

0.9868 

0.1011 

O.6183 

0.8331 

0.5506 

0.3532 

0.9927 

0.9980 

0.9894 

0.1052 

0.6255 

0.8379 

0.5571 

0.3595 

0.9945 

0.9985 

0.9920 

0.1127 

0.6341 

0.8435 

0.5650 

0.3659 

0.9963 

0.9989 

0.9946 

0.1190 

0.6439 

0.8497 

0.5741 

0.3722 

0.9970 

0.9991 

0.9956 

0.1259 

0.6577 

0.8582 

0.5872 

0.3791 

0.9980 

0.S994 

0.9971 

0.1328 

0.6682 

0.8645 

0.5973 

0.3860 

0.9987 

0.9996 

0.9981 

0.1397 

0.6802 

0.8715 

0.6091 

0.3924 

0.9994 

0.9999 

0.3990 

0.1460 

0.6894 

0.8767 

h.6l 82 

0.3987 

0.9994 

0.9998 

0.9990 

0.1529 

0.1593 

0.7010 

0.7150 

0.8831 

0.8906 

.  ..‘roc 
o.644t 

0.4050 

0.9998 

0.9999 

0.3996 

Pf%f:  t  • 


TABLE  S.6 


FLOW  CASE:  ZPG  -  ZERO  PRESSURE  GRADIENT 
IMMERSE  T6  AT _ X  »  31.62  IMS.;  (RUN  NO. 


Stagnation  Pressure,  P0  •  158.9  PSIA 
Stagnation  Temperature,  T0  *  537.0  °R 


LOCAL  MAINSTREAM  CONDITIONS 


Mg  »  3-90S  ;  Ug  *  2203. FT/SEC;  pg  ■  0.00080  SLUGS/C'J.FT. 

PE  (mFv)  “  1-270  PSIA;  Tg  =  132.8  °R 

i995  *  0.3653  IN. 

INTEGRAL  QUANTITIES 


Displacement  Thickness,  4#  ■  0.1446  IN. 

Momentum  Thickness,  6  .  0.0160  In! 

Momentum  Thickness  _  ' 

Reynolds  Number  ^8  *  0.2971*10s 

Compressible  Shape  Factor,  H  *  8.025 

Incompressible  Velocity  1 
Shape  Factor  ‘"‘12  *  1.3°6 

Shape  Parameter,  H  *1.276 

Entrainment  Parameter,  *  17.17 

CF,  WILSON  »  0 .00104 

Cp,  SOMME. </SHORT  «  0.0 00 90 

PROFILE  DATA 


y-INS. 

0.0090 

0.0103 

0.0140 

0.0170 

0.0205 

0.0240 

0.0275 

0.0304 

0.0344 

0.0367 

0.0401 

0.0436 

0.0470 

0.0505 

0.0534 

0.0563 

0.0597 

0.0637 

0.0660 

0.0706 

0.0735 

0.0770 

0.0804 

O.0833 

0.0868 

0.0902 

0.0937 

0.0965 

0.0994 

0.1029 

0.1063 

0.1092 

0.1127 

0.1161 

0.1196 

0.1270 

0.1339 

0.1403 

0.1460 


M/ME 

0.3321 

0.3601 

0.3795 

0.3899 

0.4019 

0.4155 

0.4254 

0.438/ 

0.4459 

0.4-542 

0.4623 

0.4724 

0.4819 

0.4884 

0.4995 

0.5058 

0.5104 

0.5166 

0.5271 

0.5316 

0.53.1 

0.5486 

0.5554 

0.5638 

0.5734 

0.5789 

0.5870 

0.5963 

0.6041 

0.6080 

0.6157 

0.6195 

0.6233 

0.6270 

0.6308 

0.6382 

0.6479 

0.6528 

0.6647 


u/uE 

0.5741 
0.6093 
O.6325 
0.6445 
0.6580 
0.6728 
0.6833 
0.6970 
0.7042 
0.7123 
0.7202 
0.7297 
0.7384 
0.7442 
0.7541 
0.7594 
0.7634 
0.7685 
0.7772 
0.7807 
0.7851 
0.7941 
0.7992 
0.8054 
0.8125 
0.8163 
0.8220 
0.8284 
0 .  -.336 
0.8362 
0.8412 
0.8436 
0.8460 
0.8484 
0.8507 
0.8552 
0.8611 
0.8639 
0.8708 


o/Pg 

0.3347 

0.3491 

0.3599 

0.3658 

0.3730 

0.3813 

0.3875 

0.3961 

0.4008 

0.4064 

0.4120 

0.4191 

0.4258 

0.4305 

0.4388 

0.4435 

0.4470 

0.4517 

0.4599 

0.4635 

0.4678 

0.4772 

0.4828 

0.4898 

0.4981 

0.5028 

0.5098 

0.5180 

0.5251 

0.5286 

0.5356 

0.5391 

0.5427 

0.5462 

0.5497 

0.5567 

0.5661 

0.5708 

0.5825 


y-INS.  M/Mg 

0.1541  0.6702 
0.1598  0.6807 
C.1667  0.6963 
0.1725  0.7074 
0.1794  0.7159 
0.1857  0.7257 
0.1926  0.7372 
0.1996  0.7485 
0.2059  0.7589 
0.2128  0.7712 
0.2191  0.7843 

0.2255  0.7939 
0.2318  0.8054 
0.2381  0.8201 
0.2444  0.8308 
0.2519  0.8411 
0.2588  0.8510 
0.2652  0.86ei 
C.2721  0.8788 
0.2784  0.8894 
0.2847  0.9008 
0.2922  0.9129 
0.2980  0.9231 
0.3049  0.9321 
0.3112  0.9397 
0.3170  0.9463 
0.3233  0.9529 
0.3360  0.9603 
0.3371  0.9643 
0.3440  0.968:.' 
0.3503  0.9706 
0.3567  0.9760 
0.3630  0.9784 
0.3688  0.9840 
0.3757  0.9869 
0.3808  0.9901 
0.3872  0.9930 
0.3941  0.9960 
0.4004  0.9999 


«/«E  P/Pg 

0.8739  0.5881 

0.8797  0.5986 

0.8880  0.6147 

0.8938  0.6264 

O.898O  0.6355 

0.9028  0.6460 

0.9083  0.6586 

0.9136  0.6711 

0.9183  0.6828 

0.9237  0.6969 

0.9293  0.7121 

0.9333  0.7235 

0-9379  0.7372 

0.9437  C.7551 

0.9477  0.7683 

0.9516  0.7812 

0.9551  0.7937 

0.9611  0.8156 

0.9647  0.8297 

0.9682  0.8437 

0.9719  0.8589 

0.9756  0.8753 

0.9788  0.8894 

0.9815  0.9019 

0.9837  0.9125 

0.9856  0.9218 

0.9874  0.9312 

0.9895  0.9417 

0.9906  0.9476 

0.9916  0.9531 

0.9923  0.9566 

0.9937  0.9645 

0.9944  0.9680 

0.9958  0.9762 

0.9966  0.9805 

0.9974  0.9852 

0.9982  0.9896 

0.9989  0.9939 

0.9999  0.9998 


M-.U 


TAKE  6.1 


PLOW  CASE: 


AFC.  -  ADVERSE  PRESSURE  ORADTFNT 


TRA1.RSE  T1  A? 


Stagnation  Pressure,  ?q 
Stagnation  Temperature,  Tq 


—  1- ^62  INS.;  (RUM  NO.gQS??]) 

*'  69.2  PSIA 

*  537.0  °R 


IjjCAL  MAINSTREAM  CONLITIQhS 


ME  “  3.926  ;  uE 
PE  (“rw}  “  !-231  PSIA;  Tg 
S995  *  °-1522  IN, 

NTEGRAL  QUANTITIES 


2206.9  FT/SEC;  p£ 
131.5  °R 


0.00079 


Displacement  Thickness, 
Momentum  Thickness,  6 

Momentum  Thickness  ‘ 

Reynolds  Number  ^0 

Compressible  Shape  Factor,  H 
Incompressible  Velocitv  i 
Shape  Factor  *  H12 

Shape  Parameter,  [f 

Entrainment  Parameter, 

Cp,  WILSON 

Cp,  SOMMER/SHORT 

PROFILE  DATA 


“  0.0577  IK. 
■  0.0075  IN. 

*  0.9820*10' 

-  7.672 

-  1.573 

-  1.383 

-  24.80 

"  0.00136 
«  0.00118 


y-iNS. 

0.0090 
0.0135 
0.0168 
0.018? 
0.0220 
0.0253 
0.0276 
0.0308 
0.0331 
0.0363 
0.0391 
0.0*123 
0.0*1*16 
0.0*17*1 
0.0506 
0 . 0^3*1 
0.0552 

0.058*) 

0.0607 

0.06*10 

0.0667 

0.0690 

0.0718 

0.07*fl 

0.0773 

0.0801 

0.0819 

0.0851 

0.087*) 


m/me 

0.3253 

0.3813 

0.  *1283 

0.  *1732 
0 .  *4978 
0.5281 
0.5*118 
0.5596 
0.5753 
0.5894 
0.6002 
0.6047 
0.6103 
0.6222 
0.6377 
0.6518 
0.6623 
0.6786 
0.6959 
0.7178 
0.7350 
0.7521 
0.7677 
0.7876 
0.7999 
O.8098 

0.8184 

0.8248 

0.8295 


u/uE 

0.5486 

0.6185 

0.6707 

0.715? 

0.7384 

0.7646 

0.7758 

0.7899 

0.8018 

0.8121 

0.8197 

0.8229 

0.8267 

0.8347 

0.8448 

0.8537 

0.8601 

0.8697 

0.8795 

0.8913 

0.9002 

0.9087 

0.9161 

0.9252 

0.9306 

0.9348 

0.9384 

0.9410 

0.9429 


P/P* 

c< 

0.3515 

0.3802 

0.4078 

0.4372 

0.4545 

0.4770 

0.4876 

0.5019 

0.5148 

0.5267 

0.5360 

0.5399 

0.5449 

0.5555 

0.5696 

0.5829 

0.5929 

O.6C87 

0.6259 

0.6484 

0.6665 

0.6850 

0.7022 

0.7246 

0.7388 

0.7503 

0.7605 

0.7681 

0.7737 


y-INS.  M/Mg 


0.0897 

0.0920 

0.0985 

0.1036 
C.1091 
0.1141 
0.1197 
0.1243 
0.1298 
0.1353 
0.1399 
0.1450 
0.1510 
0.1565 
0.1620 
0.1676 
0.1726 
0.1781 
O.I832 
0.1887 
0.1938 
0.1998 
0.2048 
0.2108 
0.2159 
0.2210 
0.2256 
0 .2306 
0.2357 


0.8317 

0.8342 

0.8493 

0.8663 

0.8829 

0.8992 

0.9150 

0.9305 

0.9436 

0.9551 

0.9674 

0.9721 

0.9811 

0.9858 

0.9892 

0.9917 

0.9945 

0.9954 

0.9963 

0.9972 

0.9972 

0.9981 

0.9981 

0.9990 

0.9990 

0.9990 

0.9990 

0.9990 

0.9999 


SLUGS/CU.FT. 


U/UE 


P/PE 


0.9438 

0.9448 

0.9508 

0.9572 

0.9632 

0.9689 

0.9743 

0.9793 

0.9635 

0.9870 

0.9907 

0.9920 

0.9947 

0.9960 

0.9970 

0.9977 

0.9984 

0.9987 

0.9989 

0.9992 

0.9992 

0.9994 

0.9994 

0.9997 

0.9997 

0.9997 

0.9997 

0.9997 

0.9999 


0.7763 

0.7794 

0.7978 

0.8189 

0.8')01 

0.8612 

0.8819 

0.9027 

0.9204 

0.9363 

0.9534 

0.9600 

0.9729 

0.9795 

0.9844 

0.9880 

0.9919 

0.9933 

0.9946 

0.9959 

0.9959 

0.9972 

0.9972 

0.9985 

0.9985 

0.9985 

0.9985 

0.9985 

0.9999 


II- 


TABLE  6.2.1 

FLOW  CAGE:  APG  -  ADVERSE  PRESSURE  GRADIENT 


TRAVERSE  T2  AT _ X  «  16.62  IMS  ;  {RUN  NO. -9533) 

Stagnation  Pressure,  Pq  »  169.2  PSIA 
Stagnation  Temperature,  Tq  ■  537.0  °R 

LOCAL  MAINSTREAM  CONDITIONS 


M£  -  2.901  ;  Uj.  «  2011.2  FT/SEC;  p£  =  0.C0225  SLUGS/CU.FT. 

PE  (-Pw)  -  5.371  PSIA;  Te  -  201.3  °E 
«q95  -  0 . 15^^  IN. 

INTEGRAL  QUANTITIES 


Displacement  Thickness,  6* 

Momentum  Thickness,  6 

Momentum  Thickness  R 

Reynolds  Number  fl 

Compressible  Shape  Factor,  H 
Incompressible  Velocity  „i 

Shape  Factor  _12 

Shape  Parameter,  H 

Entrainment  Parameter, 


0.0495  Ik'. 
0.0096  IN 

0.2271*  •  10* 

5.137 

1.579 

1. ****3 
26.36 


Cr,  WILSON 
Cp,  SOMMER/SHORT 


*  O.OOlUl 

-  0.00128 


PROFILE  DATA 


y-INS. 

m/m£ 

u/uE 

P/Pp. 

Ci 

y-IN3. 

m/me 

u/uE 

P/PE 

0.0090 

0.3695 

0.5331 

0.1*801 

0.1326 

0.9756 

0.9900 

0.9709 

0.0130 

0.1*563 

0.6307 

0.5233 

0.1381 

0.9815 

C.9925 

0.9779 

0.0168 

0.4945 

0.6696 

0. 51*51 

0.1450 

0.9845 

0.9937 

0.9814 

0.0201 

0.5255 

0.6995 

0.561*2 

0.1510 

0.9866 

0.9946 

0.9839 

0.023H 

0.5H91 

0.7213 

0.5795 

0.1579 

0.9888 

0.9955 

0.9866 

0.0267 

0.5690 

0.7390 

0.5929 

0.1643 

0.9896 

0.9958 

0.9876 

0.0299 

0.5857 

0.7533 

0.6045 

0.1712 

0.9910 

0.9964 

0.9892 

O.U331 

0.6020 

0.7668 

0.6161 

0.1777 

0.9919 

0.9967 

0.9902 

0.0363 

0.6165 

0.7787 

0.6268 

0.1841 

0.9926 

0.9970 

0.9911 

0.0396 

0.6272 

0.7872 

0.6348 

0.1910 

0.9926 

0.9970 

0.9911 

0.01*28 

0.6399 

0.7970 

0.6445 

0.1975 

0.9926 

0.9970 

0.9911 

0.0460 

0.6525 

0 . 8066 

0.6542 

0.2039 

0.9932 

0.9972 

0.9918 

0.01*92 

0.6661 

0.8167 

0.6650 

0.2104 

0.9932 

0.9972 

0.9918 

0.0520 

0.6749 

0.8231 

0.6721 

0.2168 

0.9940 

0.9975 

0.9927 

0.0561 

0.6878 

0.8324 

0.6828 

0.2237 

0.9940 

0.9975 

0.9927 

0.059H 

0.7100 

0.81*77 

0.7014 

0.2302 

0.9947 

0.9978 

0.9936 

0.0621 

0.7271* 

0.8593 

0.7165 

0.2366 

0,9947 

0.9978 

0.9936 

0.0658 

0.71*52 

0.8708 

0.7323 

0.2426 

0.9954 

0.99ei 

0.9944 

0.0690 

0.7636 

0.8822 

0.7489 

0.2490 

0.9954 

0.9981 

0.9944 

0.0723 

0.7821* 

0.8936 

0.7665 

0.2564 

0.9961 

0.9984 

0.9953 

0.0759 

0.7999 

0.9038 

0.7831 

0.2624 

0.9961 

0.9984 

0.9953 

0.0792 

0.8223 

0.9164 

0.8050 

0.2693 

0.9961 

0.9984 

0.9953 

0.0819 

0.8398 

0.9259 

0.8225 

0.2762 

0.9969 

0.9987 

0.9962 

0.0856 

0.8553 

0.93H1 

0.8383 

0.2827 

0.9976 

0.9990 

0.9971 

0.0925 

0.881*7 

0.91*89 

0.8691 

0.2886 

0.9980 

0.9992 

0.9976 

0.0990 

0.9091 

0.9606 

0.8955 

0.2946 

0.9980 

0.9992 

0.9976 

0.1059 

0.9289 

0.9698 

0.9174 

0.3020 

0.9987 

0.9994 

0.9984 

0.1128 

0.91*68 

0.9777 

0.9376 

C.3080 

0.9994 

0.9997 

0.9992 

0.1192 

0.9598 

C. 98-33 

0.9525 

0.3144 

1.0001 

1.0000 

1.0001 

0.1261 

0.9651 

0.9856 

0.9586 
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TABLE  6.2.2 


FLOW  CASE;  APO  -  ADVERSE  PRESSURE  GRADIENT.  A<!<!,i»itii.j 
LINEAR  STATIC  PRESSURE  GRADIENT  NORMAL  TO  wfcl - 


TRAVERSE  T2  AT 


16.62  INS. 


Stagnation  Pressure,  P0  «  169.2  PSIA 
Stagnation  Temperature,  Tq  ■  537.0  °R 

LOCAL  MAINSTREAM  CONDITIONS 


he  *  3.189  ;  u£  -  2079.5  PT/SEC;  p£  =  0.C0213  SLUGS/CU.FT. 

Fg  Wv)  -  4.492  PSIA;  Te  -  l?7.o  oR 

INTEGRAL  QUANTITIES 


Displacement  Thickness,  <s» 

Moment urn  Thickness,  8 

Momentum  Thickness 
Reynolds  Number  ^8 

Compressible  Shape  Factor,  H 
Incompressible  Velocity  ui 

Shape  Factor  ^12 

Shape  Parameter,  H 

Entrainment  Parameter, 

Cp,  WILSON 
CF,  SOMMER/ SHORT 
PROFILE  DATA 


0.0485  IN. 
0.3173  IN. 

0.2763*10* 

4.5^3 

1.560 

1.45? 

23.76 

O.O^j} 

0.00115 


y-INS. 

0.0090 

0.0130 

0.0168 

0.0201 

0.0234 

0.0267 

0.0299 

0.0331 

0.0363 

0.0396 

0.0428 

0.0460 

0.0492 

0.C520 

0.0561 

0.0594 

0.0621 

0.0658 

0.0690 

0.0723 

0.0759 

0.0792 

0.0819 

0.0856 

0.0925 

0.0990 

0.1059 

0.1128 

0.1192 

0.1261 


m/me 

0.3401 

0.4207 

0.4567 

0.4863 

0.5090 

0.5284 

0.5449 

0.5609 

0.5755 

0.5866 

0.5995 

O.6123 

0.6262 

0.6354 

0.6491 

0.6711 

0.6886 

0.7069 

0.7255 

0.7447 

0.7628 

0.7855 

0.8034 

0.8199 

0.8513 

0.8780 

0.9007 

0.9216 

0.9378 

0.9468 


u/uE 

0.5184 

0.6136 

O.6523 

0.6821 

0.7039 

0.7219 

0.7366 

0.7505 

0.7628 

0.7718 

0.7822 

0 . 7922 

0.8027 

0.8096 

0.8195 

0.8350 

0.8467 

0.8586 

0.8703 

0.8817 

0.0924 

0.9050 

0.9146 

0.9231 

0.9385 

0.9509 

0.9610 

0.9698 

0.9764 

0.9800 


o/pE 

0.5067 

0.5509 

0.5726 

0.5915 

0.6065 

0.6194 

0.6305 

0.6416 

0.6516 

0.6589 

0.6679 

0.6770 

0.6872 

0.6936 

0.7033 

0.7218 

0.7367 

0.7520 

0.7685 

0.7858 

0.8020 

0.8240 

0.8415 

O.8568 

G.8868 

0.9122 

0.9328 

0.9515 

0.9646 

0.9686 


y-INS. 

0.1326 

0.1381 

0.1450 

0.1510 

0.1579 

0.1643 

0.1712 

0.1777 

0.1841 

0.1910 

0.1975 

0.2039 

0.2104 

0.2168 

0.2237 

0.2302 

0.2366 

0.2426 

0.2490 

3.2564 

0.2624 

0.2693 

0.2762 

0.2827 

0.2886 

0.2946 

0.3020 

0.3080 

0.3144 


«/«E 

0.9607 

0.9698 

0.9768 

0.9825 

0.9888 

0.9897 

0.9910 

0.9919 

0.9926 

0.9926 

0.9926 

0.9932 

0.9932 

0.9939 

O.9939 

O.9947 

0.9947 

0.9954 

0.9954 

0.9961 

0.9961 

0.9961 

0.9968 

0.9976 

0.9980 

0.9980 

0.9986 

0.9993 

1.0001 


u/uE 

0.9854 

0.9889 

0.9915 

0.9936 

0.9959 

0.9962 

0.9967 

0.9970 

0.9973 

0.9973 

0.9973 

0.9975 

0.9975 

0.9978 

0.9978 

0.9980 

0.9980 

O.9983 

0.9983 

0.9986 

0.9986 

0.9986 

0.9988 

0.9991 

0.9992 

0.9992 

0.9995 

0.5997 

1.0000 


<VPE 

0.9791 

0.9843 

0.9853 

0.9856 

0.9657 

O.9867 

0.9885 

0.9895 

0.9904 

0.9904 

0.9904 

0.9912 

0.9912 

0.9922 

0.9922 

0.9931 

0.9931 

0.9940 

0.9940 

0.9950 

0.995C 

0.9950 

0.9959 

0.9968 

0.9974 

O.9974 

0.9982 

0.9991 

1.0000 
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TABLE  6.3.1 


FLOW  CASE: - APG  -  ADVERSE  PRESSURE  GRADIENT 

TRAVERSE  Tg  AT - X  -  20.62  INS.;  (RUN  NO. -95  IS) 


Stagnation  Pressure,  Pn 
Stagnation  Temperature,  Tg 


169.2  PSIA 
537.0  °R 


LOCAL  MAINSTREAM  CONDITIONS 

"e  “  2’075  ;  uE  -  1727.5  FT/SEC;  p 

PE  {*V  "  19.2H7  PSIA;  T£  -  288.5  °R 
4395  *  0-1501  IN. 

INTEGRAL  QUANTITIES 


Displacement  Thickness,  «* 

Momentum  Thickness,  e 

Momentum  Thickness 
Reynolds  Number  ^9 

Compressible  Shape  Factor,  H 
Incompressible  Velocity  .1 

Shape  Factor  ^‘12 

Shape  Parameter, 

Entrainment  Parameter, 

Cp,  WILSON 

Cp,  SOMMER/SHORT 

PROFILE  DA'rA 


0.0380  IN. 
0.0117  IN. 

0.3914*10* 

3.23^ 

1.53* 

1-453 

15.76 

0.00158 

0.00149 


y-INS. 

0.0090 

0.0125 

0.0164 

0.0157 

0.0225 

0.0262 

0.0290 

0.0327 

0.0363 

0.0396 

0.0432 

0.0460 

0.0492 

0.0529 

0.0561 

0.0594 

O.O630 

O.O667 

0.0695 

0.0727 

0.0764 


M/Mp 

0.47'.’7 

0.5330 

0.5851 

0.6108 

0.6328 

0.6584 

0.6776 

0.6921 

0.7073 

0.7231 

0.7356 

0.7423 

0.7489 

0.7637 

0.7746 

0.7854 

0.79*3’ 

0.8065 

0.8159 

0.8202 

0.8295 


j/uE 

0.5781 

0.6375 

0.6679 

0.7118 

0.  7318 

0.V543 

0.7709 

0.7332 

0.7958 

O.8C87 

0.8138 

0.82<n 

0.8294 

0.8409 

0 . 849  3 

0.8575 

0.8641 

0.8732 

0.8301 

0.8832 

0.8899 


P/PE 

0.6741 

0.6988 

0.7233 

0.7362 

0.7478 

0.7616 

0.7724 

O.78O8 

0.7897 

0.7992 

0.8069 

0.8111 

0.8152 

0.8246 

0.8317 

0.8388 

0.8447 

0.8529 

0.8593 

0.8623 

0.8687 


y-INS. 


0.0792 

0.0828 

0.0861 

0.0893 

0.0925 

0.0967 

0.1036 

0.1100 

0.1174 

0.1234 

0.1303 

0.1367 

0.1432 

0.1501 

0.1560 

0.1625 

0.1694 

0.1763 

0.1827 

0.1887 

0.1961 


*  0.00560 


m/me 

0.8403 

0.8494 

0.8600 

0.8720 

0.8839 

0.8894 

0.9185 

0.9387 

0.9577 

0.9720 

0.9791 

0.9862 

0.9890 

0.9918 

0.9939 

0.9960 

0.9967 

0.9980 

0.9987 

O.9994 

1.0001 


SLUGS/CU.FT 


u/uE 

0.8976 
0.9040 
0.9113 
0.9195 
0.9276  0 

0.9312  0 

0.9503  0 

0.9630  0 

0.9748  0 

0.9835  0 

0.9877  0 

0.9919  0 

0.9935  0 

0.9952  0 

0.9964  0 

0.9976  0 

0.9980  0 

0.9988  0, 

0.9992  0. 

0.9996  0. 

1.0000  1. 


P/PE 

1.8763 
>.8828 
1.8904 
.8992 
.9079 
.9120 
.9342 
.9500 
.9651 
.9768 
.9826 
.9884 
.9907 
•  9931 
.9948 
.9966 
.9971 
9983 
9989 
9995 
0001 
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M£  «  2.075  ; 

P,  (f'Py)  -  18 . 1<1  ^  PSIA; 


995 


0 . 1H85  IN. 


INTEGRAL  QUANTITIES 


1727.4  FT/SEC;  p£  -  C. 005 35  SLUGS/CU.FT. 
288.6  °R 


Displacement  Thickness,  6* 

Momentum  Thickness,  0 

Momentam  Thickness  R 

Reynolds  Number  M0 

Compressible  Shape  Factor,  H 
Incompressible  Velocity  „i 

Shape  Factor  _12 

Shape  Parameter,  H 

Er.trainment  Parameter, 


-  0.0375  IN. 
»  0.0123  IN. 

■  0.4l43*10‘ 
*  3.055 
-  1.537 

■  1.460 
»  15.11 


Cp:  WILSON  ■  0.00154 

Cp,  S0MMSR/SH0RT  -  0.00146 


PROFILE  DATA 


y-INS. 

m/me 

u/u£ 

P/PE 

y-INS. 

M/Mp 

U/Up 

P/PE 

0.0090 

0.4634 

0.5707 

0.6903 

0.0792 

0.8308 

0.8929 

0.8850 

0.0125 

0.5205 

0.6295 

0.7150 

0.0828 

0.8403 

0.8995 

0.8909 

0.0164 

0.5718 

0.6795 

0.7395 

0.0861 

0.8512 

0.9071 

0.8981 

0.0197 

0.5973 

0.703'S 

0.7521 

0.0893 

0.8636 

0.9155 

0.9065 

0.0225 

0.6192 

0.7234 

0.7634 

0.0925 

0.8759 

0.9237 

0.9149 

0.0262 

0.6446 

0.7460 

0.7770 

0.0967 

0.882r 

0.9278 

0.9183 

0.0290 

0.6637 

0.7626 

0.7875 

0.1036 

0.9120 

0.9472 

0.9390 

0.0327 

0.6784 

0.7751 

0.7954 

0.1100 

0.9331 

0.9604 

0.9548 

0.0363 

0.6937 

0.7880 

0.8039 

0.1174 

0.9532 

0.9726 

0.9690 

0.0396 

0.7096 

0.8011 

0.8131 

0.1234 

0.9685 

0.9818 

0.9798 

0.0432 

0.7225 

0.8114 

0.8203 

0.1303 

0.9769 

0.9867 

0.9845 

0.0460 

0.7294 

0.8170 

0.8241 

0.1367 

0.9851 

0.9914 

0.9893 

0.0492 

0.7363 

0.8225 

0.8277 

0.1432 

0.9891 

0.9937 

0.9905 

0.0529 

0.7514 

0.8343 

0.8367 

0.1501 

0.9918 

0.9953 

0.9929 

0.0561 

0.7626 

0.8429 

0.8434 

0.1560 

0.9939 

0.9965 

3.9947 

0.0594 

0.7737 

0.8513 

0.8500 

0.1625 

0,9960 

0.9977 

0.9965 

0.0630 

0.7829 

0.8582 

0.8554 

0.1694 

0.9967 

0.9981 

0.9971 

0.0667 

0.7955 

0.8675 

0.8632 

0.1763 

0.9981 

0.9989 

0.9983 

0.0695 

0.8052 

0.8746 

0.8693 

0.1827 

0.9988 

0.9993 

0.9989 

0.0727 

0.8099 

0.8780 

0.8717 

0.1887 

0.9994 

0.9996 

0.9995 

0.0764 

0.8196 

0.8850 

0.8776 

0.1961 

1.0001 

1.0000 

1.0001 
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TABLE  6.- 

FLOW-  CASEj^PG-^  ADVERSE  PRESSURE 

TRAVERSE  TS  AT  Y  _  ..._ 

- - - - - - 22.62  INS.;  (RUN  NO.-PRim 

Stagnation  Pressure  .  Pf,  .  igo  3  pcT4 
Stagnation  Temperature?  T0  -  537.0  or™ 

local  mainstream  conditions 

h  (-v'-0021.635  PSIa!  TUeE  I  "til  TEC:  P£  ■  °-00609  SLUGS/CU-'?T' 

4995  *  0 .2242  IN. 

INTEGRAL  QUANTITIES 


Displacement  Thickness, 
Momentum  Thickness, 
Momentum  Thickness 
Reynolds  Number 
Compressible  Shape  Factor, 
Incompressible  Velocity 
Shape  Factor 
Shape  Parameter, 
Entrainment  Parameter, 

Cp,  WILSON 
Cp,  SOMMER/SHORT 


£• 

e 


PROFILE  DATA 


0.0444  in. 

0  . 01  i»6  IN. 

0.5351*10* 

3.030 

1.423 

1.353 

17.31 

0.00150 

0.00142 


y-.rNS. 

0.0090 

C.0134 

0.0158 

0.0193 

G.0228 

0.0257 

0.0292 

0.0321 

0.0355 

0.0384 

0.0419 

0.0453 

0.0488 

0.0528 

0.0563 

0.0597 

0.0626 

0.0660 

O.O695 

0.0729 

0.0758 

0.0793 

0.0827 

0.0PS6 

0.0914 

0.0919 

0.0954 

0.0983 


M/Me 

0.5051 

0.5885 

0.6298 

0.6602 

0.6946 

0.7165 

0.7219 

0.7307 

0-7395 

0.7446 

0.7498 

0.7566 

0.7616 

0.7650 

0.7683 

0.7732 

0.7798 

0,7863 

0.7928 

0.7960 

0.6023 

O.8O87 

0.6134 

0.8196 

0.8258 

O.838O 

0.8455 

0.8544 


u/uE 

C.6O8O 

0.6857 

0.7277 

0.7547 

0.7842 

0.8023 

0.8067 

0.8139 

0.8209 

0.8250 

0.8291 

0.8344 

O.8383 

0.8409 

0.8435 

0.8473 

0.8524 

0.8573 

0.8622 

0.8646 

0.8693 

0.8740 

0.8775 

0.8820 

0.8865 

0.8952 

0.9006 

0.9068 


P/PE 

0.6899 

0.7279 

0.7489 

0.7652 

0.7846 

C.7975 

O.8O07 

0.8060 

0.8113 

0.8145 

0.8177 

0.8220 

0.8252 

0.8273 

0.9294 

0 . 8326 
0.8369 
0.8411 
0.8453 
0.8475 
0.8517 
0.8559 
0.8591 
0.8633 
0.8676 
0.8760 
0.8813 
0.8876 


y-lNS. 

0.1023 

0.1057 

0.1086 

0.1115 

0.1144 

0.1224 

0.1288 

0.1357 

0.1420 

0.1489 

0.1558 

0.1616 

O.1685 

0.1748 

0.1806 

0.1875 

0.1932 

0.2001 

0.2065 

0.2128 

0.2191 

0.2255 

0.2318 

0.2381 

0.2439 

0.2514 

0.2583 

0.2646 

0.2703 

0.2772 

0.2836 


M/^ 

0.8633 

0.8720 

0.8821 

0.8949 

0.9006 

0.9159 

0.9255 

0.9323 

0.9377 

0.9404 

0.9444 

0.9470 

0.9550 

0.9616 

0.9668 

0.9694 

0.9759 

0.9797 

0.9823 

0.9836 

0.9874 

0.9925 

0.9938 

0.5951 

0.9951 

0.9963 

0.9976 

0.9976 

0.9989 

O.9989 

1.0001 


u/u£ 

0.9130 

0.9190 

0.9259 

0.9344 

0.9382 

0.9482 

0.9544 

0.9587 

0.9621 

0.9638 

0.9663 

O.968C 

0.9729 

0.9770 

0.9802 

0.9817 

0.9857 

0.9880 

0.9895 

0.9903 

0.9926 

0.9956 

0.9963 

0.9971 

0.9971 

0.9978 

0.9985 

0.9985 

0.9993 

0.9993 

1.0000 


p/pe 

0.8939 

0.9003 

0.9076 

0.9171 

0.9213 

0.9329 

0.9402 

0.9455 

0.9497 

0.9518 

0.9549 

0.9570 

O.9633 

0.9686 

0.9728 

0.9749 

0.9801 

O.9833 

0.9854 

0.9864 

O.9896 

O.9938 

0.9948 

0.9959 

0.9959 

O.9969 

0.9979 

0.9979 

0.9990 

0.9990 

1.0000 


i-UI 


TABLE  6.5 

PLOW  CASE:  APG  -  ADVERSE  PRESSURE  GRADIENT 

TRAVERSE  T5  AT _ X  -  26.62  IKS.;  (RUN  NO.«9543) 

Stagnation  Pressure,  Fg  *  169.2  PSIA 
Stagnation  Temperature,  Tg  ■  537.0  °R 

LOCAL  MAINSTREAM  CONDITIONS 

Mj.  -  1.988  ;  u£  -*  1687 .  H  PT/SEC.;  p£  -  0.00617  SLUGS/CU 

P£  (-Pw)  -  22.035  PSIA;  T£  -  299 - S  °R 
«995  «  0.2H37  IN. 

INTEGRAL  QUANTITIES 


Displacement 

Thickness , 

i#  « 

0.0478 

IN. 

Momentum  Thickness, 

b  « 

0.0166 

IN. 

Momentum  Thickness 
Reynolds  Number 

Re  * 

0.5688* 

10’ 

Compressible 

Shape  Factor,  H  ■ 

2.873 

Inccmpressib 

le  Velocity 

1.395 

Shape  Factor 

M12 

Shape  Parameter, 

H 

1.332 

Entrainment 

Parameter, 

H1  ’ 

13.98 

cF, 

WILSON 

M 

0.00151 

<V 

SOMMER/SI 

KORT 

m 

0.00144 

PROFILE 

DATA 

y-INS. 

m/m£ 

u/uE 

0/0E 

y-INS. 

m/me 

u/uE 

0.0090 

0 .  *1817 

0.5780 

0.6945 

0.1109 

0.8711 

0.9161 

C.0128 

0.6132 

0.7072 

0,7518 

0.1144 

0.8788 

0.9215 

0.0158 

0.657*1 

0.7471 

0.7741 

0.1178 

0.8819 

0.9236 

0.0199 

0.68*13 

0.7706 

0.7884 

0.1207 

0.8879 

0.9278 

0.023*1 

0.7002 

0.7842 

0.7972 

0.1247 

0.8925 

0.9309 

0.0269 

0.7157 

0.7972 

0.8059 

0.1276 

0.8955 

0.9329 

0.0309 

0.7290 

0.8081 

0.8136 

0.1345 

0.8985 

0.9350 

0.0338 

0.7*101 

0.8172 

0.8201 

0.1420 

0.9044 

0.9390 

0.0373 

C.7511 

0.8261 

0.3266 

0.1478 

0.1547 

0.9103 

0.9430 

0.0*107 

0.7565 

0.830*1 

0.8298 

0.9133 

0.9450 

0.0*1*12 

0.7655 

0.8375 

0.8352 

0.1616 

0.9177 

0.9479 

0.0*170 

0.7725 

0.8430 

0.8396 

0.1679 

0.9250 

0.9527 

0.0*199 

0.77*13 

0.8444 

0.8405 

0.1737 

0.9307 

0.9565 

0.053*1 

0.7760 

0.8458 

0.841V 

0.1806 

0.9379 

0.9612 

0.0563 

0.7795 

0.8485 

0.8139 

0.1869 

0.9450 

0.9657 

0.0603 

0.7830 

0.8512 

0.8460 

0.1926 

0.9493 

0.9685 

0.06*13 

0.7899 

0.8565 

0.8504 

0.1996 

0.9549 

0.9721 

0.0672 

0.7950 

0.8604 

0.8536 

0.2070 

0.9633 

0.9773 

0.0706 

C . 8001 

0.8643 

0.8568 

0.2139 

0.9674 

0.9800 

0.07*17 

0.8035 

O.8669 

0.8590 

0.2203 

0.9716 

0.9825 

0.0775 

0.8085 

0.8707 

0.8622 

0.2266 

0.9798 

0.9876 

0.0810 

0.8118 

0.8732 

0.8644 

0.2329 

0.9839 

0.9902 

0.08*15 

0.8185 

O.878I 

0.8687 

0.2393 

0.9880 

0.9927 

0.0879 

0.8251 

0.8830 

0.8729 

0.2456 

0.9934 

0.9959 

0.091*1 

0.8299 

0.8866 

0.8762 

0.2514 

0.9947 

0.9968 

0.09*18 

0.8364 

0.8913 

0.8805 

0.2588 

0.9961 

0.9976 

0.0983 

0.8412 

0.8948 

0.8837 

0.2652 

0.9974 

0.9984 

0.1011 

0.8492 

0.9006 

0.8890 

0.2715 

0.9987 

0.9992 

0.10*16 

0.8555 

0.9051 

0.8933 

0.2772 

1.0001 

1.0000 

0.1075 

0.8634 

0.9107 

0.8987 

FT. 


P/PE 

0.90*10 

0.909*1 

0.9115 
0.9158 
0.9190 
0.9211 
0.9233 
0.9276 
0.9316 
0.9340 
0.9372 
0 .9*125 
0.9*168 
0.9521 
0.957** 
0.9606 
0.96**9 
0.9713 
0.97*15 
0.9777 
0.98*11 
0.9872 
0.990*1 
0.99*17 
0.9958 
0.9968 
0.9979 
0.9990 
1.0000 


‘ABLE  6.6 


II  41 


FLOW  CASE 


AP( 


ADVERSE  PRESSURE  GRADIENT 


TRAVERSE  76  AT _ X  »  31.(2  INS. ;  (FUN  UO.*9bll9) 

Stagnation  pressure,  Pq  =  169-2  PSIA 
Stagnation  Temperature ,  Tq  =  537.0  °R 

LOCAL  MAINSTREAM  COLT.  I  TICKS 


’•L-  =  P.012  ;  u..  =  1693.8  FT/SEC.;  =  0.00600  SLUGS/CU.FT. 

P£  (=PW)  =  21.228  FSIA;  Tc  =  296.8  °H 
igqc  =  0.2543  IK. 

I TEGRAL  '^CA’iTIT IES 


Displacement  Thic*-  sss,  X* 

Momentum  Thi  cznes.  _ ,  8 

Momentum  Thickness  p 

Reynolds  Lumber  r,9 

Compressible  Shape  Factor,  H 
Incompressible  Velocity  ^1 

Shape  Factor  '_12 

Shape  Parameter,  H 

Entrainment  Parameter,  H, 


0.0448  IK. 
0.0161  IK. 

0.4978 *10 5 

2.786 

1.333 

1.331 

15.64 


CF, 

WILSON 

= 

0.00156 

^F* 

SOMMER/S 

HORT 

= 

C. 00149 

PROFILE 

DATA 

y-INS. 

m/me 

u/u£ 

P/PE 

y-INS. 

m/me 

u/uE 

P/PE 

0.0090 

0.5233 

0.6162 

0.7210 

0.1092 

0.8776 

0.9191 

0.9116 

0.0128 

0.5915 

0.6829 

0.7502 

0.1155 

0.8876 

0.9261 

0.9185 

0.0158 

0.6227 

0.7120 

0.7647 

0.1213 

0.9041 

0.9376 

0.9296 

0.0193 

0.6637 

0.7490 

0.7850 

0.1270 

0.9155 

0.9453 

0.9378 

0.0222 

0.6863 

0.7688 

0.7967 

0.1345 

0.9251 

0.9518 

0.0446 

0.0252 

0.7081 

0.7675 

0.8C84 

0. 1403 

0.9315 

0.9560 

0.9491 

0.0281 

0.7250 

U.8017 

0.8177 

0.1466 

0.9393 

0.9613 

0.9548 

0.0309 

0.7394 

0.8136 

0.8258 

0.1524 

0.9393 

0.9613 

0.9548 

0.0350 

0.7495 

0.8218 

0.8316 

0.1581 

0.9393 

0.9613 

0.9548 

0.0378 

0.7614 

0.8315 

0.8385 

0.1644 

0.9393 

0.9613 

0.9548 

0.0407 

0.7654 

0.8346 

0.8408 

0.1708 

0.9393 

0.9613 

0.9548 

0.0436 

0.7693 

0.8377 

0.8431 

0.1760 

0.9393 

0.9613 

0.9548 

0.0465 

0.7770 

0.8438 

0.8477 

0.1823 

0.9425 

0.9633 

0.9570 

0.0493 

0.7608 

0.8469 

0.8500 

0.1880 

0.9471 

0.9664 

0.9604 

0.0528 

0.7884 

0.8528 

0.8546 

0.1938 

0.9502 

0.9684 

0.9627 

0.0557 

0.7922 

0.8558 

0.8569 

0.2007 

0.9333 

0.9704 

0.9649 

0.0591 

0.8016 

0.8630 

0.8626 

0.2065 

0.9580 

0.9734 

0.9683 

0.0620 

0.8053 

0.8658 

0.8649 

0.2128 

0.9626 

0.9764 

0.9717 

0.0655 

0.8090 

0.8686 

0.8672 

0.2185 

0.9671 

0.9793 

0.9751 

0.0689 

0.8108 

c .8700 

0.8683 

0 . 22*43 

0.9717 

0.9822 

0.9785 

0.0724 

0 . 8145 

0.8728 

0.8706 

0.2312 

0.9762 

0.9851 

0.9819 

0.0752 

0.8199 

0.8769 

0.8741 

0.2358 

0.9807 

0.9880 

0.9853 

0.0781 

0 . 82  35 

0.8797 

0.8763 

0.2416 

0.9882 

0.9926 

0.9910 

0,08l6 

0.8271 

0.8824 

0.8786 

0.2479 

0.9912 

0.9945 

0.9932 

0.0845 

0.8307 

0.8850 

0.8809 

0.2542 

0.9912 

0.9945 

0.9932 

0.0879 

0.8361 

0.8890 

0.8843 

0.2606 

0.9927 

0.9954 

0.9943 

0.0902 

0.8431 

0.8942 

0.8889 

0.2663 

0.9941 

0.9963 

0.9955 

0.0942 

0.8502 

0.3994 

0.8934 

0.2726 

0.9956 

0.9973 

0.9966 

0.0971 

0.8554 

0.9031 

0.8969 

0.2784 

0.9986 

0.9991 

0.9989 

0.1034 

0.8674 

0.9118 

0.9048 

0.2842 

1.0000 

1.0000 

1.0000 
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TABLE  7.1 

FLOW  CASE-  RPG  -  RING  PRESSURE  GRADIENT 

TRAVERSE  T1  AT _ X  «  11.62  INS.;  (RUN  NO. -9528) 

Stagnation  Pressure,  Pn  «  120.7  PS1A;  (Downstream  of  Ring) 
Stagnation  Temperature,  Tq  ■  537-0  °R 

LOCAL  MAINSTREAM  CONDITIONS 


Me  =  3.783  ;  uE  *  2187-2  FT/SEC.;  p£  *  0.00064  SLUGS/CU.FT. 

P£  (=PW)  =  1.058  PSIA;  Tp  =  133.7  °R 
«995  =  0.1936  IN. 

INTEGRAL  QUANTITIES 


Displacement  Thickness,  6* 

Momentum  Thickness,  6 

Momentum  Thickness  R 

Reynolds  Number  K0 

Compressible  Shape  Factor,  H 

Incompressible  Velocity  „i 

Shape  Factor  _12 

Shape  Parameter,  H 

Entrainment  Parameter,  H1 


"  0.0782  IN. 
=  0.0141  IN. 

=  0 . 8644  •  101* 

*  5-551 

*  1.431 

=  1.3 44 

*  8.750 


Cp,  WILSON 
Cp,  SOMMER/SHORT 


=  0.00161 
=  0.00144 


PROFILE  DATA 


y-INS. 

M/Mp- 

J/UE 

p/pe 

y-INS. 

m/me 

u/‘uE 

P/PE 

0.0090 

0.3951 

0.5837 

0.4579 

0.0815 

0.6543 

0.8225 

0.6327 

0.0125 

0.4694 

0.6643 

0.4952 

0.0938 

0.6618 

0.8278 

0.6390 

0.011(9 

0.4985 

0.6930 

0.5173 

0.0865 

0.6704 

0.8338 

0.5463 

0.0183 

0.5177 

0.7111 

0.5298 

0.0893 

0.6772 

0.8385 

0.6523 

0.0206 

0.5303 

0.7227 

0.5383 

0.0920 

0.6846 

0.8434 

0.6587 

0.0229 

0.5419 

0.7331 

0.5463 

0 .0944 

0.6935 

0.8494 

0.6666 

0.0262 

0.5560 

0.7454 

0.5563 

0 .0971 

0.7067 

0.8579 

0.6785 

0.0285 

0.5643 

0.7525 

0.5622 

0.0999 

0.7132 

0.8620 

0.6844 

0.0308 

0.5703 

0.7575 

O.5666 

0.1054 

0.7224 

0.8678 

0.6928 

0.0336 

0.5742 

0.7608 

0.5695 

0.1109 

0.7356 

0.8759 

0.7052 

0.0363 

0.5849 

0.7696 

0.5774 

0.1160 

0.7480 

0.8833 

0.7171 

0.0391 

0.5875 

0.7717 

0.5794 

0.1215 

0.7617 

0.8912 

0.7303 

0.0414 

0.5901 

0.7739 

0.5814 

0.1266 

0.7751 

0.8988 

0.7436 

0.0111(6 

0-5927 

0.7760 

0.5833 

0.1321 

0.7869 

0.9053 

0.7554 

0.0469 

0.5927 

0.7760 

0.5833 

0.1376 

0.8024 

0.9136 

0.7712 

0.0497 

0.5960 

0.7786 

0.5859 

0.1427 

0.8170 

0.9212 

0.7864 

0.0525 

0.5960 

0.7786 

0.5859 

0.1473 

0.8338 

0.9297 

0 . 8042 

0.0552 

0.5979 

0.7801 

0.5873 

0.1528 

0.8484 

0.9368 

0.8199 

0.0575 

0.5979 

0.7801 

0.5873 

0.1583 

0.8658 

0.9451 

0.8391 

0.0598 

0.6005 

0.7822 

0.5893 

0 .1634 

0.8811 

0.9521 

0.8563 

0.0630 

0.6030 

0.7842 

0.5913 

0.1689 

0.9000 

0.9605 

0.8780 

0.0653 

0.6081 

0.7882 

0.5952 

0.1740 

0.9169 

0.9677 

0.8977 

0.0681 

0.6132 

0.7921 

0.5992 

0.1786 

0.9335 

0.9746 

0.9174 

0.0709 

0.6232 

0.7997 

0.6071 

0.1841 

0.9546 

0.9830 

0.9430 

0.0736 

0.6330 

0.8070 

0.6150 

0.1897 

0.9705 

0.9891 

0.9627 

0.0759 

0.6396 

0.8119 

0.6204 

0.1943 

0.9893 

0.9961 

0.9863 

0.0787 

0.6461 

0.8167 

0.6258 

0.1993 

1.0001 

1.0000 

1.0000 
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TABLE  7.  2 

FLOW  CATE:  RPO  -  RING  PRESSURE  GRADIENT 

TRAVERSE  T2  AT _ X  ■  16.62  INS.;  (R’JN  N0.«9530) 

Stagnation  Pressure,  Pq  *  120.7  PSIA;  (Downstream  cf  Ring) 
Stagnation  Temperature,  Tq  *  537.0  °R 

LOCAL  MAINSTREAM  CONDITIONS 


M£  -  3.621  ;  u£  =  2160.9  FT/SEC;  p„  »  0.00075  SLUGS/CU.FT. 

P£  (=PW)  «  1. 33^  PSIA;  T£  =  148.3  °R 
6ggc  =  0.3168  IN. 

INTEGRAL  QUANTITIES 


Displacement  Thickness,  6* 

Momentum  Thickness,  6 

Momentum  Thickness  „ 

Reynolds  Number  9 

Compressible  Shape  Factor,  H 

Incompressible  Velocity  „i 

Shape  Factor  _12 

Shape  Parameter,  H 

Entrainment  Parameter, 

Cp,  WILSON 
Cp,  SOMMER/SHORT 

PROFILE  DATA 


0.1330  IN. 
0.0197  IN. 

0 .2197*10* 
6.75? 

1.4-17 

1.357 

10.93 

0.00122 

0.00108 


y-INS. 

M/Me 

u/uE 

P/PE 

y-INS. 

M/Mp_ 

u/uE 

?/pE 

0.0090 

0.2868 

0.4771 

0.3612 

0.1422 

0.6570 

0.8451 

0.6044 

0.0111 

0.3284 

0-5333 

0.3790 

0.1482 

0.6717 

0.8544 

0.6179 

0.0135 

0.3504 

0.5614 

0.3894 

0.15«2 

0.6346 

0.8623 

0.6301 

0.0173 

0.3673 

0.5823 

0.3979 

0.1597 

0.6944 

0.8682 

0.6396 

0.0211 

0.3841 

0.6022 

0.4066 

0.1653 

0.7041 

0.8739 

0.6490 

0.0229 

0.3993 

0.6199 

0.4149 

0.1712 

0.7191 

0.8825 

0.6639 

0.0257 

0.4074 

0.6289 

0.4195 

0.1772 

0.7338 

0.8906 

0.6788 

0.0285 

0.4194 

C .6422 

0.4264 

0.1827 

0.7443 

0.8963 

0.6896 

0.0317 

0.4287 

0.6523 

0.4319 

0.1887 

0.7534 

0  9010 

0.6990 

0.0345 

0.4401 

0.6643 

c  4387 

0.1952 

0.7662 

0.9076 

0.7125 

C.0377 

0.4467 

0.6712 

0.41*28 

0.2007 

0.7784 

0.9137 

0.7256 

0.0405 

0.4527 

0.6773 

0  4466 

0.2058 

0.7892 

0.9189 

0.7374 

0.0437 

0.4613 

0.6360 

0.4521 

0.2118 

0.8014 

0.9247 

0.7509 

0.0460 

0.4676 

0,6923 

0.4562 

0.2173 

0.8122 

0.9297 

0.7631 

0 ,04y2 

0.4760 

0.7004 

0.4616 

0.2242 

0.8255 

0.9357 

0.7783 

0.0525 

0.4841 

0.7083 

0.4671 

0.2293 

0.8383 

0.9413 

0,7931 

0.0552 

0.4876 

0.7116 

0.4694 

0.2352 

0.8510 

0.9466 

0.8079 

0.0575 

0.4936 

0.7172 

0. 4735 

0.2412 

0.8645 

0.9522 

0.8241 

0,0607 

0.4995 

0.7227 

0.4776 

0.2472 

0.8779 

0.9576 

0.8403 

0,06*0 

0.5039 

0.7268 

0.4807 

0.2527 

0.8877 

0.9614 

0.8525 

0.0667 

0.5097 

0.7320 

0.4846 

0.2578 

0.8986 

0.9656 

0.8659 

0.0695 

0.5173 

0.7388 

0.4902 

0.2647 

0.9104 

0.9700 

0.8808 

0 .0727 

0.5211 

0.7421 

0.4929 

0.2707 

0,9209 

0.9738 

0.8943 

0.0759 

0.5267 

0,7470 

0.4970 

0.2762 

0.9210 

0.9767 

0.9047 

0.0787 

0.5359 

0.7549 

0.5038 

0.2822 

0.9363 

0.9792 

0.91'U 

0.0815 

0.5413 

0 . 7595 

0.5079 

0.2886 

0.9466 

0.9828 

0.9276 

0.0842 

C . 5485 

0.7654 

0.5133 

0.2937 

0.9586 

0.9869 

0.9438 

0.0874 

0.5573 

0.7726 

0.5201 

0.2997 

0.9626 

0.9881 

0.9488 

0.0902 

0.5625 

0.7769 

0.5242 

0.3052 

0.9706 

0.9907 

0.9596 

0.0930 

0.5677 

0.7810 

0.5282 

0.3103 

0  9765 

0.9926 

0.9677 

0.0957 

0.5745 

0.7863 

0.5337 

0.3167 

0.5835 

0.9948 

0.9771 

0.0990 

0.5800 

0.7906 

0.5381 

0.3227 

0.9871 

0.9960 

0.9822 

0.1017 

0.5350 

0.7944 

0.5422 

0.3278 

0.9998 

0.9971 

0.9872 

0.1049 

0.5916 

0.7995 

0.5476 

0.3347 

0.9927 

0.9977 

0.9899 

0.1072 

0.5966 

0.8031 

0.5516 

0.3397 

0.9947 

0.9983 

0.9926 

0.1132 

0.6063 

0.8102 

0.5558 

0.3457 

0.9966 

0.9989 

0.9953 

0.1192 

0.6174 

0.8182 

0.5692 

0.3513 

0.9980 

0.9994 

0.9972 

0.1252 

0.6283 

0.8259 

0.5787 

0.3572 

0.9990 

0.9997 

0.9986 

0.1307 

0.6391 

0.8332 

0.5882 

0.3628 

1.0000 

1.0000 

0.9999 

0.1367 

0.6496 

0.8402 

0.5977 

I  I  -  5f-4 


TABLE  7.3 

FLOW  CASE:  RPG  -  RING  PRESSURE  GRADIENT 


TRAVERSE  T3  AT _ X 


Stagnation  Pressure,  P0 
Stagnation  Temperature,  Tq 


20.62  IKS.;  (BUN  NO. *9538) 

120.7  PSIA;  {Downstream  of  P.inst) 
537.0  °R 


LOCAL  MAINSTREAM  CONDITIONS 

ME  *  3-606  i  uE  -  2158.8  FT/SEC.;  pE 

PE  (**V  ’  1  *  358  PSIA;  TE  -  149.0  ^R 
^995  “  X3794  IN. 

INTEGRAL  QUANTITIES 


Displacement  Thickness,  6* 

Momentum  Thickness,  e 

Momentum  Thickness 
Reynolds  Number  KS 

Compressible  Shape  Factor,  H 
Incompressible  Velocity  i 
Shape  Factor  HU 

Shape  Parameter,  H 

Entrainment  Parameter, 

Cp,  WILSON 

Cp,  SOMMER/SHORT 

PROFILE  DATA 


0.11)66  IN. 
0.0227  IN. 

0.2472*105 

6.455 

1.387 

1.309 

10.65 

0 .00121 

0.00107 


y-INS. 

C.0090 

0.0130 

0.0164 

0-0192 

0.0225 

0.0257 

0.0285 

0.0317 

0.0350 

0.0382 

0.0419 

0.0446 

0.0478 

0.0511 

0.0543 

0.0575 

0.0612 

0.0640 

0.0672 

0.0704 

0.0732 

0.0764 

0.0801 

O.O833 

0.0865 

0.0902 

0.0934 

0.0957 

0.0994 

0.1026 

0.1059 

0.1095 

C.1123 

0.1165 

0.1229 

0.1293 

C.1353 

0.1418 

0.1473 

0.1547 


M/Me 

0.3173 

0.3603 

0.3900 

0.4045 

0.4191 

0.4325 

0.4439 

0.4565 

0.4651 

0.4756 

0.4838 

0.4919 

0.4999 

0.5077 

0.5149 

0.5225 

0.5281 

0.5337 

0.5392 

0.5446 

0.5500 

0.5536 

0.5624 

0.5676 

0.5779 

0.5829 

0.5858 

0.5892 

0.5954 

0.5986 

0.6047 

0.6096 

0.6128 

0.6160 

0.6250 

0.6328 

0.6390 

0.6492 

0.6552 

0.6670 


u/uE 

0.5153 

0.5701 

0.6056 

0.6222 

0.6384 

0.6528 

0.6548 

0.6778 

0.6864 

0.6968 

0.7047 

0.7124 

0.7198 

0.7270 

0.7335 

0.7402 

0.7452 

0.7500 

0.7547 

0.7593 

0.7638 

0.7667 

0.7739 

0.7781 

0.7862 

0.7901 

0.7923 

0.7949 

0.7996 

0.8020 

0.8065 

0.8100 

0.8124 

0.8147 

0.8211 

0.8265 

0.8307 

0.8376 

0.8416 

0.8493 


P/PE 

0.3792 

0.3993 

0.4147 

0.4226 

0.4309 

0.4388 

0.4457 

0.4535 

0.4590 

0.4658 

0.4713 

0.4767 

0.4822 

0.4876 

0.4927 

0.4981 

0.5022 

0.5063 

0.5103 

0.5144 

0.5185 

0.5212 

0.5280 

0.5320 

0.5402 

0.5442 

0.5466 

0.5493 

0.5543 

0.5570 

0.5621 

0.5662 

0.5689 

0.5716 

0.5793 

0.5861 

0.5915 

0.6006 

0.6060 

0.6166 


y-INS. 

0.1606 

0.1671 

0.1740 

0.1800 

O.1869 

0.1929 
0.1993 
0.2058 
0.2122 
0.2187 
0.2246 
0.2316 
0.2380 
0.2431 
0.2500 
0.2569 
0.2629 
0.2693 
0.2758 
0.2822 
0.2882 
0.2942 
0.3002 
0.3057 
0.3130 
0.3195 
0.3259 
0.3324 
0.3388 
0.3453 
0.3513 
0.3582 
0.3642 
0.3701 
0.3770 
0.3835 
0.3899 
0.3964 
0. 4028 
0.4065 


»  0.00076 


*/*E 

0.6758 

0.6855 

0.6968 

0.7076 

0.7185 

0.7253 

0.7333 

0.7479 

0.7540 

0.7656 

0.7720 

G.7820 

0.7932 
0 . 8026 
0.8135 
0.8243 
0.8349 
0.8465 
0.8568 
0.8659 
0.8745 
0.8861 
0.8946 
0.9044 
0.9137 
0.9223 
0.9296 
0.9390 
0.9483 
0.9565 
0.9624 
0.9704 
0.9749 
0.9796 
0.9824 

O.9873 

0.9900 

0.9947 

0.9973 

1.0000 


SLUGS/CU.FT. 


U/  UE  PE 

0.8548  0.6249 

0.8608  0.63'CO 

0.8677  0.6448 

0.8740  0.6553 

0.38G3  0.6661 

0.8842  0.6728 

0.8887  0.6809 

0.8965  0.6958 

0.8998  0.7021 

0.9058  0.7143 

0.9090  0.7210 

0,9141  0.7318 

0-9195  0.7440 

0.9240  0.7544 

0.9291  0.7665 

0.9340  0.7787 

0-9387  0.7908 

0.9438  0.8043 

0.9482  0.8164 

0-9519  0.8272 

0.9555  0.8376 

0.9601  0.8517 

0.9634  0.8621 

0.9672  0.8742 

0.9707  0.8860 

0.9738  0.8968 

0.9765  0.9062 

0.9798  0.9181' 

0.9831  0.9305 

0.9859  0.9413 

0.9878  0.9490 

0.9905  0.9598 

0,9920  0.9658 

0.9935  0.9721 

0.9944  0.9758 

0.9960  0.9825 

0.9968  0.9852 

0.9983  0.9926 

0.9993  0.9963 

1.0000  0.9999 


IM5 


i 


TABLF.  7.4 

FLOW  CASE ■  RPO  -  RING  PRESSURE  GRADI ENT 


TRAVERSE  T4  AT _ X  *  22.62  INS.;  (RUN  NO.»9539) 

Stagnation  Pressure,  Po  “  120.7  PSIA;  (Downstream  of  Ring) 

Stagnation  Temperature,  Tq  «  537.0  °R 

LOCAL  MAINSTREAM  CONDITIONS 

M£  *  3.619  ;  u£  2160.6  FT/SEC.;  f.£  *  0.00076  SLUGS /C',5  .FT. 

PF  '>P.W)  -  1.338  PSIA;  Te  *  148.4  °R 
«“95  «  0.4111  IN. 

INTEGRAL  QUANTITIES 


Dls 

placement 

Thl ;kness. 

- 

0.1616 

IN. 

Momentum  Thickness, 

6  * 

0.0237 

IN. 

Momentum  Thickness 
Reynolds  Number 

R0  - 

0.2847* 

10* 

Compressible 

Shape  Factor,  K  » 

6.814 

Incompressible  Velocity 

„ 

1.370 

Shape  “actor 

"12 

Shape  Parameter, 

H 

1.293 

Entrainment  ' 

Parameter, 

H1  * 

11.78 

CF* 

WILSON 

* 

0.00114 

n 

T* 

S0KMER/SHCRT 

S 

0.00100 

PROFILE 

DATA 

Y-INS. 

*/*E 

u/u£ 

P./PE 

y-INS. 

M/Me 

u/uE 

P/PE 

0.0090 

0.3184 

0.5268 

0.3650 

0.1932 

0.7031 

0.877C 

0.6427 

0.0134 

0.3615 

0.5820 

0.3858 

0.2001 

0.7120 

0.8819 

0.6515 

0.0170 

0.3847 

0.6097 

0.3980 

0.2076 

0.7198 

0.8863 

0.6594 

G.0205 

0-3993 

0.6265 

0.4061 

0.2151 

0.7-00 

0.8918 

0.6700 

0.0246 

0.4156 

0.6447 

0.4155 

0.2220 

0.7398 

0.7473 

0.8970 

0.6801 

0.0275 

0.4269 

0.6569 

0.4222 

0.2289 

0.9009 

0.6880 

0.0321 

0.4384 

0.6691 

0.4292 

0.2358 

0.7560 

0.9053 

0.6972 

0.0350 

0.4511 

0.6822 

0.4372 

0.2439 

0.7658 

0.9102 

0.7077 

0.0384 

0.4635 

0.6945 

0.4452 

0.2502 

0.7773 

0.9160 

0.7209 

0.0424 

0.4715 

0.7024 

0  4505 

0.2577 

0.7917 

0.9226 

0.7363 

0.0459 

0 . 47Q4 

0.7100 

0.4^56 

0.2640 

0.8004 

0.9266 

0.7461 

0.0493 

0.4386 

0.7187 

0.4621 

0.2721 

0.8108 

0.5313 

0.7579 

0.0534 

0.4957 

0.7253 

0.4670 

0.4723 

0.2796 

0.8200 

0.9353 

0.7684 

0.0563 

0.5032 

0.7321 

0.2865 

0.6315 

0.9403 

0.7819 

0.0597 

0.5124 

0.7404 

0.4789 

0.2928 

0.8426 

0.9449 

0.7951 

0.0637 

0.5215 

0.7483 

0.4856 

0.3014 

0.8514 

0.9485 

0.8056 

0.0678 

0.5286 

0.7544 

0.4S08 

0.3078 

0.8631 

0.9532 

0.8197 

0.0712 

0.5326 

0.7578 

0.4939 

0.3147 

0.8695 

0.9557 

0.8276 

0.0752 

0.5391 

0.7633 

0.4988 

0.3210 

0.8801 

0.9598 

0.8407 

0.0781 

0.5443 

0.7676 

0.5027 

0.3296 

0.8882 

0.9629 

0.8509 

0.0821 

0.5545 

0.7759 

0.5107 

0.3360 

0.8994 

0.9670 

0.8649 

0.0856 

0.5612 

0.7812 

0.5160 

0.3434 

0.9084 

0.9702 

0.8764 

0.0891 

0.5678 

0.7864 

0.5212 

0.3509 

0.9165 

0.9731 

0.8869 

0.0925 

0.5728 

0.7903 

0.5252 

0.3584 

0.9226 

0.9752 

0.8948 

0.0965 

0.5808 

0.7964 

0.5318 

0.3653 

0.9326 

0.9787 

0.9079 

0.1000 

0.5888 

0.8024 

0.5384 

0.3722 

0.9435 

0.9823 

0.9224 

0.1029 

0.5951 

0.8071 

0.5437 

0.3785 

0.9523 

0.9852 

0.9342 

C . 106> 

0.5983 

0.8093 

0.5463 

0.3860 

0.9591 

0.9874 

0.9434 

0.1144 

0.6102 

0.8179 

0.5565 

0.3929 

0.9654 

0.9894 

0.9519 

0.1207 

0.6155 

0.8216 

0.5610 

0.4004 

0.9826 

0.9947 

0.9755 

0.1282 

0.6200 

0.8247 

0.5650 

0. 4073 

0.9826 

0.9947 

0.9755 

0.1357 

0.6290 

0.8309 

0.5729 

0.4148 

0.9858 

0.9957 

0.9801 

0.1432 

0.6407 

0.8387 

0.5834 

0.4217 

0.9904 

0.9971 

0.9865 

0.1506 

0.6479 

0.8434 

0.5S00 

0.4292 

0.9937 

0.9981 

0.99H 

0.1570 

0.6551 

0.8480 

0 .55o6 

0.436'’ 

0.9960 

0.9938 

0.9943 

0.1644 

O.f.'Z'? 

0.8525 

0.6C3" 

0.4450 

0.9973 

0.9S92 

0.9962 

0.1714 

:3 

0.8594 

O.'ijT 

0.4505 

0.9984 

0.9995 

0.9977 

0.1788 

0.6329 

0.8652 

0.6230 

0.4568 

0.9998 

0.9995 

0.9997 

0.1 8^7 

0.6924 

0.8)08 

0.6322 

0.4649 

1.0000 

0.9999 

0.9999 

i 

| 


IMfc 


TABLE  7.5 

FLOW  CASE:  RPG  -  RING  PRESSURE  GRAD  I ENT 


TRAVERSE  T5  AT _ X  «  26.62  INS.;  (RUN  KQ.-9545) 

Stagnation  Pressure,  P0  «  120.7  PSIA;  (Downstream  of  Ring) 
Stagnation  Temperature,  Tq  •  537.0  °R 

LOCAL  MAINSTREAM  CONDITIONS 


PE  (-Pw) 


3.616  ; 

1.3**^  PSIA; 
0.4163  IN. 


995 

INTEGRAL  QUANTITIES 


2160.1  FT/SLC . ;  PE  »  0.00076  SLUGS/CU.PT. 
148.6  °R 


Displacement  Thickness, 
Momentum  Thickness, 
Momentum  Thickness 
Reynolds  Number 
Compressible  Shape  Factor, 
Incompressible  Velocity 
Shape  Facto” 

Shape  Parameter, 
Entrainment  Parameter, 


6*  »  0.1447  IN. 

0  -  0.0220  IN. 

R0  *  0.2620*10* 
H  *  6.579 
-  1.323 
ff  »  1.248 
lx  «  13-52 


Cp,  WILSON 
Cp,  SOMMER/SHORT 


*  C. 00117 
=  0.00103 


PROFILE  DATA 


y-INS. 

m/me 

u/uE 

P/PE 

y-INS. 

M/Mr 

U/UE 

P/PE 

0.0O90 

0.3722 

0.5929 

0.3940 

0.1938 

0.748u 

0.9004 

0.6901 

0.0128 

0.3946 

0.6192 

C.4061 

0.2007 

0.7555 

0.9042 

0.6980 

0.0156 

0.4209 

0.6485 

0.4211 

0.2070 

0.7588 

0.9059 

0.7015 

0.0187 

0.4406 

0.6694 

0.4331 

0.2128 

0.7658 

0.9094 

0.7090 

0.0222 

0.4559 

0.6851 

0.4427 

0.2191 

0.7766 

0.9197 

0.7208 

0.0252 

0.4741 

0.7030 

0.4546 

0.2255 

0.7861 

0,9192 

0.7  3 '-2 

0.0286 

0.4910 

0.7191 

0.4661 

0.2312 

0.7932 

0.922c 

0.7 

0.0315 

0.5005 

0.7278 

0.4727 

0.2375 

0.7990 

0.9253 

0.7456 

0.0350 

0.5111 

0.7374 

0.4802 

0.2439 

0.8060 

0.9284 

0.7534 

0.0378 

0.5219 

0.7470 

0.4881 

0.2502 

0.8140 

0.9320 

0.7626 

0.0413 

0.5308 

0.7546 

0.4947 

0.2565 

0.8208 

0.9351 

0.7704 

0.0453 

0.5391 

0.7616 

0.5009 

0.2634 

0.8298 

0.9390 

0.7809 

0.0476 

0.5450 

0.7665 

0.5055 

0.2703 

0.8384 

0.9426 

0.7910 

0.0511 

0.5518 

0.7721 

0.5107 

0.2767 

0.8461 

0.9458 

0.8001 

0.0539 

0.5602 

0.7788 

0.5173 

0.2824 

C.8527 

0.9485 

0.8080 

0.0568 

0.5668 

0.7841 

0.5225 

0.2893 

C.8S13 

0.9520 

0.8184 

0.0603 

0.5701 

0.7867 

0 .5252 

0.2951 

0,8699 

0.9555 

0.8288 

0.0637 

0.5766 

0.7917 

0.5304 

0.3014 

0.8731 

0.9567 

0.8328 

0.0666 

0.5815 

0.7954 

0.5344 

0.3078 

0.8805 

0.9596 

0.8419 

0,0706 

0.5883 

0.8005 

0.5400 

0.3141 

0.8868 

0.9620 

0.8497 

0.0735 

0.5961 

0.8063 

0.5465 

0.3204 

0.8938 

0.9646 

0.8585 

0.0770 

0.6043 

0.8123 

0.5534 

0.3262 

0.9011 

0.9673 

0.8677 

0.0798 

0,6105 

0.8167 

0.5587 

0.3336 

0 .9062 

0.9692 

0.8742 

0.0827 

o.6ieo 

0.8220 

0.5652 

0.3394 

0.9141 

0.9720 

0.8843 

0.0862 

0.6240 

0.8262 

0.5705 

0.3463 

0.9236 

0.9754 

0.8966 

0.0891 

0.6285 

0.8292 

0.5744 

0.3521 

0.9287 

0.9771 

0.9032 

0.0925 

0.6344 

0.8332 

0.5796 

0.3590 

0,9336 

0.9788 

0.9097 

0.0960 

0.6388 

0.8361 

0.5836 

0.3653 

0.9416 

0.9815 

0.9201 

0.0988 

0.6446 

0.8400 

0.5888 

0.3711 

0.9484 

0.9838 

0.9293 

0.1023 

0.6485 

0.8425 

0.5924 

0.3774 

0.9543 

0.9857 

0.9371 

0.1046 

0.6510 

0.8441 

0.5946 

0.3837 

0.9620 

0.9882 

0.9476 

0.1115 

0.6553 

0.8469 

0.5986 

0.3900 

0.9659 

0.9895 

0.9528 

0.1178 

0.6599 

0.8498 

0.6028 

0.3964 

0.9707 

0.9910 

0.9593 

0.1236 

0.6669 

0.8542 

0.6094 

0.4027 

0.9752 

0.9924 

0.9655 

0.1305 

0.6733 

0. 8585 

0.6159 

0.4090 

0  9790 

0.9936 

0.9707 

0.1368 

0.6807 

0.6627 

0.6225 

0.4148 

0.9823 

0.9946 

0.9752 

0.1437 

0.6898 

0.8682 

0.6313 

0.4211 

0.9874 

0.9962 

0.9823 

0. 1495 

0.6966 

0.8721 

0.6378 

0.4275 

0.9897 

0.9969 

0.9855 

0.1564 

0.7032 

0.8759 

0.6444 

0.4338 

0.9923 

0.9976 

0.9891 

0.1621 

0.7111 

0.8804 

0.6522 

0.4401 

0.9939 

0.9981 

0.9914 

0.1685 

0.7163 

0.8833 

0.6574 

0.4459 

0.9973 

0.9992 

C.9962 

0.1748 

n .7253 

C.8883 

0.6666 

0.4523 

0.9989 

0.9996 

0.9985 

0.18x1 

0.7330 

0.8924 

0.6744 

0.4597 

0.9991 

0.9997 

0.9987 

0.1869 

0.7418 

0.8971 

0.6836 

0.4660 

1.0000 

0.9999 

0.9999 
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TABLE  7.6 

FLOW  CASE:  WPG  -  Rli”?  PRESSURE  GRADIENT 


TRAVERSE  T6  AT _ X  =■  31.62  IMS.;  (RUN  NO. -9547) 

Stagnation  Pressure,  P0  *  120.7  PSIA;  (Downstream  of  Rirg) 
Stagnation  Temperature,  T0  *  537.0  °R 

LOCAL  MAINSTREAM  CONDITIONS 


Mj.  «  3.198  ;  u£  «  2081.5  FT/SEC.;  pE 

P£  (»PW)  “  2.447  PSIA;  T£  -  176.3  °R 
«9g5  *  0.3683  IN. 

INTEGRAL  QUANTITIES 


Displacement  Thickness,  6* 

Momentum  Thickness,  8 

Momentum  Thickness  „ 

Reynolds  Number  ”8 

Compressible  Shape  Factor,  H 
Incompressible  Velocity  ,,1 

Shape  Factor  _12 

Shape  Parameter,  H 

Entrainment  Parameter, 


0.1269  IN. 
0.0227  IN. 

u. 3319*10* 

5.580 

1.393 

1.315 
1H. 84 


Cp,  WILSON 
Cp,  SOMMER/SHORT 


■  0.00123 

-  0.00110 


0.00116  SLUGS/Cb.FT. 


PROFILE  DATA 


y-INS. 

M/Me 

u/uE 

P/PE 

y-INS. 

m/me 

u/uE 

P/PE 

0.0090 

0.3368 

0.5164 

0.4253 

0.1644 

0.7263 

0.6719 

0.6937 

0.0134 

0.3368 

0.5164 

0.4253 

0.1708 

0.7370 

0.8784 

0.7039 

0.0175 

0.4044 

0.5977 

0.4578 

0.1771 

0.7467 

0.8841 

0.7132 

0.0211 

0.4319 

0.6282 

0.4727 

0.1834 

0.7563 

0.8897 

0.7225 

0.0240 

0.4546 

0.6522 

0.4858 

0.1903 

0.7675 

0.8960 

0.7335 

0.0281 

0.4761 

0.6741 

0.4987 

0.1978 

0.7810 

0.9035 

0.7471 

0.0304 

0.4885 

0.6864 

0.5065 

0.2042 

0.7891 

0.9078 

0.7554 

0.0338 

0.5059 

0.7031 

0.5177 

0.2111 

0.8012 

0.9142 

0.7678 

0.0373 

0.5124 

0.7092 

0.5220 

0.2185 

0.8125 

0.9201 

0.7797 

o.onoi 

0.5197 

0.7160 

0.5269 

0.2255 

0.8229 

0.9254 

0.7907 

0.0456 

0.5307 

0.7260 

0.5344 

0.2313 

0.8332 

0.9304 

0.8017 

0.0465 

0.5366 

0.7312 

0.5384 

0.2387 

0.8449 

0.9361 

0.6' 44 

0.0505 

0.5460 

0.7395 

0.5450 

0.2450 

0.8554 

0.9411 

0.6261 

0.0545 

0.5520 

0.7447 

0.5493 

0.2514 

0.8638 

0.9450 

0.8334 

0.0580 

0.5591 

0.7508 

0.5544 

0.2594 

0.8743 

O.9498 

0.64(2 

0.0614 

0.5653 

0.7561 

0.5589 

0.2657 

0.8845 

0.9543 

0.8533 

0.0649 

0.5711 

0.7609 

0.5632 

0.2726 

0.8948 

0.9588 

0.8707 

0.068° 

0.5757 

0.7647 

0 . 5666 

0.2796 

0.9049 

0.5632 

0.8826 

0.0724 

0.5845 

0.7719 

0.5732 

0.2870 

0.9150 

0.9674 

0.8944 

0.0758 

0.5901 

0.7764 

0.5775 

0.2939 

0.9205 

0.9697 

0.9010 

0.0793 

0.5978 

0.7826 

0.5834 

0.3003 

0.9^2 

0.9736 

0.9126 

0.0827 

0.6055 

0.7886 

0.5894 

0.3072 

0.9370 

0.9764 

0.9208 

0.0856 

0.6130 

0.7944 

0.5954 

0.3135 

0.9434 

0.9789 

0.9287 

0.0891 

0.6226 

0.8017 

0.6030 

0 . 3204 

0.9489 

0.9811 

0.9355 

0.0925 

0.6257 

0.8040 

0.6056 

0.3279 

0.9572 

0.9842 

0.9456 

0.0960 

0.6330 

0.8094 

0.6115 

0.3342 

0.96^3 

0.9866 

0.9532 

0.0994 

0.6403 

0.8147 

0.6175 

0.3417 

O.968O 

0.9883 

0.9592 

0.1023 

0.6504 

0.8220 

0.6260 

0.3486 

0.9767 

0.9916 

0.9702 

0.1057 

0.6562 

0.8261 

0.6309 

0.3555 

0.9801 

0.9928 

0.9744 

0.1098 

0.6601 

0.8288 

0.6343 

0.3630 

0.9832 

0.9940 

0.9784 

0.1127 

0.6651 

0.3323 

0.6385 

0.3693 

0.9865 

0.9952 

O.9S26 

0.1155 

0.6690 

0.8350 

0.6419 

0.3757 

0.9857 

0.9963 

0.9866 

0.1190 

0.6739 

0.8383 

0.6461 

0.3814 

0.9923 

0.9972 

0.9900 

0.1230 

0.6"68 

0.8403 

0.6487 

0.3877 

0.9936 

0.9977 

0.9917 

0.1270 

0.6768 

0.8403 

0.6487 

0.3952 

0.9956 

0.9984 

0.9943 

0.1299 

0.6826 

0.8441 

0.6538 

0.4021 

0.9969 

0.9989 

0.9959 

0,1334 

0.6855 

0.8460 

0.6563 

0.4079 

0.9982 

0.9993 

0.9976 

0.1374 

0.6893 

0. 8485 

0.6597 

0.4154 

0.9988 

0.9995 

0.9984 

0.1403 

0.6940 

0.8516 

0.6640 

0.4223 

0.9988 

0.9995 

0.9984 

0.1443 

0.7015 

0.8565 

0.6708 

0.4292 

0.9995 

0.9998 

0.9993 

0.1472 

0.7052 

0.8589 

0.6742 

0.4361 

0.9995 

0.9998 

0.9993 

0.1512 

0.7099 

0.8618 

0.6784 

0.4430 

0.9996 

0.9998 

0.9994 

0.1581 

0.7172 

0.8664 

0.6852 

0.4493 

1.0001 

1.0000 

1.0000 

I 


f 
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TABLE  8:  INITIAL  CONDITIONS  FOR  THE  CALCULATION  METHODS 


METHOD 

SPECIFIED  INPUT 

ZERO  PRESSURE 
GRADIENT  FLOW 

ADVERSE  PRESSURE 
GRADIENT  FI.OW 

RING  PRESSURE 
GRADIENT  FLOW 

BRADSHAW/ 

FERRISS 

Streamwise  Pressure 
Distribution 

Experimental 

Experimental 

Experimental 

Calculation  starts 
at  X  (INSJ : 

1.25 

l.?5 

10.59 

Initial  Velocity 
Profile: 

Bradshaw's 
Mach  4  * 

Bradshaw's 

Mach  4  ‘ 

Experimental 
and  Modified 

Initial  Shear 

Stress  Profile: 

«ogr  (INJ 

R;  -  2a  (per  iw 

Bradshaw's 
Mach-  A  * 

0.075 

7‘  10* 

Bradshaw's 

Mach  4  * 

0.100 

7*10* 

Flat  Plate;  and 

*ith  Tmax  at  y>( 
0.223 

7*10* 

CF 

0.00120 

0.00120 

0.00120 

NASH 

Streamwise  Mach 
Number  Distribution 

Experimental 

Experimental 

Experimental 

Calculation  starts 
at  X  ( INSJ  : 

0.03 

0.03 

11.62 

Initial  Velocity 
Profile: 

Bradshaw's 
Mach  4  “ 

Bradshaw's 

Mach  4  * 

Experimental 

Initial  Shear 

Stress  Profile: 

Bradshaw's 
Mach  It  ‘ 

Bradshaw's 

Mach  4  * 

t  at  y>0 

max 

*995  (IW 

0.055 

0.055 

c.20 

(in; 

0.01? 

0.C19 

0.036 

e  (in; 

0.0026 

0.0026 

0.0112 

Ro  22  (per  IN.) 

7*10* 

7-10* 

7*10* 

CF 

0.00162 

0.00162 

0.00095 

CHAN 

Streamwise  Mach 
Number  Distribution 

Experimental 

Experimental 

Experimental 

Calculation  starts 
at  X  (INS.): 

1.62 

1.62 

11.00 

Initial  Velocity 
Profile: 

Bradshaw's 
Mach  A  * 

Bradshaw's 

Mach  4  " 

Experimental 

R0  '  ^  {Per 

7*10* 

7*10* 

7*10* 

HEAD/GREEN 

Streamwise  Mach 
Number  Distribution 

Experimental 

Experimental 

Experimental 

Calculation  starts 
at  X  (INS): 

10.53 

10.53 

10.53 

Entrainment,  A»6-6* 

0.100 

0.100 

0.115 

0  (IN.) 

0.009 

0.009 

0.014 

Re 

10370 

9820 

8640 

STRATFORD/ 

BEAVERS 

Streamwise  Mach 
Number  Distribution 

Experimental 

Experimental 

Experimental 

Calculation  starts 
at  X  (INS.): 

11.53 

11.53 

11.53 

6*  (IN.) 

0.0645 

0.0645 

0.118 

6  ( IN . ) 

0.0084 

0.0084 

0.0162 
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TABLE  8:  (continued; 


METHOD  SPECIFIED  INPUT  ’ERO  PRESSURE  ADVERSE  PRESSURE  RING  PRESSURE 

GRADIENT  FLOW  GRADIENT  FLOW  GRADIENT  FLOW 


CEBEC I/SMITH  Streamwise  Velocity 
Distribution 

Experimental 

Experimental 

Experimental 

Calculation  starts 
at  X  (INS.): 

Leading-Edge 

Leading-Edge 

Velocity  Profile 
Matched  to  Experi¬ 
mental  at  T1  by 
adding  X  •  650  INS. 

Transition  Occurs 
at  X  (INS.): 

3.07 

3.07 

3.07 

re  *  (per  lnch) 

0.138*10’ 

0.138*10’ 

0.101*10’ 

"e 

4.00 

4.00 

4.00 

te  °r 

128.2 

128.2 

128.2 

ZWARTS  Streamwiee  Mach 

Number  Distribution 

Experimental 

Experimental 

Experimental 

Calculation  starts 
at  X  (INS.): 

4.9 

*•9 

27.0  (stretched  due 
to  ring  perturbation) 

Rg  (Incompressible) 

0.154*10* 

0.154*10* 

0.121*10* 

H*,  Energy  Shape 
Factor 

1.790 

1.790 

1.820 

V*  «  y^TC^T 

21.54 

21.54 

25.69 

Clauser  Constant,  k 

0.027 

0.027 

0.027 

u/uTu  at  Matching 
Point  Between  Inner 
and  Outer  Regions 

18.17 

18.17 

22.43 

P0 

168.7 

168.7 

124.0 

To 

rvj 

vo 

CO 

o 

298  °K 

298  °K 
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Fig.  1  The  parallel  duct  with  centre-body  extended,  mounted  in  the  NAE  5  x  5  ft  wind  tunnel 


t _ r 


i 
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jb  COBRA  PROBE  MOUNTING 
LOCATIONS 


T  1 

1 1-62  INCHES  FN5M 

L£A0IK3E0GE 

T  2 

16  62 

wetteotest  surface  length 

•  33  0  INCHES 

T  3 

2062 

ETERNAL  DIAMETER  OF  COWL* 

9  012  INCHES 

T  A 

2262 

T  5 

2662 

T  6 

31-62 

Fig  2  Section  through  parallel  duct 
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PLAN  VIEW 


1 1-53 
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Fig.S  Mach  number  distributions  along  duct 
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VIE*  FROM  FRONT 


10  140  230  320  50 

CIRCUMFERENTIAL  angle,  measured  from  line  of  traverse  STATIONS—** 


Fig.6a  Tests  for  flow  two-dimensionality  -  Circumferential  variation  in  Mach  number  at  X=  1 1 .75  inches 


VIEW  FROM  FRONT 


Fig.6b  Tests  for  flow  two-dimensionality  -  Circumferential  variation  in  Mach  number  at  X=21.75  inches 
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Fig  9a  Distributions  of  shin  friction  coefficient  along  the  drict 
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Fig.9b  Distributions  of  skin  friction  coefficient  along  the  duct 
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Fig.  10  Preston  tube  pressures  and  pressure  coefficients  for  adverse  pressure  gradient  flow 
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Fig.l  1  Normalised  experimental  Mach  number  profiles 


50 


100 


200  yur,,500 
vw 


1000  2000 


5000 


Fig.  1!>  Experimental  logarithmic  velocity  profiles:  ring  pressure  gradient 


Fig.  16  Experimental  velocity  defect  profiles 
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Fig.  17  Zero  pressure  gradient  experimental  velocity  profiles  compared  with  calculations 
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Fig.  18  Adverse  pressure  gradient  experimental  velocity  profiles  compared  with  calculations 


fig.  19  Ring  pressure  gradient  experimental  velocity  profiles  compared  with  calculations 
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Fig.20  Integral  parameters  for  zero  pressure  gradient  flow 
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Fig.2 1  Integral  parameters  for  idverse  prepare  gradient  flow 
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Fig.22  Integral  parameters  for  ring  pressure  gradient  flow 
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Fig.24  Influence  of  pressure  gradient  on  incompressible  velocity  shape  factor 


EXPERIMENT 

O  APG 
ZPO 
g  2pg 


-  •*>&* 

5  •  i/'-k  c- 4>» 


GREEN'S  CALCULATIOI 
H  *  I  +  1.12 


JULATION, 
H,  -2-*/ 


(H,-2)-3 


_L _ I _ 1 

2.2  2.6  3.0 

H 


Fig.25  Green’s  shape  parameters 


D-l 


THE  STRUCTURE  OF  TURBULENCE  IN  SHEAR  FLOWS 

Leslie  S.  C.  Kovaszeay 
The  Johns  Hopkins  University 
Baltimore,  Maryland  21218 


SUMMARY 

In  the  first  part  experimental  results  concerning  the  structure  of  shear  flows  are  reviewed.  On  one 
hand,  results  obtained  by  flow  visualisation  techniques  have  given  inspiration  for  devising  plausible  models 
rather  than  have  provided  numerical  data  to  be  compared  with  experiments  On  ih:  other  hand,  hot-wire 
anemometer  records,  especially  by  employing  appropriate  signal  processing  techniques  have  given 
quantitative  data  that  can  he  used  for  direct  comparison  with  theoretical  predictions  but  not  as  much 
detail  of  the  instantaneous  flow  field.  In  the  second  part  theoretical  pocsibilities  are  reviewed  and  argu¬ 
ments  are  presented  for  favoring  a  model  consisting  of  random  '’sprinkled’’,  but  deterministic  flow  struc¬ 
tures  against  models  based  on  travelling  waves.  Finally  there  i's  an  outline  of  &  suggesting  for  a  possible 
form  of  mean  flow  predictions  schemes. 


INTRODUCTION 

Although  turbulent  shear  flows  are  technologically  more  important  forms  of  tjrbuionce  than  homoge¬ 
neous  isotropic  turbulence,  progress  wan  more  modest  due  to  their  greater  complexity.  They  were  nf 
-.o-rse  recognised  rather  early  as  being  difficult,  so  basically  two  trends. or  rather  two  attitude*  were 
evident  ;  nong  the  author*.  Those  who  were  concerned  more  with  the  intrinsic  nature  of  the  turbulent 
fluctuation  field,  than  with  making  predictions  of  the  shear  stress  and  other  transport  properties,  first 
attempted  to  extend  to  the  shear  flows  the  findings  of  the  simpler  homogeneous  isotropic  turbulence  by 
relaxing  only  the  condition  of  irotropy  but  hot  the  homogeneity.  This  approach  resulted  first  in  the  concept 
snd  lster  also  in  some  experir.  rntal  realization  of  the  so  called  homogeneous  turbulent  shear  flow. 
Conceptually  this  is  the  simplest  pots: Me  shear  flow  since  it  has  the  same  statistical  properties  every¬ 
where  in  apace.  The  experimental  realization  of  such  s  flow  is  not  easy,  but  success  was  reported  in 
Refs.  1,  2  and  3.  In  s  homogeneous  shear  flow  experiment  the  scale  of  the  turbulent  fluctuating  field  is 
small  compared  to  the  overall  dimensions  of  the  mean  flow,  but  on  the  other  hand,  in  technological  or 
geophysical  situations  such  s  flow  would  be  comparatively  rare.  The  alternate  approach  to  shear  llows  is 
more  pragmatic  snd  one  may  group  the  "phenomenological"  or  "semi-empirical"  theories,as  those 
concerned  with  "medium  like  behavior".  These  efforts  concentrate  on  predicting  mean  flow  quantities  such 
as  the  mem  velocity  distribution,  and  Reynolds  stress  distribution  by  "closing"  the  governing  equations, 
with  seme  ad-hoc,  but  (hopefully)  physically  plausible  assumptions.  This  pragmatic  approach  has  a  long 
history  going  back  to  Boussineso  (Ref.  4)  and  the  best  known  early  contributions  were  made  in  the  form  of 
various  mixing  length  theories.  There  is  a  current  revival  of  this  approach  stimulated  by  the  renewed 
demands  of  technology  to  supply  reliable  prediction  methods  for  technologically  interesting  shear  flows 
(Ref.  5).  There  are  some  conceptual  difficulties  in  both  approaches,  in  the  case  of  homogeneous  shear 
flows  but  also  in  considering  the  "medium- like  behavior"  of  general  shear  -lows, one  implicitly  regards  the 
turbulent  flow  as  another  fluid  with  its  own  laws  represented  by  some,  yet  unknown,  constitutive  equations. 
Such  a  picture  of  course  would  be  more  accurate  in  those  regions  of  the  fluid  that  are  far  away  from  the 
boundaries.  One  boundary  is  the  solid  wall,  where  the  turbulent  flow  must  accomodate  itself  to  the  wall 
through  a  viscous  sublayer  and  the  high  velocity  gradients  associated  with  it.  The  other  boundary  is  the 
turbulent-non-turbulent  interface  where  the  turbulent  flow  with  high  vorticity  accomodates  to  an  essentially 
irrotational  outer  flow  through  a  relatively  thin  layer  (Corrsin’s  superlayer).  Most  ideas  about  "medium¬ 
like  behavior"  imply  that  the  postulated  relationships  are  valid  in  the  interior  of  turbulent  flow  away  from 
these  special  regions.  Or.  the  other  hand,  experiments  reveal  that  the  observed  turbulent  shear  flows  have 
turbulent  structures  with  length  scales  as  large  or  larger  than  the  total  thickness  of  the  shear  layer. 
Furthermore,  experimental  evidence  accumulates  indicating  that  intermittency,  that  is  such  a  str.’-ing 
phenomenon  at  the  turbulent-non-turbulent  interface  may  be  a  more  general  phenomenon  and  it  may  ue 
present  everywhere  in  the  turbulent  flow,  although  obscured  by  the  overlapping  of  different  scales. 

The  usual  theoretical  treatment  of  turbulent  suear  flows  consists  of  taking  moments  of  the  Navier- 
Stokes  equations  and  writing  up  transport  equations  for  the  turbulent  energy  or  for  the  Reynolds  stress. 

The  proper  terms  then  can  be  identified  aB  generation,  convection,  diffusion  and  dissipation.  Usually  at 
this  point  in  the  analysis  it  is  recognised  that  there  are  far  more  dependent  variables  then  there  are 
governing  equations  .hat  can  be  derived  from  the  Na vie r-Stokes  equations.  Experiments,  at  least  in 
principle,  can  supply  the  spatial  distribution  and  temporal  development  of  each  one  of  the  separate  terms 
and  overall  qualitative  conclusions  can  be  drawn  for  the  particular  flow  in  question,  but  the  actual  solution 
of  these  equations  is  possible  only  after  some  very  drastic  assumptions  are  made  to  provide  a  "closure". 

The  main  difficulty  seems  to  be  the  fact  that  the  turbulent  fluctuations  in  an  inhomogeneous  shear  flow  are 
of  all  spatial  scales  including  very  large  ones  that  encompass  the  entire  shear  region.  Thie  is  the  principal 
reason  why  the  flow  cannot  be  treated  as  some  special  turbulent  fluid,  characterized  by  a  single  effective 
viscosity.  Speculations  concerning  predictability  of  mean  flow  properties  were  developed  quite  independently 
from  the  information  obtained  from  experiments  aimed  to  measure  the  fluctuating  fields,  so  the  result  is  a 
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rt rt*;n  frustration  cm  both  side*.  Thr  "predictors"  don't  feel  that  turbulence  measurements  gave  them 
lir.no'tant  enough  clues  to  improve  their  essentially  pragmatic  approach,  while  those  concerned  with  the 
turbulent  fluctuation:  themselves  regard  the  prediction  methods  as  still  too  crude  end  not  entering  into 
the  heart  of  the  matter.  In  Ref.  5  there  is  extensive  discussion  of  this  dilemma  by  authors  representing 
ail  shades  of  opinion 

In  such  a  state  one  must  look  to  the  new  experimental  data  that  became  available  only  in  recent  years 
and  then  try  to  interpret  it  in  euch  a  manner  that  general  conclusions  about  turbulent  shears  flows  would 
be  obtained.  Special  attention  is  given  here  to  two  major  types  of  novel  experimental  data.  One  is  the 
contribution  of  Kline,  Reynolds  and  others  at  Stanford  trying  to  understand  the  genesis  of  turbulence  near 
the  wall  just  outside  of  the  viscous  sublayer  (Ref.  6).  Tneir  findings  were  based  mainly  on  flow 
visualisation  techniques  and  the  results  were  giving  inspiration  to  many  others  woiking  in  the  field.  The 
other  new  experiments  rely  on  using  hot-wire*  but  in  a  novel  way,  mainly  by  introducing  new  techniques  in 
signal  processing,  such  as  couditional  sampling  and  averaging  and  large  scale  space -time  correlations  or 
alternately  short  term  averaging,  short  term  correlations.  These  new  efforts  are  carried  out  mainly  in  two 
groups,  one  at  the  Johns  Hopkins  University  (Refs.  I,  15,  19)  and  the  other  one  at  the  University  of 
Southern  California  (Ref.  7).  in  these  novel  a pproac he s  one  attempts  to  capture  such  salient  features  of 
the  turbulent  fluctuating  field  that  would  escape  detection  when  using  cnly  spectral  analysis  of  the  signals. 

REVIEW  OF  THE  EXPERIMENTS 

A  few  groups  have  made  a  serious  effort  to  create  a  good  approximation  of  a  homogeneous  shear  flew 
in  the  laboratory  (Refs,  t,  2,  and  3).  Essentially  such  a  flow  it  created  in  a  special  wind  tunnel  in  such  a 
way  that  the  mean  velo.  ity  gradient 

=  constant 

over  a  large  area.  In  addition  turbulence  ia  created  so  that  its  properties  be  constant  across  the  entire 
flow.  It  was  experimentally  verified  that  the  mean  square  fluctuations  are  essen  iaily  constant  and  the 
only  important  Reynolds  stress  was  also  constant  across  the  entire  flow.  The  m:  in  problem  of  creating 
such  a  flow  is  that  somehow  one  must  put  different  amounts  of  flow  icsistance  aloi  g  the  different  stream 
lines,  since  this  drag  producing  structure  ia  the  one  that  alsc  produces  the  turbulence, consequently  the 
structure  of  turbulence  may  vary  across  the  flow  and  this  would  destroy  the  originally  sought  homogenity. 

By  ingeneous  design  and  continuing  painstaking  effort  auch  flows  were  actually  obtained,  and  it  was  hoped 
that  they  reoresent  a  simple  but  still  tyi  ical  form  of  shear  flow.  In  the  actual  measurements  two  important 
complicating  properties  have  emerged,  roe  ia  the  encroachment  on  the  flow  by  the  wall  boundary  layers 
developing  along  on  the  tunnel  walls, so  .hat  when  traveling  downstream  the  homogeneous  "core"  in  the 
middle  of  the  flow  becomes  narrr/wer  and  narrower.  Nevertheless  this  only  ia  a  minor  point  because  the 
use  of  a  large  crosa-s  ciiou  win 5  tunnel  could  over  come  this. at  least  in  principle.  The  other  and  more 
fundamental  difficulty  that  in  the  central  core  of  the  homogeneous  shear  flow  the  characteristic  length 
scale  of  the  turbulence  keeps  increasin';  as  the  fluid  moves  down  stream.  Thia  increase  in  length  scale  is 
not  the  result  of  the  more  rapid  decay  of  small  scale  turbulence  (as  it  is  in  a  nearly  isotropic  flow  behind 
grids  where  the  small  scale  turbulence  is  dissipated  faster  than  the  large  scale  one)  but  is  due  to  the  actual 
generation  of  large  scale  motion.  The  length  scale  increase  appears  to  be  a  phenomenon  associated  with  a 
"reverse  cascade"  where  turbulent  energy  is  fed  into  the  larger  scale  eddies  if  the  large  scale  turbulence  is 
deficient  in  energy  level  due  to  the  peculiar  form  of  creating  the  flow.  As  the  length  scale  keeps  increasing 
it  is  easy  to  see  that  finally  it  wil)  recch  the  total  width  of  the  shear  region.  This  behavior  in  a  way  reduces 
the  importance  of  hor  ogeneous  turbulent  shear  flow  as  a  possible  simple  model  for  actual  shear  flows. 

Periodic  excitation  of  a  turbulent  channel  flow  was  reported  in  Ref.  8.  The  idea  that  turbulent  shear 
flows  may  be  decomposed  into  travelling  wave  modes  came  in  the  wake  of  the  success  of  a  similar  approach 
in  lsminar  instability  theories.  The  work  of  Malkus  (Ref,  9)  has  inspired  mostly  theoreticians  but  later  the 
problem  was  restated  and  most  extensively  studied  by  Lindahl  (Ref.  10).  According  to  his  approach  a  tur¬ 
bulent  flows  may  be, or  should  be, decomposed  into  travelling  wave  modes  that  are  the  eigenfunctions  of  the 
small  perturbation  equations  using  the  actual  turbulent  mean  velocity  proxies.  The  experiments  reported 
in  Ref.  8  were  carried  out  in  a  fully  developed  turbulent  channel  flow  and  the  flow  was  excited  by  a  given 
frequency  sine  wave  introduced  by  vibrating  ribbons,  a  technique  similar  to  the  one  used  extensively  in 
laminar  flow  instability  and  transition  experiments.  Modern  electronic  techniques  such  as  periodic 
sampling  and  averaging  permitted  the  extraction  of  the  coherent  periodic  component  that  in  general  is 
buried  in  the  random  noise  type  turbulent  fluctuations.  The  conclusions  of  the  experiments  we  re  rather 
simple.  The  excited  modes  propagate  with  a  phase  velocity  that  is  lower  than  the  maximum  velocity  in  the 
channel.  All  experimentally  observed  modes  decay  rapidly  and  the  rate  of  the  decay  is  roughly  proportional 
to  the  frequency, or  in  other  words  the  decay  per  oscillation  (per  one  wave  length  travelled)  is  about  constant 
irrespective  of  frequency.  The  amplitude  decreased  to  about  0.63  in  one  wa  ve  length  travelled.  Whether  or 
not  the  experin  .  nts  confirm  the  wave  guide  type  of  theorie  s  depends  critically  on  the  question  what  type  of 
effective  vis  .ity  one  assumes  across  the  channel  when  calculating  the  eigenfunctions.  By  assuming  only 
the  molecular  ,-iscosity  the  solutions  are  far  from  the  observed  ones.  On  the  other  hand,  the  use  of 
effective  turbulent  viscosity  has  an  implied  assumption  and  it  is  quite  conceivable  that  only  a  frequency 
dependent  and  complex  effective  viscosity  can  do  justice  to  this  problem.  But  even  in  that  case  there  would 
remain  a  great  deal  of  arbitrariness  as  far  as  a  complex,  and  frequsney  dependent  turbulent  viscosity  is 
concerned  and  the  dilemma  is  whether  to  introduce  more  and  more  arbitrary  functions  and  arbitrary  con¬ 
stants  to  fit  the  experiments  or  alternately  accept  a  moderate  discrepancy  with  experiments  but  use  a  more 


D-J 


simple  and  more  plausible  theory  with  very  few  arbitrary  constant* . 

The  group  ;  t  Stanford  University  (K:mt,  Reynolds  and  others,  see  Ref.  6)  was  concent  rairg  on  the 
exploration  and  quantitive  assessment  of  the  rather  dramatic  phenomena  observed  at.or  near  the  outer 
edge  of  the  viscous  sublayer.  Unfortuniiely  hot-wire  anemometer  records  obtained  in  that  region  are 
confusing  so  the  best  data  is  from  tracer  techniques  (dye  or  hydrogon  bubbles).  The  typical  event  is  a 
turbulent  burst  where  a  fluid  filament  lifts  up,  away  from  the  wall  and  the  new  faster  flow  sweeps  away 
the  local  event.  When  looking  at  the  same  phenomenon  normal  to  the  wall,  one  observes  that  in  the  wake 
of  such  a  burst  longitudinal  vortices  appear  whose  spacing  is  well  discernible  at  least  temporarily,  but 
their  actual  location  of  course  wanders  from  event  to  event.  The  whale  concept  of  individual  identifiable 
bursts  introduces  the  idea  of  an  intermittency  in  the  generation  of  turbulence  and  the  conjecture  c*v<  be 
made  that  the  generation  of  turbulent  energy  as  well  as  the  contribution  to  the  Reynolds  stress  all  orcur  in 
"chunks"  that  are  essentially  random  in  occurance,  but  have  rather  difinite  forms.  The  bursting  races, 
though  difficult  to  define  quantitatively,  appear  to  depend  strongly  on  the  local  mean  velocity  profile  that 
in  turn  depends  on  the  mean  pressure  gradient,  consequently  "relaminarization”  would  occur  whenever  the 
bursting  rate  would  drop  to  zero.  Experimental  evidence  is  abundant  and  the  whole  argument  is 
qualitatively  convincing  fRei.  6',.  The  picture  that  was  suggested  in  Ref.  11  consists  oi  a  random  sequence 
of  well  defined  bursts  creating  tv  intense  activity  carrying  fluid  outward,  transporting  a  momentum  defect 
(retarded  fluid)  from  the  proximity  of  the  wall  and  thus  creating  the  r?gicn  of  turbulence  generation  near 
the  sublayer.  Further  support  to  this  picture  is  the  fact  that  when  using  suction  over  a  porous  wall  it 
requires  only  very  small  rate  to  remove  the  active  region  in  order  to  suppress  turbulent  fluctuations.  The 
difficulty  of  designing  a  more  quantitative  expel  iments  lies  in  the  fact  that  even  with  a  whole  array  of  hot¬ 
wire  anemometers  it  was  cot  possible  yet  to  construct  the  appropriate  "detector  function"  that  would 
identify  a  particular  burst  as  it  passes  by  the  array  of  probes.  Experiments  by  present  author  and  an 
associate,  (unpublished)  were  made  in  order  to  simulate  such  burstf  by  emitting  small  pulses  from  a  small 
diameter  hole  in  the  wall  (diameter  smaller  than  the  sublayer  thickness).  Interestingly  enough  the 
trajectory  of  these  bursts  coincided  with  the  observed  trajectories  given  in  Ref.  6,  but  the  burets  them¬ 
selves  decayed  in  the  turbulent  flow  and  did  not  result  in  an  avalanche  of  turbulent  activity  during  their  out¬ 
ward  journey. 

Quite  independently  Kaplan  and  Laufer  (Ref.  7)  have  reported  that  a  lateral  spatial  structure  of  the 
turbulent  bursts  can  be  observed  by  taking  short-time  correlations  near  the  edge  of  the  sublayer  by  using 
an  array  of  transversely  separated  hot-wire  probes.  This  experiment  reveals  a  temporary  periodic 
structure  in  the  transverse  direction  that  disappears  when  taking  long-time  correlations  since  then.by 
..ve  raging  over  many  bursts  the  striking  features  are  “washed  out"  by  the  superpositions  of  many  independ¬ 
ent  event  i. 

Intermittency  appea-'  to  be  a  universal  phenomenon  in  turbulence  but  it  was  only  »n  1961  that 
Kolomogorov  (Ref.  12)  st  suggested  that  the  small  scale  turbulence  or  in  his  wording  the  viscous  dissi¬ 
pation  is  not  a  statistically  homogeneous  uniformly  distributed  scalar  quantity  even  in  locally  isotropic 
turbulence,  but  must  have  a  large  scale  "chunky"  structure.  His  suggestion  amounts  to  a  picture  consisting 
of  fine  scale  turbulence  imbedded  in  a  larger  scale  turbulent  flow  in  a  random  fashion.  Thin  new  kind  of 
internal  intermittency  may  have  a  characteristic  length  scale  of  the  "chunks"  that  is  much  larger  than  the 
fine  scale  turbulence  itself.  Experimental  evidence  to  verify  this  suggestion  is  scarce,  but  most  recently 
Kuo  (Fef.  13)  has  made  such  measurements  and  indeed  has  found  that  thin  internal  intermittency  actually 
exists  in  homogeneous  turbulence.  If  this  phenomenon  rs  universal  a  turbulent  shear  flow  may  be  visualized 
as  consisting  both  of  regions  that  have  originated  in  a  relatively  high  shear  region  and  of  more  inactive 
"milder"  types  of  regions.  One  may  visualize  the  actual  state  of  affairs  as  a  mixture  of  different  scale 
turbulent  flows  that  are  coarsely  mixed  so  different  "chunks"  of  fluid  have  a  different  origin  or  alternately 
a  different  age.  This  may  be  especially  true  in  very  high  Reynolds  number  turbulent  boundary  layers,  most 
typically  in  atmospheric  boundary  layers,  where  different  fluid  masses  may  have  left  the  high  shear  region 
near  the  ground  at  different  locations  upstream  so  their  "age"  is  different.  The  actual  ii  termittency  at  the 
free  stream  edge  is  already  well  documented  and  it  may  be  just  a  more  dramatic  form  of  this  basic  and  rath 
er  universal  phenomenon  but  not  an  essentially  different  ore  (see  Ref.  11). 

The  turbulent-non-turbulent  interface  was  known  for  a  rather  long  time  but  seldom  was  incorporated 
in  the  models  that  served  to  predict  mean  flow  parameters  in  turbulent  shear  flows.  For  an  excellent  flow 
visualization  technique  see  Ref.  J4.  The  role  of  the  interface  is  regarded  sometime  as  an  "active"  surface 
through  which  the  ir rotational  flow  is  ingested  into  the  intensely  rotational  turbulent  zone  or  alternately  as  a 
rather  passive  line  of  demarkation  undulating  fore  and  back  around  its  mean  position  by  responding  to  the 
large  scale  motion  within  the  turbulent  region.  In  order  to  clarify  some  of  the  ideas  about  the  interface, 
detailed  measurements  were  carried  out  by  Kovasznay,  Kibens  and  Blackwelder  (Ref.  15)  and  a  number  of 
facts  were  conclusively  established.  The  key  to  these  experiments  was  the  method  of  conditional  sampling 
and  averaging  as  well  as  the  extensive  application  of  long  time-lapse  space-time  correlation  measurements 
presented  in  the  form  of  space-time  correlations  maps.  A  large  portion  of  the  findings  is  published  in 
Ref.  15  so  it  is  sufficient  here  just  to  reiterate  some  of  the  important  conclusions.  It  should  be  mentioned 
here. that  by  adapting  the  same  measuring  techniques  intermittency  and  conditional  average  velocities  were 
obtained  in  a  turbulent  shear  layer  (Ref.  16). 

The  streamwise  mean  flow  velocity  at  a  given  location  (same  distance  */  from  the  wall)  is  dffferent  in 
the  turbulent  and  in  the  non-turbulent  regions  and  this  difference  can  amount  to  as  much  as  of  the  free 
stream  velocity.  This  fact  alone  indicates  that  the  turbulent  portion  of  the  fluid  was  slowed  down  relative 


Figure 


1.  Composite  velocity  distribution  in  the  outer  region  of  tnc  boundary  layer.  Coordinate 
system  moves  with  average  transport  velocity  U  .  Intermittency  factor  y  is  shown 
on  right.  c 


Fi’nre  2.  Zone  averages  of  the  tangent;  ,1  Reynolds  Stress. 
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to  the  cuter  non-iurbulent  fluid,  therefore,  the  non-turbulett  »ni  essentially  in  viscid  outer  flow  is  "riding" 
over  the  wsvy  interfsce  thus  cresting  s  fluctuating  potential  flow.  Surprisingly  the  r.m.  s.  turbulent 
velocity  tluctuation  level  shows  no  discontinuity  across  the  interface.  From  the  conditionally  sampled  and 
averaged  velocity  fluctuations  it  is  possible  to  reconstruct  the  instantaneous  velocity  field  of  a  "typical 
interface  bulge"  shown  in  Fig.  1.  The  presence  ot  ierge  potential  fluctuations  was  first  surprising  but  it 
is  easy  to  see  thst  the  vcrticity  fluctuations  must  induce  velocity  fluctuations  at  a  distance  (Biot -Sava rt 
law)  and  the  highly  active  turbulent  motion  must  be  accompanied  by  an  ir  rotational  induced  motion  that 
represents  a  potential  flow  in  the  incomnres# ible  case  o’*  alternately  sound  waves  in  the  compressible  case 
The  r.m.  s.  vorticity  fluctuatous  appear  to  he  discontinuous  at  the  interface  although  no  direct  measure¬ 
ments  have  been  made  on  ali  three  components  of  the  instantaneous  vorticity.  Conditionally  averaged 
Reynolds  stress  indicates  an  interesting  behavior  in  the  intermittent  region  shown  in  Fig.  2.  It  is  clear 
that  the  Reynolds  stress  is  carried  essentially  by  the  turbulent  regime  and  the  irrotational  outer  flow 
does  not  contribute  to  it. 


The  method  of  measuring  space-time  correlations  of  turbulent  flows  was  pioueered  by  Favre  (Refs. 

17,  and  18)  and  the  results  provided  the  first  experimental  indication  as  to  what  extent  Taylor's  hypothesis 
is  valid.  Using  the  concept  of  wave  guide  type  travelling  wave  modes  it  alto  supplied  the  different  phase 
velocities  (celerite  in  French  in  the  original  work).  For  the  present  purpose  it  was  adopted  mainly  to 
extract  the  large  scale  motion  by  using  it  in  a  novel  msnncr  (Ref.  15).  First  the  space-time  correlation 
measurements  were  carried  out  for  very  Urge  separations  in  space  and  in  time  in  order  to  determine  the 
charactertic  life-time  of  the  Urge  eddies.  Surprisingly  it  was  found  that  the  large  eddies  have  life-times 
so  long  that  fluid  particles  would  travel  about  ten  boundary  Uyers  thicknesses  with  the  free  stieam  velocity 
while  the  large  eddies  decay  only  by  a  factor  of  Ve.  •  If  the  Urge  scale  eddies  have  such  a  Ions  life-time 
then  it  was  found  to  be  profitable  to  map  out  the  detailed  space -time  correlations  and  plot  them  in  three 
dimensions  using  the  separaticn  coordinates  X,  Y,  Z,  T  and  thus  give  a  "signature"  or  rather  a 
"portrait"  of  the  Urge  eddies.  The  method  if  given  as  follows:  first  pUce  one  hot-wire  anemometer 
upstream  at  a  fixed  position  in  the  flow  then  deUy  the  signal  obtained  by  a  fixed  time  T  that  is 
Urge  compared  to  the  (Eulerian)  time  scale  of  the  turbulence.  Then  place  a  second  hot-wire  probe  scanning 
in  space  around  the  down  stream  location  where  maximum  correUtion  is  expected,  namely  where  a  fluid 
lump  leaving  the  upstream  probe  would  arrive  afte*  travelling  along  the  mean  streamline  for  a  time 
The  constant  correlation  contours  will  outline  the  "lasting"  features  of  the  large  scale  eddies.  In  actual 
experiment  the  role  of  the  time  delay  T  is  interchanged  with  the  streamwise  coordinate  separation 
Ax  for  instrumental  convenience,  but  the  essential  results  are  the  same.  Non  dimensional 
separation  coordinates  were  used  throughout  (see  Ref.  15) 

X.  Ax  ,  v  -  •  7  -  Al.  •  T  s  ^2 
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Figure  4.  Three-dimensional  representation  of  the  space-time  auto- cor  relation  of  u  in  the  fully 

turbulent  region,  R  (X  ,  Y,  Z,  T  )  with  X  =3.  8  at  Vo/_  =0.5.  Section  A:  Y  =  0 
uu  o  o  6 

plane.  Section  B:  Z  =  0  plane.  Section  C:  T  =  4.27  plane. 
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Figure  5.  Space-time  auto-correlation  map  of  v  at  the  half  intermittency  level,  R  (X  i 

wo 

X  =  2.  25  at  yo/_  ==0.8. 
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Figure  6.  Space-time  auto -cor relation  map  of  v  in  the  normal  Y-T 

plane,  R  (X  ,Y,  0,  T)  with  X  =2.25atyo/.  =0.8. 
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where  £  is  the  boundary  layer  thicknc*s  and  is  the  free  stream  velocity.  The  space-time 

correlation  of  the  u  and  v  velocity  components  are  shown  in  Tigs.  4,  5,  and  6.  Fig.  4  shows  the 
^^correlation  in  three  sections  while  figures  5  and  6  show  the  in  two  sections.  It  is 

interesting  '.■*  see  that  the  distances  where  significant  correlation  occurs  extend  to  dimensions  that  are 
of  the  came  older  as  the  boundary  layer  thickness  and  it  can  amount  to  several  times  the  boundary  layers 
thickness  in  the  streamwise  direction  in  case  of  the  correlation  cf  the  streamwise  velocity 

component  as  ihown  in  Fig.  4.  The  correlation  pattern  of  the  cross  component  (Figs.  5  and  6)  is 
strikingly  different  and  surprisingly  enough  the  ^  yy  correlations  extends  well  beyond  the  turbulent 
boundary  layer  into  the  outside  irrotationil  flow.  The  explanation  is  simple,  the  outside  flow  responds 
to  the  "massage"  of  the  turbulent  motion  by  a  corresponding  inviscic  potential  flow  that  represents  a  far 
field  of  a  turbulent  agitation  inside  the  boundary  layer. 

Correlations  measurements  were  taken  using  the  intermittency  function  X  as  one  of  the  flow- 
variables.  The  intermittency  function  is  defined  as  X  =  0  for  non-turoulent  and  J  •  1 
for  turbulent  state.  Like  any  other  fluctuating  quantity  it  can  be  cross-correlated  with  any  of  the  other 
fluctuating  variables  such  as  u,  v,  -v  (see  Ref.  15).  Cross-correlation  between  X  and  U  is 
negative  and  it  shows  that  the  turbulent  fluid  also  corresponds  to  the  slower  moving  fluid.  As  the  turbulent 
"beiges"  or  "blobs"  move  slower  than  the  surrounding  irrotational  fluid  the  relative  motion  must  be 
similar  to  that  around  a  blunt  body.  Fig.  7  shows  the  probable  model.  The  lateral  component  w  must  be 
alternately  positive  and  negative  as  indicated  on  Fig.  7.  The  cross  correlations  between  X  and  W  then  can 
be  predicted  as  consisting  of  four  lobes  of  alternating  signs  giving  the  "four  leaf  clover"  pattern.  Actual 
measurements  are  shown  in  Fig.  8  confirmed  this  prediction  and  gave  increased  confidence  in  the  model 
proposed  in  Ref.  11. 

The  fact  has  been  known  for  some  time  that  rapidly  accelerated  boundary  layers  become  similar  to 
laminar  ones  and  the  conjecture  was  made  that  there  is  some  kind  of  "reverse  transition"  or  "relamin- 
arization".  In  the  context  of  Ref.  5  this  phenomenon  occurs  when  the  supply  of  turbulent  burst*,  there¬ 
fore  the  generation  of  turbulent  energy,  nest-  the  sublayer  ceases  and  the  turbulence  in  the  outer  part  of 
the  boundary  layer  decays  according  to  its  proper  time  scale.  Experiments  performed  by  Blackwelder 
and  Kovasznay  (Ref.  19)  have  shown  that  relaminarization  is  an  unsuitable  term  because  what  really 
happens  is  a  very  slow  decay  of  the  existing  turbulence  and  at  the  same  time  a  rapid  acceleration  of  the 
mean  flow  so  that  the  remaining  turbulent  energy  and  Reynolds  stress  both  becomes  small  compared  to  the 
kinetic  energy  of  the  mean  flow.  Nevertheless  the  fluctuations  do  not  decay  very  much  in  abolute  terms. 
Figures  9-12  show  the  typical  results.  Fig.  9  shows  tho  shape  of  the  duct  used  and  the  mean  velocity  and 
pressure  distributions  along  the  streamwise  coordinate  3C  .  The  boundary  layer  on  the  upper  plane  wall 
was  under  study.  Due  to  the  rapid  change  of  crosr  section  all  data  are  displayed  against  the  non-dimension¬ 
al  stream  funrtion  Y/v  instead  of  the  coordinate 

■y  e  [U(9)^S 

o 

so  that  a  constant  v^iue  NT  .  represents  moving  along  the  same  mean  streamline.  Fig.  10  shows  the 
intermittency  factor  during  acceleration.  Between  stations  X  -  1050  cm.  and  -  1100  cm.  the 

intermittency  ^  is  essentially  negligible.  The  new  increasing  intermittency  downstream  is  the  result 
of  the  fact  that  the  very  high  acceleration  (high  pressure  gradient)  can  not  be  maintained  indefinitely,  so 
as  the  flow  is  becoming  parrelled  a  gain,  the  gradient  will  drop  betow  the  critical  level  and  new  turbulent 
boundary  layer  i*  grown  from  near  the  wall  and  begins  its  new  and  independent  existence.  Both  the  total 
kinetic  energy  and  the  Reynolds  stress,  when  measured  along  the  same  stream  line,  change  only  moderately 
in  absolute  terms  if  normalized  with  a  fixed  velocity  (there  may  be  some  increase  very  near  the  wall) 

(Fig.  11)  but  they  both  rapidly  decrease  in  terms  of  the  local  and  therefore  accelerated  mean  velocity 
(Fig.  12).  What  i6  being  meant  is  that  the  concept  of  relaminarization  is  primarly  due  to  "inflation" 
represented  by  the  increase  in  l.ie  mean  flow  so  that  the  essentially  constant  level  of  the  kinetic  energy 
end  Reynolds  stress  represent  smaller  and  smaller  values  in  terms  of  the  ever  increasing  mean  velocity. 

It  must  be  mentioned  here  that  the  above  argument  was  developed  only  for  low  Mach  number  flows 
where  adequate  measurements  are  available.  At  high  supersc-nic  Mach  numbers  the  picture  may  be  different 
because  at  high  Mach  numbers  a  rapid  expansion  does  not  result  in  a  significant  increase  in  the  mean  velocity, 
rather  in  a  decrease  in  ambient  pressure  and  temperature  ansi  the  key  to  the  phenomenon  must  be  the  cutting 
off  the  supply  of  turbulent  bursts  near  the  wall  due  to  the  very  full,  and  very  convex  velocity  profiles  and 
to  a  lesser  degree  due  to  the  lateral  expansion  of  the  stream  tubes.  More  work  is  needed  in  this  area 
because  turbulent  fluctuation  measurements  at  high  supersonic  velocities  are  anything  but  easy  and  con¬ 
venient. 

A 

The  counterpart  of  space-time  correlations  are  the  wave  number  and  frequency  spectra  and  such  data 
was  reported  in  Ref.  20.  Although  it  is  the  exact  counterpart  of  space-time  correlation  measurements  it 
emphasizes  spectral  decomposition  and  brings  out  significantly  the  propagation  properties  of  the  wave-like 
Fourier  components.  Oi  the  other  hand,  the  intermittent  character  of  the  flow  is  not  brought  out  by  Fourier 
analysis  therefore,  author  does  not  find  that  particular  representation  very  useful,  except  possibly  for 
problems  in  sound  generation  by  turbulence, where  the  coherent  wave-like  behavior  is  particularly  important 
in  assessing  the  far  field  of  the  generated  sound. 
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DISC  SSION 

The  development  of  useful  concepts  toward  an  understanding  of  turbulent  shear  flow  came  from  two 
directions.  One  was  the  demand  for  explanation  of  overall  mean  flow  properties  and  the  other  was  the 
availability  of  detailed  measurements  of  the  turbulent  velocity  fluctuations.  Jhe  moet  simple  and  some¬ 
what  naive  global  idea  is  that  the  turbulent  intensity  $  V.*  ♦If'f  VO*  while  it  indicates 

the  level  of  -  .tivities  so  by  extension  also  represents  a  quantity  roughly  proportional  to  the  Reynolds 
stress  .  The  idea  of  the  Reynolds  stress  being  proportional  to  the  total  turbulent  kinetic 

energy  is  especially  appealing  in  "wall-turbulence"  such  as  pipe  or  channel  flow  and  in  the  turbulent 
boundary  layer,  where  there  is  a  constant  replenishment  ct  the  turbulent  energy  from  the  wall  area.  It 
is  less  appealing  in  "free -turbulence"  and  iu  the  central  region  near  the  axis  of  symmetry  of  wakes, 
jets,  channel  flows,  etc.  where  the  Reynolds  stress  must  be  zero,  while  the  turbulent  energy 
is  not.  If  no  othet  statistical  quantity  is  specified  the  turbulent  energy  alone  leaves  no  clues  about  the 
magnitude  of  the  dissipation,  which  further  implies  that  there  are  no  clues  about  the  scale  of  turbulence. 

At  that  level  of  complexity  the  only  options  open  are  either  to  assume  that  the  scale  is  uniform  or  that  it 
is  small  compared  to  the  total  width  of  the  flow.  Of  course  neither  cannot  be  true  in  most  turbulent 
shear  flows,  since  the  scale  is  both  varying  and  also  it  can  become  quite  large.  At  the  next  step  one  may 
define  a  single  turbulent  scale  and  at  that  point  there  is  a  dilemma  because  one  of  the  importa.it  scales, 
the  dissipation  scale  or  Taylor’s  microscale  is  difficult  to  obtain  experimentally  especially  at  high 
Reynolds  numbf«  and  even  more  so  in  high  Mach  number  flows,  consequently  the  estimation  of  the  total 
viscous  dissipation  is  rather  questionable.  On  the  othe  r  hand,  intergral  scales  appear  to  be  large  and 
proportional  to  the  overall  dimensions  of  the  shear  layer  and  relatively  insensitive  to  the  Reynolds  number. 
So  the  integral  scale  reveals  relatively  little,  it  only  gives  a  warning  that  transport  of  momentum,  mass 
and  heat  all  occur  at  scales  up  to  and  including  the  total  width  of  the  layer.  The  two  types  of  scales  are 
often  related  by  a  convenient  argument,  namely  by  invoking  that  at  high  Reynolds  number  there  is  an 
inertial  range  in  the  energy  spectrum  that  is  universal  and  that  provides  the  transfer  of  energy  from  the 
large  scale  eddies  to  the  dissipative  small  scale  eodiea. 

A  spectral  approach  has  been  favored  by  many  experimentalists  probably  mostly  for  the  simple 
convenience  of  using  commercially  available  tunable  filters,  wave  analysers,  etc.,  to  process  the  output 
of  a  single  hot-wire  rather  then  to  use  spatially  separated  probes  or  arrays.  Conceptually,  however,  it  i« 
less  than  satisfactory  in  inhomogeneous  flows  where  Taylor's  hypothesis  io  no  longer  an  accurate  guide. 

It  is  inevitable  that  on  the  next  level  of  sophistication  (or  at  least  of  complexity)  some  kind  v-i  two 
level  model  is  necessary,  mainly,  to  describe  separately  the  large  scale  motion  that  >8  strongly  non- 
isotropic  and  dominates  the  transport  mechanism  and  a  small  scale  motion  that  is  responsible  for  viscous 
dissipation  and  hopefully  it  may  be  assumed  as  isotropic  and  homogeneous.  This  idea  of  course  is  viol  new, 
it  was  first  suggested  by  Townsend  in  1956  (Ref.  21).  The  real  question  is  of  course  what  kind  of  picture 
to  assume  for  the  large  scale  motion.  And  here  several  choices  were  explored.  The  first  choice  is  a' wave 
model  and  the  most  prominent  exponent  of  this  approach  is  Landahl  (Ref.  10).  It  i3  evident  from  experi¬ 
ments  that  the  general  convection  velocity  of  turbulent  patterns  is  different  from  the  local  mean  velocity 
or  in  other  words  Taylor's  hypothesis  is  violated  (o  some  extent.  The  large  scale  entities  called  "waves" 
or  "bursts"  all  travel  along  the  flow  at  some  intermediate  velocity  different  from  the  local  one  (see,  e.  g. 

Ref.  18).  The  idea  of  solving  a  linarized  Orr-Sommerfeld  equation  for  a  turbulent  mean  velocity 
distribution  is  very  obvious  and  the  largest  scale  modes  can  be  calculated  as  eigenfunctions  of  such  a 
problem.  The  difficulty  with  this  approach  however  is  the  following',  the  observed  space-time  correlations 
do  not  extend  laterally,  neither  do  they  show  any  oscillating  or  periodic  behavior.  As  a  result  the  actual 
experimentally  observed  phenomenon  must  be  regarded  as  the  superposition  of  a  large  number  of  such 
harmonic  components  with  varying  obliqueness  or  even  as  a  continuous  spectrum  of  them  when  calculating 
the  dynamic  behavior,  the  non-linear  interaction  of  those  components  must  dominate  the  phenomenon, 
therefore  it  appears  desirable  to  choose  an  alternate  model  that  can  represent  the  actual  flow  field  either 
with  fewer  components  or  with  less  non-linear  interaction. 

Another  approach  is  the  "proper  eigenfunction"  expansion  of  Lumley  (Ref.  22).  Here  the  flow  is 
decomposed  into  eigenfunctions  but  these  to  be  obtained  from  the  orthonormal  expansion  of  the  correlation 
functions.  The  theory  contains  several  alternate  options  and  it  includes  further  possibilities  given  in  details 
below. 

Randomly  distributed  but  still  deterministic  structures  appe&r  to  be  an  attractive  representation  of 
turbulent  shear  flows  because  they  can  incorporate  most  of  the  experimentally  observed  phenomena  and 
they  car.  still  be  tractable  for  prediction  of  mean  flow  properties.  The  idea  was  developed  to  a  certain 
extent  by  Lumley  himseif  (Ref.  2  !■)  and  was  further  discussed  by  present  author  in  Ref.  26.  The  approach 
rests  on  Rice's  theorem  (Ref.  23)  broadly  stating  that  a  superposition  of  random  distributed  but  identical 
shape  model  functions  results  in  a  new  statistically  stationary  (homogeneous)  function  whose  normalized 
double  correlations  end  spectra  are  identical  with  those  of  the  model  function.  The  suggestion  here  is  that 
the  bursts  observed  near  the  sublayer  generate  typical  "deterministic"  entities,  or  elementary  flow  patterns, 
whose  development,  convection  and  decay  through  the  shear  layer  would  follow  a  single  pattern»but  their  oc¬ 
curence  in  space  and  in  time  is  random  and  in  the  first  approximation  statistically  independent  (e.g.  Poisson 
distribution).  These  structures  howe-er,  decay  while  transfering  energy  into  finer  scale  turbulence  and  the 
entire  flow  's  permeated  wit.i  fine  scale  turbulence  that  maybe  regarded  as  a  new  viscous  medium  and 
possibly  can  i-«*  dealt  with  assuming  a  simple  turbulent  effective  viscosity.  Such  a  model  can  accomodate 
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the  observed  inhorn  Ofe  re  ity  of  tlie  shear  flows.  The  experimentally  identifiable  eve«tn  .-enuring  at  the 
intermittent  outer  edge  as  well  as  the  internal  intermittency  of  iV  dissipation  can  be  all  properly 
included.  One  must  note  however  that  decomposition  into  randv  tiij  occuriug  entities  is  not  an 
orthonormai  er  pans  ion,  consequently  the  non-linear  inie  rcctior  s  must  be  dealt  with  in  n  different 
manner  than  customary  in  a  spectral  approach  (See  Ref.  26).  In  addition  the  question  arises  by  what 
process  can  one  obtain  explicitly  iht  mode)  function  themselves  and  here  there  is  a  definite  dilemma. 
One  approach  would  be,  that  by  using  Rice's  theorem  one  could  defi.ie  model  functions  that  yield  the 
right  space-time  correlation  and  spectra  leaving  open  the  question  of  coarseness  whether  one  has 
relatively  rare  events  with  high  intensity  or  many  small  contributions  of  low  intensity  or  small 
contributions  of  low  intensity  resulting  in  a  nearly  Gauaian  process.  Another  approach  is  to  follow 
Lumley's  procedure  au  example  is  given  in  Ref.  25. 

From  the  point  of  view  of  predicting  mean  flow  properties  Foe  moat  important  consequence  of  the 
different  time  scales  and  the  different  life-time  of  the  eddies  is,  that  the  paat  history  of  the  flow  very 
strongly  determines  ‘he  local  response  of  the  turbulent  fluid  to  the  rate  of  deformation  at  that  point. 

In  another  word  local  properties  may  not  fully  determine  local  response  except  in  the  ease  of  the  quasi, 
homogeneous  flow  where  conditions  change  so  slowly  in  the  flow  direction  that  the  evolution  of  the 
turbulence  may  be  neglected.  The  other  particular  case  is  where  similaiity  may  be  assumed,  therefore 
all  mechanisms  are  to  remain  similar  and  do  not  show  explicity  the  transient  nature.  An  important 
consequence  of  the  above  picture  is  that  due  to  the  role  of  large  eddies  a  naive  gradient  diffusion  moviel 
for  momentum  transport  must  be  inadequate  or  in  another  word  calculating  the  transport  of  momentum 
as  the  product  of  an  effective  turbulent  viscosity  and  the  rate  of  strain  oi  the  mean  flow  (or  alternately 
similar  quantities  for  other  analogous  transport  quantities)  must  be  naive  since  the  large  eddies  will 
transport  these  quantities  irrespective  of  the  particular  value  of  the  mean  flow  gradients. 


In  view  of  all  these  it  appears  preferable  to  express  the  transport  properties  in  a  integral  form 
rather  than  in  a  differential  form.  E.  g.  for  a  steady  two-dimensional  shear  flow  of  finite  width  2  S 
streamwise  component  of  the  mean  velocity  should  be  calculated  as 
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where  {^|NV  is  the  streamwise  component  of  the  mean  velocity  calculated  from  inviscid 
theory.  If  boundary  layer  assumption  applies  U„,<»  is  a  function  of  the  streamwise  coordinate  X 
alone.  The  quantity  K  represents  the  transport  activities  of  the  turbulence  and  of  course  must  be 
dependent  in  some  way  on  the  intergrated  total  turbulent  energy.  In  order  to  effect  c  closure  one  must 
assume  a  mechanism  of  producing  turbulent  energy  at  the  interfaces  (at  the  wall  and  at  the  free  stream) 
and  conditioning  its  production  according  to  the  rate  of  bursts.  This  is  of  course  only  a  sketch  but  the 
logical  steps  involved  would  b.  the  following:  turbulence  exists  upstream  and  is  transported  continuously 
downstream.  There  is  a  decay  of  the  large  scale  eddies  due  to  the  activity  of  the  Oner  scale  turbulence 
that  is  responsible  tor  its  dissipation  and  this  may  be  taken  care  by  an  effective  turbulent  viscosity.  The 
large  scale  eddies  in  turn  are  generated  by  the  turbulent  bursts  at  the  solid  boundaries  or  alternately  by 
the  general  Rayleigh  type  instability  in  case  of  "free-turbulence"  (wakes,  and  jets  with  inflection  profiles). 
The  turbulent  energy  is  responsible  for  the  transport  model  and  therefore  for  the  form  of  the  function  of 
K  which  in  turn  redistributes  the  mean  kinetic  energy.  Such  a  theory  would  be  also  far  more 
practical  for  step-by-step  calculation  by  a  computer  since  it  is  stated  in  a  integral  form  and  not  in  a 
differential  form.  Naturally  a  suitable  function  for  the  bursting  rates  and  a  plausible  expression  for  K 
must  be  obtained,  so  this  is  only  a  program  not  a  full  theory. 
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SUMMARY 


Because  the  problem  of  the  analysis  of  free  turbulent  nixing  is 
complex,  and  some  empiricism  is  always  necessary  to  obtain  a  solution, 
there  has  been  a  proliferation  of  models  for  the  turbulent  shear  stress. 
All  of  these  models  will  correlate  experimental  data  well  in  some 
region  of  a  particular  flow,  but  not  in  others.  None  has  been  tested 
over  as  broad  a  range  of  flow  conditions  as  is  possible.  In  this 
study,  a  group  of  models  for  the  turbulent  shear  stress,  ranging  from 
the  classical  Prandtl  mixing  length  theory  to  the  newly-developed 
kinetic  energy  models,  are  systematically  confronted  with  a  broad 
range  of  experimental  data.  From  this  confrontation  comes  two  sets 
of  conclusions— one  detailing  those  models  presently  suitable  for 
engineering  use,  and  the  second  establishing  the  models  which  show 
promise  of  becoming  more  generally  applicable  with  further  development. 
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PREFACE 

Free  turbulent  mixing  can  be  defined  as  that  class  of  turbulent  flows  in  which  there 
is  no  direct  effect  of  solid  boundaries  on  the  development  of  the  flow.  Plumes  from 
exhaust  stacks  and  the  wakes  of  aerodynamic  bodies  both  involve  free  turbuient  mixing,  as 
does  the  interaction  of  fuel  and  oxidizer  in  a  combustor,  or  the  interaction  between  the 
exhaust  of  a  rocket  and  the  surrounding  atmosphere.  Clearly,  the  understanding  of  free 
turbulent  mixing  flows  is  basic  to  the  understanding  of  the  fluid  mechanics  of  many 
different  devices. 

In  all  free  mixing  problems  the  analytical  difficulty  is  the  same:  although  the 
equations  of  motion  for  a  free  mixing  flow  can  be  formulated,  if  the  flow  is  turbulent, 
these  equations  always  contain  more  unknown  terms  than  there  are  equations.  In  particular, 
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It;*  Momentum  equation  contains  an  unknown  correlation  of  the  fluctuating  velocity  compo¬ 
nents  which  behaves  as  a  shear  stress  term — the  Reynolds  stress.  In  order  to  solve  the 
turbulent  momentum  equation,  a  model  for  the  Reynolds  stress  must  be  used.  Evaluation  of 
the  model  used  requires  experimental  evidence. 

To  provide  this  evidence,  a  considerable  number  of  experimental  investigations  of 
free  turbulent  mixing  heve  been  carried  out.  These  have  included  investigations  c £  both 
the  mean  flow  structure  of  such  flows  and  their  fine  scale  turbulent  structure.  At  the 
same  time  a  number  of  models  for  the  turbulent  shear  stress  have  been  developed,  some  of 
which  are  modifications  and  generalizations  of  earlier  models,  and  others  which  have 
attempted  new  approaches.  Even  to  those  working  in  the  field,  the  number  of  experiments 
and  models  available  presents  a  maze  of  often  conflicting  information. 

In  order  to  evaluate  the  state  of  the  art  in  this  important  area,  I  have  undertaken  a 
critical  review  and  evaluation  of  both  the  available  experimental  data  and  of  the  models 
that  have  been  proposed  for  the  turbulent  shear  stress  in  constant-pressure  free  mixing. 

The  study  has  been  carried  out  in  tw  phases.  In  the  first  phase.  I  have  critically 
examined  all  of  the  readily  available  free  turbulent  mixing  data.  From  this  review  of  the 
experimental  data  I  have  drawn  a  body  of  significant,  accurate  and  completely  reported 
experiments.  The  second  phase  then  involves  a  review  of  the  available  analytical  models 
for  the  turbulent  shear  stress.  From  this  I  have  selected  several  models  which  seem  to  me 
►o  be  significant.  To  evaluate  the  performance  of  these  models,  1  have  used  each  of  them 
in  a  finite-difference  scheme  to  calculate  the  particular  flow  condition  represented  by 
rach  of  the  experiments  selected  in  the  first  phase.  By  using  a  numerical  scheme  common  to 
a  .1  calculations,  any  program-dependence  of  the  results  is  removed  from  the  comparison.  The 
overriding  consideration  in  this  evaluation  is  how  well  a  given  model  stands  up  to  the 
challenge  of  comparison  of  its  predictions  with  experiment  throughout  the  entire  range  of 
the  free  turbulent  flows  considered.  Those  models  for  the  turbulent  shear  stress  that  best 
meet  this  challenge  are  those  which  have  the  widest  range  of  applicability  and  thus  the 
greatest  engineering  usefulness. 

The  material  presented  in  this  paper  is  a  summary  of  a  study  carried  out  at  the  Arnold 
Engineering  Development  Center  CA?DC).  This  study  is  reported  in  Reference  1  in  far  more 
detail  than  can  be  used  here.  In  selecting  the  experiments  and  theoretical  models  to  be 
considered,  I  have  with  some  exceptions  used  only  the  most  readily  available  papers  and 
reports.  With  this  limitation,  the  review  of  Ref.  1  is  complete  up  through  March  1970. 

Only  limited  reference  is  made  to  the  Russian  literature.  This  is  because  the  requirements 
of  this  study  eliminated  all  but  the  most  detailed  papers,  and  the  Russian  literature,  at 
least  as  it  is  available  in  the  United  States,  is  seldom  sufficiently  detailed  to  survive 
the  elimination  process. 

1.  REVIEW  OF  EXPERIMENTAL  DATA 

The  ultimate  goal  of  this  study  was  to  provide  a  complete  test  of  selected  models  for 
the  turbulent  shear  stress  over  as  broad  a  range  of  flow  condi tioi..-,  as  possible.  Estab¬ 
lishing  the  appropriate  experimental  data  tc  use  demands  a  certain  sophistication,  for  not 
all  experimental  work  is  equally  valuable,  and  unfortunately  not  all  is  equally  correct. 

Thus  the  first  part  of  the  study  involved  a  critical  review  and  evaluation  of  the  available 
experimental  information.  However,  as  the  emphasis  in  this  paper  is  on  the  confrontation 
of  theoretical  models  for  the  turbulent  shear  stress  with  experimental  data,  the  evaluation 
of  the  experimental  data  (which  occupies  more  than  300  pages  of  Ref.  1)  will  not  be  con¬ 
sidered  in  detail  herein.  Instead,  the  method  of  evaluation  and  the  experimental  data 
selected  will  be  described. 

Configurations  ranging  from  the  circular  jet  in  still  surroundings  to  supersonic  wakes 
were  considered  in  the  evaluation  of  experimental  data  in  lief.  1.  In  judging  the  accuracy 
of  a  given  experiment,  I  have  taken  the  primary  criterion  to  be  how  well  the  data  satisfy 
the  requirement,  valid  for  a  constant-pressure  free  mixing  flow,  that  the  integrated 
momentum  increment  at  any  axial  station  in  a  given  flow  be  a  constant,  i.e.,  that 

On  ,•/ 

M  =  /  p U  (U  -  U  )  y  dy  =  Constant  (1) 

o  r  ° 

where  .  =  0  for  a  plane  (symmetric)  flow  and  o  «  1  for  an  axisymmetric  flow.  Since  Eq  (1) 
as  written  is  valid  only  for  symmetric  flows,  it  was  not  used  as  a  criterion  for  those  few 
non-symmetric  plane  flows  encountered.  A  second  test,  necessarily  more  subjective,  is  how 
well  the  results  of  a  given  experiment  compare  with  those  obtained  in  other  experiments 
concerned  with  the  same  flow  geometry. 

Many  experiments  satisfy  £q  (1)  reasonably  well  (M  varying  ±10%  from  its  average  value) 
and  if  Eq  (1)  is  satisfied  two  experiments  concerned  with  the  same  flow  geometry  will 
generally  agree  well  with  one  another.  However,  this  does  not  mean  that  there  is  a  great 
variety  of  experiments  from  which  to  choose  for  the  purposes  of  a  study  such  as  this.  The 
reason  for  this  regrettable  state  of  affairs  is  the  wide  variation  in  the  detail  with  which 
an  experiment  is  reported;  particularly  in  the  extent  of  the  detail  available  about  the 
experimental  initial  conditions.  It  is  well  known  that  many  free  mixing  configurations 
eventually  approach  a  "fully-developed”  or  "self-preserving"  state;  if  "fully-developed"  is 
defined  as  the  state  existing  when  nondimensional  flow  variables  are  functions  of  a  local 
length  scale  and  "self-preserving”  as  the  state  in  which  the  local  length  scale  is  itself  a 
function  of  axial  distance,  then  "fully-developed"  conditions  occur  in  general  before  "self¬ 
preserving"  ones.  However,  the  spatial  position  at  which  such  conditions  occur  depends 
entirely  on  the  flow  initial  conditions  The  length  of  the  potential  core  region  of  jets  is 
also  entirely  dependent  on  initial  conditions  such  as  mass-  and  momentum-flux  ratio  and 
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Initial  boundary  layer  thicknesses.  It  tue  adequacy  of  a  theoretical  prediction  of  a  free 
mixing  flow  is  to  he  properly  assessed,  the  initial  conditions  of  that  flow  must  be  well 
defined. 

The  experiments  selected  for  use  in  this  study  are  listed  in  Table  1.  It  will  be 
noted  that  all  but  one  of  the  selected  experiments,  which  include  a  circular  jet,  coaxial 
jets  with  momentum,  heat  and  mass  transfer,  a  compressible  circular  jet,  and  a  two- 
dimensional  and  an  axisymmetric  wake,  include  profiles  ol  the  turbulent  shear  stress,  t. 
This  allows  known  initial  conditions  to  be  used  in  assessing  the  kinetic  energy  model. 
However,  in  some  cases  these  profiles  were  not  known  at  x/D  =  0,  and  where  this  is  the 
case  the  kinetic  energy  model  calculations  start  at  the  axial  location  noted.  Where 
necessary,  the  various  transport  coefficient  ratios  were  taken  from  the  experimental  data. 
Thus,  for  Paulk^,  =  0.60;  for  Chriss^,  Pr  =  0.83,  Sc  «  0.85;  and  for  Eggers® ,  pr  =  0.6C. 

Table  i 

Characteristics  of  the  Selected  Experiments 
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2.  THEORETICAL  MODELS  FOR  THE  TURBULENT  SHEAR  STRESS 


2.1  Locally-dependent  theoretical  models  in  constant  density  flow 


One  of  the  best  known  formulations  for  the  turbulent  shear  stress  is  the  mixing  length 
theory  developed  by  Prandtl  in  1925.  The  development  of  this  theory  is  described  in  detail 
in  many  texts,  for  example,  Schlichting®;  basically  it  is  founded  on  the  idea  that  turbulent 
eddies  can  be  thought  of  as  transferring  momentum  laterally  in  the  flow.  With  the  condition 
that  the  eddies  retain  their  identity  as  they  travel  a  "mixing  length"  whereupon  they  mix 
instantaneously  with  other  eddies,  the  mathematical  statement  of  the  mixing  length  theory 
becomes 


T  =  p 


OU 

'ey 


(2) 


In  a  free  mixing  flow  the  mixing  length  t  is  ordinarily  taken  to  be  some  fraction  of  the 
mixing  region  width  b,  i.e.,  £  =  c  •  b. 


Exchange  coefficient  models  can  all  be  traced  back  to  the  original  Boussinesq  concept1*), 
which  is  that  the  turbulent  shear  stress  can  be  written  in  a  manner  analogous  to  the  laminar 
shear  stress,  with  the  physical  viscosity  replaced  by  an  effective  exchange  coefficient  or 
eddy  viscosity,  e.  Thus  for  a  turbulent  flow 


(3) 


Of  course,  Eq  (3)  does  no  more  than  define  €,  and  some  model  for  this  parameter  must  still 
be  developed.  The  most  commonly  used  eddy  viscosity  formulation  for  incompressible  flow 
is  the  model  proposed  by  Prandtl1!  in  1942,  which  may  be  written 
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KP  b  (Umax  -  Umin> 
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Here  Kp  is  a  constant,  b  a  measure  of  the  width  of  the  mixing  region,  and  Umax  and  Dain  the 
maximum  and  minimum  values,  respectively,  of  the  axial  component  of  the  mean  velocity  at  a 
given  cross  section.  Note  that  in  this  formulation  £  is  a  function  only  of  x. 


2 . 2  Locally  dependent  models  in  variable  density  flow 

There  are  four  approaches  that  can  be  taken  to  the  establishment  of  shear  stress 
models  in  a  variable  density  flow.  The  direct  approach  is  to  attempt  to  develop  a  model  by 
correlating  variable-density  flow  experimental  data.  Such  an  approach  has  been  used  by 
Ferri  et  al.42,  Alpinieril2 f  and  zakkay  et  al.14  Another  approach  is  to  attempt  to  derive 
a  model  in  such  a  manner  that  the  effects  of  density  variation  are  included.  The  displace¬ 
ment  thickness  model  developed  by  Schetzl5,16  falls  into  this  class.  The  third  approach  is 
to  use  an  empirical  correction  factor  to  adjust  an  incompressible-flow  eddy  viscosity  model 
when  used  in  a  compressible  flow.  Examples  of  such  correction  factors  and  their  use  are 
given  by  Warren-^,  Donaldson  and  Grayl®,  and  Petersl&.  Finally,  the  fourth  approach  is  to 
attempt  a  transformation  of  the  compressible-flow  governing  equations  that  will  convert 
them  to  the  appropriate  constant-density  form.  The  transformed  equations  can  then,  in 
principle  at  least,  be  solved  using  an  incompressible  formulation  for  the  eddy  viscosity. 
Solutions  obtained  using  such  techniques  have  been  described  by  Libby21*  and  Channapragada 
and  Woolley2* . 


The  development  of  the  eddy  viscosity  model  proposed  by  Ferri  and  co-workers*2  proceeds 
from  the  observation  that  the  Prandtl  eddy  viscosity  model  predicts  that  no  mixing  takes 
place  when  the  streams  involved  are  of  equal  velocity,  even  if  substantial  temperature  or 
density  differences  exist  between  the  streams.  To  resolve  this  difficulty  they  propose  a 
simple  adaptation  of  Eq  (4) ,  writing 


Pe 


KF  rl/2 


PoL'c 


PcUC 


(5) 


whei»e  r-i /o  is  the  radial  location  at  which  oU  «*  1/2  (d^U  +  n  U  ).  The  recommended  value 
of  Kf  is  0?025.  0  °  c  c 

On  the  other  hand,  Alpinieri-1*'  experimentally  established  a  flow  for  which  p-Ur  ”  p0®o 
and  observed  that  mixing  still  occurred,  although  Eq  (5)  implies  that  no  mixing  will  occur. 
Arguing  that  both  the  Prandtl  (Eq  4)  and  Ferri  models  gave  good  results  for  some  flows, 
Alpinieri  reached  the  conclusion  that  the  proper  eddy  viscosity  formulation  must  contain  a 
term  which  becomes  important  when  pcUc  «  p0UD.  This  reasoning  and  a  correlation  of  his 
experimental  results  led  Alpinieri  to  an  equation  of  the  form 

p£  “  ka  ri/2  p0  (uc +  uo/iy  (6) 

where  Uj  is  the  primary  jet  velocity  and  rjy2  the  radius  at  which  U  »■  UQ  +  (Uc  -  U0)/2. 
Alpinieri  recommended  a  value  of  Ka  "  0,025. 


Zakkay  et  al.*4  obtained  an  asymptotic  form  for  the  eddy  viscosity  through  use  of  an 
asymptotic,  linearized  solution  of  the  transformed  governing  equations.  The  transformation 
used  was  similar  to  that  used  by  _,ibby2®,  with  turbulent  Prandtl  and  Lewis  numbers  both 
taken  to  be  unity.  The  resulting  expression  is 


with  Kj,  =  0.011. 


e  KZ  rl/2 


(7) 


The  eddy  viscosity  model  proposed  for  a  free-mixing  flow  by  Schetz*®’*®  is  considerably 
different  from  the  preceding  three  models,  in  that  it  attempts  to  incorporate  density 
variation  in  a  somewhat  more  fundamental  manner.  Reasoning  in  analogy  to  the  Clauser22 
model  for  a  planar  incompressible  boundary  layer,  Schetz  related  the  turbulent  eddy 
viscosity  to  the  displacement  thickness  of  the  turbulent  mixing  layer.  Thus 

P£  -  Ks  (PoUo  T  $2>/*o  (8) 

where 

*  PoUo  5?2  -  C  |poUo  -  PU!  2ir?  ay  (9) 

and  Kg  ir  =  0.018.  Here,  rQ  is  the  radius  of  the  inner  jet  nozzle. 


2.3  History-dependent  theoretical  approaches 


In  recent  years  several  methods  for  the  calculation  of  turbulent  flows  which  attempt 
to  include  the  history  of  the  flow  have  been  reported22" 27 ,  some  of  which  have  been  applied 
to  the  computation  of  free  turbulent  flows.  The  turbulent  shear  stress  is  obtained  in  all 
of  these  methods  as  the  result  of  the  solution  of  an  additional  transport  equation  (or 
equations).  Thus,  in  the  method  proposed  by  Nee  and  Kovasznay23  an  equation  describing  the 
transport  of  the  total  turbulent  viscosity  n  =  e  +  v  is  devised  and  solved  simultaneously 
with  the  momentum  equation. 


More  direct  models  for  the  turbulent  shear  stress  which  relate  it  to  the  turbulent 
kinetic  energy  in  the  flow  have  been  used  for  free  mixing  calculations  by  Lee  and  Harsha24, 
Laster2^,  and  Rodi  and  Spalding2®.  Lee  and  Harsha  and  Laster  both  use  the  "linear"  relation 
between  shear  and  kinetic  energy  used  also  by  Bradshaw  et  al.27,  which  may  be  written 

r  =  a^  p  k  (10) 

where  k  =  1/2  (u'2  4  v'2  +  w'2),  while  Rodi  and  Spalding  use  the  eddy  viscosity  model 

x  =  c  p  k1^2  £k  dl)/dy 


(ID 
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in  which  c  is  a  constant  and  l k  is  a  kinetic-energy  length  scale  which,  in  the  method  of 
Rodi  and  Spalding26,  is  obtained  from  the  solution  of  an  additional  transport  equation  for 
the  quantity  (fkk). 

From  the  correlation  of  a  large  quantity  of  experimental  data,  Harsha  and  Lee28  found 
that,  in  regions  of  strong  shear, 

al  "  M/p  k  -  0.3  (12) 

However,  as  the  shear  stress  can  take  on  negative  values  while  the  kinetic  energy  is  always 
positive,  and  goes  to  zero  on  a  centerline  while  the  kinetic  energy  does  not,  Eq  (10)  cannot 
adequately  represent  all  regions  of  a  free  mixing  flow.  Fortunately,  an  adequate  represen¬ 
tation  is  easily  obtained. 


If  1  write 


t  *  a.  p  k  L(y) 


(13) 


where  L(y)  is  a  dimensionless  number  which  ranges  from  0  at  y  -  0  to  unity  at  some  point  in 

the  flow,  say  the  point  where  dU/dy  -  (dU/dy)max ■  call  it  y^ax'  and  divide  Eq  (13)  by  its 

value  at  y„0_  (where  L  -  1),  then 
max 


L<”>  - 


uv/k 

(UV/kT.. 


(14) 


'max 


The  function  L(y)  can  be  obtained  from  experimental  data,  and  Figure  1  shows  the  results. 
Also  shown  on  Fig.  1  are  curves  representing  the  valuas  of  (dU/dy)/ (DU/dy)-,^  obtained  from 
calculations  for  various  flows.  It  can  be  seen  that  the  agreement  is  relatively  good. 


Note  finally  that  if  I  write  L(y)  ±  (SU/9y)/ I SU/Syl 
shear  stress  is  included. 


max 


then  the  appropriate  sign  for  the 


Thus  in  this  study  I  have  used  the  "linear”  kinetic  energy  model  with 

k  (c’J/^y)/  |su/Sy|max  0  s  y  <  y, 


0.3  p 
0.3  p 


In  regions  of  the  flow  in  which 
used  Eq  (16)  throughout. 


To  obtain  the 
turbulent  kinetic 
energy  1  have  used 
the  paracolic  form  of 
the  turbulent  kinetic 
energy  equation  as 
written  by  Patankar 
and  Spalding29. 
Bradshaw,  et  al.27 
have  shown  that  if  a 
convective  form  of 
the  diffusion  term  in 
the  kinetic  energy 
equation  is  used,  then 
it  and  the  momentum 
equation  form  a 
hyperbolic  systtm 
which  can  be  solved 
by  the  method  of 
characteristics . 

Such  an  approach  U  is 
been  followed  for  a 
compressible  free 
mixing  flow  by 
Laster25.  However,  I 
have  chosen  the 
parabolic  form  (which 
implies  gradient 
diffusion  of  turbulent 
kinetic  energy)  as 
gradient  diffusion  of 
mean  flow  energy,  and 
mass  seems  to  be 
reasonably  well  es¬ 
tablished  for  free 
mixing  flows,  and  I 
can  see  no  special 
reason,  apart  from 
mathematical  elegance, 
for  not  assuming 
gradient  diffusion  of 
kinetic  energy  also. 
There  is  little 
experimental  evidence 


<15> 

k  CdV/by)/  |su/Sy|  y  >  ymax  (16) 

the  mixing  layer  does  not  have  an  axis  of  symmetry  I  have 
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regarding  the  diffusion  of  turbulent  kinetic  energy;  whet  little  I  have  Keen,  e.g.  Watt30, 
seems  to  imply  gradient  aif fusion  but  without  wuch  conviction. 

The  theoretical  models  I  have  selected  to  use  for  comparison  with  experiment  are 
summarized  in  Table  2.  For  the  most  part,  tbs  values  oi  the  constant);  selected  are  those 
suggested  in  the  papers  describing  the  model. 

3.  THE  NUMERICAL  TREATMENT 


The  utudjr  described  in  this  paper  is  concerned  with  a  comparison  of  the  predictions 
of  various  models  for  the  turbulent  shear  stress;  It  is  not  concerned  with  the  development 
of  numerical  techniques.  Thus  all  calculations  were  made  with  the  same  computer  program, 
which  is  a  extension  of  the  technique  developed  by  Patankar32  for  the  solution  oi  an 
arbitrary  number  of  simultaneous  parabolic  partial  differential  equations.  With  this 
pr-0ram  it  was  possible  to  make  calculations  using  any  of  the  eddy  viscosity  models  listed 
in  Table  2,  as  well  as  the  kinetic  energy  model  using  the  parabolic  form  of  the  turbulent 
kinetic  energy  equation.  The  system  of  equations  used  to  describe  every  problem  was 
formulated  using  the  standard  boundary  layer  assumptions;  the  equations  themselves  were 


continuity 


momentum 


—  (pU)  +  ^  —  (pV  ya)  -  0 


bx 


ya  dy 


total  (meaa  flow)  energy 


r,u  M  +  pV  £2  -  i-  Ji  (Pc  va 
*x  dy  ya  dy  v  by  > 


,,U  M  +  ,  v  &  - 

bx  by  yn  by  I  Pr  L  by 


^  Pr 

Pr. 


l\  —  +  (Pr 
/  by 


1) 


species  (for  a  two-gas  mixture  with  no  chemical  reaction) 


and  turbulent  kinetic  energy 

,-u  ^  +  fv  £ 

bx  dy 


dC 

dx 


V  be 

kJ  w 

_  1  d 

tenl 

by 

y°  by  ' 

k  Sc 

1 -££Z! 

^k-i 

—  +  pe 

(~)2 

Lprk 

by  J 

V  *y/ 

bC  i 


a2  f k 


3/2 


a;, 

(18) 

(19) 

(20) 

(21) 


The  "turbulent  kinetic  energy  Prandtl  number",  Prk,  was  in  all  cases  ken  to  be  0.70, 
while  the  dissipation  constant  a2  was  set  equal  to  1.5. 


Table  2 

Theoretical  Models  for  the  Turbulent  Shear  Stress 


Model 

Ref. 

Expression  for 

Eddy  Viscosity 

Expression  for 
Turbulent 

Shear  Stress 

Width  Parameter 

Core  Regime  II 

Value  ol  Constant 
Core  Regime  II 

Ref. 

(or 

Constant 

Mixing 

Length 

9 

— 

t  •  pc2,&diL 
dy  'dy 

1  •  b 

1  *  Zrl/2 

0.082 

0.082 

31 

Pr.’ndtl 

Eddy 

Viscosity 

11 

t-pc^ 

ay 

1-b 

1 '  2rl/2 

0.007 

0.011 

19 

Schetz 
"Unified 
Theory1  a 

15 

p£-Ksn<p0V?2|,ro 

T ' pe  r 

dy 

15 

Ferri 

12 

pe  •KFllp0U0-pcUcl 

T.ped-U 

dy 

1  *  b/2 

1  ’  F  j/2 

0.025 

0.025 

12 

Zskkay 

14 

e  ■  KZ1UC 

t  •  pe 

dy 

1  •  b!2 

1  *  rl/2 

0.01) 

0.011 

14 

Alpinieri 

13 

pe  ■  KAlp0(Uc  ♦  U>j) 

T.Pe|y 

dy 

1  •  b/2 

1  ’  rU2 

0.025 

0.025 

13 

Kinetic 

Energy 

24 

— 

I  •  a<  pkf  (^i?) 

1  dy 

Present 

Study 

a!n  this  study,  mixing  length  used  for  tore. 
bryjP  U  -  r  (or  which  p  U  •  (p  CUC  +  p  0U0l/2. 


4.  RESULTS  OF  TIE  CONIT'ONTATION 


All  of  the  models  listed  in  Table  2  were  used  to  make  detailed  calculations  of  all  of 
the  experimental  data  listed  in  Table  1,  for  a  total  of  112  calculations.  These  are  all 
described  ir,  Ref.  1,  along  with  some  additional  calculations  involving  the  use  of  the 
Donaldaon  nod  Grayls  eddy  viscosity  correction  aud  the  LlbbyZO  compressibility  transforma¬ 
tion,  which  are  not  included  in  this  paper.  In  order  to  conserve  space  and  tue  patience 
of  the  reader,  all  of  the  calculations  made  are  not  reported  here;  instead,  the  techniques 
which  performed  best  for  each  flow  are  described. 

Comparisons  of  the  various  predictions  made  by  the  uodels  tested  were  made  using 
logarithmic  plots  of  the  centerline  velocity  decay.  This  method  was  chosen  because  such 
plots  display  clearly  not  only  the  local  agreement  (or  lack  of  agreement)  of  a  calculation 
with  the  data,  but  also  the  trend  this  agreement  shows  with  axial  distance.  Lateral 
velocity  profiles  at  various  axial  stations  were  not  used  because  all  calculations  produce 
much  the  same  shape  if  suitably  normalized.  Velocity  data  were  chosen  for  the  comparison 
because  of  their  ready  availability  in  the  experimental  literature. 

As  would  perhaps  be  expected,  there  is  no  one  locally-dependent  theoretical  model  for 
the  turbulent  shear  stress  capable  of  producing  satisfactory  predictions  for  the  entire 
range  of  free  turbulent  flotrc  considered.  However,  certain  of  these  models  do  perform 
fairly  adequately  over  a  limited  range  of  experimental  conditions.  The  bistory-dependent 
turbulent  kinetic  energy  approach  has  shown  that  it  can  produce  reasonably  accurate  pre¬ 
dictions  over  the  entire  range  of  flows,  given  adequate  knowledge  of  the  initial  shear 
s  tress . 


For  the  incompressible  jet  into  still  air,  the  best  results  are  obtained  using  the 
locally-dependent  model  developed  by  Ferri1?  (which  is  equivalent  for  this  flow  to  the 
Prandtl  eddy  viscosity  with  a  larger  constant).  The  prediction  of  the  kinetic  energy 
theory  is  also  reasonably  good.  These  two  models  provide  the  best  predictions  for  this 
flow,  illustrated  by  Fig.  2.  The  experiment  used  to  provide  the  initial  conditions??  docs 
,  „  not  nrovide  data  far  down- 

i.Uf  "  ■  ■  "  i  1  1  — r  1  - i 1 - 1 - 1 - 1 —  i 

stream.  A  composite  of  the 

0.8  -  downstream  data  from  all  of 

the  acceptable  jet  into  still 

0  5  -  ''s\\  -)  air  experiments  is  represented 

by  the  data  band.  It  can  be 
seen  that  the  Ferri  model 

0.4  -  '-Mv  -I  predicts  a  relatively  gradual 

transition  region,  but  that 

"c’"j  NxX  beyond  x/D  -  10,  t-*e  pro- 

- Ferri  Eddy  Viscosity  Kr- 0.025  diction  follows  the  mean  of 

- Kinetic  Energy,  a,  ■  0  3.  a,  ■  1.5  NSK  the  data.  The  kinetic  energy 

0.2  1  ‘  theory,  on  the  other  hand, 

appears  to  overpredict  both 
NiV  the  velocity  potential  core 

\\  length  and  the  asymptotic 

\  rate  of  decay  of  centerline 

O.ll - 1 - 1 - 1 - 1 — l  - _i - 1 - 1  ,i —  velocity.  However,  the 

1  2  4  6  8  10  20  40  60  80  100  kinetic  energy  theory  provides 

x/D  the  only  reasonable  prediction 

Fig.  2  Comparison  of  Best  Predictions  with  Composite  Data  SSSS^?— 

for  Incompressible  Jet-into-Still-Air  *ir'  ***»*•  3  ^ows 

this  prediction  as  well  as 

that  for  the  Prandtl  eddy 
viscosity  model1*-,  which  ie 

one  of  tin.  best  eddy  viscosity  predictions.  Thu  kinetic  energy  calculation  could  not  be 
started  before  x/D  =  14.45,  because  of  a  lack  of  shear  stress  profiles  before  this  point. 


V 


Comparison  of  Best  Predictions  with  Composite  Data 
for  Incompressible  Jet-into-Still-Air 


The  best  predictions  j  q 

for  the  coaxial  air-air 
mixing  data  shown  in  Figs.  0.8 

4  and  5  are  made  by  the 
kinetic  energy  theory  and,  0.6 

depending  on  the  axial 
distance  desired,  the 
Prandtl  eddy  viscosity  0  ^ 

model  or  the  Ferri  model. 

Taking  the  latter  two  first,  Uc/Uj 
it  will  be  noted  that  for 
incompressible  flow  the 
Ferri  model  is  equivalent  0.2 

to  the  Prandtl  model  with  a 
larger  constant.  Since 
both  models  predict  the 
same  rate  of  axial  decay  of 
centerline  velocity,  and  0.1 

this  predicted  rate  is 
smaller  than  the  observed 
rate,  both  models  tend  to 
intersect  the  data.  Be-  Fig.  3  Comparison  of  Best  Predictions  with  Data  for  the 

cause  of  its  higher  Compressible  Jet-iato-Still-Air .  Data  from  Eggersb , 

Mj  -  2.22 
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Vjjo 

uruo 


VU0 


Mode!  Constants 

Kinetic  Energy  a.  -  0. 3.  a,  •  1.5 

Prandtl  Eddy  Kp  -0.C/7  -  O.Oli 

Viscosity 

Schott  Kc»*0  018 

Ferri  Kp*  0.025 


0.6  •  iyu. .  o.  125 
0.4  Pjfeo 


UcAJj  ■  0.371 

Pjfro-0.89 


constant,  the  Ferri  model  predicts  that 
tte  velocity  decay  will  begin  earlier, 
and  thus  the  point  of  intersection  will 
appear  farther  downs treaa.  Bence, 

Figures  4  and  5  show  that  the  Prandtl 
sodel  provides  the  better  prediction  for 
x/D  <  20. 

The  kinetic  energy  theory  does 
quite  well  for  these  data.  For  the 
Paulk3  data,  the  kinetic  energy  calcula¬ 
tions  were  begun  downstream  of  the 
potential  core  using  measured  shear  stress 
profiles,  while  the  calculations  for  the 
Forstall*  data  were  begun  at  the  nozzle 
exit  using  measured  boundary  layer  thick¬ 
nesses,  1/7  power  law  profiles,  and  the 
Prandtl  eddy  viscosity  model  to  evaluate 
the  turbulent  shear  stress.  This  approach 
is  a  simplified  version  of  an  approach  to 
starting  kinetic  energy  calculations  using 
measured  boundary  layer  velocity  profiles 
and  eddy  viscosity  profiles  obtained  by 
liaise  and  McDonald^,  which  is  nor  in  use. 
The  latter  approach  has  proved  quite 
successful  for  free-mixing  flows  which 
start  from  turbulent  boundary  layers. 


For  hydrogen-air  mixing,  only  two  of 
the  models  tested  show  the  proper  behav- 

01 - ■ - 1 - 1 — 1 — 1 - 1 - 1 — j — i — 1  ior:  the  kinetic  energy  theory  and  the 

1  2  4  6  8  10  20  40  60  80  100  Schetz  displacement  thickness  model!5,16. 

x/D  There  are  two  features  of  the  hydrogen-air 

.  _ _ .... _  -  _  r*. _ _ _  data  used  here  which  most  turbulent  shear 

Fig.  4  Comparison  of  *est  Predictions  with  8tr„88  could  not  predict:  the 

Coaxial  Air-Air  Mixing  Data  of  Paulin  decreaiie  in  verity  potential  core  length 

with  increasing  outer-stream-to-jet  mass 

flux  ratio,  and  the  increase  of  slope  of  the  decay  curve  also  observed  with  increase  of 
this  ratio.  Figures  6  and  7  illustrate  the  performance  of  the  two  recommended  models. 

Both  of  these  models  exhibit  an  increase  in  velocity  decay  curve  slope  with  increasing 
Po«o/pjUj,  it;  18  not  possible  to  determine  whether  these  models  will  also  predict  a 
decrease  in  velocity  potential  core  length  as  p0U0/pjUj  increases,  as  the  Schetz  sodel  as 
used  here  incorporated  the  mixing  length  model  for  tne  core  region,  and  it  was  not  possible 


used  here  incorporated  the  mixing  length  model  for  tl 
to  start  the  kinetic  energy  calculations  at  x/D  -  0. 
of  agreement  with  the  data  is  better  for 
the  kinetic  energy  theory  than  for  the 
Schetz  model.  Some  error  is  inherent 
in  using  the  Schetz  model  (as  compared 
to  the  kinetic  energy  theory  in  predic¬ 
tion  of  centerline  decay),  but  the  be¬ 
havior  of  the  Schetz  model  is  such  as 
to  recommend  it  for  further  development. 


Both  the  two-dimensional  and  the 
axisymmetric  wake  data  used  show  an 
early  rapid  rise  of  centerline  velocity- 
followed  by  a  region  in  which  the  center- 
line  velocity  increases  more  gradually, 
eventually  approaching  an  asymptote. 

Thus  there  are  two  points  for  comparison 
between  theory  and  experiment  for  these 
flows.  The  performance  of  the  two  best 
models  for  the  axisymmetric  wake  is 
shown  on  Figure  8,  while  the  comparison 
for  the  two-dimensional  wake  i3  shown 
on  Fig.  9.  It  can  be  seen  from  these 
figures  that  the  kinetic  energy  model 
again  performs  quite  well  for  both  the 
initial  and  asymptotic  portions.  For 
the  axisymmetric  wake,  the  Ferri 
version!*  of  the  Prandtl  eddy  viscosity 
model  provides  a  good  prediction, 
although  i*  appears  that  the  asymptotic 
trend  of  this  model  is  to  underpredict 
the  centerline  velocity,  while  the 
Zakkay  modelH  provides  a  good  predic¬ 
tion  for  the  two-dimensional  wake, 
including  good  agreement  with  the 
asymptotic  trend  of  the  data. 


9  core  region,  and  it  was  not  possible 
These  figures  do  show  that  the  level 


Kineiic  Energy  aj  ■  0.3.  82  •  1.5 


-  Prandtl  Eddy 

Viscosity 

- Schetz 

-  Ferri 


KP. 

p  1 0.011 
Ksx-  0.018 
Kp- 0.025 


U0/Uj-0.20 


UQ/Uj  •  0. 25 
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VUo 
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Fig,  5  Comparison  of  Best  Predictions  with 
Coaxial  Air-Air  Mixing  Data  of 
Forstall4 
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- - Kinetic  Energy,  i,  •  0.3,  a,  •  1.5 

- Schetz,  K$w0.dl8 


Fig.  6  Comparison  of  Best  Predictions 
with  Coaxial  Hydrogen-Air 
Mixing  Data  of  Chriss5 


- Kinetic  Energy,  aj  *  0.3,  a?  •  1.5 

- Schetz.  Ksx*  0.018 


Fig.  7  Comparison  of  Best  Predictions 
with  Coaxial  Hydrogen-Air 
Mixing  Data  of  Chriss5 


Kinetic  Energy,  ai  -  0.3.  82  *  1.5 
Ferri.Kf0.0Z5 


x/D 


Fig.  8  Comparison  of  Best  Predictions 
with  Axisymmetrlc  Wake  Data  of 
Chevray® 


Fig.  9  Comparison  of  Best  Predictions 
with  Two-Dlmenn lonal  Wake  Data 
of  Cbevray  and  Kovasznay' 


5.  CONCLUSIONS  AND  RECOMMENDATIONS 

5.1  Recommendations  for  turbulent  shear  stress  models-present  use 

There  are  two  facets  of  a  free  mixing  flow  that  a  reliable  model  must  be  able  to 
predict:  the  potential  core  length  and  the  centerline  velocity  decay.  It  initial  profiles 
of  the  turbulent  shear  stress  are  known  or  they  can  be  reliably  calculated,  none  of  the 
locally-dependent  methods  considered  in  this  study  is  nearly  as  powerful  for  the  calculation 
of  centerline  velocity  decay  as  the  turbulent  kinetic  energy  method.  The  capabilities  of 
this  method  warrant  its  use  wherever  possible;  however,  because  of  a  lack  of  available 
initial  condition  data,  the  performance  of  the  kinetic  energy  method  in  predicting  the 
potential  core  remains  undemonstrated.  There  are  many  flow  phenomena  for  which  turbulent 
shear  stress  profiles  and/or  levels  are  unknown  and  it  must  be  recognized  that  for  engi¬ 
neering  purposes  such  will  always  be  the  case.  For  these  flows  locally-dependent  models 
must  be  used;  the  user  must  recognize  that  significant  errors  can  result  in  some  cases. 

Table  3  lists  the  locally-dependent  kinematic  eddy  viscosity  models  that  are  recommended 
from  the  resulte  of  this  study.  The  numbers  in  the  column  labeled  "observed  error"  should 
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Table  3 

Recommendations  for  the  Use  of  Locally  Dependent 
Turbulent  Shear  Stress  Kodels 


Typed 

ru... 

«  fOW 

Recommended 

Model 

Form  of 
Expression 

Constant 

Recommended 

Range 

Typical 

Observed  Error 

This  Study* 

Jet-into-  Still 
Surroundings 

Ferri 

e  *  *Frl/2  ,umax  *  umin* 

0.025 

All 

15%  Low  Tran¬ 
sition  Region) 

Coaxial  Air-Air 

Prandtl 

“Warnin' 

0.007b 

0  <  x/D  <  20 

26ft  High  (x/D  •  18) 

b-2rw 

0.0UC 

Ferri 

6  ‘*Frl/2<umax*umin* 

0.025 

x/D  >  20 

40%  High  (x/D  •  56) 

Coaxial  Hj-Air 

Schetz 

pe-Ks(p0U06?2Vr0 

0.018 

All 

40ft  Low  (x/D  -10. 4) 

Axisymmttric 

Wake 

Ferri 

6  '  *FrU2^max  *  ^min* 

0.025 

All 

Small 

2D  Wake 

Zakkay 

e  *  KZrU2uCL 

0.011 

All 

Small 

Compressible 

Prandtl 

c-Kpb(U(Wx-Uflli„» 

0.007b 

20  <  x/D  <  60 

35ft  Low  (x/D  -15) 

Jet 

b-2rU2 

0. 011c 

30ft  High  (x/D  *60) 

aError  in  prediction  of  centerline  velocity. 
^First  regime. 
cSecond  regime. 


not  be  taken  as  the  maximum  error  to  be  expected.  Rather  they  represent  typical  maximum 
errors  in  centerline  velocity  predictions  encountered  in  the  course  of  this  study;  they 
'Should  approximate  the  errors  to  be  expected  in  general.  The  most  widely  applicable 
model  is  the  Ferri  eddy  viscosity  model1^  which  formally  reduces  to  the  PrandtlH  model 
for  an  incompressible  flow.  The  Ferri  model,  however,  does  not  work  for  the  dissimilar 
gas  case  for  which  it  was  designed.  Note,  also,  that  the  Prandtl  model  is  listed  in 
Table  3  for  the  compressible  Jet  into  still  air,  although  the  error  involved  in  its  use 
is  very  nearly  prohibitive. 

5.2  Recommendations  for  turbulent  shear  stress  aodels-further  development 

Further  attempts  to  modify  the  basic  Prandtl  eddy  viscosity  model  or  the  mixing  length 
theory  to  make  them  apply  to  more  complex  flows  is  a  fruitless  avenue  of  attack.  The 
results  of  the  review  on  which  this  paper  is  based  have  shown  that  none  of  the  modifications 
of  the  Prandtl  eddy  viscosity  model,  including  the  Donaldson  and  Gray  compressibility 
correction^  are  capable  of  greatly  altering  the  basic  shape  of  the  axial  centerline  veloc¬ 
ity  decay  curve,  and  the  shape  predicted  by  the  Prandtl  model  and  all  of  its  derivatives  is 
incorrect  for  complex  (two-gas)  flows.  On  the  other  hand,  the  displacement-thickness  model 
proposed  by  Schetz  is  the  only  locally-dependent  model  to  show  the  proper  behavioral  trends 
for  hydrogen-air  mixing.  Because  of  tHs,  its  use  should  be  investigated  in  other 
dissimilar-gas  flows.  Further  work  should  be  done  in  applying  this  model  or  a  modification 
of  it  to  coaxial  single-gas  flows,  and  further  investigation  of  this  model  and  its  implica¬ 
tions  is  recommended. 

Given  some  knowledge  of  the  initial  turbulent  shear  stress,  the  turbulent  kinetic 
energy  method  is  capable  of  providing  better  and  more  uniform  predictions  over  a  wider 
range  of  flows  than  any  other  model  investigated .  Because  of  this,  it  clearly  holds  the 
greatest  promise  for  future  development.  The  most  Important  area  for  future  work  is  in 
establishing  methods  for  the  generation  of  the  proper  initial  conditions.  Another  area 
for  further  work  involves  the  establishment  of  better  models  for  the  terms  in  the  kinetic 
energy  equation.  The  models  and  constants  used  in  this  study  have  been  developed  rather 
crudely — they  seem  to  work  well,  but  that  does  not  mean  that  there  is  no  room  for  improve¬ 
ment  . 


It  is  somewhat  disturbing  that  after  all  of  the  effort  expended  on  research  on  free 
turbulent  mixing,  there  is  stil)  no  reliable  way  to  make  engineering  calculations  of  any 
but  the  most  basic  free  turbulent  flows.  In  part  this  situation  is  a  result  of  the  diffuse 
nature  of  free  turbulence  research,  with  many  workers  in  many  laboratories  investigating 
different  facets  of  the  problem.  Seldom  is  their  work  widely  reported,  with  the  result 
that  new  workers  in  the  field  all  too  often  have  to  repeat  all  of  the  pievious  mistakes  in 
order  to  become  aware  of  the  deficiencies  of  the  various  models  for  the  free  turbulent  shear 
stress.  Too  many  attempts  are  made’ — perhaps  due  more  to  necessity  than  to  desire — to  analyze 
complicated  flow  systems  while  simple  ones  are  rot  understood.  Such  analyses  bury  the 
turbulent  shear  stress  models  so  deeply  under  assumptions  for  the  other  variables  in  the 
problem  that  when  they  fail,  as  they  all  too  often  do,  their  failure  sheds  no  light  on  the 
turbulent  shear  stress  model  involved. 
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The  study  summarized  here  was  undertaken  to  establish  the  state  of  the  art  in  free 
turbulent  mixing.  This  involve--*  a  critical  analysis  of  the  available  free  turbulent  nixing 
experiments  and  of  the  available  models  for  the  free  turbulent  shear  stress.  One  result  of 
this  study  is  the  establishment  of  limits  within  which  various  shear  stress  models  may  be 
used,  although  possibly  with  considerable  error.  But  a  potentially  far  more  important 
result  is  the  demonstration  of  the  accuracy  of  the  history-dependent  kinetic  energy  method. 
The  methods  of  analysis  which  take  into  account  the  structure  of  the  turbulent  flow  seem  to 
offer  the  hope  of  escape  from  the  blind  alleys  into  which  locally  dependent  models  have  led: 
methods  which  fail  to  take  into  account  the  fact  that  the  flow  is  turbulent,  and  not  laminar 
with  some  badly  behaving  viscosity,  can  never  be  made  to  agree  with  more  than  a  small  range 
of  experiments.  Clearly  the  time  has  come  that  methods  of  analysis  of  turbulent  flow 
recognize  that  it  is  indeed  turbulent. 
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SUMMARY 


The  rate  of  viscous  dissipation  in  a  turbulent  jet  is  examined  in  some  detail.  A  correlation  of 
the  mean  rate  of  dissipation  on  the  center-line  in  terms  of  the  orifice  Reynolds  number  and  a  dal  position 
is  established.  Measurements  of  the  velocity  and  velocity  derivative  are  described  for  a  jet  :f  orifice 
Reynolds  number  of  I.  2  x  10'’.  The  spectrum  of  the  square  of  the  velocity  derivative  was  found  to  be 
similar  to  those  obtained  for  atmospheric  boundary  layer  flows  at  very  large  Reynolds  numbers  when 
normalized  with  Kolmogoroff  length  and  time  scales.  Spectra  of  higher  order  moments  of  the  velocity 
derivative  are  also  presented  and  compared  to  Novikov's  predictions  of  the  power  law  subranges. 


1 .  INTRODUCTION 

The  mean  rate  of  viscous  dissipation  of  turbulent  kinetic  energy  per  unit  mass  of  fluid,  { e )  ,  is 
an  important  quantity  in  the  energy  budget  for  the  turbulent  jet.  It  is  also  of  importance  in  determining 
the  fine  scale  structure  of  the  turbulence.  In  this  paper  the  dissipation  rate  in  a  turbulent  jet  is  exam¬ 
ined  in  some  detail.  First,  a  correlation  of  (()  in  terms  of  the  independent  variables  of  the  flow  is 
established.  From  this  and  other  well-known  results  for  the  self-preserving  jet,  relations  for  the  vari¬ 
ations  of  the  Taylor  microscale  and  the  Kolmogoroff  length  with  Reynolds  number  ami  axial  distance  are 
derived.  Secondly,  experimental  results  of  the  fluctuations  of  the  dissipation  rate  i:i  a  turbulent  jet  are 
presented  and  compared  to  similar  measurements  in  atmospheric  boundary  layers. 


2.  CORRELATIONS 

Landau  and  Lifahitz  (1959)  show  by  dimensional  arguments  that  (c)  is  proportional  to  the  cube 
of  a  characteristic  velocity  difference  divided  by  a  characteristic  length,  both  representative  of  the  mean 
flow.  Gibson,  Chen  ard  Lin  (1968)  have  used  this  method  to  correlate  (e>  for  a  sphere  wake  flow.  For 
the  jet,  on  the  center-line,  we  take  the  mean  center-line  velocity  Um  as  the  characteriitic  velocity 
and  the  mean  width  w  as  the  characteristic  length  (see  Fig.  1  for  a  sketch  defining  notation).  For  the 
self-preserving  jet,  it  is  well  known  that  Um/U0  ~  (x/D  -  x0/D)'*  (where  xQ/D  is  the  virtual  origin) 
and  w  —  x,  which  results  in 


<f  >D 


o 


,x  -4 
C  D 


(1) 


where  c  =  a  constant  to  be  determined,  and  the  virtual  origin  has  been  neglected.  Figure  2  shows  a 
compilation  of  (e>  data  covering  the  range  20  s  x/D  s  70  and  10*  <  i’e0  <  5  x  10®  (ReQ  =  UQ D/f  ) 
plotted  according  to  the  above  formula.  The  data  correlate  fairly  well,  and  a  v^lte  of  c  =  48  is  indicated. 
It  should  be  noted  that  the  measured  values  of  (c)  can  be  underestimated  due  to  tie  finite  hot-wire 
length  effect  (Wyngaard,  1969),  but  corrections  for  this  effect  have  not  been  made  to  the  data  in  Fig.  2. 

With  the  equation  (1)  and  results  for  the  self-preserving  jet  (Wygnanski  and  Fiedler  (1969)),  the 
Taylor  microscale  Xj  =  [(u2>/(( du/dx)^)]^^  may  be  calculated,  (u  and  du/dx  ire  the  fluctuating 
streamwise  velocity  and  its  derivative,  respectively.)  Using  _  o.  2*  ,  Um/U0  =  5.  4  (x/D)'  * 

for  x/D  >  xQ/D,  and  as suming  local  isotropy  (((du/dx)2)  =  (e)/ ISv),  the  result  is 
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Wygnanski  and  Fiedler  experimentally  found  X^=  3.  4  x  10  x  for  a  jet  of  Ree  =  1x10  ,  whereat  the 
predicted  value  according  to  equation  (2j  is  A  f  -  2.8  x  10*3x.  Similarly,  the  Kolmogoroff  length 
scale  1}  =  (a?3/ <f  >]1  ,  it  ij  =  (48  Thut  from  the  correlation  of  (<>  and  well-known 

results  for  the  basic  properties  of  the  turbulent  jet,  certain  features  of  the  fine  scale  structure  can  be 
predicted. 

3.  EXPERIMENTAL  ARRANGEMENT 

The  present  measurements  were  made  on  the  center-line  of  a  jet  at  x/D  *  40.  The  jet  diameter 
D  v/as  2.8  inches  and  the  orifice  Reynolds  number  Re0  =1.2  x  10s.  A  linearized  constant  ane¬ 
mometer  (Thermo-Systems,  Inc. )  was  used  with  a  0.  00015  diameter  x  0.  050  inches  long  platinum- 
plated  tungsten  hot-wire.  The  probe  was  aligned  on  the  axis  of  the  jet  with  a  laser.  The  linearized 
signal  proportional  to  the  velocity  was  low -pass  filtered  and  differentiated  with  a  Tektronix  3A8 
operational  amplifier.  The  velocity  and  velocity  derivative  signals  were  recorded  on  an  FM  tape 
recorder.  On  playback,  the  signals  were  simultaneously  digitized  with  a  two  channel  12  bit  analog  to 
digital  converter  with  low-pass  filtering  used  to  reduce  aliasing  effects.  Statistical  and  spectral  analyses 
were  performed  on  a  CDC  3600  computer. 

4.  RESULTS 

4.  1  Statistics 

A  summary  of  the  statistical  results  is  presented  in  Table  1.  The  mean  velocity  ratio,  U0/Um  , 
and  the  streamwise  intensity  (u2)I^2/Urn  agree  fairly  well  with  the  data  of  Wygnanski  and  Fiedler  who 

Table  1 

Re  =  120,000  Jet,  x/D  =  40,  Centerline, 
o 

1.  U  /U  =  6.2,  <u?>‘/2/U  =  0.25 

o  m  m 

2.  S  =  Skewness,  K  =  Kurtosis,  u  =  du/dx  =  -  ~  ~ 

U  dt 


S  =  0.09 
u 

K  =  2.85 
u 

S,  =  -0.46 
u 

K.  =  9.  2 
u 

s|g|"2-7 

Ki.  I  —  16.5 

M 

S  *  11 

K  ,  ^  215 

(u)2 

<i)2 

S  .  ss  40 

IM3 

K  ,  —  3660 

lul3 

S  4  ®  70 

K  2!  7650 

<u) 

<u)4 

reported  6.6  and  0.29,  respectively.  The  velocity  u  was  found  to  be  very  nearly  Gaussian  with  skew¬ 
ness  Su  =  0.09  and  kurtosis  K  =  2.85.  (For  a  random  variable  x  ((x)  =  0),  we  use  the  definitions 
Sx  -  (x3)/\x2)3^2  and  Kx  5  l,x'*)/(x2)2  .)  The  present  data  on  the  statistics  of  the  velocity  deriva¬ 


tive  lend  support  to  the  predictions  of  Wyngaard  and  Tennekes  (1970)  about  the  variations  of  S,j  with 
K^ ,  and  S^  and  with  R^  .  (R^  is  the  "turbulence  Reynolds  number1  1  =  <u2>1/2  \f/p.)  They 

presented  data  for  R^j  =  200  (a  laboratory  mixing  layer)  and  R^£  >  2000  (atmospheric  boundary 
layer).  The  present  data  at  =  540,  an  intermediate  value,  agrees  fairly  well  with  their  formu¬ 
las  -Sj  =  0.214  K^3/8,  -Sj  =  0.15  R^f  3/16  and  =  0.44  Rxf1/2.  There  have  been  other 

predictions  about  the  statistics  of  the  velocity  derivative:  Corrsin  (1962)  obtained  ~  R^372,  Tennekes 
(1968)  obtained  K^  ~  R\^  and  Saffman  (1970)  found  Kj,  ~  R^  and  =  constant.  The  present  results, 
those  of  Kuo,  and  Wyngaard  and  Tennekes  do  not  appear  to  confirm  those  predictions.  It  should  be  noted 


that  the  formula  of  Wyngaard  and  Tennekes  relating  to  Ru  does  not  describe  results  at  low  -  - 
R\f(<  200).  Kuo  (1970)  measured  K^  for  12  <  R^f  <  830,  and  for  R^f  <  200.  found  K^  ~  R^‘  . 
Kuo  (1970)  obtained  K^  =  10  for  a  jet  of  R^j  =  830,  slightly  less  than  predicted  by  Wyngaard  and 
Tennekes.  Kuo  also  investigated  the  effect  of  low  pass  filtering  on  Kj  :  in  the  present  experiments, 
the  velocity  derivative  was  low  pass  filtered  at  a  cutoff  frequency  equal  to  0.  75  of  the  Kolmogoroff 
frequency.  From  Kuo's  results,  it  can  be  estimated  that  K^  for  the  cutoff  frequency  equal  to  the 
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Kolmogoroff  frequency  would  be  10  for  our  experiment. 

4.  2  Velocity  Spectra 

The  cne-dimensiona;  velocity  and  velocity  derivative  spectra,  normalized  with  Kolmogoroff 
length  and  velocity  scales,  are  presented  in  Fig.  3.  In  that  notation  ^ufrlK^=  OO/lCt'1 '4l/5/4)( 
ift(klK)  -  k2^u  (c  and  =  k(t/3/(f > ) 1  /4  where  (u^>  =  "q  ♦u(k)dk,  ((du/dx)2>=jQ°®ji(k)dk 

and  use  has  been  made  of  k  =  Ztrf/Um.  The  integral  scale,  Lx  =  it  4u(k-0 ) /(2*.  u^  > )  was  10.5  cm 
and  r)  was  0.016  cm.  The  spectra  show  the  existence  of  an  inertial  subrange;  using  the  derivative 
spectrum  as  a  sensitive  test  of  this,  one  decade  of  kj^2  is  indicated.  The  one  dimensional 
Kolmogoroff  constant  otj  =  4^  'f)/(21t  Um«t>2  3  k1  /3)  is  0.56,  a  value  intermediate  between  0,48 
that  h»s  been  reported  from  many  measurements  (Pond,  et  al.  (’966))and  0.7  (Gibson,  Stegen, 

Williams  (1970)),  for  a  high  atmospheric  boundary  layer.  The  present  value  however,  is 

subject  to  wire  length  corrections  (6wire/'/J  =  8.  3)  (Wyngaard  1969),  and  it  is  estimated  that  the 
correct  value  is  0.5. 


4.  3  Dissipation  Rato  Fluctuations 

Recent  evidence  about  the  nature  of  the  rate  of  dissipation  in  high  Reynolds  number  atmospheric 
flows  has  shown  that  f  is  intermittent  in  the  turbulent  field.  (For  a  review,  see  Gibson,  Stegen  and 
McConnell  (1970). )  Kolmogoroff1  s  original  similarity  theory  did  not  take  this  into  account;  for  example, 
the  spectrum  of  f  in  the  inertial  subrange  is  given  by  4f  ~  fc)4  kb  ~  (c>2  k~*  from  dimensional 
analysis.  (Or,  alternatively  k#(  ~  (f)2  =  constant  in  the  inertial  subrange,  according  to  the 
"cascade11  model.  )  Kolmogoroff  (1962)  subsequently  modified  the  original  hypotheses,  which  Yaglom 
(1966)  put  in  spectral  form  as  4f  ~  k'1  +  M,  where  fi  =  a  constant  to  be  determined.  The  atmos¬ 
pheric  measurements  show  ft  =  0.33  to  0.64  for  the  atmospheric  boundary  layer,  and  ft  =  0.85  for 
a  low  Reynolds  number  mixing  layer  (Wyngaard  and  Tennekes  (1970)  ).  It  is  desirable  that  similar 
measurements  be  made  in  large  Reynolds  number  non-atmospheric  flows,  such  as  a  jet,  to  determine 
the  universal  behavior,  if  ar.y,  of  Kolmogoroff' s  modified  theory  (Stewart,  Wilson  and  Burling  (1970)), 
In  addition  to  a  determination  of  the  constant  ft  at  an  "intermediate"  Reynolds  number,  it  is  of  interest 
to  find  out  if  the  power  spectra  r'  4f  ,  normalized  with  Kolmogoroff  length  and  time  scales,  collapse 
onto  a  universal  curve.  Noting  mat  Jq30  (k)  dk  -  ((x  -  (x>)^>  ,  we  write 


4  (k) 


»j<f> 

L<<>2 

Taking  c  =  15|/(u)2 


*<(klK>  =  VklK> 


Vk> 


K^  -  1  rj((u)2) 


(3) 


obtained  by  Wyngaard  and  Tennekes  (1970'.  Hence  we  may  define  a  subrange  constant  Qtf  by 
4  fk,^)  =  af  kjj^-1  +  f*.  Figure  4  shows  the  present  data,  the  data  of  Wyngaard  and  Tennekes  for  the 
Rj^j  =  290  mixing  layer,  and  the  range  of  four  spectra  of  Gibson,  Stegen  and  McConnell  (1970), 
plotted  according  to  equation  (3).  They  collapse  onto  a  universal  curve  with  a  value  of  af  =  0.5.  For 
the  jet  data,  approximately  one  decade  of  a  power  law  subrange  is  obtained  with  fl  =  0,5,  in  agreement 
with  the  atmospheric  data  of  Gibson,  Stegen  and  McConnell  and  Van  Atta  and  Chen(1970).  The  low 
Reynolds  number  results  of  Wyngaard  and  Tennekes,  while  exhibiting  about  the  same  high  wave  number 
shape,  do  not  show  a  ft  -  0.  5  subrange,  perhaps  due  to  the  absence  of  an  inertial  subrange,  it  should 
be  noted  that  Stewart,  Wilson  and  Burling  (1970)  obtained  fl  =  0.  35  in  an  atmospheric  boundary  layer; 
the  reasons  for  the  different  values  are  not  understood  at  the  present  time. 

Novikov  (1966)  considered  spectra  of  higher  moments  of  u  and  predicted  power  law  subranges 
given  by 


4  (k) 

frl" 


k-l  +  (n-l)jl 


n  =  2,  3,  4  ...  , 


(4) 


which  for  n  =  2  reduces  to  Yaglom' s  result.  By  an  analysis  similar  to  that  for  4  ,(k),  we  may 

(6)2 
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normalize  the  higher  order  spectra.  The  results  for  n  =  3  and  4  are 


$  .(k,w) 

iur  1K 


-I 

-  i|<|u|3>2 


and 


'klK> 


The  values  for  the  skewness  and  kurtosis  values  of  |u|,  u  and  (u)  are  given  in  Table  1.  Figure  5 
shows  the  spectra  of  $  .(k]  ff)  and  $  >  (kj  j^).  The  results  do  not  follow  Novikov's  prediction; 

power  law  subranges  lul  do  exist,  M  but  the  slopes  are  not  given  by  equation  (4).  If  we  take 

H  =  0.5,  the  slope  of  the  subrange  for  ¥  .(kjj^)  would  have  been  zero,  and  that  for 

^..,4<klK)  would  be  +1/2.  Gurvich  H  and  Zubkovskii  ( 1965)  did  report  agreement  with 
(“)  Novikov's  formula  for  a  transverse  velocity  derivative  measured  in  an  atmospheric  boundary  layer 


with  a  sonic  anemometer  of  limited  spatial  resolution.  The  present  results  do  show  a  trend  of  the  sub¬ 
range  slope  approaching  zero  (white  noise)  as  n  increases.  This  result  is  not  inconsistent  with  a 
model  of  the  |u|n  time  series  approaching  a  time  series  of  random  delta  function  for  large  n.  The 
large  gradients  in  u  are  amplified  as  n  increases,  which  results  in  the  extremely  large  kurtosis 
values  of  |u|n  shown  in  Table  1  for  n  =  2,  3,  4.  Portions  of  the  actual  time  series  of  u  and 
(u)4  are  shown  in  Fig.  6. 


5.  CONCLUSIONS 

The  mean  rate  of  viscous  dissipation  (()  was  found  to  be  correlated  by  the  method  proposed  by 
Landau  and  Lifshitz  for  a  wide  range  of  Reynolds  numbers.  With  the  correlation  of  (c>  and  well-known 
results  for  the  self -preserving  jet,  quantitative  formulas  for  the  Taylor  microscale  and  the  Kolmogoroff 
length  were  developed.  The  above  correlations  may  be  useful  in  designing  jet  experiments  and  in 
modeling  the  rate  of  dissipation  term  in  the  full  equations  of  motion. 

The  turbulence  measurements  indicated  the  existence  of  an  inertial  subrange  of  about  one  decade 
in  wave  number.  The  statistics  of  the  velocity  derivative  were  found  to  agree  with  the  predictions  of 
Wyngaard  and  Tennekes.  The  local  rate  of  viscous  dissipation  was  found  to  be  intermittent,  as  has 
been  previously  observed  in  high  Reynolds  number  atmospheric  flows.  The  constant  ji  was  found  to 
be  0.5,  and  the  normalized  spectra  of  the  dissipation  rate  for  the  jet,  a  mixing  layer  and  the  atmospheric 
boundary  layer  collapsed  to  a  universal  form  at  high  wave  numbers.  Spectra  of  higher  order  moments 
of  the  velocity  derivative  did  not  agree  with  Novikov's  prediction  of  the  subrange  slopes. 
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Figure  1.  Sketch  of  Axisymmetric  Jet 
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"VELOCITY  AND  DENSITY  MEASUREMENTS  IN  A  FREE  JET" 
by  O.H.  Wehrnann*) 

Vereinigte  Flugtechnische  Werke-Fokker  GnbH. ,  Brenen 


The  fl.ctuating  properties  in  a  turbole.it  flew  are  aue  to  convection,  diffusion,  production, 
dissipation  and  prec  uie  transport.  T»  perform  an  energy  balance,  not  only  velocity  terns  have  to 
be  Measured  but  also  the  pressure  or  density  conponerts  of  the  pressure  transport  tern. 

Velocity  fluctuations  mo  be  neasurea  t ,  the  veil  established  hot-wire  technique!  in  contras*  to 
this,  the  local  aoastnrtnt  of  the  density  fluctuations  presents  a  certain  problen,  esspecially 
if  the  disturbance  o<  t;ie  flow  field  by  e  density  Measuring  would  have  to  be  kept  as  snail  as 
possible.  To  obtain  a  local  w  .surenent,  a  focussed  laser  beaa  Mach-Zehnder  interferometer  was 
used.  The  flow  weaau. cxents  were  nade  for  the  flow  field  behind  a  2,5  cn  nozzle  at  a  flow  veloci¬ 
ty  of  43  n/sec.  The  flow  in  the  center  of  the  nozzle  at  the  exit  plane  was  laainar  or  nade  turbu¬ 
lent  by  the  insertion  of  a  screen.  The  measurements  were  nade  for  three  flow  paraneterst 

(l)  the  velocity  fluctuations  u*  in  the  flow  direction  U,  (2)  the  density  fluctuations^  and 
(3)  the  correlation  u’.J*  .  Froa  these  neasurenents ,  the  pressure  transport  tern  in  the  x  direction 
could  be  calculated. 


NOTATION 

A , B ,0 , D 
E 
I 
k 
1 
N 

P 

R 


U.V.W 

u'.v’.w’ 

X,Y,Z 

X 

a 

$ 

Jr' 

V 


Constants 

Density  fluctuations  tern  (equ.  3) 
Intensity 

Havenunber  of  light 
Length 

Number  of  shifted  fringes 
Pressure 

Correlation  coefficient 
Radius 

Nozzle  Radius 

Velocity  conponents 

Fluctuating  velocity  conponents 

Coordinates 

Wavelength  of  light 

Gladstone  constant 

Density 

Fluctuating  dens' ty 

Density  of  standard  atmosphere 

Vortex  strength 


t 


*  Dr.-Ing.,  Head  of  Theoretical  Aerodynamics  Department 
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1.  INTRODUCTION 

If  one  assumes  the  validity  of  the  Xavier  Stokes  ecquation  to  describe  the  fluctuating  properties 
i.i  a  turbulent  flow  than  complete  experimental  proof  of  such  an  assumption  is  still  missing  because 
certain  terms  have  not  been  measured..  For  the  case  of  a  turbulent,  unheated  jet  at  subsonic  veloci¬ 
ties,  the  simplified  equation  would  read  as  follows: 

Convection 

'&{U(U-2.V2.W2^  .  v***] 

Diffusion 

*  *[**•&*'*& *  1777 -If]  ♦  *  i 


Production  Pressure  transport 


Dissipation 

In  the  past,  the  terms  containing  velocity  components  were  measured  by  the  well  established  hot¬ 
wire  technique.  But  the  terms  related  to  the  pressure  transport  can  only  be  estimated  under  the 
assumption,  that  the  equation  itself  is  correct  and  that  by  performing  an  energy  balance  the  nume¬ 
rical  value  can  be  determined.  Strictly  speaking,  such  a  method  is  no  proof  of  the  theory  whatso¬ 
ever,  because  the  "proof*  is  a  priori  given  by  the  applied  method.  Cl] 

Therefore,  the  need  exists  for  a  device  to  measure  the  der.sity  or  pressure  fluctuation  in  a  local 
area  of  a  turbulent  floe  to  perform  a  real  energy  balance.  Such  a  device  was  used  in  form  of  a 
focussed  Mach— Zehnder  interferometer,  where  the  light  source  consists  of  a  Helium  Neon  Laser.  The 
characteristics  of  the  equipment  will  be  described  later;  by  combining  the  hot-wire  method  with 
the  interferometer  method,  velocity  and  density  fluctuations  could  be  measured  and  the  correlation 
between  the  two  flow  pr-irameters  determined. 

Generally  ,  two  types  of  flow  behind  a  nozzle  exist,  depending  of  the  conditions  of  the  experimen¬ 
tal  arrangement.  These  might  be  called  the  boundary  conditions  at  the  exit  plane  of  the  nozzle.  - 
In  the  first  case,  the  air  approaching  the  nozzle  flows  out  of  a  large  reservoir  and  can  be  con¬ 
sidered  laminar,  in  the  second  case,  the  air  flow  at  the  exit  of  the  nozzle  is  already  turbulent. 

Close  to  the  nozzle,  at  distances  of  the  order //i;:  0...10,  the  two  flow  fields  will  be  completely 
different,  but  at  large  enough  distances,  the  flow  fields  will  become  similar  (similarity  hy¬ 
pothesis).  The  present  study  was  confined  to  measurements  at  short  distances  to  study  the  two  dif¬ 
ferent  types  of  flow;  also  the  only  fluctuating  velocity  to  be  measured  was  the  u’  component. 

2.  EXPERIMENTAL  ARRANGEMENT 

The  measurements  were  made  under  well  controlled  conditions.  To  ensure  reliability  of  the  hot-wire 
and  interferometer  measurements,  the  air  in  the  area  of  the  experimental  setup  was  kept  under  the 
following  conditions: 

dust  and  particle  f-ee  by  an  electrostatic  filter,  temperature  constant  to  +  0.5  F,  and  humidity 
at  70  %  +  1  %•  The  speed  of  the  airflow  was  kept  constant  to  +  0.5  by  an  electronic  device;  all 
line  voltages  were  regulated  to  +  0.1  %,  The  Constant  Temperature  hot-wire  set  was  a  DISA  55  DO  1 
type  with  lincarizer  55D10  and  Correlator.  RMS  measurements  were  made  by  two  DISA  55  D  35  RMS  me¬ 
ters.  The  electronical  components  of  the  interferometer  were  of  own  design.  (Figure  l). 


Fig.  1  Experimental  arrangement 
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A  1'*  nozzle  wait  connected  to  a  settling  chaaber;  by  insertion  of  screen*  with  different  mesh 
sizea  inside  the  nozzle  the  flow  at  the  eiit  could  be  aade  turbulent.  The  interferometer  with  the 
hot-wire  probe  together  were  fastened  to  a  movable  platform,  which  could  be  positioned  in  two 
coordinates  (X  and  ¥  direction).  In  addition,  the  hot-wire  could  be  moved  against  the  platform  it¬ 
self  to  change  the  spacing  between  the  focal  point  of  the  interferometer  and  the  wire  itself.  This 
was  necessary  for  calibration  purposes  and  for  correlation  measurements. 

2.1.  FOCUSSED  LASER  INTERFEROMETER 

Density  measurementes  in  general  can  be  aade  by  the  well-known  Kach-Zehnder  interferometer,  where 
the  influence  on  the  speed  of  light  ty  the  changes  in  density  can  measured.  To  ensure  a  reliable 
measurement,  the  other  parameters  such  as  numidity  and  temperature  have  to  be  kept  constant  if 
one  desires  an  uncomplicated  method.  The  advantage  of  such  an  instrument  is  the  fact,  that  no  pro¬ 
be  has  to  be  inserted  in  the  flow,  the  disadvantage  can  be  seen  in  the  fact,  that  the  received 
signal  is  the  integrated  signal  along  the  path  of  light.  A  local  information  can  not  be  retrieved 
from  the  measured  signal.  To  overcome  this  difficulty,  a  focussed  laser  beam  interferometer  was 
built.  Generally  every  Mach-Zehnder  interferometer  uses  two  light  beams  (or  light  rays)  which  in¬ 
terfere  with  each  other.  One  of  the  beams  (measuring  beam)  passes  through  the  medium  to  be  measu¬ 
red,  whereas  the  other  beam  (reference  beam)  is  shielded.  In  t'.\s  area  of  intersection  of  the  two 
beams,  changes  in  the  measuring  beam  influence  the  location  of  rh-.*  fringes.  For  a  fixed  point  in 
the  plane  of  intersection,  an  amplitude  modulation  occurs  as  a  consequence  of  the  fringe  movement. 
The  transfer  functions  arc: 

a)  the  output  of  the  Mach-Zehnder  interferometer 

X/ftAl  (i) 

ifd(is  known,  it  follows: 

-dN  *.// 3L  (u) 

The  change  in  density  is  therefore  proportional  to  the  chautge  ir.  the  fringe  position, 
b.)  The  intensity  between  two  adjacent  f.'inges: 

rCL)=  AC'i-  Co$2rk'dLJ  f?  (2) 

The  change  in  intersitv  is  therefore  nonlinear  for  s  linear  phase  or  length  change.  These  equa¬ 
tions  are  valid  for  each  light  ray  of  the  light  beam.  For  a  given  system  it  follows  from  (4.) 

*c  if; 

For  the  case  of  the  focussed  bean,  the  beam  entering  the  vest  area  is  expanded  by  a  lens  system  1 
(in  the  present  case  to  2”  as  compared  vo  1/25“  originally)  and  is  focussed  at  the  focal  point, 
which  is  considered  to  be  the  measuring  point.  The  beam,  after  passing  the  focal  point,  expands 
again,  and  is  refocussed  by  a  second  lens  system  2  to  interfere  with  the  reference  beam. (Figure  2). 


Fig.  2  Focussed  laser  interferometer 
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A  amplified  explanation  of  the  working  principle  is  as  follows] 

Each  light  ray  travelling  through  the  test  section  is  influenced  by  the  different  densit'  changes 
along  his  path.  At  the  focal  point',  the  density  changes  influence  each  ray  L;  the  saae  a'aount.  ao 
that  each  light  .’ay  contains  a  certain  percentage  of  information  shout  the  focal  point. 

Dividing  each  ray  in  sssll  element*  of  constant  length  jJ  L  on  Bight  write  (lb)t 


=  D  A  N 


For  a.  given  r*y  it  follows: 


*  “J  J 

where  Jjj  is  the  density  change  at  the  focal  point 
Adding  the  signals  of  a  rays  together 


lU- 


+lM 


»<n 


(4) 


Si  is  the  density  fluctuation  to  be  measured,  which  differs  froa  the  received  signal  by  the 
term.  This  tera  E  depends  of  the  correlation  factor  of  the  fluctuation  eleaents  and  depencs  there¬ 
fore  of  the  existing  flow  field;  iat  can  be  sssuatd,  that  certsin  amplitudes  and  frequencies  sre 
cancelling  each  other  because  of  phase  differences.  The  aaplitude  of  the  fluctustions  st  the  focsl 
point  is  amplified  by  the  factor  a  and  enhances  the  signsl  sgainst  the  background  of  the  signal  Ej 
with  other  words  the  ratio  ^  jj  /  E  is  the  signal  to  noise  ratio. 


Tha  signal  bean  and  the  reference  beaa  interfere  on  a  plane,  which  is  a  glsss  plate  containing  the 
holographic  picture  of  the  test  section  without  flow.  (Stored  beaa  technique).  The  changes  of  the 
holographic  picture  by  the  signal  beaa  are  aeasured  by  a  photocell.  A  second  photocell  delivers  a 
signal  for  the  feedback  eystea  of  the  fringe  stabilizer. 


Noraslly,  the  ataoility  of  the  fringe  pattern  of  the  holographic  pie  'ire  is  influenced  by  changes 
in  the  interferometer,  partially  because  of  length  changes  in  the  interferometer  due  to  temperature 
changes  or  very  small  changes  in  the  frequency  of  the  lsser  light.  The  sutxaatic  fringe^sd justing 
system  operates  in  the  frequendy  range  froa  0  to  10  Hz  and  intensities  of  •  10~5  could  be 

aeasured.  The  adjustment  also  defines  the  operating  point  of  the  systea  si  a  location  of  1/4  be¬ 
tween  two  adjacent  fringSj.  Here,  the  aodulstion  characteristics  according  to  (2)  can  be  conside¬ 
red  linear  for  small  aodulstion  amplitudes.  The  stabilizstion  is  accomplished  by  the  modulator  in 
the  reference  beaa.  The  error  signsl  of  the  second  photocell  is  aaplified  and  the  modulator  in¬ 
fluences,  the  phase  of  the  beaa  to  reestablish  the  wave  front  pattern. 

To  calibrate  the  instrument,  an  error  signal  wss  fed  in  the  open  loop  of  the  feedback  system  and 
the  generated  output  voltage  was  aeasured.  The  operating  point  was  checked  on  the  scope. 

Since  the  connection  between  density  £  end  the  pressurep  in  the  sdiabatic  stste  is  given  by  the 
law  for  a  perfect  gas,  a  calibration  for  the  pressure  fluctuation  is  easily  accomplished. 

A  more  detailed  description  is  given  under 


3.  MEASUREMENTS 


The  flow  eeasureaenis  were  aade  behind  a  1"  nozzle  at  a  flow  velocity  of  43  a/aec.  The  flow  in 
the  center  of  the  nozzle  at  the  exit  plane  waa  laainar  or  aade  turbulent  hy  the  inaertion  of  a 
screen.  Three  flow  paraaetera:  the  velocity  fluctuationa  u'  in  the  flow  direction  U,  the  density 
fluctuations  £*  and  the  correlation  u '  f 1  were  aeaaured.  The  preaaure  transport  tera  in  the  X 
direction  was  calculated  hy  the  uae  of  the  conclation  aeaaurenents. 

To  display  the  results  of  the  arasureaents  in  a  aure  visible  and  underatandahle  way,  the  reaulta 
were  plotted  in  the  fora  of  asps  of  the  flow  field  for  one  of  the  three  paraaetera. 

The  lines  in  such  a  aap  represent  the  iaof luctuations  of  the  velocity,  or  the  density,  the  isocor¬ 
relation  and  the  isopressure  transport  aezaureaenta.  Before  an  analysia  ia  aade,  a  few  remarks  a- 
bout  the  two  different  types  of  flow  are  necessary.  The  present  investigation  deala  with  the  flow 
field  close  to  the  nozzle,  where  the  characteristics  of  the  two  flow  types  differ  reaarkablyt  both 
types  have  in  coaaon,  that  the  flow  close  to  the  nozzle  ia  in  aoae  kind  of  a  transition  stage  and 
that  the  final  stage  of  self  preservation  will  be  reached  at  a  such  lager  distance.  Therefore, 
the  aaplitude  of  the  turbulent  fluctuations,  their  growth  or  decay  and  the  spectral  distribution 
will  undergo  changes  as  the  fluid  is  aoving  downs treaa. 

The  laainar  jet  becoaes  turbulent  aainly  hy  the  instability  of  the  free  shear  layer.  Here,  wave 
like  disturbances  in  a  certain  frequency  range  grow  in  aaplitude  to  fora  a  vortexlike  flow  aove- 
aent.  After  further  aaplification,  the  vortices  diffuse  in  aaaller  eleaenta,  whose  fluctuating 
coaponents  are  feeding  the  laainar  core  region  of  the  jet.  According  to  the  general  experience, 
the  laainar  core  ceases  to  exist  after  a  distance  of  X/r^^fand  the  process  of  equalization  con¬ 
tinues  until  soae  kind  of  self  preservation  for  the  whole  jet  area  occurs.  Details  of  this  type 
of  flow  were  already  reported.  £3>4i5j 

The  tu.-hulent  jet  in  soae  way  ^presents  the  opposite  type  of  flow.  At  the  exit  of  the  nozzle  the 
turhulent  fluctuations  of  the  jet  core  interact  with  the  free  shear  layer.  Depending  of  the  flow 
conditions,  especially  the  contcur  of  the  nozzle,  the  free  shear  layer  at  the  ria  of  the  nozzle 
night  still  be  larinar.  Whereas  in  the  laainar  case  the  free  shear  layer  will  becone  unstable  by 
disturbances  froa  1.  outside  area,  the  free  shear  layer  of  the  turbulent  jet  will  be  influenced 
hy  the  turbulent  ;) actuations  of  the  core  and  by  disturbances  fros  the  outside  area.  Hence,  at 
the  exit  of  the  nozzle  the  turbulent  fluctuations  inside  the  jet  interfere  with  the  free  shear 
layer.  This  way,  two  turbulent  areas,  jet  core  and  free  shear  layer,  with  different  aaplification 
and  distribution  nechanise  are  interacting  with  each  other.  Because  of  the  spread  of  the  total 
jet,  both  areas  are  growing  in  size  with  increasing  downsteaa  distance.  At  the  interaectioiy f low 
adjustaents  in  fora  of  energy  transfer  are  ceceaaary  to  accoapliah  the  unification  of  the  two  dif¬ 
ferent  turbulent  -egiaes.  Still,  at  a  sufficiently  large  distance,  the  distribution  of  the  fluctu¬ 
ating  quantities  of  the  two  jet  types  are  aiuilar. 

3.1.  GRAPHICAL  REPRESENTATION  AND  ANALYSIS 

The  con  tour  naps  represent  nond..mensionalized  quantities  e-g*u'/U,  and  R.  Tho  ria  of  the  nozz 

le  is  located  at  x/r0  *  0  and  y/ro  -  1.  Measureaents  at  distances  x/ro  aaaller  2  could  not  be  ob¬ 
tained  hecause  of  the  aechanical  interference  of  the  interferoaeter  with  the  windtunnel  ayatea. 

Laainar  case 

Figure  3  shows  the  results  of  the  u*  aeasureaents. 


Ihc-  fluctuations  in  the  free  shear  layer  occur  at  a  distance  y/r0  of  1.C5.  A*  the  starting  point 
cf  the  measurements  X/r«  »  2,  the  fluctuations  in  the  free  shear  layer  art:  already  anplified  to 
the  saturation  level,  so  that  no  further  increase  in  amplitude  is  possible.  The  fluctuations  there¬ 
fore  spread  in  a  jet  like  aanner  into  the  core  region  and  into  the  outside  area  of  the  free  shear 
layer. 

Figure  i  shows  the  corresponding  density  measurements 


1  l  l 


Fig.  4  Isodensity  fluctuations  of  the  laninar  iet 
The  Maxima  of  the  fluctuations  is  located  at  xA'o  *  2  and  y/ro  -  0.9*  In  contrast  to  the  velocity 
fluctuations,  the  aap  shows  closed  curves  in  the  core  region.  Their  intensity  decreases  with  in¬ 
creasing  distance,  whereas  the  lines  in  the  free  shear  layer  region  Y/r0  «*  0.8  to  1.2  reaain 
constant  in  amplitude.  The  gradient4#/dr  derived  at  the  location  where  the  lines  close,  has  an 
inclination  against  the  centerline  of  the  flow  field  snd  points  towards  the  rim  of  the  nozzle. 

The  maximum  of  the  density  fluctuations  does  not  coincide  with  the  path  lines  of  the  vortices. 
Therefore  the  increase  of  the  vortex  strength  with  increasing  downstream  distance  is  due  to  an 
increase  ir.  vortex  diameter  and  not  to  a  local  increase  in  density. 


1  !  1  I  i 
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Fig.  5  Isocorrelation  of  the  lamina*  jet 


The  va.ue  0  of  the  correlation  (Figure  5)  ia  a  nearly  straight  line  at  T/ro  »  1.  Above  that  line, 
towards  she  center  of  the  jet,  the  correlation  is  negative  indicating  the  extraction  of  soaenrua 
from  the  center  to  supply  the  fluctuations  in  the  free  shear  layer.  The  largest  value  of  tho  cor¬ 
relation  occu.-a  at  the  location  tfr  ■  0.8  and  x/r  »  2. 

The  transport  tera  ia  plotted  in  Figure  6. 


Fig.  6  Isopreaaurc  transport  of  the  iaminar  jet 

The  maxisuia  lies  again  to  the  nozzle  at  X/ro  »  2,  Y/r0  -  0.9.  The  linea  indicate  that  the  direction 
of  transport  is  froa  the  inside  region  of  the  jet  towards  the  region,  where  the  free  shear  layer 
is  developing. 

B.  Turbulent  case 

As  mentioned  before,  the  turbulent  case  can  not  be  explained  by  a  aiaple  aodei.  A  vortex-like  pha- 
noaens  does  not  exitt,  because  01  the  turbulent  character  of  the  core  region.  Still,  the  boundary 
layer  has  a  turbulence  enhancing  character,  but  at  a  lower  spatial  aaplification  (Figure  7). 


Fig.  7  Iaovelocity  fluctuation  of  the  turbulent  jet 
The  relative  animus  of  the  fluctuations  again  lies  on  the  line  Y/ro  »  1,  but  the  intensity  still 
increases  with  increasing  downstreaa  distance.  Outside  this  area,  the  lines  ahow  a  siailarity  with 
the  laminar  case  and  ?how  a  spread  towards  the  center  and  the  outside.  For  a  given  X/ro  close  to 
the  nozzle,  the  intensity  of  the  fluctuations  in  the  core  region  ia  much  larger,  because  the  jet 
is  already  turbulent. 


At  a  certain  distance  behind  the  nozzle,  approximately  X/ro  "  3,  the  free  shear  layer  turbulence 
starts  to  interact  with  the  turbulence  of  the  core  region.  In  the  free  shear  layer,  the  growth 
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per  unit  length  1*  larger  because  of  the  velocity  gradient  in  the  shear  layer.  In  the  certerline 
of  the  flot^  where  the  flow  is  already  turbulent,  the  gain  ra.e  is  ouch  speller.  At  a  certain  di¬ 
stance,  the  turbulent  characteristics  of  the  two  areas  will  equalize.  Such  an  area  is  located  at 
V/r0  *  0.2  to  0.6  and  X/rQ  *  6  to  10. 

Therefore  tha  distribution  of  the  density  fluctuations  shoi«a  quite  different  display  (Figure  8). 


The  Bsaiaua  of  the  fluctuations  is  resoved  fron  the  neighbourhood  of  the  nozzle  to  the  inside 
area  of  the  jet,  where  the  flow  adjustaent  occurs.  The  location  io  at  X/rD  r  6  to  10  and  Y/ro-0.5 
to  0.1, 

The  intensity  of  the  fluctuations  in  the  free  shear  layer  is  saaller,  indicating  the  snaller 
growth  rate. 


Fig.  9  Isocorrelation  of  the  turbulent  jet 
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Twice,  the  correlation  reachee  the  value  zero  at  Y/ro  «  0.9  and  Y/rc  ■  0.6.  Between  these  lines, 
the  correlation  changes  the  sign. 

The  effect  of  the  two  flow  regiaes  is  also  represented  in  Figure  10. 


Fig.  10  Isopreasure  transport  of  the  turbulent  jet 
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SUMMARY 


Hot-wire  measurements  of  mean  velocity  and  normal  turbulent  stress  in  the  direction  of 
flow  are  presented  for  the  flow  field  generated  by  a  plane  jet  reattaching  to  a  flat 
plate  adjacent  to  the  jet  noz2le.  Measurements  were  made  in  longitudinal  and  lateral 
traverses  of  the  curved  jet  flow  and  in  the  two  wall  jet  flows,  that  emerge  from  the 
reattachment  region,  one  in  the  downstream  direction  carrying  all  the  mass  flow  issued 
from  the  nozzle  as  well  as  the  mass  flow,  that  has  been  entrained  along  the  outer  boun¬ 
dary  of  the  curved  jet,  and  another  backward  flowing  wall  jet,  that  returns  the  mass 
flow  entrained  along  the  inner  boundary  of  the  curved  jet  to  the  separation  bubble. 


Measurements,  were  made  in  two  series  for  thirteen  different  positions  of  the  adjacent 
plate  thereby  providing  data  for  differing  values  of  jet  curvature  and  jet  pathlengths 

Integ».  ’1  methods  were  used  or  the  experimental  data  in  an  attempt  to  evaluate  the  ef¬ 
fect  of  jet  curvature  on  the  entrainment  along  the  external  and  internal  boundaries  of 
the  curved  jet. 


NOTATION 

a  nozzle  width 

C  empirical  constant  in  Sawyer's  ex¬ 
pression  for  entrainment 

E  entrainment  parameter 
h  wall  offset 

H  i 

I.jlj  velocity  profile  integral  parameters 

J  momentum  flux  in  jet  flow 
L0  characteristic  width  of  jet  flow 

n  coordinate  in  direction  normal  to  s 
Q  volume  flow  rate  Integral 
Qq  volume  flow  rate  issuing  from  nozzle 


R  radius  of  curvature  of  jet  flow 

s  coordinate  in  direction  along  maximum 
velocity  points  of  curved  jet  profiles 

U  velocity  in  direction  x  or  s  in  jet 
flow 


Uq  jet  velocity  in  nozzle 
Um  maximum  velocity  in  jet  profile 

u2  tangential  component  of  normal  tur¬ 
bulent  stress 

x,y  coordinates 

xQ,so  virtual  origins  of  jet  flows 
a  wall  angle  of  inclination 


1  ^ 

^1 

p  fluid  density 
c  Gortler  jet  spread  parameter 

Subscripts 

E,I  denotes  external  and  internal  boun¬ 
daries  of  curved  jet  flow 

R  denotes  reattachment  point  or  region 

w  denotes  wall  jet 


1.  INTRODUCTION 

The  experimental  investigation  reported  here  is  part  of  a  larger  investigation  of  the 
plane  jet  reattachment  phenomenon,  which  previously  has  been  analysed  and  investigated 
by  Bourque  *  Newman  (1960)  ,  Sawyer  (1960)  and  (1963) ,  Dourque  (1967) ,  Perry  (1967)  and 
Boucher  (1968).  The  flow  field  is  shown  in  Figure  1.  A  plane  jet  of  air,  issuing  from  a 
slot  nozzle,  resittaches  to  an  adjacent,  flat  plate,  thereby  creating  a  region  of  recir¬ 
culating  flow  between  the  jet  and  the  adjacent  plate.  In  this  separation  bubble  the  sta¬ 
tic  pressure  is  reduced  compared  to  the  ambient  pressure.  The  reduced  pressure  causes 
the  deflection  of  the  jet  towards  the  wall.  The  main  aspect  of  this  flow  field  ic  the 
curved  jet,  which  is  subject  to  a  lateral  pressure  gradient,  and,  since  the  subpressure 
is  not  uniform,  a  longitudinal  pressure  gradient  as  well. 


! 


I 


s 
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Figure  1.  Scematic  of  nozzle  and  adjacent 
plate  geometry,  and  approximate 
streamline  pattern. 

The  most  obvious  example  of  an  application  of  such  a  flow  field  is  in  fluid  amplifica¬ 
tion  devices.  The  purpose  of  the  abovementioned  analyses  has  been  the  prediction  of  the 
subpressure  in  the  recirculating  region  and  the  length  of  this  region,  data  nescessary 
for  the  design  of  fluid  amplifiers. 

The  controversial  point  in  the  analyses  of  the  jet  reattachment  phenomenon  has  been  the 
inability  of  a  simple  integral  analysis  to  predict  the  behaviour  of  the  jet  flow  at  lar¬ 
ge  angles  of  inclination  of  the  adjacent  flat  plate.  Sawyer  (1963)  assumes  an  effect  of 
curvature  on  the  rates  of  entrainment  of  the  two  edges  of  the  jet  and  obtains  improved 
correlation  between  theory  and  experiment.  Bourque  (1967)  obtains  very  accurate  predic¬ 
tions  by  using  a  hypothesis  on  the  path  of  the  dividing  streamline,  that  diverts  from 
the  simple  circular  path  assumption,  ar.d  Perry  (1967)  obtains  equally  good  predictions 
by  assuming  a  base  pressure  different  from  the  average  separation  bubble  pressure.  None 
of  the  authors  presents  experimental  results,  that  make  it  possible  to  evaluate  the  dif¬ 
ferent  and  somewhat  contradictory  assumptions. 

Part  of  such  experimental  results  are  presented  here. 


2.  INTEGRAL  EQUATIONS 
2,1  Basic  analysis 

The  results  of  c)assical  analysis  of  plane,  turbulent  jet  flows  are  used  as  basis  for  eva¬ 
luation  of  experimental  results.  Following  Townsend  (1956)  the  state  of  self-preservation 
is  consistent  with  the  conditior  r: 

(2.1.1)  L  =  constant  x  (x-x  ) 

o  o 

and 

(2.1.2)  Um  =  cons^ant  *  (x-xQ)  ° 

It  is  well  known,  that  a  plane,  turbulent  jet  closely  follows  these  conditions  a  short  di¬ 
stance  downstream  from  the  nozzle,  although  the  state  of  self-preservation  is  not  reached 
until  about  50  nozzle  widths  downstream  from  the  nozzle.  This  is  connected  with  the  fact, 
that  the  mean  velocity  profile  approaches  its  similarity  form  much  faster  than  the  profi¬ 
les  of  turbulent  stresses . 


Figure  2.  Coordinate  system  and  typical  velocity  profiles  for  plane 
free  jet  and  wall  jet  in  still  surroundings. 
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When  a  suitable  mean  velocity  profile  has  been  assumed  the  volume  ilow  rate  integral  and 
moment!**  flux  Integral  can  be  expressed: 

/♦»  ,*• 

(2.1.3;  Q  =  U  dy  «  u  L  i  f(n)  dn  <*  U  I-  I, 

J_  »  o  m  c  1 

and 

r+~ 

(2.1.43  J  -  pU2dy  *  ;>U2  L  f2(r,)  dn  «  pU2  L  I, 

J  BCJ_«  W02 

where  fir,)  *  jj  represents  the  mean  velocity  profile. 

f+=. 

I2  *  j  f2  (n)  dn 

are  velocity  profile  integral  parameters. 

For  the  free,  plane  turbulent  jet  the  total  momentum  flux  per  unit  length  is  constant 
and  equal  to  the  momentum  flux  per  unit  length  issuing  from  the  norrle,  while  the  volu¬ 
me  flow  rate  integral  increases  with  the  distance  from  the  nozzle  due  to  entrainment. 
Using  equations  (2.1.1),  (2.1.2)  and  (2.1.3)  the  total  volume  flow  rate  per  unit  length 
can  be  expressed  as: 

(2.1.5)  Q  *  constant  *  (x-xo)0'* 

The  volume  flow  rate  per  unit  length,  that  emerges  from  the  nozzle,  can  be  expressed  as: 

(2.1.6)  *  U^  a  I. 

o  o  Q0 

where  7  is  a  nozzle  volume  flow  ra  coefficient. 
uc 

The  total  volume  flow  rate,  equation  (2.1.5),  may  be  regarded  as  composed  of  three  com¬ 
ponents  : 

(2.1.7)  Q*Q+Q  ..♦6  .  „  „ 

wo  wentr*ir.ed,i  ''entrained ,  2 

The  volume  flow  rates  due  to  entrainment  along  the  two  edges  of  the  jet  along  its  path 
from  the  nozzle  to  the  station  in  question  grow  with  the  distance  from  the  nozzle  and 
are,  for  a  straight  jet,  equally  large. 


The  cons tarts : 


f(n)  dn  and 


2.2  Curved  jet  volume  flow  rate 

For  a  curved  jet  the  total  volume  flow  rate  can  not  be  expected  to  vary  according  to  eq¬ 
uation  (2.1.5)  since  equation  (2.1.4),  which  is  inherent  in  equation  (2.1,5),  must  be  mo¬ 
dified  to  include  pressure  forces,  "he  lateral  pressure  gradient  associated  with  the  cur¬ 
vature  of  the  jet  introduces  a  pressure  term  in  the  momentum  equation,  and  the  condition, 
which  for  a  straight  jut  says,  that  the  momentum  flux  integral  is  constant  along  the  path 
of  tho  jet,  must  be  modified  to  say,  that  the  integral  of  momentum  flux  and  pressure  for¬ 
ces  across  the  jet  profits  is  constant  along  the  path  of  the  jet. 

What  is  emphasized  in  this  paper,  however,  is  the  volume  flow  rate  integral,  and  here  eq¬ 
uation  (2.1.3)  is  valid,  if  experimental  data  for  U  and  h  are  used,  and  if  an  appropri¬ 
ate  velocity  profile  is  assumed. 

The  equations  of  Importance  for  the  evaluation  of  the  volume  flow  rate  in  the  curved  jet 
flows  are  thus: 

(2.2.D  6  =  U  L  I. 

m  o  l 

and 

(2.2.2)  Q  =  6  +  6-,  +  Q, 

O  Ei  X 

which  using  equation  (2.1.6)  can  be  written  in  non-dimensional  form: 


(2.2.3)  4  =  1  +  4e  +  $z 

where  now  qE  and  qx  may  be  different. 

As  a  measure  of  an  eventual  asymmetry  in  the  entrainment  rates  on  the  external  and  inter¬ 
nal  boundaries  of  the  curved  jet  serves  the  parameters 

x  m  4E 
*  ^ 


(2.2.4) 


2.3  Wall  jet  volume  flow  rate 

The  analytical  treatment  of  wall  jet  flows  is  very  similar  to  that  given  to  free  jet 
flows.  The  total  volume  flow  rate  in  a  wall  jet  can  be  expressed: 


(2.3.1) 


■  b  *  ■  L- 


n)  dn 


Um  Lo  *l,w 
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where  f(n)  Is  an  i;_eropriate  function. 


2.4  Vsl 


-r-e  -.ate  division 


At  ttc  bev y  cl  the  reattachwent  region  the  curved  jet  represents  a  total  volume  flow 
rate,  that  using  equation  (2.2.3)  can  be  expressed: 


(2.4.1) 


i  ♦  4 


E,R 


*I,» 


The  volume  flow  rates  due  to  entrainment  are  unknown,  while  can  be  found  using  equa¬ 
tions  (2.1.3)  and  (2.1.6)  and  experimental  data  for  V  and  L  . 

a.  o 


figure  3.  Reattachraent  region. 

In  an  incompressible  flow  field  the  volume  flow  rates  into  and  out  of  the  reattachment 
region  must  be  in  balance.  The  same  condition  must  be  valid  for  the  recirculating  regi¬ 
on.  Therefore  the  following  non-dimensional  equations  can  be  established  for  the  volume 
flow  in  the  reattachment  region  shown  on  Figure  ?: 


(2.4.2) 

^R  =  + 

(2.4.3) 

^1  *  ^I,R 

(2.4.4) 

**2  *  1  +  ^E,R 

(2.4.5) 

*1  ,R  *1 

In  establishing  these  equations  a  couple  of  simplifications  have  been  used: 

a)  That  the  curved  jet  has  maintained  its  character  aa  a  free  jet  right  to  the  boun¬ 
dary  of  the  reattachroent  region. 

b)  That  no  entrainment  takes  place  on  the  external  boundary  of  the  reattachment  re¬ 
gion  . 

The  equations  (2.4.2)  to  (2.4.5)  should  with  appropriate  experimental  data  be  able  to  pro¬ 
vide  some  information  about  the  entrainment  rates  and  the  influence  of  jet  curvature  upon 
these.  Buth  with  the  underlying  simplifications  the  equations  car  not  be  expected  to  be 
more  than  crude  approximations. 

3.  PRESENTATION  OF  EXPERIMENTAL  DATA 

3.1  Review  of  experiments 

With  reference  to  Figure  1  measurements  were  made  in  two  series: 

Series  1:  a  =  0 

H  =  6,  10,  13.6,  18  and  22 

Series  2:  H  =  10 

a  =  -  30.95,  -  21.80,  -  11.31,  0,  11.31,  21.80,  30.95,  38.65  and  45.00  deg. 

Measurements  were  made  with  DISA  hot-wire  equipment.  All  measurements  were  made  with  nozz¬ 
le  width  a  =  3.0  mm.  The  nozzle  velocity  U  was  adjusted  at  about  52  m/sec  to  give  a  nozz¬ 
le  Reynolds'  Number  of  lO1".  Thus  the  nozzle  velocity  is  low  enough  to  ensure  incompressi¬ 
bility  and  high  enough  to  ensure  a  fully  turbulent  jet. 

To  keep  space  requirements  down  only  measurements  of  series  1  are  presented  in  the  graphs. 
Results  of  series  2  measurements  have  been  included  in  Table  1  and  In  Figure  15,  and  are 
referred  to  in  the  text. 

The  following  groups  of  measurements  were  made: 

a)  Determination  of  the  locus  of  maximum  velocity  of  the  curved  jet  from  the  nozzle 
to  the  reatfachment  region.  Hereby  a  measure  of  the  jet  curvature  was  achieved. 


b)  Longitudinal  traverses  of  the  curved  jet  along  the  locus  of  maximum  velocity.  For 
series  1  Figures  4  and  5  show  the  results  in  terms  of  maximum  velocity  decay  and 
normal  turbulent  stress  in  the  direction  of  flow  as  function  of  distance  from  the 
nozzle  along  the  path.  Straignt  jet  data  are  included  for  comparison. 
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c)  Lateral  traverses  of  the  curved  jet  at  several  stations  of  and  normal  to  the  lo¬ 
cus  of  mar.lmum  velocity.  Figure  6  shows  typical  lateral  distributions  of  mean  ve¬ 
locity  and  normal  turbulent  stress  for  series  1,  H  ■  16.  12  noczle  widths  down¬ 
stream  from  the  noztle.  ?rom  these  measurements  Figure  7  was  deduced,  showing  the 
variation  of  jet  width  LQ  as  function  of  s/a  for  all  series  1  measurements. 

d)  Longitudinal  traverse :  of  the  two  wall  jets  flowing  in  opposite  directions  from 
the  reattachment  regi.n.  Figures  8  and  9  show  the  maximum  velocity  variations  a- 
long  the  plate  for  series  1  measurements . 

e)  Lateral  traverses  of  th-«  t'./o  wall  jets.  Figure  10  shows  typical  mean  velocity  and 
normal  turbulent  stress  dls*'<-l.t>utions  for  series  1,  H  ■  18,  in  the  backward  flow¬ 
ing  (left)  and  dovnstre;  a  flowing  U'.ght)  wall  jets.  From  these  measurements  Fi¬ 
gures  11  and  12  were  deduced,  showing  the  variation  of  wall  jet  width  L  as  func¬ 
tion  of  distance  along  the  plate  measured  from  the  reattachment  point. 


Figure  6.  Examples  of  mean  velccity  and  normal  turouxent 
stress  profiles  for  curved  jets. 


Figure  7. 


Variation  of  characteristic  jet  width  with  jet 
pathlength  for  curved  jets. 


.5 
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3.1  Mean  velocity  and  turbulent  stream  profile* 

The  Mean  velocity  profile  of  the  curved  jet  shown  on  Figure  6  is  quite  similar  to  the 
profile  found  in  a  straight  jet.  There  are  slight  differences,  that  should  be  noted,  how¬ 
ever: 

a)  The  mean  velocity  profile  is  slightly  asymmetric,  the  maximum  velocity  point  is 
displaced  from  the  mid-point  of  the  line  between  the  two  half-maximum  velocity 
points  towards  the  internal  boundary  of  the  jet.  Also,  associated  herewith,  the 
mean  velocity  gradient  is  higher  on  the  internal  side  than  on  the  external  side. 

fe)  The  mean  velocity  does  not  approach  zero  on  the  internal  side  cf  the  jet.  This  is 
due  to  the  fact,  that  in  this  region  there  is  a  high  level  of  turbulence  even  whe¬ 
re  the  mean  velocity  is  vanishing.  Hot-wire  measurements  are  not  reliable  under 
such  conditions,  and  the  mean  velocity  profile  can  be  regarded  as  being  in  error 
in  this  region. 

The  turbulent  stress  profile  shown  on  Figure  6  is  typical  for  the  many  profiles,  that  we¬ 
re  measured.  These  profiles  are  asymmetric  to  a  highei  degree  than  the  mean  velocity  pro¬ 
files  and  the  following  traits  should  be  noted: 

c)  The  minimum  near  the  point  of  maximum  velocity  is  displaced  towards  the  external 
side  of  the  jet. 

d)  The  two  peaks  in  the  regions  of  maximum  shear  are  not  equally  wide,  the  peak  on 
the  external  cldc  c£  the  jet  being  wider.  This  is  a  general  trait  found  in  all 
measured  turbulent  stress  profiles. 

e)  The  peak  values  of  the  turbulent  stress  profile  are  slightly  different.  In  this 
particular  profile  tie  highest  value  is  found  on  the  external  side  of  the  jet,  and 
this  was  the  case  for  a  majority  of  the  profiles.  In  some  profiles,  however,  the 
highest  peak  value  was  found  on  the  internal  side,  but  it  was  not  possible  to  find 
a  correlation  between  this  variation  and  any  relevant  parameter. 

The  mean  velocity  profiles  of  the  wall  jets  shown  on  Figure  10  are  very  similar  to  that 
found  in  an  ordinary  wall  jet.  rhe  only  aspect  of  the  profile  in  the  downstream  flowing 
wall  jet,  that  must  be  noted,  is  that  the  layer  between  the  wall  and  the  maximum  velocity 
point  is  thinner  than  found  in  an  ordinary  wall  jet.  This  is  due  to  the  proximity  of  the 
reattachment  region. 

The  mean  velocity  profile  of  the  backward  flowing  wall  jet  also  has  e.  relatively  thin 
wall  layer  and  the  profile  is  slightly  distorted,  but  the  characteristic  wall  jet  pro¬ 
file  shape  is  very  clear. 

The  slight  asymmetry  of  the  curved  let  mean  velocity  profile  does  not  have  a  marked  in¬ 
fluence  on  the  constant  I.  in  the  volume  flow  rate  integral,  equation  (2.1.3),  but  indi¬ 
cates  different  entrainmeAt  rates  on  the  two  sides  of  the  jet.  In  the  calculation  of  the 
curved  jet  volume  flow  rate  development  a  value  of  I,  *=  2.10  has  been  used.  For  compari¬ 
son  an  exponential  profile  gives  a  value  of  2.13  andxthe  Gortler  profile  a  value  of  2.27. 
For  the  ordinary  wall  jet  profile  a  value  I,  *  1.31  seems  appropriate,  but  in  this  work 
the  deviations  in  the  wall  jet  profiles  and1tne  unusual  thinness  of  the  wall  layers  have 
been  accounted  for. 


3.3  Spread  rates 

The  development  of  the  curved  jet  characteristic  width  is  shown  on  Figure  7,  where  all 
points  tend  to  fall  on  a  single  curve.  Most  noteworthy  results  are,  that  the  curved  jets 
spread  linearly  and  at  an  increased  rate  compared  to  the  straight  jet  measurements.  The 
curved  jets  in  series  1  have  a  spread  rate,  that  average  at: 


(3.3.1) 


=  0.166{|  -  5.0] 


compared  to  the  average  for  straight  jets 

L 

(3.3.2) 


r  =  °-lo5<f  +  x-5l 


For  the  curved  jets  the  characteristic  width  L  has  been  found  as  half  the  distance  be¬ 
tween  the  two  half-maximum  velocity  points. 


The  curved  jets  in  series  2  measurements  also  averaged  at  about  the  same  spread  rate  as 
given  in  equation  (3.3.1),  but  the  virtual  origins  tended  for  large  plate  inclinations 
towards  a  point  6.5  nozzle  widths  downstream  from  the  nozzle. 


In  terms  of  the  well  known  Gortler  jet  theory,  where  the  spread  rate  is  characterized  by 
the  spread  parameter  a,  the  curved  jets  average  at  a  =  4.7,  while  the  value  for  straight 
jets  is  o  =  7.7. 


Figure  11  shows,  that  for  the  downstream  flowing  wail  jets  the  spread  rates  approach  the 
value  found  in  an  ordinary,  established  wall  jet.  Figure  12  indicates  a  rather  strong, 
but  systematic  variation  cf  the  wall  jet  characteristic  width  in  the  backward  flowing 
wall  jets. 
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3.4  Vo lung  t low  rate  agvelogoentg 

Based  on  the  experimental  data  presented  above  the  volume  flow  rate  developments  cf  the 
curved  jet  as  well  as  the  two  wall  jets  were  calculated  using  equations  (2.2.1)  and 
(2.3.1).  The  results  of  these  calculations  are  presented  in  Figures  13  ana  14  for  seri¬ 
es  1  measurements. 


! 

Figure  13.  Variation  of  total  volume  flow  rate  with  jet  ! 

pathlength  for  curved  jets. 


Figure  14.  Variation  of  volume  flow  rate  with  distance  from  reattachment  point 

for  backward  flowing  (left)  and  downstream  flowing  (right)  wall  jets. 


The  volume  flow  rates  of  the  three  jet  flows  at  the  stations,  where  they  enter  respecti¬ 
vely  leave  the  reattachment  region,  are  estimated  from  Figures  13  and  14  and  used  in  Tab¬ 
le  1.  Also  included  in  Table  1  are  similar  results  from  series  2  measurements.  Numbers  in 
round  brackets  are  not  results  based  on  measurements,  but  have  been  found  using  interpo¬ 
lation  Jn  the  plots  of  series  2  measurements.  Equations  (2.4.2)  to  (2.4.5)  are  then  used 
in  Table  1  to  provide  data  for  Figure  15,  which  show  entrainment  asymmetry  parameter  X  as 
f motion  of  the  average  value  of  L  /R  for  each  curved  jet.  In  Figure  15  are  included  for 
comparison  a  set  of  curves  suggested  by  Sawyer  (1963)  .  The  two  values  of  Sawyer's  parame¬ 
ter  C  are  those,  which  Sawyer  found  to  give  best  correlation  between  prediction  and  expe¬ 
riment  for  the  position  of  the  reattachment  point  on  a  parallel,  offset  plate,  C  =  5.29 
(series  1),  and  an  inclined  plate,  C  =  7.87  (series  2). 

Column  £  in  Table  1  shows,  that  there  is  an  excess  volume  flow  rate  in  the  two  wall  jet 
flows  combined.  The  reason  for  this  discrepancy  probably  is,  that  the  curved  jet  does 
not  cease  to  entrain  fluid  at  the  station,  where  the  pressure  rises  at  the  boundary  of 
the  reat'achment  region.  A  study  of  the  development  cf  the  volume  flow  rate  in  the  cur¬ 
ved  jets  has  shown,  that  at  the  rate  of  increase  of  volume  flow  rate  found  in  Figure  13, 
ths  curved  jets  will  reach  the  combined  volume  flow  rate  of  the  two  wall  jets  long  before 
the  station,  where  they  hit  the  plate.  The  excess  volume  flow  rate  in  column  E  is  there¬ 
fore  beinq  regarded  as  due  to  difficulties  in  measuring  the  velocity  profiles  in  a  dis¬ 
torted  curved  jet  at  the  boundary  of  the  reattachment  region. 


Tabi'  1 
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Figure  15.  Entrainment  asymmetry  parameter  X  versus  average  relative  curvature 
for  curved  jets.  Two  curves  representing  theory  of  Sawyer  (1963)  are 
included  for  comparison. 
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4.  DISCUSSION 

The  measurements  presented  in  Figures  4,  5;  6  and  7  show,  that  the  curved  reattaching 
jet  behaves  in  a  way  very  similar  to  the  ordinary  straight  jet,  but  that  the  spread  rate 
and  turbulence  intensity  are  strongly  increased.  For  the  five  sets  of  measurements  be¬ 
longing  to  series  1  there  is  no  clear  variation,  that  must  be  attributed  to  the  curva¬ 
ture  of  the  jet.  The  spread  rate  in  particular  shows  little  variation  from  the  average. 
The  results  of  series  2  measurements  lead  to  similar  observations. 

The  calculation  of  L.ie  entrainment  asynmetry  parameter  X  is  presented  in  Table  1  and  the 
results  are  shown  on  Figure  IS.  In  view  of  the  very  little  variation  in  the  overall  be¬ 
haviour  of  the  curved  jets  it  is  noteworthy,  that  X  vary  very  strongly  with  the  jet  cur¬ 
vature.  The  variation  does  not  follov  the  prediction  by  Sawyer  (1963) .  The  decrease  of  X 
with  increasing  curvature  indicates,  that  the  curvature  is  not  the  dominant  factor  in 
the  interaction  between  the  curved  jet  and  its  surroundings.  The  still,  ambient  fluid  on 
the  external  side  of  the  jet  can  hardly  play  an  active  part  in  the  reattachment  phenome¬ 
non,  rather  the  characteristics  of  the  flow  field  are  determined  by  the  interaction  be¬ 
tween  the  curved  jet  and  the  flow  In  the  recirculating  region. 


S.  CONCLUSION 

Measurements  in  curved,  reattaching  jets  show,  that  the  spread  rate  and  turbulence  in¬ 
tensity  are  increased  about  75  %  compared  to  straight  jet  data. 

A  volume  flow  rate  balance  in  the  reattachment  region  chow,  that  there  is  a  marked  dif¬ 
ference  in  the  entrainment  rates  on  the  two  sides  of  the  jet.  The  entrainment  asyosnetry 
does  not  vary  systematically  with  the  jet  curvature  and  vanish  for  large  curvatures  in 
contrast  to  what  has  been  expected  from  theory.  Although  curvature  may  have  some  influ¬ 
ence  on  the  entrainment  of  a  curved,  reattaching  jet,  this  influence  is  not  as  simple 
as  suggested  by  Sawyer  (1963). 
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THE  EFFECT  OF  DENSITY  DIFFERENCE  ON  THE  TURBULENT  NIXING  LAYER* 

by 

Garry  Brown  and  Anatol  Ronhko 
California  Institute  of  Technology 
Pasadena.  California  91109 


SUMMARY 


An  experimental  study  has  been  made  of  the  turbulent  mixing  layer  between  two 
streams  of  different  gases,  especially  nitrogen  and  helium.  This  was  made  in  a  new  flow 
apparatus,  designed  to  produce  good  quality  flow  at  pressures  up  to  10  atmospheres  with 
run  times  as  low  as  1  or  2  seconds.  High-speed  measurement  techniques,  including  a  novel 
density  probe,  were  used. 

Shadowgraphs  of  the  turbulent  mixing  layer  reveal  a  large-scale  structure  rather 
similar  to  that  in  the  late  stages  of  instability  development  in  a  laminar  free  shear 
layer.  This  structure  is  s  aven  in  cases  of  uniform  density. 

The  similarity  proper.  -s  of  the  mixing  layers  are  established  from  profiles  of 
mean  velocity  and  density,  and  from  these  the  basic  flow  parameters  are  computed;  spread¬ 
ing  rate,  dissipation  rate,  shear  stress  distribution.  It  is  found  that  a  large  density 
ratio  (e.g.,  7:1}  in  the  two  streams  does  not  have  a  great  effect  on  the  spreading  rate: 
this  contrasts  with  the  large  effect  of  Mach  number  on  the  turbulent  spreading  of  a  free 
shear  layer  at  the  edge  of  a  supersonic  flow.  A  brief  analysis  compares  the  effects  of 
density  nonuniformities  in  low  speed  flow  and  those  due  to  compressibility  at  high  Mach 
number . 


1.  INTRODUCTION 

The  present  work  had  its  motivation  from  several  problems  in  free  turbulent  mixing, 
in  particular,  problems  connected  with  density  nonuniformities.  There  has  been  remarkably 
little  recent  progress  with  this  problem.  One  aspect  is  the  question  of  the  effect  of  Mach 
number  on  the  spreading  parameter  a;  probably  the  earliest  attempt  to  find  such  a  correla¬ 
tion  was  that  by  Korst  and  Tripp1  in  1957.  It  has  been  generally  agreed  by  most  authors 
since  then  that  the  spreading  rate  decreases  ( a  increases)  with  increasing  Mach  number,  but 
quantitative  agreement  has  been  woefully  lacking.  There  is  even  some  qualitative  disagree¬ 
ment.  Regarding  a  blown-off  boundary  layer  as  a  free  shear  layer,  Fernandez  and  Zukoski^ 
found  that  the  spreading  rate  at  M  =  2.6  in  adiabatic  flow  is  greater  than  at  M  *  0;  they 
do  not  actually  state  that  conclusion,  but  it  follows  from  their  suggestion  that  entrainment 
rate  is  independent  of  Mach  number.  On  the  other  hand,  Aiber  and  Lees3  suggest,  on  the 
basis  of  several  experimental  results  in  the  literature,  that  the  entrainment  rate  of  free 
turbulent  shear  layers  decreases  rapidly  with  increasing  Mach  number,  varying  in  adiabatic 
flow  as  the  square  of  the  density  ratio  across  the  layer,  consistent  with  decreasing  spread¬ 
ing  rate.  (The  blown -off  turbulent  boundary  layer  should  probably  not  be  regarded  as  a  free 
mixing  layer . ) 

The  attempt  to  connect  the  shear  layer  parameters  with  density  ratio  has  been  central 
or  implicit  in  practically  every  theoretical  and  experimental  approach  to  the  problem.  The 
enthusiasm  for  this  approach  probably  derives  from  the  success  that  density  transformations 
of  the  Howarth-Dorodnitsyn  type  have  had  in  the  case  of  attached  boundary  layers.  Implicit 
in  the  transformation  methods,  is  that  the  effect  of  density  nonuniformity  is  universal, 
whether  it  be  due  to  compressibility,  i.e.,  Mach-number  dependence;  or  due  to  temperature 
variation,  say  at  low  Mach  number;  or  due  to  variation  in  compositio.i,  as  in  the  mixing 
between  different  gases.  However,  there  have  been  no  serious  attempts  made  to  determine 
whether  in  fact  the  different  cases  of  density  nonuniformity  are  similar.  The  many  experi¬ 
ments  on  coaxial,  axisymmetr ic  jets,  which  include  examples  with  various  combinations  of 
different  gas  compositions  or  temperatures  ac  low  speeds,  have  not  clarified  these  problems. 
One  reason,  we  believe,  is  that  it  is  difficult  to  pose  a  scientifically  simple  problem  in 
the  case  of  axisymmetric  flows  with  density  nonuniformities.  In  the  regions  of  important 
nonuniformity,  such  flows  generally  do  not  have  similarity  properties. 

On  the  other  hand,  similarity  arguments  show  that  a  turbulent  mixing  layer  between 
two  uniform  flows  having  velocities  U^,  U2  and  densities  p^,  P2,  respectively,  will  grow 
linearly  in  the  x  direction;  the  velocity  profile  U/U^  and  density  profile  p/pi,  as  well 
as  the  shear  stress  profile  t/p^U.  ,  will  be  functions  of  the  similarity  variable  y/x  and 
the  parameters  U2/u^  and  p2/pi •  It  was  for  these  reasons  that  we  thought  it  important  to 
study  the  plane  mixing  layer  between  two  gases  of  different  densities  at  low  Mach  number, 
and  undertook  to  overcome  the  difficult  experimental  problems  associated  with  this 
configuration . 


♦Work  supported  by  the  Office  of  Naval  Research. 
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2.  APPARATUS 

The  requirements  which  we  felt  were  important  were  as  follows:  (i)  High  Reynolds 
number,  comparable  to  that  in  the  Liepraann-Lavfer  experiment?  (ii)  High  density  ratio,  at 
least  a  value  of  2,  and  preferably  more,  so  that  the  dynamic  effect  of  density  uonuniform- 
ity  could  be  exhibited,  and  values  wouM  be  comparable  to  those  in  the  supersonic  case  at 
high  M. 


To  achieve  a  density  change  in  air  by  heating  one  stream  is  for  many  reaeons  rather 
impractical.  We  therefore  decided  to  achieve  density  differences  by  using  different  gases, 
in  particular  the  confoination  of  nitrogen  and  helium  Which  gives  a  density  ratio  of  7.  We 
use  bottled  gases  and  do  not  recover  them.  To  achieve  high  Reynolds  number  yet  keep  mass 
flow  rates  down  to  economical  valies.  we  deeded  to  design  the  apparatus  for  operation  at 
high  pressures.  (For  a  given  Reynolds  number,  mass  flow  rate  is  inversely  proportional  to 
pressure.)  This  reasoning  led  to  the 'design  of  a  new  kind  of  shor t -t unning -tine ,  high- 
pressure  wind  tunnel  in  which  the  test  section  can  be  pressurized  to  10  atmospheres.  Two 
gas  streams  each  supplied  from  eight  2000  p.s.i.  bottles  are  brought  together  at  the  exit 
of  two  4  in.  x  1  in.  nozzles  in  the  test  section,  snown  in  figure  1.  This  section  is 
enclosed  by  a  cylinder  which  slides  over  and  seals  against  the  circular  plates  aL  both  ends 
of  the  section  and  the  whole  tank  can  then  b-a  pressurized.  The  upstream  and  downstream 
valves  which  control  the  flow  rates  and  pressure  in  the  tank  were  chosen  partly  on  the  basis 
of  their  time  response.  The  resulting  facility  establishes  steady  flow  in  the  test,  section 
in  less  than  300  mi Hi- -seconds  with  velocities  up  to  50  ft/sec.  This  means  that  experiments 
with  flow  durations  of  only  1  or  2  seconds  are  possible.  The  free  stream  turbulence  level 
is  between  0.1  and  0.5%. 


Operating  at  a  pressure  of  10  atmospheres,  the  Reynolds  number  is  the  same  as  in  a 
facility  with  40  in.  x  10  in.  nozzles  operating  at  1  atmosphere  and  the  same  velocity. 


Fig.  2.  Density  Probe 


Fig.  1.  Test  section  showing  the  two  nozzles, 
adjustable  side  walls  and  traversing 
probe.  Glass  end  walls  enclose  the 
nozzles  and  test  section.  Pressure 
cylinder  in  raised  position  visible 
in  upper  portion  of  picture. 


Besides  being  more  economical  of  mass  flow,  the  higher  pressure  is  helpful  for  optical 
visualization  and  in  general  increases  measurement  sensitivity.  Disadvantages  ore  the 
smaller  dimensions  and  higher  frequencies  of  turbulent  variations. 


Adjustable  side  walls  which  span  the  test  section  are  used  to  adjust  or  remove 
pressure  gradients  in  the  flow.  Preliminary  adjustments  for  minimum  pressure  gradient 
are  made  using  two  solid  walls  and  then  one  wall  is  replaced  by  a  10%  open  slotted  wall. 
This  has  proved  very  satisfactory. 


Measurements  of  the  mixing  region  have  been  made  within  the  first  six  inches 
downstream  of  the  splitter  plate.  For  a  flow  of  50  ft/sec  at  xO  atmospheres  the  momentum 
thickness  of  the  boundary  layer  leaving  the  splitter  plate,  estimated  using  Thwaites’ 
method,  is  .001".  (The  thickness  of  the  splitter  plate  at  the  end  is  approximately  .002".) 
For  a  typical  free  shear  layer  entrainment  rate  of  .035  the  momentum  thickness  has  become 
10  times  this  initial  value  V  downstream,  a  criterion  sometimes  quoted  for  simi1  ari  :y. 

The  criterion  quoted  by  Alber  and  Lees  (x/ctSj  >  10)  requires  a  distance  of  120  times  the 
initial  momentum  thickness  for  the  attainment  of  a  similarity  profile  (.12"  in  our  cate), 
while  the  criterion  given  by  Bradshaw4  recommends  1000  times  the  initial  momentum  thickness 
or  1 "  in  our  cane . 
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3.  MEASUREMEW  TECHNIQUE 

To  a*ke  measurements  in  a  turbulent  flow  of  unknown  composition  witk  high  turbu¬ 
lent  levels  and  frequencies  and  a  flow  duration  time  of  only  a  few  seconds  is  a  rather 
difficult  requirement.  As  a  minimum,  mean  density  and  velocity  profiles  must  be  obtained 
to  establish  the  essential  features  of  the  mixing  region.  The  instruments  used  tc  obtain 
these  were  a  fast  electronic  (Barocel )  manometer  and  pitot  tube  and  a  density  probe 
developed  especially  for  this  study,  described  in  detail  in  reference  5. 

The  density  probe  is  sxetched  in  figure  2.  In  operation  the  probe  is  attached 
to  a  vacuum  pump  and  the  wire  maintained  at  some  fixed  temperature  above  its  surroundings 
with  the  usual  feedback  bridge.  With  a  vacuum  pump  of  sufficient  capacity  (not  very  large) 
the  power  required  to  keep  the  wire  at  this  temperature  depends  only  on  the  stagnation 
properties  of  the  gas  being  sampled.  If  the  sampled  gas  moves  relative  to  the  probe  ther. 
to  order  these  properties  have  the  same  value  if  evaluated  at  static  conditions  as  they 
do  at  stagnation  conditions.  That  is,  for  small  Mach  number  the  output  of  the  probe  depends 
on  the  gas  being  sampled  and  not  its  velocity.  The  accuracy  with  which  this  is  true  depends 
on  the  Mach  number  and  essentially  on  the  range  of  variations  in  molecular  weight  of  the 
gas  being  sampled.  In  our  case  the  difference  in  output  between  all  nitrogen  and  all  helium 
at  90  p.s.i.  was  1.5  volts  and  sensitivity  to  velocity  was  less  than  156  of  this  for  veloc¬ 
ities  up  to  60  ft/sec. 

In  order  to  obtain  a  complete  density  and  velocity  profile  in  one  run  a  traversing 
gear  was  designed  +o  move  the  probes  m  steps  of  .001  inch  at  the  command  of  an  input 
.''itage  pulse  train.  The  device,  which  incorporates  a  stepping  motor,  low  friction  ball 
screw  and  special  electronic  pulsing  circuit,  will  traverse  the  probes  at  any  rate  up  to 
1  inch/second  (1000  pulses/seccnd)  and  so,  by  counting  pulses,  will  give  the  position  to 
within  .001“  at  any  instant  of  time.  An  electronic  coupler  synchronizes  this  traversiv,g 
mechanism  with  a  fast  analog  channel  selector,  an  A/0  converter  and  a  digital  incremental 
tape  recorder.  The  resulting  system  will  step  the  probe  .001“,  sample  the  voltage  output 
of  til*  density  probe,  convert  it  to  a  digital  number  and  write  it  on  magnetic  tape,  switch 
to  the  pitot  tube  output,  form  the  conversion,  write  this  number  on  the  tape,  step  the 
probe  another  .001",  etc.  /,  computer  then  processes  the  tape.  A  complete  traverse  of  l*j“ 
with  a  measurement  every  .Of."  of  density  and  pitot  pressure  is  made  in  a  typical  run  tine 
of  3  seconds. 

4.  FLOW  STRUCTURE 

The  most  surprising  result  of  this  study  was  the  very  pronounced  large  structure 
which  photographs  of  the  shear  layer  revealed  (Figs.  3  and  4).  To  the  authors'  knowledge 


Fig.  3.  Shadowgraph  of  mixing  layer.  V2/'V1  =  1,/7'  0  ~  con8t' 
Lower  (high  speed)  stream  is  N_;  upper  (low  speed) 
stream  is  a.r. 


these  "two-dimensional"  "big  eddies"  have  not  previously  been  observed,  nor  expected  from 
the  various  correlation  measurements  that  have  been  made  in  turbulent  shear  layers.  These 
shadowgraphs  were  obtained  using  parallel  light  from  a  spark  source  with  the  photographic 
plate  placed  inside  the  pressure  vessel,  against  the  glass  end-wall  of  the  test  section. 

That  this  structure  is  an  essential  feature  of  the  plane  shear  layer,  and  not  forced  by  an 
oscillation  of  the  central  splitter  plate,  not  produced  by  an  upstream  or  downstream  flow 
resonance,  not  changed  by  a  trip-wire  on  the  splitter  plate  (at  some  distance  from  the 
trip),  not  a  three-dimensional  spiral  vortex,  has  been  confirmed  by  many  experiments. 

Figure  3  is  the  shear  layer  between  two  streams  having  essentially  the  same  density 
tone  is  air,  the  other  nitrogen)  and  havit g  a  velocity  ratio  of  7:1  (figure  5,  discussed  in 
section  5  shows  the  extent  to  which  this  uniform  density  shear  layer  grows  li.nez.rly,  in  the 
mean).  Figure  4  is  the  shear  layer  between  nitrogen  and  helium,  again  with  a  velocity  ratio 
of  7:1  and  with  the  helium  on  the  low  speed  side.  It  may  be  of  interest  to  note  here  that 
for  an  "analogous"  supersonic  mixing  layer  with  the  same  density  ratio,  one  stream  wcu  .d  be 
at  *  5.3  and  the  other  at  Mj  =0.3  (assuming  s.diabatic  conditions). 


Fig.  4.  Shadowgraph  of  mixing  layer.  U-/U-  »  1/7;  p./d.  ~  ly/7* 
lower  (high  speed)  stream  is  N-7  upper  (low  speed) stream 
is  He.  Upper  wall  is  deflected  to  maintain  uniform 
pressure. 

The  photographs  pose  many  questions  and  suggest  some  interesting  possibilities. 

The  wavy  structure  i*i  reminiscent  of  the  late  stages  of  instability  waves  in  laminar  free 
shear  layers  (Michalke  &  Freymuth0),  but  here,  the  “instability”  repeats  itself  continu¬ 
ously  with  increasing  distance  downstream.  The  idea  of  “laminar-like"  instability  behavior 
in  turbulent  flow  is  net  new.  For  example,  vortex  shedding  in  turbulent  flow  persists  to 
very  high  Reynolds  number7,-  an  analcgous  phenomena  is  observed  near  the  end  of  the  potential 
wore  in  jets®.  Liejwr.nn9  at  one  time  suggested  the  name  “turbular  fluid"  fox  the  fine  scale 
turbulent  motion  in  which  the  large  scale  instability  develops.  Of  course,  many  of  the  con¬ 
temporary  ideas  about  development  of  large  scale  structure  from  instabilities  in  turbulent 
shear  flow  originate  with  Townsend10.  But  his  picture  of  the  large  structures  is  somewhat 
different,  emphasizing  three-dimensional  eddies  (with  voiticity  axes  parallel  to  the  x-y 
plane),  rather  than  what  appears  to  be  a  nearly  two-dimensional  large  structure  in  the 
photographs  we  have  obtained. 

It  is  clear  from  the  photographs  that  the  scale  of  the  instability  structure  in¬ 
creases  downstream,  probably  linearly  like  the  thickness  of  the  layer.  How  the  earlier, 
smaller  structures  are  used,  up  and  replaced  by  larger  ones  is  still  to  be  studied,  using 
high  speed  motion  pictures,  in'cermittency  probes,  etc. 

5.  RESULTS 

5  1  Uniform  density 

For  comparison  vi'fc  n  lesulic  of  other  investigators  and  to  provide  a  reference 
experiment  for  the  u.^eriwenr  .  with  two  gases,  measurements  were  made  in  the  shear  layer 
between  streams  of  ni tro3en  at  two  values  of  the  velocity  ratio.  Is 7  and  1:/T  respectively. 
The  maximum  veloci  v  in  each  case  was  35  ft/sec  and  the  pressure  was  7  atm.  The  multi¬ 
plexing  and  digital  recording  techniques  described  in  section  3  made  it  possible  to  traverse 
a  pitot  tube  and  a  hot  vixe  side  by  side  (V'  apart)  so  that  any  effect  of  the  pitot  tube’s 
slower  response  time  or  of  the  fact  that  the  two  probes  average  differently  would  be  appar¬ 
ent.  In  each  case  approximately  eight  traverses  at  distances  from  *5"  to  4"  downstream  of 
the  splitter  plate  were ^made.  For  each  run  a  traverse  of  1*5"  (or  less)  produced  some  1500 
measurements  for  each  probe  and  a  mean  profile  was  found  by  fitting,  in  a  least  square 
sense,  a  high  order  polynomial  (16  to  20)  to  all  1500  points.  Increasing  the  order  beyond 
this  produced  no  significant  change  in  the  resulting  profiles.  Figure  5a  is  a  similarity 
plot  from  the  smoothed  pitot  tube  profiles  for  all  10  runs  at  the  velocity  ratio  1:7.  The 
origin  of  x  for  this  plot  was  found  by  extrapolating  a  straight  line  through  the  energy 
thicknesses  determined  at  each  traverse.  This  origin  was  .25"  upstream  of  the  splitter 
plate  edge.  Deviations  on  the  low  speed  side  are  larger  than  on  the  high  speed  side,  partly 
because  the  relative  fluctuation  level  is  much  larger  on  the  low  speed  side,  partly  because 
the  pitot  pressure  is  only  1%  of  its  free  stream  value  which  makes  for  larger  relative 
errors  in  measurement,  and  partly  because  the  side-wall  begins  to  introduce  a  pressure  gra¬ 
dient  as  the  shear  layer  encroaches.  A  similar  plot  for  the  same  runs  from  the  smoothed  hot 
wire  profile  is  virtually  indistinguishable  from  this  one.  Even  less  scatter  was  obtained 
for  the  velocity  ratio  of  l:/7  (Fig.  5b). 
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A  summary  of  the  essential  parameters,  3,  maximum  shear  stress,  Tm,  and  energy 
dissipation  rate,  £,  is  presented  in  Table  I  (where  £U  =  U2  -  U| ! .  The  maximum  shear 
stress  has  beer,  calculated  using  the  relation 


T 

m 


U)dn 


(which  defines  the  dividing  stream  line  r^)  and  the  energy  dissipation  rate  from 


-  U) (U  -  U2)dn 


where  n  =  y/x. 


Table  I.  Shear  layer  parameters  for  uniform  density. 


°2^1 

a 

T  /p  (A'J)2 

m 

E/p  (AU)3 

*  0 

11.3 

.0115 

.0078 

l:’’ 

12.8 

.0136 

.0085 

ls/7 

18.7 

.0168 

.0105 

♦From  data  of  Licpmann  &  Laufer31 


The  parameter  a,  which  is  inversely  proportional  to  the  spreading  angle,  has  been 
determined  by  generalizing  the  definition  Which  Reichardt  used  at  U,  *  ®*  By  definition 
a  “  1.32/An  where  An  is  the  angular  distance  between  two  rays  n^  and  n2  defined  by 


u  (hj^)  -  U2  =  (0j  -  U2)  and  u  (n2>  -  U2  *  /ITT  (Uj  -  U2) 


These  rays  can  be  experimentally  determined  accurately;  in  the  case  U2  ■  0  and  uniform 
density  they  are  the  points  at  which  the  dynamic  pressure  is  10%  and  90%  respectively  of 
it*  free  stream  value.  The  values  of  a  obtained  from  the  above  definition  are  very  close 
to  those  obtained  from  the  more  elaborate  least-square  fitting  of  Gdrtler’s  sclution  to 
the  experimental  profiles. 

In  addition  to  the  comparison  with  Liepmann  and  Laufer’s  data  at  Uj  ’  0  we  were 
able  to  compare  our  results  with  the  measurements  at  various  values  of  U2,/u1  by  Miles  and 
Shih  ,  who  kr.idly  made  available  to  us  their  original  data  from  which  we  determined  a 
using  the  formula  above.  These  results  are  shown  in  figure  6.  Also  included  are  two 


Fig.  6.  Effect  of  velocity  ratio  on  spreading  rate  .(0  =  const) 
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points  determined  from  data  in  reference  13.  There  is  a  systematic  difference  between  the 
results  of  references  12  and  13.  The  differences  may  possibly  be  related  to  the  free  stream 
turbulent  intensities  (about  3*  and  0.1*  reepectively ,  cf.  0.1  -  0.5*  in  our  case)  or  the 
shear  layer  width-to-iengtft  ratios  (about  0.S  and  0.3  resp. ,  cf.  about  1.0  in  our  case). 

5.2  Variable  density 

Three  particular  cases  have  been  studied  in  which  the  density  ratio  was  seven 
'helium  on  one  side  and  nitrogen  on  the  other).  In  the  first  two  cases  the  velocity  ratio 
was  1  \/T,  with  helium  on  the  high  speed  side  in  one  case  (oU2  the  same  in  both  streams) 
and  nitrogen  on  the  high  speed  sxde  in  the  other.  (The  latter  would  correspond  to  an 
"analogous"  supersonic  mixing  layer  with  one  stream  at  *  5.9  and  the  other  at  K5  *  .84.) 
In  the  third  case  the  velocity  ratio  was  1:7  with  helium  on  the  high  speed  side,  that  is  oU 
the  same  in  both  streams.  This  is  a  particularly  interesting  situation  since  it  allows  a 
sensitive  comparison  between  simple  eddy-viscosity  theory  and  experiment.  For  example,  if 
the  ratio  of  the  sddy  viscosity  to  eddy  diffusivity  (the  Schmidt  number)  is  1  the  theory 
predict-  oU  constant  everywhere  across  the  layer,  a  result  which  from  experiment  is  far  from 
true. 


In  all  cases  the  maximum  velocity  was  35  ft/sec  and  the  ambient  pressure  seven  atmo¬ 
spheres.  The  density  probe  and  the  pitot  tube  were  mounted  .side  by  sics  (*{"  apart)  and,  as 
in  the  uniform  density  caCe,  the  probes  were  traversed  approximately  IV  across  th.  shear 
layer  in  3  seconds  and  a  measurement  of  the  density  and  pitot  pressure  made  every  .001". 

An  example  of  a  density  traverse  is  shown  in  figure  7  in  which  all  1500  measurements  have 
been  plotted.  It  is  iranediately  apparent  firstly  that  the  density  is  nowhere  greater  than 


Fig.  7.  Single  traverse  with  density  probe  (Uj/U^  =  1/7,  Pj/p^  =  7^' 


nitrogen  or  less  than  helium,  and  secondly  that  the  variation  in  density  at  any  point  is 
of  the  same  order  as  the  density  difference  between  the  two  streams.  This  is  consistent 
with  the  large  structure,  evident  in  the  shadowgraph,  which  one  imagines  can  convect 
gas  from  one  side  of  the  layer  to  the  other. 

From  the  measurement  of  density  and  pitot  pressure  at  each  step  in  the  traverse 
the  velocity  at  each  step  is  obtained  using  the  Bernoulli  equation.  No  attempt  has  been 
made  to  try  and  take  account  of  the  different  response  times  of  the  density  and  pitot 
probes,  nor  of  the  fact  that  the  probes  are  not  at  exactly  the  same  point.  The  excellent 
agreement  between  the  hot-wire  and  pitot  tube  results  for  mean  velocity  in  the  uniform 
density  case  and  the  fact  that  the  resulting  velocity  profiles  for  variable  density  are 
smooth  and  monotonically  increasing  (which  intuitively  one  expects)  lead  us  to  believe 
that  these  different  response  times  do  not  introduce  serious  errors. 
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parameters,  including  those  for  the  comparable  uniform  density  cases  is  presented  in 
Table  II  (where  p  ”  *ttDi  +  e^)).  At  the  time  of  writina  onlv  a  few  rune  in  eaeh  .'*ei 


i auic  ii  tmeie  o  -  ',io  i  +  o 7 ) ) .  At  the  time  of  writing  only  a  few  runs  in  each  case 
had  been  processed  so  that  the  accuracy  of  these  results  is  not  quite  as  good  as  in 
the  uniform  density  case. 


Table  II.  Effect  of  density  ratio  on  shear  layer  parameters. 
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The  effect  of  density  ratio  on  the  turbulent  spreading  of  a  shear  layer  does  not 
appear  to  be  as  great  as  had  been  believed.  Comparing  the  last  two  cases,  for  which  the 
density  ratio  varies  by  a  factor  of  49,  the  variation  in  spreading  angle  is  only  1.5. 

On  the  other  hc.nd,  in  the  turbulent  shear  layer  at  the  edge  of  an  adiabatic 
supersonic  flow,  the  spreading  angle  is  observed  to  decrease  (7  increases)  considerably 
with  increasing  Mach  number.  This  change  is  often  attributed  to  the  effect  of  the 
corresponding  increase  of  the  density  ratio  pj/p2  “  T2/Tj.  In  most  experiments  T2  i» 
equal  to  the  stagnation  temperature  of  the  supersonic  flow.  In  figure  9  the  spreading 
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Fig.  9.  Effect  of  density  ratio  on  spreading  parameter.  Comparison  of 
supersonic  and  incompressible  cases. 


parameter  in  supersonic  flow,  normalised  with  the  Lj^mann-Laufer  value,  from  the  experi¬ 
ments  of  Mayiiew  and  Reed14  and  Sirieix  and  Sulignac-1'5  has  been  plotted  against  the  density 
ratio.  Also  shown  are  normalized  values  of  the  spreading  angle  from  cur  experiments  on 
mixing  between  He  and  N->  at  values  of  py/o2  =  7  and  .1/7,  respectively,  'ihe  values  shown 
are  estimates  obtained  Sy  extrapolating  from  our  'inite  values  of  tU/Uj^  to  l^/Ui  =  0 
(U2  =  0  in  tne  supersonic  experiments).  From  this  figure  it  is  clear  chat  density  ratio 
alone  does  not  explain  the  changes  in  spreading  angle  of  a  turbulent  mixing  layer  at  the 
edge  or  a  supersonic  flow. 
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6 .  THEORY 
6.1  Equations 

An  explanation  for 'the  essential  difference  between  shear  layers  having  the  same 
velocity  and  density  ratio  but  one  supersonic  and  the  other  incompressible  can  be  found 
in  the  equations  which  describe  them.  With  the  usual  approximation  that  gradients  in  x 

are  small  compared  with  gradients  in  y  and  that  values  of  and  Jv ' ^  are  comparable, 

t-he  continuity  and  momentum  equations 


37  (oU)  +  ^7  (oV  +  (3'v  ‘  >  “  0 


37  (oU  5  +  (oUV  +  u  °'v' ;  * 


(o  u'v') 


a) 

(2) 


3Y  (ov'  )  ~  ay  (3i 

are  the  same  for  both  flows.  The  essential  difference  arises  from  differences  in  the 
other  equation  to  be  satisfied,  namely  the  energy  equation  in  supersonic  flows  and  the 
diffusion  equation  in  incompressible  flow.  The  diffusion  equation  for  the  i1-"  component 
having  n^  molecules/unit  volume  is 

3n.  n. 

rr  +  aiv(n.V)  «  div  (o£  grad  -y-) 

ot  1~  P 

2 

Summed  over  all  i  and  noting  that  n  is  constant  (to  order  M  )  gives  for  a  two-dimensional 
boundary  layer  flow 


For  a  turbulent  shear  layer  the  same  reasons  that  lead  one  to  postulate  a  large  Reynolds 
stress  relative  to  the  viscous  3tress  also  lead  to  the  omission  of  the  molecular  diffu- 
sivity,  and  the  diffusion  Eq  (4)  becomes 


3U 

3x 


(5) 


where  U  and  V  are.. ..now  the  time  averaged  velocities.  (In  passing  one  may  note  that  the 
substitution  of  t/V  for  oV  +  e ‘vJ  in  Eq  (1),  (2)  and  (5)  leads  to  three  equations  whoBe 
form  is  identical  with  the  corresponding  laminar  equations  except  that  an  eddy  diffusivity 
and  viscosity  defined  by 


p'v’ 
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u'v' 


3u 

3y 


replace  the  '.’oiorular  diffusivity 


and  viscosity.) 


Foe  a  supersonic  boundary  layer  the  energy  equation 


becomes,  with  the  assumption  of  a  perfect  gas  and  the  substitution  of  continuity  and  the 
equation  of  state, 
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Substitution  of  p  =  p  +  p'  etc.  and  again  supposing  a  sufficiently  large  Reynolds  number 
for  molecular  viscosity  ind  conductivity  to  be  negligible  compared  with  their  turbulent 
counterpart,  leads  to 
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for  steady  flow.  (Gradients  in  y  have  been  assumed 
'u'  of  the  same  order  as  p 1 v ' ?  = 
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large  compared  with  gradients  in  x> 
of  the  same  form  but  smaller  than 


If  the  last  two  terms  in  Eq  (6)  are 
with  the  turbulent  diffusion  Eq  (5).  Then, 
between  the  various  cases  in  which  there  is 
ence  in  molecular  weights,  heating  effects, 


negligible,  this  equation  becomes  identical 
and  only  then,  would  there  be  no  distinction 
a  density  difference,  due  either  to  a  differ- 
or  high  speed  compressibility  effects. 
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To  assess  the  role  of  the  last  two  tsrms  i,-,  Eq  (6)  the  following  estimates  can  be 

made. 


6.2  Orders  of  magnitude  estimates 

The  orders  of  magnitude  of  the  terms  in  tnc  x  momentum  equation  require  that 

u 1  v 1  -  aOi’J 

where  a  is  a  measure  of  the  spreading  angle  (A y/4x)  for  the  layer.  It  is  reasonable  to 
suppose  that  uT\Tr  ~  u'v'  (where  by  u'  is  meant  the  rms  fluctuation  level)  and  that 
u'  ~  do  even  in  the  case  of  compressible  flow.  It  follows  that 

v‘  ~  aU 

(if  it  is  assumed  that  v'  ~  u*  (~  £U)  then  a  -  dU/U,  which  is  the  usual  incompressible 
result) . 


An  estimate  for  V  3p/3y  can  now  be  made  since  the  y  momentum  Eq  (3)  relates 
3p/3y  to  v‘.  Likewise,  if  it  is  supposed  that  p’^is  at  least  of  the  same  order  as  the 
mean  variation  in  static  pressure  then  p'v '  ~  ov’“  and  the  energy  Eq  (6)  written  as  an 
order  of  magnitude  equation  is 

adu  >  v  +  a3UM2  +  Va2M2  =  0 


Clearly,  for  small  Mach  number  the  last  two  terms  sure  negligible  and  the  energy  Eq  (6) 
reduces  to  the  diffusion  Eq  (5).  That  is,  the  shear  layer  between  gases  having  different 
molecular  weights  will  be  the  same  as  that  between  a  hot  and  cold  gas  with  the  same 
density  and  velocity  ratio. 

However,  it  is  clear  that  f<-r  Mach  number  sufficiently  large,  a  must  depend  on 
M  for  the  last  two  terms  to  remain  of  the  same  order  as  the  first  two.  This  dependence 
is  evidently 


This  result  doi.-s  qualitatively  describe  the  experimental  results  which  are  available 
(Pig.  9).  The  velocity  v'  now  decreases  with  Mach  number  but  so  too  does  a  so  that  the 
turbulent  terms  which  have  been  neglected  in  deriving  the  equations  are  still  negligible. 
(The  basic  assumption  used,  that  u'  ~  dU,  implies  an  oscillation  of  the  shear  layer  with 
an  amplitude  equal  to  some  fraction  of  its  thickness.  If  the  effect  of  high  Mach  number 
is  to  reduce  this  amplitude,  then  the  dependence  of  a  on  M  is  ever,  stronger.) 

7.  CONCLUDING  REMARKS 

We  wish  to  draw  attention  particularly  to  two  findings  from  these  experiments  on 
a  plane  turbulent  mixing  layer: 

(1)  A  large,  wave-like,  structure,  which  increases  in  scale  with  distance  from 
the  origin  of  the  shear  layer  is  an  essential  '"eature  of  the  uniform  or  variable  density 
free  shear  layer  at  low  Mach  numbers. 

(2)  We  conclude  that  in  subsonic  flow  a  large  density  difference,  whether  arising 
from  differences  in  molecular  weight  or  temperature,  has  relatively  small  effect  on  the 
spreading  of  a  turbulent  mixing  layer.  The  large  effect  that  has  been  observed  when  one- 
stream  is  supersonic  must  be  related  more  to  Mach  number  than  to  density  difference.  Order 
of  magnitude  arguments  about  the  turbulent  terms  in  the  equations  of  motion  show  that  the 
pressure  velocity  correlations  and  the  variation  in  mean  static  pressure  are  not  negligible 
at  high  Mach  number  as  transformation  theories  (e.g.,  of  the  Howarth-Dorodnitsyn  type) 
usually  suppose. 
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SUMARY 

The  availability  of  reliable  spatially-resolved  eeasvreeents  of  the  behavior  of  such  wake  variables 
as  velocity,  aass  density,  reapers ture,  and  charge  density  is  of  particular  importance  to  the  understanding 
and  Modeling  of  turbulent  hypersonic  wakes.  An  experimental  program  to  obtain  such  data  has  been  carried 
out  at  the  Defence  Research  Establishment  Valcartier.  The  pretent  paper  presents  representative  data  con¬ 
cerning  the  mean  behavior  of  velocity  and  density  in  the  wakes  of  hypersonic  spheres  launched  at  Mach  13 
end  a  VJD  of  20  torr-inches.  The  variation  with  axial  distance  of  tho  velocity,  density,  and  temperature 
defects  and  of  the  velocity  and  density  wake  radii  are  given  and  are  compared  with  other  similar  data  and 
with  schlieren  data  obtained  under  the  sane  conditions.  Data  on  turbulent  characteristics  such  as  velocity 
fluctuations,  ionisation  scale  lengths  and  wake  intermittent/  are  also  given.  Finally,  the  total  momentum 
in  the  wake  is  estimated  from  the  neasured  velocity  and  mass  density  distributions. 

1.  INTRODUCTION 

In  recent  years,  a  very  considerable  effort  has  been  devoted  to  the  study  of  the  turbulent  wakes 
generated  by  hypersoriv  projectiles.  Of  particular  importance  to  the  understanding  and  modeling  of  such 
wakes  is  the  availcbitliy  of  reliable  spatially-resolved  measurements  of  the  behavior  of  such  wake  varia¬ 
bles  as  velocity.  Mss  density,  temperature  and  electron  density.  The  ballistic  range  facility  permits 
such  measursnwats  to  be  made  on  the  free  wakes  behind  various  models  over  a  range  of  axial  distance  ex¬ 
tending  from  a  lew  body  diameters  to  several  thousands  of  body  diameters. 

A  program  of  experimental  investigation  of  the  mean  and  fluctuating  properties  in  turbulent  wakes 
behind  1.0  inch  ind  2.7  inch  diameter  spheres  mainly  flown  at  about  Msch  13.5  is  now  being  completed  in 
the  ballistic  range  facilities  of  the  Defence  Research  Establishment  Valcartier  (DREV).  The  program  in¬ 
cludes  the  means  to  determine  the  spatially-resolved  distributions  of  such  wake  variables  as  velocity, 
aass  density,  charge  density,  and  temperature.  The  sequential  spark  experiment  makes  use  of  a  series  of 
electrical  discharges  to  measure  the  velocity  distribution  of  the  wake.  The  ionized  path  left  by  the 
discharge  acts  as  a  tracer  which  is  carried  by  the  velocity  of  the  wake.  Transverse  arrays  of  axial  pairs 
of  continuum  ion  probes  are  utilized  to  study  the  distribution  of  ionization.  Correlation  of  the  signals 
from  individual  axirl  pairs  can  be  used  to  determine  a  convection  velocity.  The  army  technique  also 
provides  dmt*.  on  the  distribution  of  scales  across  the  wake  and  on  wake  intermittency.  An  electron  ben 
fluorescence  probe  is  used  to  determine  the  distribution  of  mass  density.  The  fluorescence  induced  at  my 
point  along  the  path  of  the  electron  beam  is  proportional  to  the  gws  density  at  the  point.  Under  the  as¬ 
sumption  of  an  is^baric  wake,  the  temperature  can  be  inferred  from  the  density.  New  and  unique  data  on 
the  wake  of  supersonic  and  hypersonic  spheres  have  been  generated  with  these  techniques  (1  to  5). 

The  present  paper  concerns  itself  with  the  presentation  of  the  results  of  a  program  of  measurements 
on  sphere  wakes  using  the  above-mentioned  techniques  under  identical  conditions  of  Mach  number  (M»13)  and 
corresponding  values  of  pressure  times  sphere  diameter  (PJ)  =  20  ton- inches) .  Measurements  wivh  the  probe 
array  and  the  electron  beam  techniques  have  been  mrde  on  2.7  inch  diameter  spheres  at  a  pressure  of  7.6 
ton,  the  maximum  practical  operating  pressure  of  the  electron  beam.  Measurements  with  the  sequential  spark 
technique  have  been  made  on  a  smaller  range  facility  using  0.59  inch  diameter  spheres  at  a  pressure  of  35 
ton.  A  brief  description  is  given  of  the  experimental  techniques  and  of  the  methods  of  recording  and  data 
reduction.  Mean  radial  and  axial  characteristics  of  the  velocity,  east  density  and  temperature  of  the  wake 
are  presented  and  compared  with  other  data.  The  velocity  and  density  data  also  provide  a  measure  of 
the  dependence  of  wake  growth  on  axial  distance.  These  growth  data  are  compared  with  those  measured  with 
the  schlieren  technique  under  comparable  conditions.  Additional  information  is  provided  on  the  turbulent 
characteristics  of  the  wake.  The  standard  deviation  of  the  data  about  the  mean  distribution  is  used  as  an 
estimate  of  the  irtensity  of  the  turbulent  fluctuations  of  the  velocity  and  the  arts  density.  The  distri¬ 
bution  of  space  scales  in  the  wake  is  inferred  from  the  probe  array  signals.  Probe  data  or  wake  transition 
and  intermittency  are  also  presented  Finally,  the  mean  distributions  of  velocity  and  mass  density  are 
used  to  calculate  the  total  momentum  in  the  wake. 

2.  IHE  EXPERIMENTAL  TECHNIQUES 

«L.« 

2.1  Electrostatic  Probe  Array  Technique 

Attempts  to  measure  the  turbulent  properties  of  hypersonic  wakes  using  pairs  of  electrostatic 
probes  have  become  widespread  during  the  last  few  years  (6, 7, 8, 9),  despite  the  well-known  difficulties 
encountered  ,‘n  interpreting  the  probe  current.  Soae  of  the  less  controversial  aspects  of  this  wo»k  have 
involved  the  measurement  of  velocities  in  the  wake,  using  the  well-known  technique  of  a  pait  of  probes, 
separated  by  a  known  distance,  and  inserted  in  the  wake  so  that  a  line  through  their  collecting  elements 
would  be  parallel  to  the  direction  of  the  mean  flow  (4).  Essentially,  the  upstream  probe  detects  a  signal 
representative  of  local  fluctuations  in  the  ionization  pattern  of  a  turbulent  hypersonic  wake;  the  down¬ 
stream  probe  detects  essentially  the  same  signal  but  lagged  in  time  according  to  the  distance  of  separation 
of  the  probes.  The  time  lag  can  be  determined  by  cross-correlation  of  the  probe  signals,  and  together  with 
the  known  probe  separation,  used  to  determine  the  wake  velocity.  The  velocity  determined  by  such  a  pair  (f 
probes  should  be  labeled  a  convection  velocity  in  order  to  possibly  distinguish  it  from  the  mean  local  wake 
velocity  at  the  same  point  in  the  wake(10) . 
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The  acst  recent  application  of  paired  electrostatic  probes  at  Dft£V  has  iuvolved  the  use  of  trans¬ 
verse  arrays  of  eight  probe  pairs  to  survey  the  wake  of  hypersonic  spheres  (11).  A  typical  survey  array 
is  shown  in  Figure  1.  The  individual  probe  pairs  are  separated  by  sultiples  of  1.2S  inch  or  somewhat  less 
than  a  body  radius  for  a  2.7  inch  diameter  sphere.  The  individual  electrostatic  probes  are  constructed  by 
stripping  the  outer  conductor  and  insulator  froa  nicro-coax  to  leave  the  central  conductor  exposed.  Kiss 
is  supplied  by  a  current -to- voltage  preamplifier  which  drives  the  length  of  cable  required  to  lead  the  sig¬ 
nals  to  the  exterior  of  the  range.  The  preamplifiers  are  all  housed  in  the  wedge-shaped  Ltox  above  the 
array  as  shown  in  Figure  1.  The  survey  array  station  is  located  in  a  section  of  the  range  which  has  been 
lined  wi*h  a  smoothly  profiled  fiberglas  wedge  treatment  in  order  to  minimize  the  effects  of  shock  re¬ 
flections.  Further  details  of  the  experimental  equipment  are  given  in  a  recent  paper  (li). 

Fro*  the  exterior  of  the  range,  the  signals  are  led  to  e  central  recording  station  where  the 
signals  from  pairs  of  probes  are  recorded  on  35  millimeter  film  via  the  use  of  double  beam  oscilloscopes 
and  Fastax  cameras.  Timing  marks  from  a  central  timer  are  imposed  every  millisecond  on  all  film  traces 
by  means  of  2-modulation  of  the  oscilloscope  beams,  and  serve  to  synchronize  all  signals  in  time  with 
respect  to  ail  other  signals  and  with  respect  to  the  position  of  the  projectile.  The  pairs  of  signals 
from  various  pairs  of  probes  are  digitalized  by  u  computer-driven  film  reader  at  a  frequency  of  about  400 
kiloHertz.  Each  signal  is  divided  into  0.5  millisecond  segments,  and  each  such  segment  is  cross -correlated 
with  the  corresponding  signal  segment  from  the  othe.-  probe  of  a  given  pair.  Figure  2  illustrates  a  typical 
crass -correlation  curve  obtained  from  a  pair  of  such  signal  sogsents.  The  point  of  tangency  between  this 
curve  and  the  envelope  of  the  family  of  cross-correlation  curves  for  all  pot'tble  separation  distances 
between  a  pair  of  probes  determines  the  appropriate  time  lag  for  travel  of  a  given  fluctuation  in  ioni¬ 
zation  level  from  one  probe  to  the  other  of  the  probe  pair.  Of  course,  the  intercept  of  the  cross-corre¬ 
lation  curve  on  the  zero  lag  axis  represents  tne  value  of  the  space  correlation  for  the  probe  separation 
employed  (generally  0.14  diameter  for  a  2.7  inch  sphere  model).  ‘Hie  time  lags  are  used  to  infer  velocity 
history  as  a  function  of  axial  distance  using  the  known  separation  distance;  the  radial  position  of  the 
probe  pair  is  determined  by  projectile  trajectory  data.  Scale  history  data  is  similarly  inferred,  as  well 
as  intenittency  data. 

2.2  The  Sequential  Spark  Technique 

Tne  use  of  sparks  for  the  measurement  of  th£  velocity  distribution  in  flowfields  is  founded  on 
the  following  three  properties  of  the  spark;  the  icr.ization  of  a  narrow  filament  of  gas,  the  strong  emis¬ 
sion  of  light  from  that  filament  and  the  persistence  cf  appreciable  ionization  for  some  time  after  the 
spark.  Hhvn  a  spark  is  made  across  a  flowfield  (for  example,  the  wake  of  projectilo)  the  ionized  filament 
formed  by  this  spark  is  displaced  at  the  velocity  of  the  neutrals.  Successive  sparks  made  at  selected 
intervals  retrace  the  displaced  path  of  the  first  spark  due  to  the  persistence  of  the  ionization.  Tne 
light  emitted  by  the  sparks  can  be  used  to  make  a  photographic  record  of  the  successive  positions  of  the 
ionized  path.  This  record  of  the  displacement  can  he  used  in  conjunction  with  the  time  interval  between 
the  sparks  to  calculate  the  velocity  distribution  of  the  flowfield.  Figure  3  shows  the  stereo  photographs 
of  four  sequences  of  sparks  made  in  the  wake  of  a  one  inch  diameter  aluminum  sphere  travelling  at  14,500 
ft/s  at  an  ambient  pressure  of  100  torr.  These  four  sequences  (from  left  to  right  in  each  of  the  stereo 
photographs)  were  made  at  axial  distances  of  500,  900,  1,500  and  2,750  body  diameters  with  spark  intervals 
of  35,  75,  120  and  175  microseconds  respectively. 

The  application  of  the  sequential  spark  technique  to  the  measurement  of  the  velocity  in  the  wake 
of  free  flight  projectiles  in  a  ballistic  range  necessitated  the  use  of  relatively  large  electrode  gaps 
(5  to  7  inches)  to  allow  for  the  dispersion  of  the  projectiles  and  to  provide  a  reasonable  coverage  of  the 
wake  of  one  inch  diaiieter  spheres.  These  large  gaps,  in  turn  necessitated  the  use  of  veiy  high  voltage, 
short  duration  pulse:!  in  order  to  achieve  rapid  breakdown  of  the  gap.  Current -wise,  the  intensity  of  the 
spark  had  to  be  sufficient  for  photography.  Time-wise,  the  possibility  of  repeating  the  pulses  at  a 
minimum  interval  of  a  few  microseconds  wss  required.  The  equipment  which  was  designed  produces  90  kv 
pulses  having  duration! of  0.8  microsecond  with  a  maximum  current  of  20  amperes  available  for  the  discharge. 
Pulses  can  be  repeated  at  intervals  from  3  to  200  microseconds,  the  limitation  at  higher  time  intervals 
coming  from  the  persistence  of  the  ionization  produced  by  the  sparks.  The  development  of  a  technique  for 
selecting  the  spark  position  in  an  array  of  electrode  pairs  has  permitted  the  production  of  multiple  spark 
sequences  on  the  srn.  sphere  firing  as  can  be  seen  in  Figure  3.  This  feature  of  the  spark  technique 
facilitated  considerably  the  collection  of  statistically  meaningful  amounts  of  data  required  for  the 
determination  of  the  mean  characteristics  of  the  turbulent  wake  of  hypersonic  spheres. 

Experimentation  with  the  spark  technique  showed  that  the  sparks  did  not  generally  pass  through 
the  center  of  the  wake  along  straight  lines  .uvf  t.iat  precise  stereo  recording  and  analysis  of  the  sparks 
traces  wa:  necessary  if  spatially  resolved  tiea  .urewonts  of  the  wake  velocity  were  to  be  obtained.  The 
stereo  system  which  has  been  used  to  photograph  the  sparks  consists  of  two  cameras  whose  optical  axes  lie 
in  the  horizontal  plane  and  intersect  in  the  center  of  the  range  at  the  spark  station.  One  camera  looks 
downrange  at  60  degrees  from  the  flight  ax’ t ,  while  the  other  looks  in  an  uprange  direction,  also  at  60 
degrees  from  the  flight  axis.  Four  plumb  lines  spaced  at  8.5  inches  and  two  catenary  lines  at  12 
inen  spacing  are  used  as  references  for  the  precision  stereo  system.  The  catenary  lines  are  also  used 
as  references  for  the  f  ash  X-ray  photoattitude  system  of  the  range.  The  use  of  the  same  reference  lines 
for  the  photoattitude  an.,  the  spark  station  stereo  systems  permits  the  accurate  positioning  of  the  pro¬ 
jectile  with  respect  to  the  spark  traces.  Siadows  of  the  horizontal  and  ve-; ’sal  reference  lines  can  be 
clearly  seen  in  the  stereo  photographs  of  Figure  3. 

The  data  resuction  of  the  stereo  photographs  is  made  or  a  stereo  projector  assembly  which  repro¬ 
duces  the  geometry  of  the  range  stereo  system.  Alignment  of  the  system  is  made  from  the  shadows  of  the 
reference  lines  on  the  stereo  photographs.  Coordinates  of  numerous  points  of  each  spark  traces  are 
determined  using  standard  photogrammetric  techniques.  The  position  of  the  projectile  with  respect  to  the 
spark  traces  is  determined  from  the  flash  X-ray  photoattitude  system  of  the  range  with  an  accuracy  better 
than  0.05  inch.  Before  a  velocity  of  the  wake  can  be  calculated  from  the  successive  positions  of  the 
spark,  it  is  necessary  to  make  the  assumption  that  the  velocity  in  the  z  direction  is  <sq-j'.l  to  zero. 

Once  this  assumption  is  made,  the  velocity  components  con  be  computed  from  the  horizontal  distance  between 
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consecutive  spark  men  and  from  the  tine  lnt^r/ali  between  the  spark*. 

Figunl  4  shows  the  redial  profiles  of  axial  and  lateral  velocities  obtained  from  the  spark  sequence 
seen  on  tie  left  of  toe  stereo  photographs  of  Figure  3.  The  notation  V12  indicates  the  velocity  p-.  jfile 
computed  'ton  the  first  and  second  sparks  sad  V2J  froo  the  second  and  third  sparks.  The  wake  velocity  is 
nor  wined  with  respect  to  the  projectile  velocity  V.  sad  the  radial  distance  R  is  noraalized  to  the  sphere 
diameter.  The  graph  oa  the  left  shows  the  axial  waaa  velocity  calculated  froc  the  spark  traces  in  the  x  y 
plaae  while  the  graph  on  the  right  gives  the  lateral  “elocity  calculated  from  the  spark  traces  in  the  y  t 
plane,  wherr  x  is  the  direction  of  flight,  y  is  the  transverse  horizontal  axisof  the  range  and  z  the  ver¬ 
tical  one.  A  detailed  description  of  Che  sequential  spark  technique  and  of  its  application  to  be’ iistic 
range  neasurenents  is  given  in  s  recent  paper  (12). 

2.3  Electron  Bean  Fluorescence  Probe 


The  electron  bean  fluorescence  probe  ha*  beec  used  extensively  in  low-density  wind  Until  1  sad 
shock  tubes  to  neasure  ideal  gas  density  sad  temperature  (13)  sad  has  been  extended  in  too  pest  few  years 
to  the  study  of  wakes  generated  in  frse-fligk:  ballistic  ranges  (5,14,15,16).  The  fluorescence  probe 
relies  on  the  fact  that  If  a  col  Hasted  bean  of  energetic  electrons  is  directed  into  an  sir  or  a  nitrogen 
gas  flow,  a  snail  fraction  of  the  electrons  collides  with  the  gas  nolecuies  ard  excites  then  to  a  radiative 
state.  The  spontaneous  emission  appears  as  an  intense  fluorescence  where  the  predoninent  radiation  la 
exit ted  by  the  second  positive  systne  of  the  neutral  nitrogen  Molecule,  N2  (2*),  and  by  the  first  negative 
systen  of  the  singly  Ionized  nitrogen  Molecule,  N*+  (1-) .  As  the  fluorescence  is  confined  within  the 
electron  bean  dianeter  (•  few  nillineters) ,  the  intensity  of  the  fluorescence  at  any  position  along  the 
electron  bean  will  be  dependent  upon  the  nunber  of  gas  molecule*,  is.  the  gas  density.  Thus  measurement 
of  the  fluorescence  intensity  enitted  by  m  snail  segment  of  the  electron  been  vill  provide  an  evaluation 
of  the  gas  density  in  the  saall  volune  defined  by  the  length  of  the  segment  and  the  dianeter  of  the  bean. 

At  pressures  below  1  torr,  the  (0.0)  band  of  the  N*+  (1-)  systen  give*  the  strongest  mission  of  the  Nj 
spectrum  and  its  Intensity  is  proportional  to  pressure .  At  higher  pressures,  the  radiation  fro*  this  band 
starts  to  bo  quenched  and  the  inteasity-pressuio  curve  reaches  a  plateau  in  the  S  torr  region.  The  mission 
fron  the  (0.0)  band  of  the  Nj  (2e)  systm  increases  in  relative  intensity  with  pressure  end  quenching 
effects  occur  only  st  higher  p. is  sure* .  Detailed  studies  of  the  excitation  and  emission  processes  have 
been  perfomed  by  Mintz  (13)  and  Caaac  (17). 

In  »®ro ballistic  range  applications,  where  operation  of  the  technique  at  pressures  as  high  us  10 
torr  is  necessary  to  achieve  free  stream  Reynolds  auabers  high  enough  to  produce  turbulent  wakes,  the 
Kj  (2»)  (0.0)  band  is  used  because  of  its  high  intensity,  its  reduced  sensitivity  to  quenching  and  its 
quasi-) inear  variation  with  gas  density.  In  this  application,  the  fluorescence  probe  has  two  in¬ 
teresting  features,  naneiy  an  adequate  space  resolution  and  -o  mechanical  interference.  Thus  discrete 
point  neasurenents  of  density  can  be  performed  at  any  point  n  the  flowfield,  even  on  the  projectile  flight 
path. 

The  fluorescence  probe  instrumentation  consists  of  an  electron  bean  generator  and  a  twelve-channel 
fluorescence  detector  systm.  A  schematic  layout  of  the  apparatus  is  shown  in  Figure  5.  The  electron 
bean  is  produced  outside  the  ballistic  range  tank  and  is  introduced  inside  through  a  water- coo lad  trip¬ 
le  nozzle-skinner  arrangement  installed  at  the  end  of  a  long  drift  tube  evacuated  by  a  three-stage  dif¬ 
ferent  ial-purpisc  systm.  The  ir.i'tument  is  capable  rf  prodvi  it.g  a  100  Kv  bean  of  1  to  2  nA  current  with 
a  dimeter  of  2  ■  when  it  enters  •  test  section  st  pressures  it  high  as  10  torr.  The  detector  set-up  is 
wade  of  three  separate  optical  systems  (Figure  5) ;  each  consisting  of  a  single  quartz  lens  and  four  slits 
defining  four  fields  of  view  vn  the  electron  l era.  A  12  stage  photomultiplier  measures  the  intensity  of 
the  light  collected  from  each  field  of  view  within  a  spectral  window  determined  by  an  interference  filter 
centered  at  337SA  with  1  55A  band* id  h.  The  tt-elve  fields  of  view  measuring  the  fluorescence  intensity  at 
twelve  positions  alon.  the  electron  team  arc  each  1.2  m>  wide  and  12  am  high.  Figure  6  is  a  pootograph  of 
the  inside  installation  of  the  test  section  stowing  on  the  right  the  SO  inch-long  eloctron-bean  drift  tube 
with  water-cooled  exit  -nozzles  entering  the  ballistic  range.  Facing  the  drift  tube,  there  is  a  collector 
cup. The  three  optical  systems  are  shown  at  the  top  and  bottom.  The  photomultiplier  outputs  are  displayed 
on  oscilloscope  screens  and  photographed  by  high  speed  35  m  cameras  giving  a  tine  resolution  of  4  micro¬ 
seconds  throughout  a  record  length  of  0.3  second. 

The  recorded  signals  are  digitized  and  analyseo  ising  a  high  speed  digital  coaputer.  The  analyti¬ 
cal  scheme  takes  into  account  the  departure  from  linearity  of  the  fluorescence  intensity  versus  density 
curve  and  it  corrects  for  the  attenuation  the  electron  bean  experiences  as  it  traverses  regions  of  non- 
uniform  gas  density.  To  achieve  this  attenuation  correction,  an  iterative  technique  aakes  use  simul¬ 
taneously  of  the  information  content  of  the  twelve  data  channels  recorded  on  each  firing.  A  more  detailed 
description  of  the  calibration  and  of  the  signal  analysis  is  given  in  reference  16. 

3.0  KEAN  CHARACTERISTICS  OF  THE  WAKE 

The  data  presented  in' this  paper  are  the  results  of  a  total  of  34  firings  cf  spheres  madeat  Mach 
13  and  at  a  P«D  of  20  torr- inches .  Fifteen  2.7  inch  diameter  spheres  were  launched  for  the  electrostatic 
probe  array  technique.  As  mentoned  earlier,  the  array  consisted  of  eight  axial  pairs  of  probes  located 
close  to  the  flight  axis  in  a  transverse  configuration.  For  one  third  of  the  firings,  the  transverse 
array  was  located  symmetrically  with  respect  to  the  flight  axis,  for  the  other  firings,  it  was  located  to 
one  side  of  the  flight  axis  permitting  a  better  coverage  of  the  radial  distribution.  Eleven  0.59  inch 
diameter  spheres  were  observed  with  the  spark  technique  and  radial  profiles  of  velocity  were  measured  at 
axial  distances  of  305,  715  and  1200  diameters  behind  the  spheres.  Finally  eight  2.7  inch  dianeter  spheres 
were  observed  by  the  electron  beam  experiment  with  ten  detectors  located  asymmetrically  with  respect  to  the 
flight  axis  along  the  electron  beam. 

3.1  Velocity 


The  wake  velocity  is  obtained  from  the  probe  array  technique  by  cross-correlating  0.5  millisecond 
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Mean’s  of  sigaals  x/on  mr.ial  pair*  of  probes  (Figure  2).  Tbm  tin*  lag  determined  by  the  polats  of  tan- 
geacy  of  the  straight  lime  nth  tko  correlation  cor***  is  used  ia  conjmetioa  with  the  probe  spacing 
(0.140)  to  calculate  a  coimtiit  velocity  The  CMrlisatn  of  this  velocity  measure— at  are  I/O,  tha 
radial  distance  between  the  probe  tip  end  the  flight  axis  sad  I/D,  the  axial  distance  in  sphere  disasters 
corpetpondifif  to  the  position  of  tha  projectile  at  the  c eater  of  tha  0.S  Billisecond  segaent  of  signals. 

The  value  nf  R/D  is  exact  for  all  practical  purposes  and  I/O  is  knows  within  IS  disasters  because  of  the 
use  of  0.5  Billisecond  streets  'So t  each  pair  of  probes,  aa  axial  characteristic  of  eake  velocity  is 
dotexalacd  at  a  fixed  radial  distrcce.  To  obtain  a  redial  profile  of  velocity  wi  It  e  reasonable  amber  of 

data  points,  it  is  necessary  to  group  the  data  covering  a  band  of  axial  distance  hands  of  30,  60  and 

100  disasters  have  been  used  and  have  shown  consist eat  results.  The  logical  mr  : *  h  is  probably  to  use 

a  marrow  band  at  sea  11  sxial  distances  and  e  larger  bend  at  large  axial  distances  figur*  7  chows  s 

typical  redial  profile  of  velocity  Measured  at  an  axial  distance  of  420  diameter*.  A  bend  of  axial  dis¬ 
tance  of  60  dianeters  has  been  used  ia  this  case.  The  wake  velocity  ,'*v)  is  «"«! {?♦-<  to  the  prsjcctils 
velocity  and  the  racial  distance  X  to  the  sphere  dianeter.  Study  of  a  number  of  these  radial  profiles 
collected  with  the  sequential  spark  and  the  probe  array  technique  has  revealed  that  the  shape  of  the  pro¬ 
file  is  well  approximated  by  gaussian  curves.  Hie  ,*ull  curve  in  Figure  7  represents  the  least  Mean  square 
fit  of  s  gmississ  expression  of  the  fora: 

Vw/^U  -  (V0/VJ  exp  (-(R/r)1) 

where  Vq/Kb  and  r/9  ere  the  peraneter*  of  the  fit.  V^/V*  represents  the  wake  axis  voio.it y  end  r/D  is  e 
paraneter  related  to  the  velocity  radius.  The  standard  devittioc  of  the  date  with  respect  to  the  fitted 
curve  (Ox)  is  0.013  or  0.236  when  normalized  to  the  rake  axis  velocity. 

Velocity  date  fr:«  the  sequential  spark  experiment  cones  out  directly  in  the  form  of  a  radial 
profile  measured  at  a  predetermined  axial  distance  in  the  wake  (Figure  4) .  By  using  the  sane  settings  on 
each  firing,  n  sample  of  radial  profiles  can  be  collected  at  the  same  axial  diatance.  Figure  9  shows  e 
typical  sample  of  redial  profiles  measured  at  305  diameters  behind  0.59  inch  diameter  spheres.  Tho  full 
curve  represents  the  geusslae  curve  fitted  through  the  data.  The  open  circles  give  the  mean  curve  obtained 
from  the  data.  It  can  be  seen  that  the  gaussicn  curve  fits  reasonably  well.  Tbi  standard  deviation  of 
the  date  with  respect  to  the  fitted  curve  is  0.137  when  normalized  to  the  axis  velocity. 

The  least  mean  square  fits  of  gaussian  curves  on  the  redial  profiles  of  wake  velocity  yield  two 
quantities,  the  axis  velocity  (V„/V«j  end  the  velocity  profile  radius  (r/D),  which  are  anfficient  to  flilly 
characterize  the  mean  velocity  distribution  ia  the  turbulent  core.  Figure  9  shows  the  characteristics  of 
axis  velocity  versus  axial  distance.  Open  circles  represent  the  date  collected  with  the  electrostatic 
probe  technique  at  s  projectile  velocity  of  14,S00  fpa  and  at  e  P«D  of  20  torr- inches.  Open  triangles 
represent  the  data  collected  with  the  spark  technique  under  the  same  conditions.  Good  agreement  is 
observed  between  these  two  sets  cf  date.  Also  given  (full  triangles)  are  data  obtained  with  the  spark 
technique  at  a  PJ)  of  40  torr-inches;  a  slight  dtpendence  of  wake  velocity  on  PaB  is  apparent  at  smell 
axial  distance  (X/D  <  1000).  The  velocity  decay  follows  a  power  lew  of  minus  uni  v  in  the  region  from  500 
to  1000  diameters.  The  90%  confidence  interval  on  the  axis  velocity  is  indicated.  A  restriction  is  pieced 
on  the  level  of  confidence  as  the  theory  used  to  calculate  it  (13)  is  exact  for  lineir  regressions  only, 
whlc.'.  is  not  the  case  for  the  gaussian  curve.  Open  squares  refer  to  mean  wake  velocities  measured  by  Fox 
and  Rtirgaldier  (19)  using  hot  wire  and  cooled  film  anemometers  under  conditions  widely  different  from  those 
used  with  the  probe  array  and  the  spark  techniques  (V.  -  6,000  fps  end  P«D  -  360  torr-inche j) .  These  data 
extend  into  tho  far  wake  where  the  asymptotic  -2/3  power  law  decay  is  observed.  Agreement  of  the  ane- 
neneter  data  with  the  probe  array  end  the  spark  data  in  the  intermediate  wake  (X/D  <  1000)  is  considered 
a  pure  coincidence  dux  to  the  opposing  action  of  three  different  factors:  the  strong  dependence  on  Mach 
number  (3)  tends  to  decrease  the  velocity  ratio  (V0/V_)  measured  by  the  anemomtter  technique;  tho  rela¬ 
tively  weaker  dependence  on  PJD  tends  to  increase  it, while  the  off-axis  effect  tends  to  decrec.se  it. 

Figure  10  shows  the  velocity  radius  data  derived  from  the  least  mean  squr.re  fits  of  gaussian  curves 
for  the  same  sets  of  probe  array  and  spark  data  presented  in  Figure  9.  Again  probe  array  and  spark  data 
show  good  agreement.  The  width  of  the  velocity  profiles  seems  to  be  independent  of  P«D  anil  this  obser¬ 
vation  is  corroborated  by  ueasurements  mede  at  the  same  Mach  numbtr  and  at  a  P®D  of  100  torr-inches  with 
the  spark  technique  (20).  The  data  follow  a  1/3  power  law  growth  past  30S  sphere  diameters.  Below  300 
diameters,  the  velocity  radius  seems  to  be  constant.  A  similar  behavior  is  observed  on  measurements  made 
at  *000  fps  and  109  torr-inches  with  the  spark  technique  (20).  The  velocity  radius  oata  in  Figure  10  are 
compared  with  data  measured  from  schlieren  photographs  of  the  turbulent  wake.  Despite  the  fact  that  the 
schliiren  data  cover  almost  an  order  of  magnitude  of  variation  in  P&D,  no  PooD  dependence  can  be  detected. 
The  90%  confidence  level  in  the  case  of  the  schlioren  data  is  an  exact  level  which  has  been  calculated  with 
theHt"iliztribution  to  correct  for  sample  size.  The  full  line  represents  the  1/3  power  law  which  has  been 
fitted  to  the  schlieren  data.  The  schlieren  radius  is  appreciably  larger  than  the  velocity  radius  at 
large  axial  distances.  The  two  radii  coincide  at  about  300  sphere  diameters  and  below  this  point,  the 
schlieren  radius  is  smaller  than  the  velocity  radius. 

Comparisons  of  the  wake  axis  velocity  and  of  the  velocity  radius  of  Figures  9  and  10  measure.'  at 
Mach  13  and  at  a  P^D  of  20  torr-inches  shows  good  agreement  between  the  probe  array  and  the  sequential 
spark  techniques.  However  a  better  indication  of  this  agreruent  is  obtained  from  the  comparison  of  the 
original  velocity  data.  Figures  11  and  12  show  comparisons  of  the  raw  velocity  data  collected  with  both 
techniques  under  the  above  mentioned  conditions.  Figure  11  shows  the  data  measured  at  radial  distances 
from  0.8  to  0.S  dianeters  and  Figure  12.  the  data  measured  at  radial  distances  from  1.6  to  1  '.7  diameters. 

In  Figure  11,  the  spark  data  (full  circles)  shows  slightly  higher  velocity  than  the  probe  anay  data  (open 
circles)  at  small  axial  distances.  The  two  techniques  observe  roughly  the  same  scatter  in  the  velocity. 
These  two  g.aphs  illustrate  the  remarkable  agreement  of  the  two  techniques. 


3.2  Density  and  Temperature 

hypersonic  spheres  is  measured  with  the  electron  beam 
The  data  were  collected  on  eight  firings  of  2.7  inch 


The  density  distribution  in  the  wakes  of 
fluorescence  probe  technique  as  described  earlier. 


spheres  launched  »t  a  velocity  of  U,St»  ft/s  in  a  nitrogen  atmosphere  at  7.o  rorr  (P«D  -  20  torr-iwchos) 
tile  data  at«rd'  vn  to  -SOW  body  diameters  iu  the  axial  direction  and  cover*  froo  >1.0  to  3.5  bedy  diaat- 
terj  in  the  radial  direction 

At  each  radial  position,  the  density  aeasured  is  averaged  over  an  axial  length  travailed  by  the 
projectile  corresponding  to  a  length  of  wake  of  aoprcximaielv  1  body  diaaeter  convected  by  the  a  'tearing 
station.  Tho  appropriate  axial  length  is  calculated  from  the  center-line  velocity  ratio  detenin*.-  by  the 
sequential  spurts  and  by  the  electrostatic  pi-'bes .  The  naan  density  esvinate  thus  obtained  is  plcrted  for 
each  radial  position  at  a  giver,  axial  position  as  shove  in  Figure  13.  On  this  radial  distributici. ,  a 
fit.,  tical  expression  oi  the  form 

l  _ _ A 

P„  ’  ll-AJ  exp  (-(R/DJ'/B)  ♦  A 

wh .<re  A  and  B  are  parameters,  is  fitted  by  the  least  nean  souare  Method.  The  parameter  A  corresponds  to 
the  cri  er-line  density  ratio  0o/B->  while  the  overall  expression  is  used  to  evaluate  the  radius  of  the 
wake  by  calculating  the  i.aii-width  of  the  distribution  at  the  1/e  height  To  conpare  with  tho  L.M.S.  fit, 
the  density  ratio  averaged  every  ten  points  has  been  computed.  The  error  hart  correspond  to  the  scatter 
of  the  data  about  the  average  value.  This  data  reduction  procedure  has  been  applied  at  every  axial  posi¬ 
tion  from  39  to  3000  body  diameter*.  The  center-line  density  defect  as  obtained  fron  the  radial  profiles 
is  pressni.xi  ir.  Figure  14.  The  density  defect  decreases  very  slowly  and  does  not  achieve  a  constant  decay 
rate  before  approximately  800-900  dianeters  where  a  -2/3  power  law  is  a  good  representation.  The  90% 
confidence  level  noted  on  each  point  is  computed  from  the  L.N.S.  fit  n  each  radial  profile. 

The  wake  radius  variations  with  axial  distance  behind  the  hypersonic  sphere  have  bean  evaluated 
atking  use  of  the  analytical  expression  for  the  rs-.ial  profile  f.,r  each  axial  position  and  are  shown  in 
Figure  15.  The  wake  density  radius  if  exopared  wt-.n  the  fitted  schlieren  radius  curve  already  presented 
in  Figure  10.  Up  to  200  diameters,  the  dcr>ity  radius  is  larger  than  the  schlieren  radius.  This 
observation  suggests  that  the  density  profiles  avaiure  the  inviscid  wake  radius  until  the  visoous  core  has 
grown  into  the  inviscii  layer.  Further  than  200  dianeters,  the  wake  radius  defined  by  the  density  pro¬ 
files  stays  smaller  than  the  radius  measured  fron  the  schlieren  photographs.  Comparison  of  these  date 
with  the  wake  radius  data  obtained  fron  the  velocity  profiles  Measured  with  the  electrostatic  probes  and 
with  the  sequentiol  sparks  (Figure  10}  .shows  a  very  similar  behavior.  One  should  also  keep  in  ait<d  that, 
when  the  wake  radius  exceeds  3.0  dianeters,  tho  radial  density  profiles  are  not  well  defined  as  there  are 
no  data  further  than  3.5  dianeters  fron  the  wake  axis. 

If  one  assumes  that  the  gases  in  the  wake  follow  the  perfect  gas  law  and  that  the  pressure  behind 
the  model  rapidly  reaches  an  equilibria  with  the  ambient  pressure  (21) ,  then  the  density  measurements 
nay  be  used  to  infer  the  *  — perature  distribution.  Linder  these  assumptions  axd  ignoring  compressibility, 
the  center-line  temperature  defect  has  been  inferred  fron  the  center-line  density  ratio  end  is  shown  in 
Figure  16.  The  temperature  begins  its  decay  earlier  behind  the  model  than  does  the  density  defect  and  it 
is  oest  represented  by  a  -1  power  law.  A  similar  behr.vior  has  been  observed  for  the  variation  of  the 
velocity  defect,  as  shown  in  Figure  9. 

4.0  TURBULENT  CHARACTERISTICS  OF  TOE  HAKE 


The  knowledge  of  the  turbulent  characteristics  constitutes  an  iuportant  requisite  if  good  modeling 
of  the  wake  is  to  be  achieved.  The  ability  of  some  of  the  experimental  techniques  to  measure  the  turbu¬ 
lent  characteristics  nay  be  questioned  because  of  inherent  averaging  in  the  measuring  processes.  However, 
it  is  possible  to  obtain  sone  useful  indications  from  all  experinents.  Short -corings  of  the  techniques 
will  be  discussed  as  the  data  are  presented.  Sone  discussion  is  given  concerning  the  question  as  to 
whether  the  wake  neasured  under  the  present  aabient  conditions  '3,  in  fact,  ftilly  turbulent.  With  a  free- 
streaa  Reynolds  number  of  2X105  baled  on  body  size,  the  transition  of  the  wakv  from  laainar  to  turbulent 
can  be  expected  to  occur  at  some  axial  distance  behind  the  sphero.  Information  bearing  on  the  transition 
and  intemittency  aspects  of  the  wake  flow  is  available  from  the  measurements  however,  and  provides  a  con¬ 
siderable  amount  of  insight  into  these  topics. 

4.1  Velocity  and  Density  Fluctuations 

Measurements  of  velocity  with  the  probe  array  and  the  spark  technique, and  of  mass  density  with  the 
Election  beam  technique  all  exhibit  some  scatter  of  the  data  as  illustrated  by  the  radial  profiles  of 
Figures  7,  8  and  13.  Under  the  assumptions  of  normality  and  of  uniform  standard  deviation  across  the  radial 
profile,  the  standard  deviation  of  the  data  with  respect  to  the  fitted  radial  profile  can  be  used  as  an 
indication  of  the  scatter  provided  the  fitted  curve  follows  the  data  reasonably  well.  Comparison  of  the 
standard  deviation  about  the  fitted  curve  with  ‘he  so-called  pure  standard  deviation  measured  about  the 
mean  profile  for  a  large  number  of  radial  profiles  shows  consistent  results  and  indicates  that  the  lack  of 
fit  is  not  too  important.  Figure  17  shows  the  standard  deviation  of  the  data  about  the  fitted  radial 
profiles  for  the  velocity  and  density  data  presented  earlier.  To  facilitate  comparison  between  the  ve¬ 
locity  and  density  data,  the  standard  deviation  has  been  normalized  to  the  ax£s  velocity  and  to  the  axis 
density  defect  respectively.  The  95%  confidence  levels  calculated  from  the  x*  distribution  are  also 
given.  All  four  sets  of  data  show  a  weak  trend  pf  an  increasing  ratio  of  rms  fluctuation  level  to  mean 
level  with  increasing  axial' distance .  Data  measured  by  the  spark  technique  at  P^Dof  20  and  40  torr-inches 
show  identical  levels  of  scatter. 

A  marked  difference  in  the  absolute  level  of  scat  ter  is  observed  between  the  three  experimental 
techniques.  This  difference  is  not  unexpected  in  view  of  the  different  averaging  in  the  measuring  and 
the  data  reduction  processes.  Examination  of  these  processes  furnishes  some  explanation  of  the  observed 
difference  in  the  level  of  fluctuations.  The  correlation  over  a  segment  of  signal  of  0.5  millisecond 
duration  fron  axial  pairs  of  electrostatic  probes  an  be  expected  to  give  an  average  velocity  representa¬ 
tive  of  the  length  of  wake  convected  by  the  probes  during  the  time  of  measurement.  Tills  measurement  must 
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not  b »  c- «rusc4  ao* rver.  with  the  well  -«v era ged  convection  velocity  measurements  that  can  be  aide  in  a  low 
spwrd  jet,  for  tr  ample.  Make  ■ easy resents  a  .a  tran'iont  measurements.  In  wost  nits,  the  probe  sign*, 
correlation  is  dominated  by  the  most  strongly  ionized  blob  in  the  segment  of  zig'jtl  and  for  this  reason, 
the  ptob*  velority  estimates  are  less  averaged  ana  more  instantaneous  than  eight  be  expected.  A  more 
basic  k'v  of  looking  at  the  averaging  is  tc  tii^-ne  the  quantities  r .-quit id  for  th;-  determination  of 
velocity:  distance  and  time.  The  tine  lag  determined  by  the  correlation  is  dependent  on  the  wake  ve¬ 
locity  jut!  consequently  increases  with  axial  distance.  The  distance  over  which  the  velocity  is  estimat'd 
is  equal  to  tho  separation  of  the  iiial  pairs  of  probes.  This  distance  is  0.14  sphere  diameter.  The 
velocity  measured  is  an  average  velocity  along  that  distance.  The  measurements  of  velocity  with  the 
spark  technique  presents  a  good  analogy  to  the  measurements  with  *he  probe  array  technique.  The  irterral 
between  consecutive  sparks  is  adjusted  at  each  axial  distance  to  obtain  a  displacement  of  about  half  a 
body  d.smeter  on  the  axis  of  the  wake  mad  a  smaller  displacement  at  the  edge,  for  purposes  of  comparison 
the  probe  arr»  t .  a  value  of  one  quarter  of  a  body  diamster  can  be  used.  The  volume  of  gas  sent  by 
the  detectors  in  the  electron  besm  experiment  is  determined  by  the  diameter  of  the  beam  which  varies  from 
2  to  8  me  along  its  useful  length  because  of  Coulomb  spreading.  Perpendicular  to  the  team,  the  ti  'ld  of 
view  is  limited  by  a  slit  to  1.2  mm.  These  dimensions  are  very  small  compered  with  the  projectile  diameter 
(2.7  inches)  end  consequently  the  averaging  should  not  l>e  important.  Averaging  in  this 

case  comes  from  the  date  reduction  process  As  explained  earlier,  estimates  of  density  comes  from  axial 
segments  of  wake  varying  in  length  between  1.0  and  2.4  sphere  diameters.  As  a  conclusion,  it  can  be  said 
that  some  of  the  difference  in  the  level  of  fluctuations  observed  with  the  three  techniques  can  be  ex¬ 
plained  in  terms  of  the  averaging  produced  by  each  experiment;  the  absolute  level  of  fluctuations  are 
higher  than  those  measured  here  because  of  the  averaging  and  the  trend  towards  an  increasing  level  of 
fluctuations  with  increasing  axial  distance  is  probably  real. 

4.2  Transition 


For  the  launched  conditions  of  most  of  the  2.7  inch  diameter  spheres  fired  to  obfin  the  present 
date  (Mach  13  and  7.6  torr),  the  freestream  Reynolds  nuaber  (per  foot)  is  almost  10*.  Th.i  Reynolds  rauber 
based  on  sphere  diameter  is  consequently  about  2X101,  and  from  the  data  of  Milson  (22),  the  normalized 
transition  distance  is  about  7  diameters  behind  the  projectile.  The  program  from  which  the  present  results 
were  derived  was  undertaken  to  provide  the  data  on  turbulent  wakes  which  could  be  used  for  theoretical 
modeling.  The  state  of  the  tur. silence  in  the  wake  is  thus  of  considerable  importance.  It  is  isserted  in 
the  literature  on  the  basis  of  fchlieren  stud:  .<  (22)  that  in  general  behind  blunt  bodies,  transition 
occurs  abruptly  fits  straight  laminar  flow  to  what  appears  to  be  well -developed  turbulence  within  a  few 
body  diameters.  However  soae  observations  made  on  our  7.6  torr,  2.7  inch  diameter  sphere  data  lead  us  to 
express  soue  reservations  regarding  the  character  of  the  turbulence  in  the  first  two  or  three  hundred  body 
dimeters  of  wake  behind  such  spheres.  In  the  near  wake  (X/D  less  than  100  Dj,  signal  detected  by  arrays 
of  electrostatic  probes  seems  deficient  in  higher  frequency  components;  higher  frequency  components  make 
their  appearance  in  the  exsal  distance  region  extending  from  about  100  to  300  diameters  (Figure  18) . 
Examination  of  the  statistics  of  the  turbulent  interface  or  interaittency  indicates  that  in  the  near  wake 
the  standard  deviation  of  the  front  radius  with  respect  to  the  mean  radius  is  in  fact  larger  at  7.6  torr 
than  it  is  at  higher  pressures.  The  sum  remark  can  be  made  regarding  the  site  of  scales  at  7.6  torr  and 
higher  pressures.  There  Is  some  reason  to  believe  that  at  P«D  20  torT-ir.ches,  the  turbulent  fluctuations 
in  the  near  wake  of  a  2.7  inch  diameter  sphere  as  seen  by  ion  probes  resemble  something  that  one  might 
expect  to  detect  in  a  quasi-laminar  unstable  flow. 

4.3  Interaittency 

If  a  probe,  such  as  a  hot  wire,  were  imiersed  in  a  turbulent  fluid,  and  the  electrical  signal  from 
the  probe  were  found  to  contain  bursts  of  random  signal  variation  separated  by  periods  of  zero-fluctuation 
quiescent  signal,  then,  provided  the  prabe  apparatus  was  not  defective,  the  turbulent  fluid  would  be  said 
to  be  intermittent,  lntermittency  at  a  point  in  a  turbulent  fluid  can  be  estimated  by  comparing  the  aver¬ 
age  ratio  of  the  time  duration  of  turbulent  signal  to  the  total  time.  In  s  turbulent  wake  as  in  a  turbu¬ 
lent  jet,  interaittency  generally  tends  to  unity  on  the  axis  of  the  flow  v  d  fails  toward  zero  as  one  moves 
away  from  the  axis  towards  the  boundaries. 

Tle  interaittency  of  the  wake  of  2.7  diameter  hypersonic  spheres  launched  at  7.6  torT  has  been 
estimated  evam  the  raw  signal  data  of  the  survey  array  of  electrostatic  probes.  Very  simply,  the  signal 
of  each  p:obe  in  an  array  data  round,  which  corresponds  to  one  value  of  R/D  (normalized:  radial  distance) 
has  been  divided  up  into  consecutive  0.5  millisecond  segments,  and  the  interaittency  calculated  for  each 
segment.  There  is  always  a  continuous  overall  decay  in  the  charge  density  levels  with  increasing  axial 
distance  in  the  wake  behind  a  hypersonic  sphere;  nevertheless,  interaittency  was  estimated  by  designating 
relatively  featureless  segments  of  signal  as  being  laminar,  the  other  portions  as  turbulent,  and  sub¬ 
sequently  calculating  the  percentage  of  turbulent  fluid.  The  value  of  interaittency  was  attributed  to  the 
axial  distance  X/D  pertaining  to  the  middle  of  0.5  millisecond  segment  being  measured.  Calculations  of 
interaittency  as  a  function  of  radial  distance  were  thus  prepared  for  each  data  round  as  a  function  of 
R/D  and  X/D. 

Mathematically,  the  interaittency  factor  T  can  b«.  written  as 

r  (y)  -  prob  [  y  <  Y(t)  <  »  ] 

where  y  is  a  variable  representing  radial  pi.  ition  with  respect  to  the  wake  and  Y  (t)  the  instan- 
teneous  location  of  the  front  between  turbulent  and  non -turbulent  fluid.  If  one  assumes  a  gaussian 
distribution  function  for  Y  (t),  the  intenrittency  factor  may  be  written  as 

r  (y)  -  1  Cl  -  erf  (R/0  -  6/D)  1 
/T  O/D 


where 
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erf  *  1  Jl  exp  (-C2)  d(, 

and  the  two  fitvable  parameters  in  this  expression  are  6/D,  the  no  realized  average  position  of  the  turbu¬ 
lent  interface  and  a/0,  the  standard  deviation  of  the  gaussian  distribution. 

The  above  expression  has  been  used  to  fit  the  intereittency  data.  The  wean  intereittency  radius 
(nonaalited  to  the  projectile  disaster)  6/D  derived  frna  these  fits  is  «hown  in  Figure  19  by  r'ue  open 
circles.  The  solid  line  is  the  Schlieren  wake  radius  represented  by  0.4(X/D)s/i  appropria'.e  to  Mach  13, 
the  intereittency  wake  radius  is  apparently  seen  to  also  follow  the  (X/D)1/!  law  in  the  uaar  wake,  al¬ 
though  the  aean  intereittency  radius  is  only  about  2/3  o£  he  sc.ilieren  wake  radius. 

The  standard  deviation  describing  the  distribution  of  the  interface  about  the  *ean  position 
estiaated  by  the  fits  is  given  in  Figure  *.i,  again  by  the  open  circles.  Coaparison  with  DREV  data  at 
higher  pressure  shows  siailar  behavior,  although  a/0  is  larger  at  low  pressure.  Also  shown  are  data  at 
approximately  Mach  14  obtained  by  Schapker  (23)  and  by  Lrvensteins  and  Kruains  (24)  froa  aeasureaents  of 
wake  edge  statistics  or.  schlieren  photographs.  The  Reynolds  nuaber  range  is  also  very  siailar  to  that 
employed  at  DREV.  It  Is  apparent  that  the  DREV  survey  array  probe  data  is  cone's taut ly  higher  than  the 
other  data,  by  at  least  a  factor  of  2.  Nevertheless  the  trend  of  the  data  ia  reasonably  siailar.  Since 
tne  ion  probe  aakss  a  point  aeasureaent  while  soae  degree  of  integration  aust  be  assigned  to  the  schlieren 
wake  radius  aeasureaents,  the  gap  in  the  data  coaparison  is  at  least  in  the  right  direction. 

4.4  S|>ace  Scales 

Scale  dataksve been  estiaated  froa  the  ptirs  of  ion  probes  constituting  the  individual  axis!  pair 
eleaents  in  the  surrey  array.  The  distribution  of  scale  data  was  found  to  be  independent  of  radius  at  any 
given  axial  distance  behind  the  projectile.  Accordingly  the  data  is  plotted  as  a  function  ct  axial  dis¬ 
tance  in  Figure  21,  Showing  the  position  of  the  quartile  points,  i.e.  SOt  of  the  scale  data  falls  between 
the  lower  and  upper  quartile  points.  In  the  7.6  torr  scale  data  a  nuaber  of  points  have  been  moved  at 
X/D  values  near  100  because  thay  indicated  scales  greater  than  one  sphere  diameter,  and  were  considered 
to  be  representative  of  laainar  instabilities  rather  than  turbulence. 

Independent  effort  at  DREV  has  indicated  that  the  ion  probe  current  data  at  7.6  torr  is  dominated 
by  scalar  quantities.  Nevertheless  the  scale  data  estisuted  froa  the  probe  results  faiis  b*low  data 
■easured  at  other  laboratories.  Figure  21  also  shows  contrast  fluctuation  scale  data  froa  schllexcs 
aeasureaents  at  MIT  (25)  and  P«D  of  '6  tore-inches  and  scale  data  froa  anaaoaetor  aeasureaents  on  spheres 
at  Mach  5  by  Fox  and  Rungaldier  at  T:  V  (19).  The  scale  data  froa  the  aneaoaeter  indicated  by  the  saall 
open  squares  lying  closest  to  the  DRE  '  data  is  actually  sensitive  to  velocity  fluctuations,  the  other  data 
representing  scalar  temperature  fluctuations  lies  ftirther  froa  the  curves .  Generally  it  appears  that  DREV 
ion  probe  scale  data  lies  below  siailar  data  obtained  at  other  laboratories. 

5.0  MUFCNTUM  DEFECT 

The  aoaentuw  defect  or  drag  cau  be  calculated  at  each  axial  station  in  the  wake,  using  the  radiel 
distributions  of  vc-  -ity  and  density,  froa  the  following  expression: 

Co  A  411  V  £  (1-V  )  R  d(R) 

Jo  V.ft,  V.  D  D 

where  Cp  is 'the  dreg  coefficient  Milch  is  assuaed  to  De  equal  to  0.9  for  hypersonic  spheres.  Mils  ex¬ 
pression  has  been  evaluated  using  the  fitted  g.vissian  curve  on  the  radial  profile  of  velocity  and  the 
fitted  expression  or-  the  density  profile  at  an  axial  distance  of  320  diameters.  Figure  22  shows  curves 
of  the  velocity  and  the  density  profiles  together  with  a  curve  of  the  integrand  of  the  expression  given 
above.  The  vertical  dotted  line  indicates  tho  position  of  the  turbulent  front  Jetereined  froa  schlieren 
measurements  (Figure  10).  A  value  of  1.5  is  obtained  froa  CpA/D2.  This  value  is  wore  than  twice  as  large 
as  the  expected  value  of  0.7  for  the  total  aoiaentua  defect.  This  large  discrepancy  can  be  attributed,  in 
large  part,  to  the  long  tail  of  t'.e  fitted  gaussian  function  representing  the  radial  profile  of  velocity. 

The  velocity  data  used  to  fit  the  gaussian  expression  cover  a  radial  distance  froa  0  to  about  2.5  diameters 
(Figure  8).  Indications  have  been  obtained  on  measurements  at  9000  ft/s.  with  the  spark  technique  (20) 
that  the  gaussian  curve  does  not  fit  at  the  edge  of  the  turbulent  wake  because  of  the  abrupt  fall  off  of 
the  velocity  in  the  inviscid  region.  Furthermore,  the  velocity  data  shown  in  figure  8  are  biased  toward 
high  velocity  at  large  R/D  because  low  velocity  data  have  been  neglected  due  to  the  lack  of  resolution  of 
the  technique.  For  these  reasons,  the  integrand  curve  in  Figure  22  is  not  realistic  beyond  F./D  -  2.5  or 
3.0  diameters  and  this  curve  should  decay  much  sore  abruptly  to  zero  past  that  point. 

An  attempt  has  been  made  to  use  the  intereittency  data  of  Figures  19  and  20  measured  with  the  probe 
array  technique  to  obtain  a  more  rapid  fall-off  of  the  gaussian  curve  at  the  edge  of  the  wake.  A  least 
mean  square  fit  of  a  modified  gaussian: 

v/vw  -■  (V0,X)  exp  (-(R/r)2)-  T  (R/D,  6/D,  a/0) 

has  been  made  on  the  velocity  data  of  Figure  3  where  T  (R/D,  6/D,  o/D)  is  the  intereittency  factor.  Values  of 
2.1  for  6/D  and  of  0.84  for  o/D  have  been  used  in  the  calculation.  The  result  is  shown  In  Figure  23.  The 
fitted  axis  velocity  remained  about  the  same  as  in  the  previous  fit  and  the  profile  radius  (defined  by 
(V0/Va,)/e)  decreased  from  2.5  to  2. 2D.  Using  this  new  expression  for  the  velocity,  a  value  of  C.9  has 
been  obtained  for  CpA/D2.  This  value  is  considerably  smaller  than  in  Figure  22  but  still  higher  than  the 
expected  value  oc  0.7.  No  attempt  has  been  made  to  correct  the  density  using  the  intereittency  data. 

Such  a  correction  would  tend  to  increase  the  value  of  the  Integral.  The  value  obtained  for  CqA/D2  is 
reasonable  in  view  of  the  poor  knowledge  of  the  velocity  distribution  at  the  edge  of  the  wake. 
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Spatially-resolved  velocity  distributions  ituurtd  by  the  sequential  sptrfc  technique  and  by  survey 
arrays  of  ion  probe  axial  pairs  are  in  excellent  rgrecaent  under  conditions  of  similar  Mach  nuaber  and 
equal  PJ)  values. 

The  velocity  distribution  is  will  fitted  by  gaussian  expressions  of  the  fora(Vo/V.}exp  (-(fc/r) *) , 
except  perhaps  at  tne  edges  of  the  turbulent  core.  The  txial  paraaeter  V0/V»  decays  siowly  until  about 
300  disasters  behind  the  projectile;  between  300  and  '000  disasters  it  appears  to  decay  as  the  ainus  ur.itv 
power  of  neraaliosd  axial  distance  (X/D) .  The  velocity  radius  reaains  relatively  constant  up.:  il  300*400 
diueteis  where  it  equals  the  schlieren  radius.  Thereafter  it  appears  to  be  increasing  as  t  ie  1/3  power 
of  noraalixed  axial  distance  (X/D). 

The  dmsirv  profile  data  has  been  fitted  reasonably  well  by  an  analytical  expression  containing 
amplitude  and  wid  pi  racer -rs.  The  axial  density  defect  (o*  -  p,)/^  decays  slowly  until  about  800-900 
diaaeters,  thereafter  it  decays  with  an  apparent  ainus  2/3  power  law.  The  wake  density  radius  is  greater 
than  the  achlieran  radius  until  about  20b  diaaeters  behind  the  projectile,  thereafter  the  density  radius 
reaains  saaller  than  the  schlieren  radius.  Tcaperature  defect  date  on  the  wake  axis  derived  fron  density 
data  by  ignoring  coapressibility  appear  to  decay  with  a  ainus  unity  power  law,  apparently  frm  the  region 
of  X/B  of  about  300,  siailar  to  the  behavior  of  axial  velocity. 

Velocity  and  mass  density  fluctuation  data  have  been  estiaated  assuming  uniformity  of  the  standard 
deviation  across  the  wake  with  respect  to  the  fitted  aean  profiles,  and  noraalixing  by  the  appropriate  veioc 
ity  or  density  defect.  Sscause  of  the  inherent  averasins  in  the  aethods  of  analysis  eaployed  by  the  various 
experiments!  techniques ,  these  results,  which  run  between  10  and  20  percent  for  density  and  20  and  30  per¬ 
cent  for  veiocit) ,  probably  unde. -estimate  the  true  res  fluctuation  levels.  There  is  an  apparent  tread 
towards  increasing  fluctuation  levels  between  100  and  1000  diaaeters  of  axial  distance  T/D. 

While  transition  should  occur  within  about  saven  diaaeters  froa  the  neck  for  a  2.7  inch  sphere 
wake  nt  7.6  tort,  observations  u.  ion  probe  signals  indicate  that  the  wake  aay  be  less  than  fully  turbu¬ 
lent  out  to  soaewhere  between  100  and  300  diaaeters.  Inteiaittency  and  scale  data  at  7.6  torr  with  thasa 
spheres  apparently  indicate  higher  standard  deviation  of  the  turbulence  interface  sad  larger  scale  sixes 
in  the  near  wake  than  at  higher  aabient  pressures. 

Intenittency  data  e;  iaated  froa  the  signals  froa  individual  probes  in  the  survey  array  of  ion 
probes  have  been  fitted  with  gaussian  distribution  functions.  The  resulting  iirtexaittency  radius  data 
appear  to  lie  on  a  powor  law  curve  of  about  2/3  of  the  schlieren  wake  radius.  The  standard  deviation, 
noraalixed  to  the  sphere  diameter,  describing  the  position  of  the  interface  is  about  twice  a i  large  as 
coaparable  data  froa  schlieren  wake  radius  aeasureaerits. 

Space  scale  data  froa  pairs  of  ion  probes  decrease  with  axial  distance  X/D  in  the  region  between 
100  and  1000  diaaeters  behind  the  projectile,  bee  owing  quite  saall  coapared  to  the  schlieren  radius.  These 
data  appear  to  lie  well  tnlow  Much  16  contrast  fluctuation  scale  data  and  Mach  5  aneaoaeter  data. 

An  attempt  has  been  aade  to  use  the  measured  velocity  and  density  profile  data  to  calculate  aomen- 
tusf  Ir  the  wake.  If  the  fitted  distributions  to  the  data  are  eaployed  in  the  calculation,  a  value  of 
CpA/92  equal  to  1.5,  or  more  than  twice  the  expected  value  of  0.7,  is  obtained.  The  reasons  for  the  dis¬ 
crepancy  are  relate!  to  the  fact  that  the  aiajor  contribution  te  the  integrand  in  the  integral  expression 
for  Co'coaes  froa  the  regions  oi  vSe  wake  edge  ..here  the  distributions  are  ill-defir.ed  and  where  the 
gaussian  distribution  is  a  poor  fit  to  the  data.  When  the  velocity  distribution  was  refitted  with  a 
gaussien  distribution  modified  by  the  interaittency  function,  an  iaproved  fit  to  the  velocity  data  was 
obt?ineu  and  the  vclue  of  Cj>A/22  was  estimated  at  0.9. 
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iurvey  array  of  ion  probes 


Fig  2.  Scales  and  velocity  determination 


Fig  3.  Stereo  photographs  of  4  spark  sequences.  Sequence  1  produced  the  result  in  Fig  4 


Fig  4.  Typical  velocity  profile  from  sparks 


Fig  S.  Electron  bean  experinent  schematic 


Eig  7,  Radial  profile  of  wake  velocity 
fifoo  the  ion  probe  array 
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Fi*  9.  Axis  velocity  in  sphere  wakes 
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Fig  11.  Coaparison  of  velocities  Measured  in 
sphere  wakes  with  the  probe  array 
and  the  spark  technigues  at  radial 
distances  fro*  0.8  to  0.9  diaaeter 
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Fig  13.  Radial  profile  of  density  in  the  wake 


Fig  li.  Comparison  of  velocities  measured  in 
sphere  wakes  with  the  probe  array 
and  the  spark  techniques  at  radial 
distances  frea  1.6  to  1.7  diaaeters 
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Fig  14.  Density  defect  on  axis  of  wake 


Fig  15.  Radius  of  wake  density  profile 
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Fig  16.  Temperature  defect  on  axis  of  wake 


Fig  17.  Apparent  "intensity"  of  velocity 
and  density  fluctuations  in  wtke 
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Fi*  18.  Position  of  wake  transition 
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FlR  20-  »t«8*rd  deviation  of  the  position 
of  the  turbulence  interface 


ig  22.  Calculation  of  the  momentum  defect  from 
the  radial  profiles  of  velocity  and 
density  determined  by  fitting  the  data 
obtained  by  experimental  measurements 


Fig  19.  Mean  position  of  turbulence 
or  the  intermittcncy  radius 
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Fig  21. 


Comparison  of  space  scales 
sphere  wakes 


measured  in 


Fig  _3.  Calculation  of  the  momentum  defect.  In 
this  case  the  fit  to  the  velocity  curve 
is  modified  from  that  in  Fig  22  by  the 
introduction  of  the  intermittency  function 
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MEASUREMENTS  OF  THE  INSTANTANEOUS  SPATIAL  DISTRIBUTION  OF  A 
PASSIVE  SCALAR  IN  AN  AXISYMMETRIC  TURBULENT  WAKE 

by 

Arthur  M.  Schneiderman 

Avco  Everett  Research  Laboratory,  Everett,  Maaa.  U.  S.  A.  02149 


SUMMARY 


The  apatial  mixing  fieid  in  the  turbulent  wake  of  a  longitudinally  aligned  truncated  cylinder  at  a 
Mach  number  of  2.  5  and  a  Reynoida  number  of  10^  (baaed  on  diameter)  ia  obaerved  experimentally  uaing 
the  laaer  planogram  technique.  Tiie  instantaneous  apatial  distribution  of  a  tracer  material  introduced 
at  the  model  ia  characterized  atatiatically  by  eatimatea  of  the  probability  denaity  function,  energy  apectrum 
and  autocovariance  coefficient  of  the  meaaured  fluctuations.  Wake  axia  meaaurementa  over  the  region 
from  138  to  182  body  diametera  yield  turbulent  concentration  fluctuations  of  25%  and  akewness  and  kurtoaia 
of  -tO.  18  und  +0.  16,  reapectively.  A  centeriine  intermittency  of  approximately  82%  ia  obaerved.  A  claaai- 
cal  turbulence  apectrum  with  a  well  defined  break  from  a  flat  to  a  k"5/5  inertial  subrange  is  found.  The 
autocovariance  coefficient  yields  a  macroscale  which  is  approximately  half  the  transverse  scale  length. 

The  wake  boundary  ia  obaerved  tc  be  substantially  more  contorted  than  had  previously  been  suspected. 

NOTATION 


o  characteristic  response  frequency 

fJ  Kolmogoroff  constant 

C  turbulent  eddy  viscosity 

Q  scattering  angle 

K  numerical  factor  for  drag  coefficient 

X  wavelength  of  the  light  source 

Xg  Taylor  microscale 

A  integral  scale 

p  viscosity 

v  kinematic  viscosity 

|  lag  of  the  autocovariance  coefficient 

free  stream  gas  denaity 
p  A|  mass  denaity  of  solid  aluminium 

pc  density  of  carrier  gas  in  aerosol 

generator 

p  mass  density  of  particulate  matter 

<r  standard  deviation  of  the  concentration 

fluctuations 

a'  standard  deviation  of  the  wake 

boundary 

<b  phase  angle  between  particle  and  fluid 

velocities 

%  turbulent  dissipation  rate  of  a  passive 

scalar 

b.'  angular  frequency 

A  cross  sectional  area  of  the  cylinder 

Aw  local  mean  wake  cross  sectional  area 

c  mean  tracer  concentration 

Cp  drag  coefficient 

C(ke4)  autocovariance  coefficient 

d  particle  diameter 

D  diameter  of  the  cylinder 

kj-  dilution  factor 

Dj  lens  diameter 

e  laser  planogram  film  exposure 

E  energy  of  the  light  sheet 

F  lens  focal  length/diameter 

f  temporal  frequency 

f  lens  focal  length 

h  height  of  the  light  sheet 

ij,i2  M:e  scattering  parameters 

I  turbulent  intensity  =  a/c 

K  kurtosis 

k  wave  number 

ke  energy  containing  wave  number 

k^  Kolmogoroff  wave  number 

kjj  Nyquist  wave  number 

L  transverse  scale  ler^th  (Eq.  5) 

£  mean  free  path 

M  Mach  number 
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central  moments  of  the  probability 

denaity  function 

mass  flow  rate  of  carrier  gas 

mass  flow  of  particulates 

magnification:  image  size/object  size 

local  number  density  of  scattering  centers 

number  density  of  scattering  centers  in 

the  aerosol  generator 

power  spectral  density 

distance  of  the  lenB  from  the  light  sheet 

power  law  exponent  for  vs  Z 

turbulence  Reynolds  number  based  on  u', 

A  o ,  and  v 

turbulence  Reynolds  number  based  on  u', 
I.,  and  the  turbulent  eddy  viscosity 
skewness 

distance  of  the  film  from  the  lens 

light  scattered  by  an  individual  particle 

light  sheet  thickness 

rms  velocity  fluctuation 

fluctuating  fluid  velocity 

particle  velocity 

amplitude  of  fluid  velocity 

amplitude  of  particle  velocity 

free  stream  velocity 

local  mean  wake  velocity 

axial  coordinate  measured  from  the  end 

of  the  cylinder 

virtual  wake  origin 


* 


Principal  Research  Scientist 


14-2 


1.  INTRODUCTION 

The  concentration  field  of  a  passive  scalar  material  in  a  turbulent  flow  depends  on  both  spatial  and 
temporal  coordinates.  In  order  to  more  fully  understand  scalar  mixing  mechanisms,  it  is  necessary  to 
measure  this  dependence.  However,  such  a  full  specification  of  the  flow  field  would  clearly  represent  a 
monumental  experimental  task.  The  majority  of  past  turbulence  measurements  have  involved  a  determina¬ 
tion  of  the  temporal  history  at  one  or  perhaps  two  discrete  points  in  space.  From  these  temporal  statis¬ 
tics,  the  characteristics  of  the  spatial  field  are  deduced  using  Taylor's  hypothesis,  either  directly  or  with 
modification  in  the  form  of  space-time  correlations.  The  'tse  oi  these  methods  can  be  questioned  in  shear 
flows,  especially  when  large  scale  turbulent  structure  is  considered,  since  such  flows  are  in  general  both 
inhomogeneous  and  anisotropic. 

To  obtain  further  insight  into  turbulent  mixing,  an  instantaneous  spatial  mapping  of  a  turbulent  shear 
flow  has  been  undertaken.  Previous  techniques,  such  as  schlieren,  shadowgraph,  or  interferometric 
studies  integrated  across  the  wake  with  a  subsequent  loss  of  spatial  detail.  It  is  difficult,  if  not  impossible, 
to  extract  convincing  quantitative  data  from  such  measurements  1  and  it  will  be  shown  that  even  qualitative 
conclusions  about  the  nature  of  the  wake  boundary  may  be  suspect. 

The  present  data  are  unique  in  that  they  are  the  result  of  direct  measurement  of  the  spatial  mixing 
field  and  are  not  dominated  by  integration  problems.  These  data  were  obtained  using  the  laser  planogram 
technique  which  has  beer,  described  elsewhere.  2  This  technique,  as  applied  to  the  wake  of  a  longitudinally 
aligned  cylinder,  is  shown  schematically  in  Tig.  1.  A  passive  scalar  particulate  tracer  is  introduced  into 
the  model  boundary  layer  where  it  essentially  becomes  uniformly  mixed,  thus  tagging  each  fluid  element. 
The  concentration  of  the  tracer  at  some  downstream  position  is,  therefore,  a  measure  of  the  turbulent 
mixing  field  of  the  wake.  To  detect  the  tracer  distribution,  a  pulsed  planar  laser  sheet  is  passed  along  the 
axis  ot  the  wake  in  the  meridian  plane,  and  the  light  scattered  at  90°  by  the  tracer  particles  is  recorded 
photographically.  The  resulting  wake  laser  planogram  is  scanned  to  yield  digitized  film  density  as  a  func¬ 
tion  of  position  in  the  wake,  A  preprocessing  program  applies  various  calibrations  which  convert  these 
raw  data  to  concentrations.  Standard  digital  techniques  are  then  applied  to  determine  several  statistical 
properties  of  the  turbulent  concentration  fluctuations. 

2.  TURBULENT  WAKE  MIXING  EXPERIMENT 

Figure  2  is  a  schematic  drawing  of  the  experimental  configuration  used  in  this  study.  The  essential 
components  are  a  short  duration  wind  tunnel,  an  aerosol  generator  to  produce  the  tracer  material,  a  pulsed 
light  source,  and  a  precision  camera.  The  experiment  is  instrumented  to  document  various  operating 
conditions. 

2.  1  The  Short  Duration  Wind  Tunnel 

•a  -  3 

The  short  duration  wind  tunnel  is  a  modified  Ludwieg  tube'  which  produces  30  x  10  seconds  of 
steady  flow  through  the  test  section  at  a  Mach  number  of  2.  5  and  a  Reynolds  number  of  1.  5  x  lOtycm  using 
300°K  stagnation  temperature  clean  air.  The  model,  in  this  case  a  6.  3  mm  diameter  truncated  cylinder, 
extends  45  cm  upstream  through  the  nozzle  throat  and  is  supported  by  streamlined  supports  in  the  subsonic 
portion  of  the  nozzle.  In  this  way  the  effect  of  the  turbulent  wakes  of  the  supports  is  minimized  by  the 
inviscid  turbulent  decay  which  occurs  in  the  nozzle  expansion.  In  addition,  the  data  are  obtained  in  a  plane 
norma)  to  the  plane  of  the  supports. 

Photographic  measurements  of  the  model  location  indicate  negligible  model  motion  daring  the  run  if 
proper  initial  alignment  is  maintained. 

The  model  extends  into  the  12.  7  cm  square  test  section.  This  test  section  contains  1.  3  m  of  con¬ 
tinuous  windows  on  all  four  sides.  The  windows  are  schlieren  quality  fused  silica  of  excellent  optical 
finish.  The  test  section  is  designed  to  hold  the  windows  in  such  a  way  as  to  minimize  distortion  and  window 
motion. 


The  end  of  the  cylinder  produces  a  weak  wave  pattern  which  upon  reflection  from  the  square  test 
section  is  further  weakened  by  this  defocusing  effect.  The  resulting  density  fluctuations  are  estimated  to 
be  very  small  compared  to  the  measured  concentration  fluctuations  and  so  the  effect  of  wall  reflections  is 
most  likely  negligible.  This  has  been  confirmed  by  shadow  photographs  which  indicate  that  only  waves  at 
the  Mach  angle  are  present  in  the  test  section  flow. 

The  dump  system  is  used  to  ensure  that  the  fina'  system  pressure  is  below  the  test  section  design 
limit  and  also  prevents  reflected  waves  from  reaching  the  test  section  during  the  test  time.  The  initial 
pressure  in  the  durr  system  is  chosen  to  minimize  nozzle  start  up  time  and  eliminate  transients  by  match¬ 
ing  the  acoustic  imj.  ice  of  the  nozzle  to  that  of  the  damp  system. 

2.2  The  aerosol  generator 

The  overall  requirements  for  a  suitable  tracer  material  have  been  described  in  reference  2.  In 
practice,  the  most  stringent  requirement  is  that  of  film  exposure.  It  can  be  shown  (see  Appendix  1)  that 
the  mean  exposure  (energy/aiea)  obtained  in  a  laser  planogram  is  given  by 
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The  first  bracketed  term  represents  the  "ight  scattering  characteristics  of  the  aerosol  with  n 
the  mean  number  density  of  scattering  centers.  The  polarization  components  of  the  Mie  scattered  light, 
ij  and  i,  (see,  for  example,  reference  4),  depend  on  the  particle  diameter,  wavelength  of  the  light  source, 
index  of  refraction  of  the  scattering  material  and  the  scattering  angle.  The  second  term  characterizes  the 
light  source  of  wavelength  X  and  pulse  energy  E  which  is  assumed  unpolarized.  The  height  of  the  light 
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sheet,  h,  also  appears  in  this  term.  The  final  term  in  Eq.  (1)  characterizes  the  collection  optics  where 
F  is  the  numerical  F-number  (focal  length/lens  diameter)  and  m  is  the  system  magnification  (image 
size/object  size). 

For  a  given  light  source,  camera  and  film,  the  aerosol  requirements  can  be  determined  from  the 
first  term. 


The  tracer  material  used  in  the  present  study  is  generated  by  an  exploding  wire  aerosol  generator 
similar  to  that  described  by  Karioris  and  Fish,  ®  Approximately  7500  joules  are  dumped  into  an  0.  1  gm 
strip  of  aluminum  in  a  10  liter  chamber  containing  argon  at  STP.  This  yields  an  aluminum  aerosol  at  a 

mass  density  of  particulate  material,  p  =  8  p  gmi/ cm J  (based  on  a  measured  80%  generation  efficiency). 
Since  n  — g-  =  p  ,  where  p^  is  the  density  of  a  solid  aluminum  particle  of  diameter  d. 
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The  number  density  of  particles  in  the  wake  can  be  related  to  the  number  density  in  the  generator,  nQ, 
by  defining  a  dilution  factor, «0L,  such  that  n  =  t(X nQ.  The  dilution  is  caused  by  the  entrainment  of  free 
stream  fluid  and  can  be  estimated  by  noting  that  the  mass  flow  of  particulates,  mp,  is  conserved  so  that 
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is  the  volumetric  flow  rate  of  carrier  gae  in  the  aerosol  generator  (where«^.=  1)  and  Vw 
the  local  mean  wake  velocity  and  cross  sectional  area.  Thus, 
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It  is  important  to  evaluate 


at  the  aerosol  generator  conditions  to  eliminate  the  density  reduction 


which  occurs  due  to  the  expansion  process  between  the  generator  and  the  injection  holes. 


The  results  of  combining  Eqs.  (1).  (2)  and  (3)  for  the  conditions  of  the  present  experiment  are  shown 
in  Fig.  3.  Based  on  the  film  density  of  the  laser  planograms  described  below,  it  is  estimated  that  the  actual 
exposure  was  “  1.  5  x  10"®  ergs/cmz  which  yields  a  particle  diameter  of  0.  02 p.  This  diameter  is  iden¬ 
tical  to  the  valwe  determined  by  Karioris  and  Fish®  from  electron  micrographs  of  collected  particlea. 


The  frequency  response,  defined  by  the  ratio  of  the  amplitudes  of  the  particle  velocity.  Up,  to  fluctua¬ 
ting  fluid  velocity,  u^,  of  such  particles  is  given  by  (Appendix 2  ) 
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where  a  is  the  characteristic  response  frequency  and  f  is  the  fluctuating  frequency.  Using  drag  results 
by  Millikan^  one  finds  that  the  tracer  particles  will  follow  10  MHz  velocity  fluctuations  to  within  90%.  If 
one  estimates  the  maximum  possible  Lagrangian  temporal  fluctuation  frequency  by  using  the  Eulerian 
temporal  frequency  based  on  the  RMS  velocity  fluctuation  level  and  the  Kolmogoroff  wave  number,  the  re¬ 
sulting  frequency  is  2  MHz.  Thus,  even  with  this  gross  overestimate  of  the  frequency,  the  particles 
easily  track  the  turbulent  fluctuations  throughout  the  entire  turbulent  spectrum.  Note  that  the  Lagrangian 
fluctuations  are  much  weaker  than  the  Eulerian  fluctuations  since  their  strength  is  related  to  the  degree 
to  which  Taylor's  Hypothesis  tails. 

Estimates  of  agglomeration  rates  due  to  Brownian  motion  and  enhancement  effects  from  gradient 
induced  diffusion  indicate  that  the  present  aerosol  is  stable  throughout  its  lifetime.  In  addition,  the  laser 
energy  density  is  low  ( 1 0°  watts/cm^)  so  that  it  does  not  actively  affect  the  aerosol.  Estimates  of  particle 
induced  dissipation  show  it  to  be  negligible.  The  total  particle- carrier  mass  flow  is  less  than  1%  of  the 
boundary  layer  flow  rate  and  therefore  has  a  negligible  effect  on  the  integral  wake  properties.  The  mole¬ 
cular  Schmidt  number  of  2000  (based  on  a  diffusivity  given  by  the  Einstein  equation)  ensures  that  diffusion 
errors  in  particle  tagging  will  be  minimal. 

The  aluminum  aerosol  is  prepared  several  minutes  before  use  to  allow  it  to  reach  a  uniform  state. 
Flow  is  then  established  into  the  model  a  few  seconds  before  the  run.  The  aerosol  is  bled  into  the  model 
boundary  layer  through  a  series  of  100,  l/32"  diameter  holes  distributed  over  a  region  of  the  model  ex¬ 
tending  22  to  44  diameters  upstream  of  the  end  of  the  cylinder.  The  existence  of  symmetric  injection  has 
been  verified  from  base  region  wake  laser  planograms. 

It  is  therefore  concluded  that  the  aerosol  generator  produces  a  detectable,  passive  scalar  tracer  of 
,  02 ft  diam.  at  typically  2  x  lO^/cm3  (based  on  p  )  in  the  wake  and  that  these  particles  accurately  follow 
the  fluctuating  flow.  p 

2.  3  Pulsed  light  source 

The  light  source  used  for  obtaining  laser  planograms  is  an  AERL  Mode)  C100  pulsed  nitrogen  laser. 
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This  laser  operates  at  3371  £  with  a  power  of  150  kw  and  a  pulse  time  of  10  sec  (which  provides  photo¬ 
graphic  shuttering  for  the  system).  Its  output  is  a  3  mm  x  50  mm  sheet  which  is  directed  along  the  wake 
axis  by  several  mirrors  and  lenses.  The  last  mirror  is  placed  within  ike  test  section.  The  density  field 
about  this  mirror  produces  negligible  laser  beam  degradation.  The  optical  system  reimages  the  laser 
input  aperture  at  the  observation  station.  Beam  divergence  accounts  for  a  15%  variation  in  exposure  over 
the  field  of  view  of  the  laser  planogram  and  is  corrected  for  in  the  data  processing.  The  mean  concentration 
is  obtained  by  replacing  the  laser  source  with  a  flashlamp  system  which  produces  a  pulse  of  2  x  10"  i  sec. 
This  represents  approximately  100  Euterian  integral  times  so  that  it  adequately  yields  the  temporal  mean. 

2.  4  The  precision  camera 

An  F/3,  150  mm  focal  length  quartz  lens  is  used  for  photographing  the  90°  scattered  light.  This 
lens  has  a  measured  resolution  of  better  than  0.  5  mm  at  the  magnification  of  0.  12  used  in  obtaining  the 
data.  The  lens  is  held  in  a  rugged  4x5  format  camera.  Kodak  2485  High  Speed  Recording  Film  is  used 
and  gives  an  estimated  sensitivity  of  1.  5  x  10'  3  ergs/cm^  at  ID  above  gross  fog  (film  background). 

2.  5  Instrumentation 

For  each  run.  the  initial  aerosol  size  and  number  density,  test  section  static  pressure,  laser  out¬ 
put  energy  and  reference  mean  wake  concentration  were  monitored  and  used  to  standardize  the  data. 

Tunnel  operation  was  reproducible  to  better  than  ±  10%  based  on  test  section  static  pressure 
measurements.  These  variations  are  attributable  to  variation  in  diaphragm  burst  pressure.  The  meas¬ 
ured  test  section  static  pressure  was  in  agreement  with  calculated  values  at  M  =  2.  5.  Based  on  this  agree¬ 
ment.  the  remaining  free  stream  properties  were  taken  as  their  theoretical  values. 

3.  DATA  PROCESSING 

The  digitized  data  obtained  from  microdensitometer  scans  of  the  wake  laser  planogram  are 
analyzed  statistically  by  standard  digital  techniques.  ?,8  This  section  contains  a  brief  summary  of  the 
procedures  used.  The  data  are  analyzed  in  two  parts.  Firet  a  preprocessing  program  converts  the  film 
density  to  exposure  and  adjusts  the  data  for  experimental  variations.  These  data  are  then  supplied  to  a 
statistics  program  which  computes  the  parameters  of  interest. 

The  preprocessing  program  uses  a  film  sensitivity  calibration  curve  which  is  generated  for  each 
individual  laser  planogram.  This  calibration  is  accomplished  by  exposing  an  unused  portion  of  the  film  a:, 
various  known  intensities  using  the  pulsed  nitrogen  laser.  This  avoids  color  or  exposure  time  effects  oi 
film  calibration.  A  scan  of  this  calibration  region  then  permits  generation  of  a  conversion  curve  from 
film  density  to  exocsure.  A  similar  preprocessing  procedure  is  used  in  obtaining  the  mean  concentration 
data  from  the  flashlamp  photographs. 

After  this  calibration,  the  data  are  adjusted  for  the  spatial  variation  in  exposure  due  to  measured 
laser  sheet  divergence  and  for  run  to  run  variations  in  laser  energy  and  mean  tracer  concentration.  At 
this  point,  any  prescribed  deterministic  trend  is  removed  from  the  data.  For  example,  nonstationary 
variations  in  mean  concentration  (in  the  case  of  similar  flow  ~  *"2/3  where  z  is  the  axial  distance  from 
the  virtual  wake  origin)  or  systematic  experimental  errors  involving  off-axis  lens  distortion. 

It  should  be  noted  that  standard  techniques  provide  results  which  are  directly  interpretahle  only 
when  the  variable  is  statistically  stationary.  To  the  order  of  the  presently  employed  stochastic  functions, 
this  requires  that  the  mean,  variance  and  autocovariance  coefficient  be  constant  over  the  data  length.  In 
general,  it  is  to  be  expected  that  if  ary  or  all  of  these  quantities  vary  they  will  affect  the  results.  For 
example,  slow  variations  can  lead  to  distortion  of  the  low  frequency  spectrum  and  inaccurate  correlations 
at  large  lags.  These  can  lead  to  substantial  errors  in  the  turbulent  intensity,  Kolmogoroff  constant,  and 
integral  scale  for  example.  Estimates  of  such  errors  based  on  the  measured  mean  concentration  indicate 
that  they  are  negligible  in  the  present  case. 

The  statistics  program  first  uses  the  preprocersed  data  to  determine  the  probability  density 
function.  The  sample  is  standardized  to  have  zero  mean  and  unit  variance  and  the  histogram  computed 
along  with  the  various  relevant  moments. 

The  energy  spectrum  is  estimated  from  the  Fourier  transform  of  the  preprocessed  data  after 
removal  of  the  numerical  mean.  This  transform  is  accomplished  using  the  Cooley- Tukey  Fast  Fourier 
Transform  Algorithm^  in  conjunction  with  a  remote  disc  storage  scheme.  The  spectrum  is  then  nor¬ 
malized  by  the  measured  variance.  This  process  is  repeated  for  the  individual  realizations  and  the  results 
are  ensemble  averaged.  The  autocovariance  coefficient  is  computed  from  the  inverse  transform  of  the 
ensemble  averaged  spectrum.  The  resulting  data  are  computer  plotted. 

4.  EXPERIMENTAL  RESULTS 

Figure  4  contains  an  ensemble  of  ten  wake  laser  planograms  obtained  under  the  conditions  described 
in  Section  2. 

The  qualitative  behavior  of  the  wake  boundary  is  substantially  more  rugged  than  would  be  expected 
from  sch’ieren  or  shadowgraph  pictures  of  similar  flows.  It  is  easy  to  see,  however,  how  such  detail 
could  be  lost  when  one  views  a  two-dimensional  projection  of  such  a  flow.  Previous  laser  planogram 
measurements^  obtained  with  larger  tracer  particles  Bhowed  similar  structure.  The  mapping  of  the 
mean  concentration  field  indicates  that  the  radial  concentration  profile  centerline  concentration  and  wake 
size  are  self  preserving  over  the  region  covered  by  the  present  data.  For  such  a  wake,  the  mean  radial 
profile  is  a  Gaussian  with  standard  deviation  or  "transverse  scale  length",  L  given  by 
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where  v  CpA  is  the  model  crag  diameter,  Z-Z0  is  the  axial  distance  from  the  virtual  wake  origin,  and 
Rt.  a  turbulence  Reynolds  number,  is  a  constant.  Tht  value  of  D  “0  #,  j  determined  from  a  plot  of 
\J  vs  Z  by  finding  the  Z  axis  intercept  of  the  best  fit  straight  line  through  the  data  at  large  Z.  The  value 
of  R-j-  based  on  an  estimate  of  Cy,  is  consistent  with  other  reported  values  of 

12.  8^1 .  12.  5*^  and  14.  !  *  ^ .  It  is  therefore  concluded  that  this  coarse  boundary  behavior  is  consistent  with 
typical  turbulent  wake  flow. 

On  axis  scans  were  obtained  for  the  ten  wake  laser  planogiams  of  Fig.  4.  A  50 ji  x  50p  scanning 
slit  was  used  with  a  sampling  interval  of  16ji .  This  interval  produced  2048  samples  in  the  available  data 
length.  High  frequency  filtering  was  accomplished  by  averaging  readings  at  2j i  steps  in  the  16p  sampling 
interval,  thus  preventing  aliasing  errors.  A  set  of  typical  film  density  scans  is  shown  in  Fig.  5. 

Figures  6-9  are  ensemble  averaged  estimates  of  the  probability  density  function,  energy  spec,  am 
and  autocovariance  coefficient  obtained  from  the  axis  scans.  The  data  processing  procedures  were  des¬ 
cribed  in  Section  3. 

4.  1  The  probability  density  function  (pof) 

The  histogram  shown  in  Fig.  6  yields  an  estimate-  for  the  pdt'  of  the  turbulent  concentration  fluctua¬ 
tions  after  extraction  of  the  mean  vilue.  c.  The  concentration  is  measured  in  units  cf  its  3taudard  devia¬ 
tion,  a.  The  resulting  turbulent  intensity,  ls^,  was  0.  25. 

c 

Other  properties  of  the  pdf  can  be  expressed  as  functions  of  its  central  moments,  M^.  Thus,  the 
skewness  S  s  M3/2<j  ®  and  the  kurtosis,  K  =  j  (M4/o4-3).  Note  that  Mq  =  1,  M.  =  0,  and  M?  =  cr2. 

For  comparison  purposes,  S  =  K  =  9  for  a  Gaussian  pdf.  The  measured  values  of  skewness  and  kurtosis 
were  +0.  18  and  +0.  16,  respectively. 

The  intermittency  factor  was  estimated  directly  from  high  contrast  prints  of  the  laser  planograms 
by  finding  the  fraction  of  a  line  drawn  through  the  axis  which  lies  within  the  wake  boundary.  This  leads  to 
a  value  of  82%  on  the  wake  axis. 


Qualitative  conclusions  regarding  the  implications  of  these  results  can  be  drawn  by  comparison  of 
data  for  other  turbulent  flows.  For  example,  Gibson14  has  studied  ..he  near  (non- similar )  sphere  wak  ;. 
For  his  premixed  wake  (measuring  a  passive  scalar),  he  obtains  skewness  and  kurtosis  values  of  +0.  39 
and  +.  975  at  z/D  =  2.  17  and  +0.  885  and  +10.  2  at  Z/D  -  7.  5.  He  attributes  the  high  kurtosis  values  at 
Z/D  =  7.  5  to  unmixed  tracer  material  that  has  left  the  wake,  probably  upon  injection.  The  lack  uf  high 
kurtosis  values  in  the  present  case  along  with  the  lack  of  appearance  of  such  regions  in  the  laser  plano¬ 
grams  is  consistent  with  this  view. 

Demetriades 1  has  observed  a  bimodal  behavior  to  the  pdf  of  electron  density  fluctuations  in  a 
turbulent  jet.  His  double-peaked  histograms  have  skewness  and  kurtesis  values  as  high  as  7  and  25, 
respectively,  at  short  distances  from  the  jet  exit.  He  attributes  th'S  cberomenon  to  remnants  of  the  jet 
transition.  No  such  indications  of  transition  remnants  appear  in  the  present  data.  Demetriades'  data 
at  large  distances  appear  more  consistent  with  the  present  results. 

The  present  intermittency  result,  and  the  general  qualitative  bonavior  of  the  wake  boundary, 
appear  to  to  in  substantial  disagreement  with  turbulent  front  structure  deduced  by  Demetriades1*’.  In  a 
very  similar  flow  field  he  observed  no  vorticity  free  regions  on  the  wake  axis  and  concluded  that  his  wake 
boundary  "resemble s  a  straight  cylinder  with  (a)  rough  surface".  He  compared  his  results  to  those  of 
Gibson  et  al.  anf-  r+wang  and  Baldwin1®  who  both  observed  subota.-uiel  centerline  intermittency. 
Demetriades  presv/urd  arguments  based  on  model  shape  to  retioriauze.  this  discrepancy.  He  pointed  out  a 
study  by  Gar t shore 1 which  concluded  that  the  standard  deviation  of  the  wake  boundary,  o',  is  related  to 
Rj  by  cr/E  =  2.  97/s/ R  j  ,  Also,  Behrens^O  has  suggested  that  R-r-  is  /alated  to  body  bluntness,  varying 
from  ~  1  for  very  blunt  bodies  to  ~  10  for  very  slender  shapes.  Tt—.s  Demetriades  concludes  that  o'/L 
is  large  for  blunt  bedies  and  small  for  slender  ones  and  hence  the  wake  boundary  is  rough  for  blunt  bodies 
and  smooth  for  sieuder  bodies.  The  similarity  in  the  flow  conditions  suggests  that  the  present  data  should 
be  directly  comparable  to  Demetriades  results.  However,  the  present  results  show  a  centerline  inter¬ 
mittency  and  a  strongly  contorted  boundary  and  are  much  more  suggestive  of  the  results  of  Gibson  et  al. 
and  Hwang  and  Baldwin  than  those  of  Demetriades.  Of  course,  one  must  recognize  the  possibility  that 
this  discrepancy  results  from  a  fluid  mechanical  difference  beiwe  n  vorticity  and  a  passive  wake  scalar. 
Vhis  question  requires  further  study. 


4.2  The  energy  spectrum  (PSD) 


The  periodogram  shown  in  Fig.  7  is  an  ensemble  averaged  estimate  of  the  energy  spectrum  of  cor*- 
ceniration  fluctuations.  The  spectrum  is  characterized  by  a  flat  low  frequency  region  which  breaks  at  a 
wave  number  of  0.  12  mm'1  into  a  well  defined  k ~  5/ 3  inertial  subrange.  This  m  asured  energy  contain¬ 
ing  wave  number,  ke,  along  with  the  variance  obtained  from  the  pdf,  ,  were  u-ed  to  normalize  the 
data  of  Fig.  7  Experimental  errors  begin  to  affect  the  measured  spectrum  at  k/ke  =10.  At  higher  wave 
numbers  the  data  are  untrustworthy.  The  Nyqu'st  frequency^  corresponds  to  kn/ke  =  180  so  that  ouly 
points  below  k/ke  =  90  are  shown. 


The  Kolmogorofi  wave  number,  kjj 


*  (c/vV/4  was  estimated  by  use  of  the  dissipation  rate 


keu'3.  2  1  The  kinematic  viscosity  was  determined  at  the  free  stream  temperature  ar.d  pressure:  the. 
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.RMS  velocity  fluctuation  level  was  baaed  on  intensity  measurements  by  Demetriades *  under  similar 
flow  conditions.  Using  the  measured  value  of  ke,  a  value  of  kj^  “  100  mm"  *  wu  obtained.  This  re¬ 
presents  a  ratio  *ck  =  850  and  corresponds  to  a  turbulence  Reynolds  number.  1 

k 

e 


22 

Uberoi  and  Freymuth  have  shown  that  a  turbulence  Reynolds  number  of  at  least  100  is  required  for  the 
existence  of  a  well  defined  inertial  subrange  while  a  value  of  360  should  produce  a  k'5/3  spectrum  past 
k/ke  -  100.  Thus,  a  well  developed  inertial  subrange  is  expected. 

2  3 

Shown  also  in  Fig.  7  is  the  van  Karman  interpolation  formula  which  has  successfully  charac¬ 
terized  energy  spectra  of  most  low  speed  incompressible  turbulent  flows  (see,  for  example,  Ref.  22).  The 
present  data  are  in  reasonable  agreement  with  this  correlation.  The  lowest  wave  number  point,  however, 
is  a  factor  of  two  above  the  expected  value.  In  order  to  determine  whether  this  point  represents  a  turbu¬ 
lent  contribution  to  the  spectrum,  an  estimate  was  made  of  any  additive  deterministic  signal  content.  The 
local  mean  of  the  ten  realizations  was  determined  and  smoothed  using  a  smoothing  function  of  1%  of  the 
data  length.  The  resulting  mean  field  estimate  was  subtracted  from  each  realization  and  the  spe.-trum  was 
computed.  This  dropped  the  lowest  frequency  point  by  a  factor  of  two  and  brought  it  in  line  with  the  re¬ 
maining  points.  No  other  qualitative  effect  on  the  spectrum  was  observed.  The  low  frequency  adjusted 
data  is  also  shown  in  Fig.  7.  Because  the  unadjusted  data  may  represent  a  real  aerodynamic  (albeit  deter¬ 
ministic)  feature  of  the  wake,  it  is  shown  as  the  primary  data  of  this  figure.  Similar  improvement  was  noted 
in  the  autocovariance  coefficient  (see  below).  This  deterministic  contribution  to  the  signal  i..ay  be  due  to 
either  an  aerodynamic  artifact  such  as  shock  reflection,  or  vortex  shedding  (its  frequency  corresponds  to 
a  Stroukal  number^*  of  “0.1  compared  to  an  expected  valued  of  “  0.2)  or  a  systematic  experimental 
error  such  as  lens  distortion.  It  is  not  due  to  nonstationarity  in  the  mean  of  the  concentration,  since 
adjusting  the  data  for  a  Z"^/'  mean  concentration  had  negligible  effect.  This  is  to  be  expected  at  this 
wake  location  since  the  mean  varies  less  than  15%  over  the  data  length. 

Several  previous  investigations  (e.  g.  ,  Refs.  25  and  26)  have  yielded  energy  spectra  possessing 
low  wave  number  peaks.  Demetriades^?  has  attributed  such  peaks  in  his  data  to  remnants  of  t.he  transition 
from  a  laminar  to  turbulent  wake.  The  peaks  become  leas  pronounced  with  increasing  axial  distance. 

Lewis  and  Behrens26  report  similar  low  wave  number  peaks  even  at  high  Reynolds  numbers  with  turbulent 
model  boundary  layers.  Their  detailed  base  region  flow  field  measurements  lead  them  to  conclude  that 
an  inner  laminar  shear  layer  exists  which  forms  an  initial  laminar  core  within  the  wake.  When  this  core 
undergoes  transition  a  large  scale  (low  wave  number)  structure  is  produced. 

As  can  be  seen  from  Fig.  7,  no  peak  exists  in  the  low  wave  number  spectrum  indicating  the  absence 
cf  excess  energetic  large  scale  structures  for  wave  numbers  greater  than  0.  1  ke.  This  result  may  be 
reconciled  to  Demetriades'  result  by  noting  that  the  present  model  Reynolds  number  iu  two  orders  of 
magnitude  larger.  The  model  boundary  layer  and  near  wake  are  both  fully  turbulent  and  no  relaminariza- 
tion  is  expected  or  observed. 

In  comparing  the  present  results  to  those  of  Lewis  and  B".hrens,  it  should  be  noted  that  the  present 
model  Reynolds  number  is  one  order  of  magnitude  larger  than  theirs  and  the  data  were  obtained  at  a 
further  downstream  wake  location. 


The  Kolmogoroff  constant,  p,  for  the  inertial  subrange  of  the  one  dimensional  soectra  of  a  passive 
scalar  is  defined  by 

-5/3 


(PSD)  (O  (-£-)  sp  <-^-) 


K  •  X 

The  dissipation  rate,  can  be  approximated  by 

d 


K 


X  =  - 


dt 


(  o  2 )  =~  r 


00  2 
7~  O 


(6) 


(7) 


where  Taylor's  hypothesis  has  been  used  in  the  form  and  o2  “  Z"r  is  assumed. 

Taking  r  =  2/3,  the  value  for  a  passive  scalar  in  a  self  similar  wake,  one  finds  (3  =  0.  7  using  Eqs.  (6) 
and  (7). 


?  ft  7  7 

Gibson  and  Schwartz  have  reported  values  of  (3  =  0.  33  to  0.  44  and  Grant^  1  et  al.  find  p  *  0.  31. 

More  recently,  Gibson^S  et  al.  have  reported  measurements  of  p  in  the  atmospheric  boundary  layer  of 
1.  17  which  compares  more  closely  to  the  present  data.  Gibson  et  al.  attribute  the  higher  values  of  p  to 
anisotropy  and  intermittency  in  their  flow.  Their  arguments  can  be  used  to  infer  that  the  large  value  of 
p  obtained  in  the  present  case  is  indicative  of  wake  anisotropy  in  addition  to  the  observed  intermittency. 


4.  3  The  autocovariance  coefficient 

The  autocovariance  coefficient  is  obtained  from  the  autocorrelation  function  by  adjusting  for  the 
numerical  mean  and  normalizing  by  the  variance,  o^. 

Figure  8  is  an  estimate  of  the  autocovariance  coefficient  obtained  from  the  energy  spectrum.  The 
effect  of  the  low  wave  number  deterministic  structure  noted  previously  manifests  itself  in  the  failure  of 
the  autocovariance  to  approach  zero  at  large  lags.  Using  the  previously  described  correction,  the  result¬ 
ing  autocovariance  oscillated  randomly  about  zero  (dashed  curve  in  Fig.  8).  These  remaining  oscillations 
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were  che  result  of  the  finite  number  of  sample*  used  and  truncation  of  the  energy  spectrum. 

These  meandering*  of  the  autocovariance  at  large  lags  lead  to  large  variations  in  the  computed 
integral  scales.  This  effect  is  shown  in  Fig.  8  where  the  partial  integral  scale  obtained  by  integration  up 
to  a  given  lag  is  shown  as  a  function  of  that  lag.  A  unique  value  of  the  integral  scale  does  not  occur. 

Comparison  of  the  measured  spectrum  of  Fig.  7  with  the  von  Harman  interpolation  formula  sug¬ 
gests  that  it  may  provide  a  useful  means  of  estimating  the  integral  scale.  For  such  a  spectrum 
keA  =  .  75.29  -rhe  assumption  of  a  von  Karman  interpolation  formula  leads  to  an  autocovariance  coeffi¬ 
cient  given  by 

2^/^  l/3 

C(ke*>  =  r7T75)  '  Kl/3  <ke*> 


where  *<1/3  ip  a  modified  Bessel  function  of  order  l/3  (Macdonald  function).  In  Fig.  9,  this  auto¬ 
covariance  coefficient  is  compared  to  an  expanded  plot  of  the  data  of  Fig.  8.  Also  shown  in  Fig.  9  is  an 
exponential  a.utocovariance  coefficient  adjusted  for  best  fit  through  the  short  lag  data.  This  exponential 
form  yields  a  value  of  keA  =  1.  1.  After  adjusting  the  data  for  deterministic  trends,  the  exponential  fit 
yields  kfiA  =  0.  9. 

The  poor  fit  of  the  von  Karman  auto  covariance  is  probably  due  to  deviations  of  the  spectrum  data 
from  the  interpolation  formula  in  the  vicinity  of  k/ke  =  1.  Ilia  felt  that  the  exponential  form,  even 
though  it  yields  a  physically  unreasonable  spectrum  (i.  e,  ,  k  -  inertial  subrange),  is  an  alternate  means 
of  estimating  the  macroscale  in  the  present  case.  Precedent  for  the  use  of  exponential  forms  for  the 
autoccvariance  have  been  described  by  Hinze.  30  The  three  values  of  A  which  follow  from  the  different 
values  of  keA  are  A  =6.2,  7.  5  and  9.2  mm.  The  measured  transverse  scale  length  (Eq.  5)  had  an 
average  value  of  L  =  11.2  mm  and  varied  by  ±  5%  over  the  data  length.  Hence  the  present  experiment 
yields  A  =  (l/2  to  3/4)  L  within  the  experimental  error. 

Demetriades L^‘  has  shown  that  for  a  large  variety  of  low  speed  flows,  the  velocity  macroscale 
is  equal  to  the  transverse  scale  length  while  the  temperature  and  density  scales  vary  from  0.  5  L  on  axis 
to  1.  0  L  near  the  wake  edge.  The  present  data  indicate  that  the  spatially  deduced  macroscale  of  a  passive 
scalar  species  behaves  in  a  similar  fashion  to  those  of  temperature  and  density. 


The  turbulent  microscale 
covariance  coefficient. 

/ke  \  2/3  2 


Xg,  can  be  determined  from  the  "osculating  parabola"  of  the  auto- 
It  can  easily  be  shown  that  for  a  von  Karman  interpolation  formula  spectrum, 

in  the  present  experiment.  The  measured  value  shown  in  Fig.  9  is 


k  X  =0.  13,  which  is  an  order  of  magnitude  larger  than  expected.  Also  note  that  X  =  1  mm  which  is 
®  8  8 
a  dimension  of  order  of  system  resolution.  It  is  therefore  likely  that  this  measurement  is  dominated  by 
experimental  limitations  and  is  not  characteristic  of  the  microscale. 


5.  SUMMARY  AND  CONCLUSIONS 


The  instantaneous  mixing  field  of  an  axisymmetric  wake  has  been  studied  to  yield  its  statistical 
properties.  Laser  planograms  indicate  that  the  wake  boundary  is  much  coarser  and  more  contorted  than 
was  previously  expected. 

Ensemble  averaged  statistical  properties  of  concentration  fluctuations  have  been  estimated  from 
centerline  scans.  The  probability  density  function  is  nearly  Gaussian  with  a  skewness  of  +0.  13  and  a 
kurtosis  of  +0.  16.  The  intensity  of  the  concentration  fluctuations  is  25%.  A  non-unity  (82%)  centerline 
intermittency  was  observed.  The  small  kurtosi9  values  indicate  the  absence  of  transition  remnants  or 
islands  of  ur.mixed  fluid  as  have  been  observed  by  others. 

The  measured  energy  spectrum  is  in  qualitative  agreement  with  the  von  Karman  interpolation 
formula  although  the  break  point  in  the  data  appears  more  distinct.  There  appears  to  be  no  excess  large 
scale  energetic  structure  present  in  the  low  wave  number  spectrum  for  wave  numbers  greater  than 
0.  1  kg.  The  spectrum  yields  a  value  of  ”  .  7  for  the  Kolmogoroff  constant,  (3 ,  which  suggests  possible 
anisotropy  and/or  intermittency  effects. 

The  autocovariance  coefficient  yields  an  integral  scale  equal  to  l/2  to  3/4  of  the  transverse  scale 
length.  The  present  results  are  shown  to  be  in  general  agreement  with  several  previous  studies  by 
other  investigators.  In  these  other  studies,  the  spatial  properties  are  deduced  from  temporal  measure¬ 
ments  by  invoking  Taylor's  hypothesis.  Since  the  present  data  are  direct  spatial  measurements,  the 
agreement  /suggests  that  the  use  of  Taylor's  hypothesis  in  this  case  leads  to  consistent  results. 
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APPENDIX  1  -  Laser  Planogram  Expor.ui  •* 


Consider  a  planar  light  nheet  of  thicki.-.as  t  (in  the  x  direction)  which  propagates  in  the  t,  direc¬ 
tion  and  lies  in  the  yz  plane.  A  lens  located  on  tun  x  axis  a  distance  R  from  the  sheet  images  the  yz 
plane  at  distance  s  from  the  lens.  Let  Sc  be  the  light  energy  scattered  from  an  individual  particle  within 
the  sheet  which  is  collected  by  the  lens.  If  n  is  the  number  density  of  scatterera  then  the  lens  collects 
from  an  elemental  volume  tdy  Cz  an  energy  of  nt  dx  dy  Sc.  This  energy  ie  imaged  on  an  area  tlx'  dy' 
of  the  film  so  that  the  film  exposure,  e,  (energy/area)  is 


nt  dx  dy  S 

o 

e  =  - - 

dx'  dy' 


(3) 


Defining  the  magnitification,  m,  by  dx'  =  mdx,  dy'  =  mdy, 


Now,  it  can  be  shown 


4 


that 


e 


n  S  t 
o 


s  =  JL  i  (ii  +  V 

0  th  (^S)2  R2  4 


(9) 


(10) 


where  E  is  the  energy  of  the  light  sheet  of  thickness  t  and  height  h,  ii  and  i2  are  the  polarization 
components  of  the  scattered  light4  and  depend  on  the  particle  size  index  of  refraction,  the  light  wavelength, 
X  ,  and  the  scattering  angle,  6  ,  and  Dj  is  the  lens  diameter.  It  is  assumed  that  ij  and  i2  is  approxi¬ 
mately  constant  for  9  =  0  to  D|/R,  i-  e.  that  Dq/R  «  1. 


Combining  (10)  and  (9), 


e  = 


1 

I6ir 


(ID 


Further  simplification  occurs  by  noting  that 
Thus  Djf/R=  where  F  =  f/D£ 


m  =  s/R  and  -j:  =  where  f  is  the  lens  focal  length, 

is  the  numerical  F-number  of  the  lens.  Finally 


e 


1 

I6r 


1 

2 


(ij  +i2) 


A2E  1 
.  h  .  „(l+m)2 


(12) 


The  groupings  of  terms  on  the  right  indicates  the  contributions  to  the  film  exposure  of  the  scattering  pro¬ 
perties  of  the  particles,  the  light  source,  and  the  collection  optics  respectively.  For  a  given  light  source, 
the  optimum  aerosol  properties  (see  for  example  Fig.  3)  and  collection  optics  can  easily  be  determined. 
For  example  a  faster  lens  (lower  F)  improves  exposure  substantially  while  demagnification  below  m  ~  .  5 
produces  small  effect. 


APPENDIX  2  -  Particle  Frequency  Response 


The  tracking  fidelity  of  the  tracer  particles  can  be  estimated  by  considering  the  motion  of  a. 
single  particle  in  a  periodic  flow  field  of  angular  frequency  u) .  Assume  a  flow  velocity  uf  =  uj  elw  " 
and  a  particle  velocity  u  =  il  eJwt.  For  particle  Reynolds  numbers  less  than  unity,  the  drag  on  a 
particle  is  given  by  the  sFokes  Equation  with  the  Cunningham  correction  for  slip  effects  so  that 


Drag  = 


(13) 


where  fi  is  the  viscosity,  d  is  the  particle  diameter,  f  is  the  mean  free  path  and  k  is  a  numerical 
factor  of  order  unity  (but  dependent  on  f  and  d).  If  the  particles  density,  L*  is  ^ar8e  compared  to  the 
gas  density,  then  the  drag  force  can  be  equated  to  the  particle  mass  times  its  acceleration,  dUL/dt,  with 
the  result, 


3i  u  d  (u, -u  )  e 
t  P 


jo>  t 


=  p 


AL 


Trd  J 
6 


JO) Up  e 


)U)t 


(14) 


Thus , 


(15) 


WAKE  LASER  PLANOGRAMS 


TRUNCATED  CYLINDER 


F  ig  4  An  ei  -n  e  of  wake  laser  planogram  realizations. 


Fig.  5  Typical  centerline  scans  of  wake  laser  planograms. 
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Fig.  6  Ensemble  average  histogram  of  the  con¬ 
centration  fluctuations. 


Fig.  7  Ensemble  averaged  estimate  of  the 

energy  spectrum.  The  adjusted  points 
have  been  corrected  for  deterministic 
components. 


Fig.  8  Autocovariance  coefficient  determined 
from  the  spectrum  of  Fig.  7,  Also 
shown  is  the  partial  integral  scale.  The 
daahed  curves  result  from  correcting 
the  data  for  low  frequency  deterministic 
effects. 


Fig.  9  Expanded  plot  of  the  autocovariance 

coefficients  of  Fig.  8  showing  a  com¬ 
parison  of  the  data  with  two  analytic 
forms. 
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SUMMARY 

Calculation  methods  are  discussed,  which  are  based  on  the  differential  equations  for  the  Reynolds  stresses. 
The  considerations  restrict  themselves  to  two-dimensional  flew  fields,  for  which  the  usual  boundary  layer 
approximations  apply.  In  many  of  the  proposed  methods  of  this  kind,  the  equation  for  the  kinetic  fluctuation 
energy  plays  a  central  role.  The  transport  equation  for  the  Reynolds  shear  stress  includes  as  special  cases 
Prandtl's  eddy  viscosity  relation  and  Bradshaw's  assumption  of  a  constant  ratio  of  shear  stress  to  kinetic 
fluctuation  energy.  A  differential  equation  for  the  integra'  length  scale  is  derived  from  Navier  Stokes  equa¬ 
tions,  and  the  closure  assumptions  are  given.  It  turns  out  that  the  simplified  version  of  the  length  scale 
equation,  used  by  some  authors,  is  not  capable  of  reproducing  the  characteristics  of  different  kinds  of 
flows.  The  main  reason  for  this  shortcoming  is  found  in  an  oversimplification  of  the  turbulence  production 
term  of  the  length  scale  equation.  The  arguments  are  illustrated  by  calculated  results. 


NOTATION 

al 

b 

Cd 

d 

L 


L12‘  L12,n 


P 

P 


R.. 

ij 


l(ik)j'  Ri(kj) 


y 

u,v 


—  i  2 

ratio  -  uv/q 

width  of  wake 

drag  coefficient 

diameter  of  cylinder 

integral  length  scale, 
defined  by  Eq.  (21) 

integral  length  scales, 
Eqs.  (26)  and  (27) 

mean  static  pressure 

pressure  fluctuation 

2  2  2 
=  u  +  V  +  w  1  u.u. 

1  1 

two-point  correlation 
function 

two-point  triple  correla¬ 
tion  functions,  Eq.  (25) 

vectorial  distance  of  the 
points  in  space 

distance  of  the  points  in 
y-airection 

mean  velocity  components 


u,  v,  w 


fluctuations  of  velocity 
components 


T 

*,  y.z 


€ 

X 

v 

P 


reference  velocity,  u  =  U  -  U 
'  1  oo  c 

wall  shear  stress  velocity,  u^  -  )[r^Jp 

cartesian  coordinates  and  cylindrical 
coordinates  (y  ■  radius) 

dissipation,  Eq.  12) 

v.  Kirmdn  constant,  x  *  0.  4 

kinematic  viscosity 

density,  assumed  is  p=  1 


Subscripts 

co  free  stream  conditions 

c  centre  of  symmetrical  flows 

i,  j,  k. . .  notation  of  cartesian  coordinates 

(i  •  1,  2,  3  etc. ) 

T  turbulent  interaction 

M  mean  flow  interaction 

Overbars  denote  ensemble  averages. 


1.  INTRODUCTION 

Despite  the  enormous  progre  s  in  computer  sciences  and  numerical  mathematics,  it  is  impracticable  to 
produce  general  solutions  of  the  Navier  Stokes  equations,  which  are  needed  to  attack  the  problem  of  turbu¬ 
lent  fluid  flow  in  a  rigorous  manner.  Even  if  the  mean  motion  is  steady  and  plane  or  axisymmetric,  the 
associated  turbulent  motion  is  three-dimensional  and  unsteady.  A  numerical  approach  to  such  flows  of  high 
Reynolds  numbers  is  clearly  out  of  the  question  at  the  present  time.  Therefore,  the  semi- empirical  me¬ 
thods  are  the  only  resources  available,  to  treat  problems  of  technical  importance  with  some  degree  of  suc¬ 
cess.  These  semi-empirical  methods  are  characterized  by  the  fact  that  the  random,  unsteady,  three-dimen- 

*) 

Dr.  -Ing.  E.  h. ,  Aerodynamics  Department 


A-2 


axonal  motion  of  turbulence  is  described  by  statistical  mean  quantities.  The  statistical  quantities  arc  re- 
la' ed  to  each  other  by  a  set  of  differential  equations.  Empirical  assumptions  have  to  be  introduced  to 
establish  such  a  set  of  differential  equations. 

The  shortcomings  of  simple  relation*,  like  the  eddy  viscosity  formula  and  the  mixing  length  formula,  are 
well  known.  Nevertheless,  quits  good  results  have  been  achieved  in  recent  years.  The  decisive  disadvant¬ 
age  of  these  relations  is  that  their  application  to  a  particular  flow  pioblem  requires  ad  hoc  assumptions 
with  regard  to  magnitude  and  distribution  of  eddy  viscosity  or  mixing  length.  This  circumstance  prevents 
the  formulation  of  a  unified  approach  to  turbulent  flows.  However,  engineers  need  methods  which  are  able 
to  predict  the  main  characteristics  of  a  wide  class  of  flows. 

Many  attempts  to  develop  a  generally  applicable  method  have  been  made,  beginning  with  the  works  of  A.  N. 
Kolmogorov  |1]  and  L.  Prandtl  (2J,  which  are  based  on  the  equation  for  the  kinetic  fluctuation  energy. 
These  methods  have  been  formed  in  a  heuristic  manner.  Subsequently,  P.  Y.  Chou  |3)  and  the  present 
writer  |4)  started  directly  from  differential  equations  for  the  Reynolds  stress  tensor,  which  are  derived 
from  Navier  Stokes  equations,  and  introduced  certain  closure  assumptions  to  make  these  equations  tract* 
able.  This  early  work  could  not  aquire  any  practical  importance,  since  the  numerical  treatment  of  such 
complicated  systems  of  differential  equations  was  not  feasible  at  that  time.  The  interest  in  such  methods 
has  been  revived,  since  modern  high  speed  computers  offer  the  possibility  to  numerically  solve  complicat¬ 
ed  systems  of  partial  differential  equations.  Reference  is  made  to  the  work  of  B.  J.  Daly  and  F. H.  Har¬ 
low  [51,  T.H.  Gawain  and  J.  W.  Pritchett  [6[,  T.  S.  Lundgren  [7),  V.  W.  Nee  and  L.  S.  G.  Kc- 
vasznav  |8J,  and  P.  G.  Saffman  |9]. 

There  is  not  yet  evidence  that  any  of  the  existing  methods  can  successfully  be  applied  to  nearly  all  cases 
of  turbulent  flow.  Such  a  method  can  be  developed  only  step  by  step.  Therefore,  it  appears  to  be  worth¬ 
while  to  restrict  the  consideration  to  two-dimensional  incompressible  flow  fields,  for  which  the  usual  bound¬ 
ary  layer  simplifications  apply.  Only  one  of  the  coordinates  of  the  Reynolds  stress  tensor  is  important  in 
such  flows.  This  paper  reports  on  calculations,  which  are  based  on  the  transport  equations  for  shear  stress, 
fluctuation  energy  and  length  scale.  Although  these  calculations  are  not  yet  completed,  some  important 
conclusions  can  already  be  drawn. 


2.  TRANSPORT  EQUATIONS  FOR  SHEAR  STRESS  AND  KINETIC  FLUCTUATION  ENERGY 

If  the  unsteady  velocity  components  and  the  pressure  are  separated  into  mean  and  fluctuating  parts,  and 
then  are  inserted  into  the  equations  of  motion,  the  equations  for  the  mean  velocities  are  obtained,  in  which 
the  Reynolds  stresses  -  pu.u.  appear  as  unknown  quantities,  where  cartesian  tensor  notation  is  used, 
and  the  overbar  denotes  ensemble  averages.  Additional  equations  for  u.u.  are  derived  from  the  Navier 
Stokes  equations.  These  are  given  in  the  literature  on  turbulent  flows  [10, 11, 12)  and  need  not  be  repeated 
here  in  their  full  form.  A  substantial  simplification  is  achieved,  if  the  considerations  are  restricted  to 
high  Reynolds  number  flows.  In  this  case,  not  only  the  mean  Stokes  stresses  are  negligible,  but  also  most 
of  the  viscous  terms  in  the  equations  for  u.u.  .  The  remaining  viscous  terms  are  of  the  type 
v( 9u.  / 9x^ )( 9u  ./Ox^)  .  They  can  be  expressed  by  a  single  scalar  quantity,  c  ,  if  the  concept  of  local  iso¬ 
tropy  is  applied.  The  idea  behind  this  assumption  is  that,  for  high  Reynolds  numbers,  the  turbulent  spectra 
extend  over  a  very  large  range  of  wave  numbers,  and  that  the  contribution  to  (3u,/9x^)(9u./9x.  )  come 
mainly  from  the  large  wave  number  part  of  the  spectra.  Kolmogorov,  Heisenberg,'*  ana  v.  Weiz- 
sdeker  have  pointed  out  that  the  motion  of  the  large  wave  components  is  statistically  independent  of  the 
energy  containing  part  of  the  spectra  and  assumes  a  universal,  isotropic  form.  The  isotropic  tensor  has 
the  form 


chi. 

du . 

\2  , 

l 

j 

1  =  I  6 

axk 

k/ 

I  ^  y 

(1) 


where 


6.. 


is  the  unit  tensor,  and  the  summation  convention  for  repeated  indices  is  used,  c  equals  the 


rate  of  dissipation  per  unit  mass  and  time 


c 


(2) 


With  the  high  Reynolds  number  assumptions  and  the  familar  boundary  layer  simplifications,  the  equations 
for  the  Reynolds  shear  stress,  -  puv  ,  and  the  kinetic  fluctuation  energy,  q^/2  ,  of  plane  and  axisymme- 
tric  flows  read  as  follows,  if  the  density  is  put  p  =  1  : 


Reynolds  shear  stress 


9uv  9uv  2 

-+v-W  +  w 


9U 

9y 


(v2  +  p)  u  =  0 


(3) 


Kinetic  fluctuation  energy 
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j  =  1  axisymmetric  mean  flow 
j  =  0  plane  mean  flow 

The  equations  for  the  mean  motions  are 


Continuity 


Momentum  in  x-direction 


au  j_^v) 

ax  yj  ay 


u  au+ v  au  =  ±  at^uv) 

3x  9y  dx  yj  9y 


(4) 


(5) 


(B) 


Eqs.  (3)  to  (6)  are  first  order  approximations.  It  may  be  noticed  that  Eq.  (3)  has  the  same  form  for  plane 
and  axi symmetric  flows. 

The  restriction  to  high  Reynolds  number  flows  seems  to  cause  a  severe  limitation  of  the  applicability  at 
first  sight.  The  high  Reynolds  number  approach  does  not  apply  to  regions  close  to  solid  surfaces.  This 
disadvantage  appears  to  be  not  too  serious,  since  here  the  flow  can  be  described  by  a  few  local  parame¬ 
ters.  Effects  of  pressure  gradient,  addition  or  removal  of  fluid  through  the  porous  surface  and  other  effects 
can  be  estimated  with  the  aid  of  the  mixing  length  relation.  Nevertheless,  it  is  desirable  to  have  a  better 
formalism,  which  holds  also  near  solid  surfaces.  Moreover,  one  wishes  to  be  able  to  predict  the  develop¬ 
ment  of  turbulent  flow  from  the  preceding  laminar  regime.  Calculations  performed  by  G.  S.  Glushko 
[13]andI.E.  Beckwith  andD.M.  Bu  shne  ll  [14]  indicate,  that  this  might  be  achieved  with  semiempi- 
rical  methods.  Thus,  in  the  future,  an  extension  of  the  validity  over  the  whoie  range  of  Reynolds  numbers 
is  required.  However,  there  are  a  number  of  important  problems,  which  must  be  solved  first.  This  fact 
justifies  the  restriction  to  high  Reynolds  number  flows  at  this  moment. 


i 


1 
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3.  CLOSURE  ASSUMPTIONS 

In  order  to  make  Eqs.  (3)  to  (6)  determinate,  closure  assumptions  have  to  be  introduced  for  the  dissipa¬ 
tion,  «,  the  pressure-shear  velocity  correlation  term  p(9u/9y  +  dv/dx) ,  the  kinetic  energy  diffusion 

2  2 
(q  / 2  +  p)v  ,  and  the  shear  diffusion  (v  +  p)u  . 

At  high  Reynolds  numbers,  the  process  of  viscous  dissipation  is  governed  by  a  continued  energy  transfer 
from  big  to  small  eddies,  such  that  the  rate  of  dissipated  energy  is  independent  of  viscosity.  For  this  rea¬ 
son,  e  is  expressed  by  the  relation 


where  L  is  a  length  scale  of  the  big  eddies  and  c  is  a  dimensionless  coefficient.  This  formula  has 
been  used  by  many  authors. 


The  pressure  fluctuations  can  be  expressed  as  a  space  integral  of  the  velocity  field.  They  are  separated 
into  two  parts. 


P  =  PT+PM 


(8) 


the  one,  p^,  ,  being  caused  by  interactions  of  velocity  fluctuations.  The  other  part,  p^  ,  is  produced 
by  interaction  of  the  mean  velocity  gradients  with  velocity  fluctuations.  The  first  part  of  the  pressure- 
shear  velocity  correlation  term  may  be  determined  from  the  previously  [4]  suggested  relation. 
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which  gives,  if  Eq. 


(9) 


,  9u  9v .  w  *  /, 
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For  the  second  part,  a"  integral  expression  can  be  derived  from  the  Navier  Stokes  equations,  which  sug- 
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gests  as  the  simplest  relation 


,  3u  3v,  2  31! 

PM(3y  3x)~q  3y 


Ul) 


Since  only  the  kinetic  fluctuation  energy  equation  is  used  instead  of  equations  for  each  of  the  velocity  fluc¬ 
tuation  components,  u,  v.  w  ,  tha  value  of  v*  in  Eq.  (3)  is  to  be  expressed  as  a  fraction  of  q*  .  There¬ 
fore,  the  production  term  of  Eq.  (3)  and  the  term  of  Eq,  (11)  are  condensed  into  one  expression. 


3u 


M  7>y 
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p  2  3y 


(12) 


The  turbulent  energy  diffusion  is  approximated  by 

(q5/2  +  p)v  =  -  kq’/q2/2L 
ar.u  a  similar  relation  is  used  for  the  diffusion  term  of  Eq.  (3), 


(v  +  p)u  *  -  k 


TT 


4^/21 


3uv 

3y 


(13) 


(14) 


These  gradient  diffusion  models  are  used  by  many  authors,  but  there  is  little  justification  from  physical 
arguments.  They  are  used  for  the  lack  of  anything  better. 


There  are  five  coefficients,  namely  c,  k  ,  a  ,  k  ,  and  k  _  .  In  addition,  the  determination  of  the 
length  scale,  L  ,  which  makes  allowance 'for  ?he  space  structure  of  turbulence,  requires  a  fifth  equation. 
The  closure  assumptions  for  this  equation  will  bring  in  some  more  coefficients.  The  idea  is  to  consider 
all  these  coefficients  as  universal  constants,  although  they  are  not  strictly  universal  in  real  turbulent 
flow  fields.  Only  numerical  calculations  of  flow  cases  will  show,  firstly,  whether  the  system  of  equations 
is  able  to  predict  qualitatively  the  actual  behavior  of  several  shear  flows,  and  secondly,  how  well  the  cal¬ 
culated  results  agree  quantitatively  with  available  data.  It  may  be  admitted,  the  indispensable  require¬ 
ment  that  Eqs.  (3)  and  (4)  conform  to  the  logarithmic  velocity  law  in  the  layer  of  constant  shear  stress  near 
a  solid  wall,  imposes  conditions  on  the  choice  of  the  coefficients  and  consequently  reduces  the  number  of 
the  free  coefficients.  We  will  discuss  the  given  e-nations  a  little  further  before  we  proceed  with  the  treat¬ 
ment  of  the  length  scale  equation. 


Two  different  assumptions  for  the  shear  stress  have  previoue’y  been  used  in  connection  with  the  kinetic 
fluctuation  energy  equation.  The  first  was  suggest'd  by  L.  Prandtl  [2J,  where  the  shear  stress  is  de¬ 
termined  from  the  eddy  viscosity  concept, 


-  uv 


J  2,...  <tU 


(15) 


A  number  of  authors  have  applied  this  relation  with  their  methods.  The  second  assumption,  which  was 
applied  by  P.  Bradshaw  [15]  to  boundary  layer  calculations,  postulates  a  constant  ratio  of  shear  stress 
to  kinetic  fluctuation  energy. 


(16) 


These  assumptions  are  replaced  by  the  transport  equation  for  shear  stress,  Eq.  (3),  for  several  reasons. 
Eq.  (16)  fails,  when  the  shear  stress  changes  its  sign.  The  assumption  made  in  Eq.  (15)  is  not  compatible 
with  Eq.  (3)  in  general  cases.  For  example,  in  asymmetric  shear  flows,  the  shear  stress,  -  uv  ,  and 
the  velocity  gradient,  3U/3y  ,  change  their  signs  at  different  positions.  It  is  interesting  to  note  that  both 
Prandti's  eddy  viscosity  relation,  Eq.  (15),  as  well  as  Bradshaw's  assumption  of  a  constant  ratio  of  shear 
stress  to  kinetic  energy,  Eq.  (16),  are  included  in  Eq.  (3)  as  special  cases.  This  is  shown  as  follows: 

1.  Neglect  the  terms  of  convective  and  diffusive  transport  (nearly  homogeneous  turbulent  field).  Then 
Eq.  (3)  reduces  to 


.sf.&Gv." 

p 


This  relation  is  identical  vdth  Eq.  (15),  if 
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x.i  .  (is) 

P 

2.  Insert  Eq.  (16)  in  Eqs.  (3)  and  (4).  Then  Eqs.  (3)  and  (4)  are  identical,  if  the  following  conditions  are 
met 
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a  =  4a,  (=0.09) 
P  1 


k  =  k 
CJT  q 


Under  these  conditions,  Eq.  (3)  and  Eq.  (4)  yield  a  constan  ratio  of  -  uv/q  ,  if  the  initial  and  bound¬ 
ary  conditions  permit  this,  as  is  the  case  for  boundary  layers.  In  other  cases,  e.  g.  wake  flow,  the 
two  equations  have  different  solutions. 

The  conditions,  given  by  Eq.  (19)  can  se-  ,-e  as  a  guide  for  selecting  suitable  values  of  the  coefficients.  In 
addition,  it  is  mentioned  that  the  isotropic  turbulence  -eiations  give  a  =>  4/l5  «•  G.  1.67  .  This  value  is 
nearly  three  times  the  value  of  Eq.  (19).  P 

4.  NUMERICAL  SOLUTIONS  FOR  ASYMPTOTIC  PLANE  WAKE  FLOW 

The  equations  were  applied  to  the  case  of  asymptotic  plane  wake  flow  at  large  distances,  x  ,  downstream 
of  a  cylinder  in  a  uniform  stream  of  velocity,  U  .  The  axis  of  the  cylinder  is  parallel  to  the  z-  coor¬ 
dinate.  An  implicit  iterative  finite  difference_gcheme  has  been  used  to  calculate  the  development  of  the 
flow,  starting  with  given  distributions  of  U,  q*  ,  and  uv  at  a  certain  plane  x  =  const .  The  length 
scale,  L  ,  was  assumed  independent  of  y  : 

^  =  const  ,  (?Q) 

where  b  is  the  half  width  of  the  mean  velocity  defect  distribution,  at  a  point  half  way  between  the  cen¬ 
tral  velocity  and  free  stream  velocity. 

With  increasing  x  ,  the  calculated  distributions  asymptqticaUy  approach  the  familar  self-similar  distri¬ 
butions,  where  the  width  of  the  wake  spreads  as  b  ~  x*/2  .  The  calculation  was  continued  until  self- 
similarity  was  established.  Naturally,  the  rate  of  spread  depends  on  the  assumed  value  of  L/b  .  Fig.  1 
shows  the  parameter  b/(xc  .d)1' 2  as  a  function  of 


shows  the  parameter  b/(xc^d)  '  c  as  a  function  of 
L/b  ,  where  c^  is  the  drag  coefficient  and  d 
the  diameter  of  the  cylinder.  These  calculations 
are  based  on  values  of  Ine  coefficients  in  accord¬ 
ance  with  Eq.  (19).  The  main  outcome  of  these  cal¬ 
culations  is  the  strong  influence  of  the  coefficient* 
of  diffusion  terms,  k  =  k  .  The  curve  for 

k  =  0.  6  has  a  maximlim  v£lue  b/(xc  .d)1/2  = 
cj  f  a 

0.  208  .  Thus  the  experimental  value  of 

b/(xc  d)1/2  =  0.  25  [16]  is  not  met  with  k  =  0.  6 , 

regardless  of  the  value  chosen  for  L/b  .  iH  addi¬ 
tion,  the  line  of  mixing  length  theory  is  also  indi¬ 
cated  in  Fig.  1. 


hc~tiW1 


The  choice  of 


also  influences 


strongly  the  distributions  of  mean  defect  velocity, 
fluctuation  energy  and  shear  stree3.  This  follows 
from  F;g.  2,  where  the  distributions  are  plotted  in 
non-dimensional  form  as  functions  of  y/b  .  Cal¬ 
culations  with  three  different  values  of  k  are 

q 

shown,  where  L/b  is  selected  from  Fig.  ",  so  as 
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Fig.  2.  Asymptotic  distributions  of  plane  wake  flow.  Eqs.  (3)  to  (6) 

a)  Mean  velocity  defect  and  Reynolds  shear  stress 

b)  Kinetic  fluctuation  energy 
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1  (2 

to  reproduce  a  value  of  b/fxc^d)  *  0.  25  .  For  k  *  0.  2  and  0.  4  ,  saddle  shaped  profiles  of  mean 
velocity  are  obtained.  The  velocity  profile  for  k  *  (?.  5  agreed  perfectly  with  the  relation,  which  was 
given  by  Townsend  [12]  as  an  approximation  to'tae  experimental  distribution.  As  seen  from  Fig.  2b, 
the  calculated  distributions  of  q*/( 2u^)  are  all  substantially  higher  than  the  experimental  results  by 
Townsend.  If  Prandtl's  eddy  viscosity  relation  is  used  instead  of  Eq.  (3),  no  saddle  shaped  mean  velo¬ 
city  distributions  occur,  and  the  magnitude  of  k^  has  a  minor  effect. 

3.  LENGTH  SCALE  EQUATION 

The  given  system  of  equations  cannot  be  applied  to  general  flow  cases,  unless  a  general  relation  for  the 
length  scale,  L  ,  is  available.  Before  a  length  scale  equation  can  be  derived  .rom  the  Navier  Stokes  equa¬ 
tion,  the  length  scale  has  to  be  defined.  The  magnitude  of  L  ,  as  used  in  the  preceding  equations,  has  the 
meaning  of  a  length  characteristic  for  the  energy  carrying  eddies.  Thus,  in  shear  flows,  for  which  the 
boundary  layer  simplifications  apply,  an  integral  scale,  defined  by 


q2  L  = 


...(r  )  dr 
it  y  y 


appears  to  be  an  appropriate  quantity,  where 


Ru(ry)  =  Uj(x,  y,  z)  u.(x,  y  +  r  ,  z) 


is  the  two  point  correlation  function.  Fig.  3,  and 


*■  y*rY ■ 


ri 

►  i  ry 


Fig.  3.  Definition  of  two- 
point  correlation 
function  and  inte- 


q  =  u.(x,y,  z)  u.(x,  y,  z)  =  R..(0)  .  (23) 

The  factor  3/8  in  Eq.  (21)  causes  L  to  be  identical  with  the  well  known 
lateral  integral  length  scale  in  an  isotropic  turbulence  field.  If  solid  walls 
are  present,  the  range  of  integration  is  limitted  by  the  solid  wall. 

The  following  operations  have  to  be  made  in  order  to  derive  the  integral 
length  scale  equation: 

1.  Multiply  the  Navier  Stokes  equation  of  velocity  component  L.  +  u.  at 
location  x,  y,  z  with  the  fluctuation  component,  Uj  ,  at  point  x, 

y  +  r  ,  z  and  take  the  average. 

2.  Multiply  the  Navier  Stokes  equation  of  velocity  component  U.  +u. 

at  location  x,  y  +  r  ,  z  with  the  fluctuation  component,  u.  ,  at  point 
x, y,  z  and  take  the  average. 


gral  length  scale  3.  Add  the  equations  of  all  three  components  and  integrate  along  r  .  Again  the 

high  Reynolds  number  approach  is  used  (local isotropy),  boundary  layer  sim¬ 
plifications  are  introduced  and  only  first  order  terms  are  retained. 

With  repeated  application  of  the  continuity  equahon,  the  operations  result  in  the  following  equation  for  the 
product,  qy/2  L  : . 

1  3  2  .  i  ,  1  ,,  9(q2  L)  ,  3  T,  9U ,  f  „  ,  .1  T,  .  ,j/9U\  „  , 

__(Uq  L^-V-JL^^  tw,  I  H21dry+p-  /  <y  +  V%Lr  R12dry  ' 

*  -CO  y  -<x>  ^  y 

'  ■« 

•A  J  (H(ik)i  "  Ri(ik))dry  “T  W'yj  /  <R(i2)i+P^  +  '?P,dry  -=0  *  <24> 

-CCj  y  ^00 


R12=  u{y)vly  +  ry) 

R2i  =  u(y  +  r  )v(y) 

V)j  =•  ui(y>uk(y)u/y  +i> 

pv  =  p(y)v(y  +  r  ) 


vp  =  p(y  +  ry)v(y) 
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Eoi  ation  (24)  will  be  referred  'o  as  the  length  scale  equation.  The  first  two  terms  of  Eq.  (24)  a-e  the  con- 
ve  ion  terms.  The  third  term  represents  turbulent  production,  the  fourth  term^  acts  as  dissipation,  and 
the  last  term  stands  for  turbulent  diffusion  transport. 


6.  CLOSURE  ASSUMPTIONS  FOR  THE  LENGTH  SCALE  EQUATION 

Closure  assumptions  are  required  for  the  last  three  terms  of  Eq.  (24).  Most  striking  is  the  complicated 
form  of  the  production  term  in  contrast  to  the  simple  expression  of  the  production  term  in  the  equation  of 
kinetic  f (actuation  energy,  Eq.  (4).  In  particular,  the  value  of  3U/3y  at  position  y  +  rm  and  thus  the 
mean  velocity  distribution  of  the  whole  plane,  x  =  const  ,  enters  the  equation.  It  will  be  shown  later  that 
th-.s  fact  needs  further  attention. 

One  way  to  treat  the  second  integral  is  to  expand  3U/2y  in  a  Taylor  series  with  respect  to  y  and 
define  the  following  length  scaled: 


oo 

/'r‘2*v 


dr 


(26) 


12,  n 


— /v 

16(n  -  1)!  uv  J  12  y 


n-1 


dr 
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1/n 


Then,  the  producton  term  of  Eq.  (24)  is  represented  by  the  series 
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3U  1  ^Q-  n  3  l_j  3n-1U 
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(28) 


This  relation  can  be  used  in  combination  with  die  assumption  that  all  the  length  scales  are  in  constant 
ratio  to  L  .  In  case  that  a  symmetric  shape  of  Rj  ^  is  assumed,  the  terms  of  even  values  of  n 
vanish.  For  numerical  calculations,  only  one  or  two  terms  of  the  series  can  be  retained.  According  to 
measurements  made  by  W.  G.  Rose  [17]  in  a  homogeneous  shear  flow,  the  ratio  of  the  length  scales  is 


C  • 


»  1.  2 


(29) 


The  fourth  term  of  Eq.  (24)  represents  the  transport  of  mechanical  energy  in  wave  number  space.  In  ana¬ 
logy  to  Eq.  (7)  we  put 


j,  f 

16  7 

-oo 


(30) 


An  estimation  of  the  coefficient,  c.  ,  is  gained  from  a  comparison  with  the  decay  law  of  kinetic  fluctua- 
tion  energy  in  a  uniform  stream  behind  a  grid.  Theoretical  predictions,  based  on  Birkhoff's  and  Loitsian- 
siki's  invariant  theory  as  well  as  on  experimental  data  of  recent  experiments  (18]  correspond  to  a  value  of 
c^  between  0.  667  and  0.  8  . 

With  respect  to  the  flux  of  diffusion,  the  expression 


+  pv  +  vp)  dr 


\L 


3(q2/2) 

9y 


2 

■  a  3_. 

L  2 


(31) 


appears  reasonable,  where  k  .  and  a .  are  two  additional  coefficients.  With  this  assumption  we  have 

qu  i-«  9  / 

a  flux  of  diffusion  at  constant  L  and  one  at  constant  q  /2_^  At  the  free  boundaries  (jet  and  wake  flow, 
outer  edge  of  boundary  layers)  the  field  quantities  3U/3y,  uv,  and  q2  tend  to  zero,  but  L  may  be 
finite.  Energy  production  and  dissipation  become  small  when  compared  with  the  convection  and  diffusion. 
These  conditions  cannot  be  satisfied  simultaneously,  unless 


1) 


This  term  is  expressed  in  cartesian  coordinates. 
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(32) 


If  Eq.  (24)  is  applied  to  the  fully  turbulent  part  of  the  law  of  the  wall,  the  convection  terms  vanish,  but 
diffusive  transport  does  not.  The  requirement  that  the  length  scale  equation  is  compatible  with  the  law  of 
the  wall  provides  an  important  relation  between  the  coefficients  of  the  length  scale  equaticn  and  the  v.  K4r- 
mdn  constant,  x  .  That  is,  the  value  of  X  is  determined,  if  a  set  of  coefficients  is  assumed  or,  vice 
versa,  a  constraint  is  imposed  on  the  choice  of  one  of  the  coefficients,  if  a  value  of  x  (e.  g.  «  0.  4)  is 
prescribed. 


7.  APPLICATION  OF  THE  LENGTH  SCALE  EQUATION  WITH  SIMPLIFIED  PRODUCTION  TERM 

The  simplest  assumption  is  to  retain  only  the  first  term  of  the  series  of  the  production  term  of  Eq.  (23). 
The  length  scale  equation  in  this  version  has  been  used  by  several  authors  (19.  20).  In  particular  Rodi 
and  Spalding  (19)  have  achieved  interesting  results  for  jet  flew.  We  have  applied  the  length  scale  equa¬ 
tion,  in  conjunction  with  Eqs.(3)  to  (6),  to  the  plane  wake  flow. 


Fig.  4.  Development  of  mean  center  velocity  gra¬ 
dient  of  plane  wake  flow  Eqs.  (3)  to  (6). 

Eq.  (24)  with  production  term,  Eq.  (28) 

c  =  0.  164;  a  =  0.  09;  k  *  1; 

kq  =  kqT=°P4;  cL*0.1; 

tions  of  fU  -  U)/u^,  -  uv/u2,  and  q2/(2u2)  are 
a  sufficiently  long  time. 


The  main  results  of  these  calculations  are  shown 
in  Fig.  4,  where  the  mean  center  velocity  gradient, 
(x/UjJdU^/dx  ,  is  plotted  versus  the  dimensionless 
distance  in  mean  flow  direction,  2x/(c^d)  .  Two 
groups  of  runs  are  shown.  With  the  first  group  we 
adopted  the  law  of  the  wall  constraint  (x  1  0.  4)  . 
With  the  chosen  coefficients,  a  value  of  (  s  0.  606 
was  obtained.  With  the  second  group  of  runs  the 
constraint  of  the  law  of  the  wall  was  dropped  and 
£  *  1.  25  was  assumed.  The  individual  curves  of 
each  group  differ  in  that  the  initial  distribution  of 
L  was  multiplied  by  3,  5,  and  10  ,  respectively 
Jumps  in  the  curves  occur  every  time,  when  the 
number  of  mesh  points  is  reduced  by  a  factor  1/2  . 

It  is  seen  that  the  curves  of  the  first  group  decrease 
continuously  for  larger  downstream  distances. 

None  of  the  curves  approaches  the  state  of  self¬ 
similarity,  characterized  by  (x/m)dUc/dx  *  0.  5  . 
At  the  same  time,  the  ratios  q2/£u 2)  and 

-  uv/uj  decrease  continuously.  The  curves  of  the 
second  group,  however,  approach  well  the  value  of 
(x/uj)dUc/dx  =  0.  5  .  Thus  self- similar  distribu- 
established,  if  the  calculations  are  continued  over 


Several  variations  have  been  tried,  but  it  became  evident  that  the  actual  behavior  of  wake  flow  is  not  re¬ 
produced  by  the  calculations  if  the  simple  form  of  the  length  scale  equation  is  used  in  conjunction  with  the 
wall  flow  constraint.  This  is  a  very  important  finding  which,  in  effect,  disqualifies  the  simple  form  of  the 
length  scale  equation  as  a  generally  applicable  equation. 


8.  SOLUTIONS  WITH  TRANSPORT  TERMS  OMITTED 

The  conclusion  from  the  foregoing  investigations  is  that  the  production  term  is  over-simplified,  if  only 
the  first  teim  of  the  series,  Eq.  (28),  is  retained.  This  becomes  clear  also  from  the  unsatisfactory  fact 
that  the  solution  of  the  law  of  the  wall  is  dominated  by  the  diffusion  term.  There  is  effectively  no  solution, 
if  the  diffusion  term  is  neglected.  This  situation  changes  if  two  terms  of  the  production  are  retained. 

In  this  context,  it  is  informative  to  study  solutions  of  the  eouations  if  the  diffusion  terms  are  neglected 
altogether.  The  relations  become  particularly  simple  for  such  flow  cases,  in  which  the  convective  trans¬ 
port  terms  are  absent.  From  Eq.  (3)  and  (4)  the  folio-wing  relations  are  obtained 


-5-TO 


(33) 


The  first  relation  states  that  the  ratio  of 
mixing  lengih  formula,  if  c(k^/a)^/^  =  1 

Combination  of  Eq.  (4)  and  (24)  yields 


is  constant  everywhere.  The  second  relation  is  the 
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CL  ~  C  ^  3U/3y 
C3  a(yJa2U/3y2)/3y 


(34) 


3 

where  C3  =  ^12  3/^)  ■  This  relation  shows  some  resemblance  to  v.  Kdrm4n:s  similarity  theory.  From 
the  law  of  the  wall  constraint  we  have 


Finally,  Eqs.  (33)  and  (34)  can  be  combined  to  give 

±-  j./yj»fg\.2x2 

J  *  \  ay2/  - 


(35) 


(36) 


where  x  is  the  only  empirical  constant.  The  main  difference  of  this  relation  from  v.  KArrnAn's  relation 
is  that  it  is  a  differential  equation  of  third  order,  whereas  v.  Kirmdn's  equation  is  of  second  order.  Thus 
an  additional  boundary  condition  can  be  satisfied  with  Eq.  (36). 

Eq.  (36)  has  been  applied  to  three  cases: 

1.  Straight  Couette  flow, 

2.  Flow  strough  a  cylindrical  pipe, 

3.  Pressure  flow  through  a  channel  of  infinite  width. 


In  the  case  of  straight  Couette  flow,  an  analytical  solution  can  be  given,  which  includes  an  elliptical  inte¬ 
gral  of  the  first  kind,  whereas  in  the  cases  of  pipe  and  channel  flow,  Eq.  (36)  was  numerically  solved 
using  a  Rur.ge-Kutta  method.  The  velocity  distributions  tressed  as  the  velocity  defect,  and  the  length 
scales  are  shown  in  Fig.  5.  The  length  scale  has  a  singularity  at  the  center  of  pipe  and  channel,  respect¬ 
ively.  The  differences  between  the  axisymmetric  and  plane  case  are  noteworthly.  In  Fig.  5a  the  experi¬ 
mental  velocity  distribution  after  Nikuradse  [21j  is  also  given.  The  velocity  distributions  are  qualita¬ 
tively  correct  in  all  three  cases,  although  the  quantitative  agreement  with  experiment  is  not  as  good  as 
desired. 
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Fig.  5.  Distributions  of  mean  velocity  (velocity  defect  law)  and  length  scale  of  pipe  and  plane  channel 
flow.  Diffusion  terms  omitted. 

a)  Pipe  flow  ;  R  =  radius  of  pipe 

b)  Channel  flow,  h  =  halt  height  of  channel 


The  purpose  of  this  investigation  is  to  show  that,  the  equations,  with  diffusion  terms  omitted,  give  correct 
"esults,  if  proper  assumotions  for  the  production  term  of  the  length  scale  equation  are  used.  The  diffusion 
terms  are  important  to  achieve  better  agreement  with  the  actual  flow,  but  their  effect  is  not  dominating. 


5.  REFINED  ASSUMPTIONS  FOR  THE  LENGTH  SCALE  EQUATION 


As  the  nex:  step,  we  tried  to  include  the  two  term  expression  of  the  length  scale  production  term  in  wake 
flow  calculations.  However,  numerical  instability  occurred  with  the  finite  difference  method  because  of  the 
third  order  derivative.  Perhaps  this  instability  can  be  overcome  with  a  more  refined  method.  This  que¬ 
stion  is  left  to  be  investigated.  For  the  present  we  escaped  from  the  dilemma  by  using  the  following 
approach.  The  correlation  functions  are  approximated  by 


R12  =  R 


21  =  uv- 1  -  A  VL)6  +1 11  -  A  (V,L;4)(ry/L)2  -  A  (-  *  k  VL)2)( ry/L)4 
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where  a  and  b  are  two  dimensionless  quantities.  By  definition  of  Eq.  (26)  it  follows  that 
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(3S) 


The  quantities  a  and  b  are  determined  from  Eq.  (39)  and  the  constraint  of  the  law  of  the  wall,  if 
C,  x  and  the  other  coefficients  are  given. 

With  these  relations  included  in  the  length  scale  equation,  Eq.  (24),  asymptotic  self-similar  distributions 
are  produced.  Results  are  shown  in  Fig.  6  and  are  compared  with  the  results,  based  on  a  constant  value 
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Fig.  6.  Asymptotic  <  .stributions  of  plane  wake  flow.  Eqs.  (3)  to  (6) 

c=  0.164,  .i  =  0. 09,  k  =  1,  k  =  k  =0.5 
P  p  q  qT 

—  -  L  from  Eqs.  (24)  and  (37) 

- L/b  =  assumed 

a)  Mean  velocity  defect  and  Reynolds  shear  stress 

b)  Kinetic  fluctuation  energy  and  length  scale 

of  L/b  .  The  value  of  £  =  1. 18  was  chosen  to  give  a  dimensionless  width  of  b/(xc  d)*/^  -  0.  25  .  With 
regard  to  the  equations  for  shear  stress  and  kinetic  fluctuation  energy,  the  same  coefficients  are  used  as 
for  the  calculations  shown  in  Fig.  2.  The  mean  velocity  distributions  are  slightly  saddle  shaped.  Of  course, 
the  agreement  with  experimental  data  can  easily  be  improved  by  modification  of  the  coefficients.  The  main 
point  was  to  show  that,  in  this  way,  different  types  of  turbulent  flow  can  be  reproduced,  at  least  qualita¬ 
tively,  with  the  same  set  of  coefficients.  Fig.  6b  shows  that  the  kinetic  fluctuation  energy  is  lower  as  cal¬ 
culated  with  constant  L/b  .  The  calculated  length  scale  varies  only  little  over  most  part  of  the  turbulent 
flow  regime. 


10.  CONCLUDING  REMARKS 

Striving  for  a  unified  approach  to  turbulent  shear  flow  calculation,  it  appears  reasonable  to  concentrate 
oneself  first  to  two-dimensional  layer  flows.  A  formalism  has  been  discussed,  in  which  the  Reynolds  shear 
stress  is  determined  from  the  transport  equations  for  fluctuation  energy,  shear  stress,  and  length  scale. 
The  transport  equation  for  the  shear  stress  includes  Prandtl's  eddy  viscosity  relation  and  Bradshaw's  con¬ 
cept  of  constant  ratio  of  shear  stress  to  fluctuation  energy  as  special  cases,  depending  on  the  choice  of  the 
empirical  coefficients. 

No  perceptibly  better  results  could  be  achie  ed  with  the  shear  stress  transport  eouation  than  with  the 
Prandtl  eddy  viscosity  relation.  It  is  believed,  however,  that  the  advantages  of  the  shear  stress  transport 
equation  will  come  to  light,  when  it  is  applied  to  other  flow  cases. 

The  most  important  conclusion  to  be  drav/n  from  the  present  calculations  is  that  the  production  term  of  the 
length  scale  equation  deserves  special  attention.  Realistic  results  for  flows  with  free  and  solid  boundaries 
canno:  be  obtained,  if  this  term  is  oversimplified. 

Furthermore,  it  was  found  that  the  turbulent  diffusion  terms  strongly  influence  the  rate  of  spread  ana  the 
shape  o:  mean  velocity  distribution  of  wake  flow,  whereas  for  Couette,  pipe,  and  channel  flow,  the  influence 
of  diffusion  is  obviously  weaker.  Actually,  the  gradient  diffusion  formulae  give  only  a  poor  description  of 
the  real  p”ocesses.  It  is  a  disappointing  fact  that  no  use  has  been  made,  so  far,  of  the  available  knowledge 
on  the  intermittent  structure  of  turbulent  flow  near  free  boundaries. 

Much  further  work  is  left  to  be  done.  Calculations  for  many  flows,  such  as  free  jets,  boundtry  layers  etc. , 
have  to  be  performed  and  compared  with  experimental  data.  Numerous  combinations  of  the  coefficients  and 
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modifications  of  the  closure  assumptions  have  to  be  tested.  Not  until  then  a  final  of  coefficients  can 
be  fixed.  The  numerical  procedures  have  to  be  improved.  There  is  some  hope  tV.t  finally  a  method  will 
be  accomplished,  which  is  capable  cf  reproducing  a  rather  wide  class  of  turbulent  flows. 
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The  results  cf  a  detailed  experimental  investigation  of  the  compressible  turbulent 
boundary  layer  in  an  adverse-pressure-grndient  regime  are  presenter.  The  studies  were 
conducted  on  a  fiat  nozzle  wail  for  Mach  numbers  between  4.1  and  4.9.  at  momentum  thick¬ 
ness  P.eynolds  numbers  from  5300  to  69,000  and  a.  wall-to-adiabatic-wal\  temperature 
ratios  of  1.0  and  O.S.  Complete  anu  often  redundant  profile  measurements  were  taken  with 
Pitot  and  static-pressure  probes  and  conical  equilibrium  and  fine-wire  temperature  probes. 
Tile  wall  shear  and  surface  heat  transfer  were  measured  directly  witn  a  skin-friction 
balance  and  a  heat-transfer  gage.  The  effect  cf  the  adverse-pressure-gradient  flow  on  the 
boundary- layer  flow  structure,  friction  crag,  and  heat  transfer,  as  compared  with  zerc- 
and  favorable-pressure-gradient  flow,  is  discussed.  A  test  snowing  the  effect  of  r.ozzie 
throat  cooling  on  tiie  downstream  Lcunoary  layer  is  also  reported.  This,  threat  cooiir.g 
caused  significant  changes  in  the  downstream  temper.'  ture  profiles  -«nd  recovery  factor 
with  no  effect  on  the  local  wall  shear. 

NOTATION 


b  -  constant  in  equation  8 

C-  -  skin-friction  coefficient 
*■ 

u  -  compressible  shape  factor  i*/6 
K  -  Hannan's  constant 

M  -  Mach  number 
V  -  pressure 
Pg  -  static  pressure 

Pt2  -  Pitot  pressure 

Pr  -  Prandtl  number 
r  -  recovery  factor 

ReQ  -  momentum  thickness  Reynolds  number 

St  -  Stanton  number 
T  -  temperature 
u  -  velocity 

u^  -  shear  velocity  =  *,fw/Pw 
u+  -  u/uT 

x  -  distance  along  plate  from  nozzle 
throat 

y  -  distance  normal  to  plate 

y+  -  uT 


£_  -  pressure  gradient  parameter  = 

J  (6/t  )dl’/dx 
w 

Y  -  ratio  of  specific  neats 

0  -  boundary -layer  thickness 

* 

6  -  displacement  thickness 

6  -  momentum  thickness 

-  energy  thickness 

6j.  -  total  enthalpy  thickness 

u  -  viscosity 

v  -  kinematic  viscosity 

u  -  Coles'  profile  parameter 

p  -  density 

x  -  shear  stress 

w  -  Coles'  wake  function 

Subscripts 

aw  -  adiabatic  wall  conditions 

e  -  freestream  conditions 

o  -  tunnel  supply  conditions 

w  -  wall  conditions 

t  -  stagnation  conditions 

Superscripts 

'  -  ideal  properties  calculated  from 


1.  INTRODUCTION 


The  prediction  of  compressible  turbulent  boundary-layer  flows,  being  of  an  empirical 
nature,  relies  heavily  on  experimental  data.  Therefore,  it  is  understandable  that  there 
is  a  definite  need  for  complete  and/or  redundant  boundary-layer  experimentation.  The 
objective  of  the  experimental  boundary-layer  investigation  at  the  Naval  Ordnance  Laboratory 
(NOL)  is  to  study  the  two-dimensional  compressible  turbulent  boundary-layer  flow  in  a 
thorough,  detailed,  and  systematic  manner.  Since  the  boundary-layer  behavior  is  influenced 
by  many  factors,  the  experimental  approach  is  to  carefully  define  and  isolate  eac,  factor, 
measure  its  effect,  ana  correlate  the  results.  The  effects  of  moderate  heat  transfer  and 
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favorable  pressure  gradient  on  the  turbulent  boundary  layer  have  been  reported  earlier*' 
This  paper  describes  a  subsequent  investigation  into  the  effects  of  adverse  pressure 
gradient  on  the  compressible  turbulent  boundary- layer  flow. 

2.  EXPERIMENTAL  SETUP  Ah  I)  TEST  CONDITIONS 

The  experiment  was  performed  in  the  ,10L  Boundary  Layer  Channel^  shown  in  Figure  1. 

The  two-dimensional  supersonic  half-nozzle,  the  main  component  of  the  facility,  has  ior 
one  wall  a  flat,  plate,  eight  feet  long  and  12  inches  wide,  along  which  the  boundary- 
layer  measurements  were  made.  The  opposite  wall,  a  flexible  contoured  plate,  was  adjusted 
to  produce  a  pressure  gradient  ilow  over  the  flat  test  plate.  This  adjustment  provided 
for  an  expansion  oi  the  flow  to  Mach  4.9  as  in  conventional  nozzle  designs  followed  by  a 
deceleration  lr  the  form  of  a  linear  change  with  streamwise  distance  in  the  degree  of 
pressure  gradient,  Vnis  approach  allowed  for  a  smooth  transition  from  the  favorable  to 
adverse-pressure-gradient  regimes  with  no  shock  wave  interference.  Furthermore,  since 
the  pressure  gradient  was  gererated  on  a  flat  test  plate,  effects  due  to  longitudinal 
curvature  were  eliminated,  ‘..■e  nozzle  contour  was  computed  by  using  the  desired  test 
plate  pressure  distribution  in  a  mcthod-of-characteristics  computer  program  and  correcting 
for  the  boundary- layer  displacer cat  thickness.  A  comparison  of  the  prescribed  and  measured 
streamwise  pressure  distribution  is  shown  in  Figure  2. 

Complete  boundary-layer  data  wore  obtained  at  six  locations  along  the  flat  test  plate, 
at  37,  60,  70,  78,  84,  and  90  irches  from  the  nozzle  throat.  The  37-inch  station  was 
located  in  a  favorable-pressure- gradient  region  while  the  remaining  stations  were  located 
in  vaxyiny  degrees  of  adverse  pressure  gradient.  Tests  were  conducted  at  tunnel  supply 
pressures  between  1  and  10  atmospheres  and  supply  temperatures  of  605°R  and  762°R.  The 
wall  temperature  was  maintained  constant  by  cooling  the  test  plate  with  water.  These  con¬ 
ditions  provided  a  range  of  Reynolds  number  per  foot  from  6X10®  to  7.5X10®  at  wall-to- 
adiabatic-wall  temperature  ratios  of  1.0  and  0.8.  Typical  boundary-layer  thicknesses 
ranged  from  1.5  to  3.5  inches  which  allowed  for  detailed  probing  of  the  boundary  layer, 
including  the  sublayer. 

3.  IUSTRUMLWTATIO.I  ADD  PROBES 


Since  the  region  near  the  wall  of  a 


supersonic  turbulent  boundary  layer  is  of  such 

importance  to  the  analysis  of  flow  structure, 
friction  drag  and  heat  transfer,  the  design 
of  probes  to  accurately  measure  the  flow 
parameters  in  this  region  is  necessary.  For 
this  reason,  probe  development  became  an 
integral  part  of  the  testing  pregram. 

Boundary- layer  Pitot-pressure  profiles 
•  ere  obtenned  -sing  a  flattened  Pitot  probe 
with  a  rectangular  0.003  x  0.100-inch  inlet. 
Due  to  the  small  size  of  the  probe  and  its 
use  near  the  wall,  two  phenomena,  viscous 
flow  interaction  and  probe-wall  interference, 
were  encountered.  The  small  opening  of  the 
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probe  combined  with  the  low  density  in  the  inner  region  of  the  boundary  layer  resulted 
in  *n  inui<-ed  pressure  measurement  caused  by  a  Knudsen  number  effect.  Since  there  were 
;.o  data  available  in  the  slip  flow  regime  for  the  prebe  geometry  used,  the  viscous  flow 
interaction  correction  to  the  Pitot  pressure  was  determined  by  calibrating  the  probe  in 
a  low  density  wind  tunnel.  This  viscous  correction  is  shown  in  Figure  3  for  Mach  numbers 
between  0.1  and  0.4  ana  Reynolds  numbers,  based  on  probe  iniet  height,  between  0.5  and  50.0 

The  second  correction  to  the  Pitot-pressure  data,  probe-wall  interference,  was 
determined  for  the  probe  geometry  used  by  relying  on  the  shear  balance  data  to  provide 
the  velocity  gradient  at  tne  wail.  This  correction  (shown  in  Figure  4)  was  compiled  from 
adiabatic  profile  data  measured  in  zero,  favorable,  and  adverse-pressure-gradient  flows. 

The  effects  of  both  the  viscous  flow  interaction  and  probe-wall  interference  corrections 
on  a  Mach  number  profile  near  the  wall  are  shown  in  Figure  5. 

The  stagnation  temperature  through  the  boundary  layer  was  measured  simultaneously 
with  the  Pitot  pressure  by  us^ng  a  double-probe  travel ae.  Redundant  measurements  were 
taken  using  two  temperature  probe  configurations  — a  conical  equilibrium  temperature 
probe4  and  a  fine-wire  stagnation  temperature  probe^.  The  conical  equilibrium  temperature 
probe,  a  10-degree  platinum  cone  with  a  0. 050-inch-diameter  base,  provided  excellent  data 
through  the  outer  part  of  the  boundary  layer,  however,  its  size  limited  its  usefulness  in 
probing  the  inner  region.  For  this  inner  region,  the  cone  temperature  was  linearly 
extrapolated  to  the  measured  wall  temperature.  With  the  development  cf  the  fine-wire 
stagnation  temperature  probe,  temperature  profile  measurements  were  extended  into  this 
region  near  the  wall.  The  fine  wire  probe  consists  of  a  fine  wire  (0.001-inch  diameter, 
0.140-inch  long)  placed  normal  to  the  flow  with  a  chromel-alumel  thermocouple  junction 
at  its  center.  The  local  stagnation  temperature  was  computed  from  the  measured  wire 
center  and  support  temperatures  and  the  corresponding  measured  Pitot  pressure  with 
application  of  conventional  empirical  equations  for  predicting  the  heat  exchange  to  and 
from  the  wire.  Using  the  local  Mach  number  distribution,  the  local  static  temperature 
was  evaluated.  Figure  6  is  an  example  of  such  a  fine-wire  temperature  probe  profile  near 
the  wall.  Shown  for  comparison  is  the  temperature  derivative  at  the  wall  computed  from 
heat-transfer  measurements 

Skin  friction  and  heat  transfer,  two  parameters  often  deduced  from  profile  measure¬ 
ments,  were  measured  directly  in  these  tests  with  a  floating  element  ekin-friction 
balance  manufactured  by  Kistler  Instrument  Corporation  and  a  micro-foil  heat-transfer  gage 
purchased  from  the  Rdf  Corporation. 

An  additional  measurement  needed  for  compressible  adverse-pressure-gradient  profile 
evaluations  is  the  local  static-pressure  variation  normal  to  the  wall.  This  pressure 
variation  is  the  result  of  the  superposition  of  the  non-uniform  isentropic  flow  of  the 
freestrean  onto  the  boundary  layer.  Three  techniques  were  used  in  evaluating  this  static 
pressure  variation  through  the  boundary  layer.  First,  the  static  pressure  was  calculated 
from  a  strictly  isentropic  method-of-charecteristics  nozzle  flow  computation.  Input  to 
this  calculation  included  the  experimental  streamwise  wall  pressure  distribution  and  the 
measured  displacement  thickness  along  the  test  plate.  The  second  method  was  to  measure 
the  static  pressure  through  the  boundary  layer  directly  using  a  0.040-inch  OD  static 
pressure  probe.  The  tip  of  the  probe  was  a  10-degree  cone  and  four  static  pressure 
orifices  were  located  on  the  cylindrical  tubing  20  probe  diameters  from  the  tip.  The 
probe  data  were  corrected  for  flow  angularity  effects  where  the  direction  of  the  local 
streamlines  was  determined  from  the  previously  mentioned  isentropic  flow  calculations. 

In  the  third  approach  the  static  pressure  external  to  the  boundary  layer  was  calculated 
from  isentropic  flow  equations  using  the  ratio  of  local  Pitot  to  tunnel  supply  pressure. 

A  comparison  of  the  data  from  these  three  methods  is  shown  in  Figure  7.  Since  the  flat 
test  plate  is  essentially  a  wall  of  symmetry  to  a  conventional  nozzle,  the  isobars  are 
normal  to  the  test  plate  at  the  wall  and  the  static  pressure  variation  becomes  apparent 
only  in  the  outer  region  of  the  boundary  layer.  For  this  reason,  the  static  pressure 
profiles  used  for  final  analysis  were  determined  by  extrapolating  the  external  static 
pressure  from  method  three  to  the  measured  wall  pressure  while  keeping  in  mind  the  shape 
of  tne  profile  as  computed  from  methods  one  and  two. 
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4 .  DATA  REDUCTION 

The  incorporation  of  the  static-pressure  variation  into  profile  and  integral  parameter 
definitions  is  of  importance  since  the  determination  of  the  boundary-layer  thickness  and 
boundary-layer  flux  deficits  must  be  referenced  to  the  so-called  "ideal"  flow  properties6*'. 
These  ideal  properties,  calculated  from  the  local  static  pressure  and  the  tunnel  supply 
pressure  and  temperature,  represent  the  inviscid  flow  if  the  boundary  layer  were  not 
present.  The  modified  integral  parameter  definitions  used  in  this  report  are 

displacement  thickness 
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r .-merit ura  thickness 


-  wu  w  o 


(2) 


energy  thickness 


'E 


(3) 


total  enthalpy  thickness 


1)  ay 


(4) 


Y 


where  the  primed  quantities  refer  to  the  ideal  flow  quantities  and  f  is  defined  as  the 
distance  from  the  wall  where  u/u*  =  0.995.  The  modified  integral  thicknesses  are 
referenced  to  the  ideal  properties  at  the  wall  because  properties  at  the  edge  of  the 
boundary  layer  are  not  constant.  Vise  Modified  definitions  simplify  to  the  classical 
definitions  when  the  static  pressure  is  constant  through  the  boundary  layer. 

5.  TWO-DIMENSIONALITY 

Analyses  of  boundary  layer  flows  in  a  two-dimensional  facility  of  this  type  are 
usually  questioned  as  to  the  two-dimensionality  of  flow.  This  question  is  intensified 
when  an  adverse  pressure  gradient  is  imposed.  For  this  reason,  two  investigations  into 
two-dimensionality  were  made.  First,  an  oil  smear  technique  was  used  to  obtain  surface 
streamline  traces  on  the  flat  test  plate.  A  photograph  of  the  results  (shown  in  Figure 
8)  indicates  that  although  the  surface  streamlines  converge  at  the  sides  of  the  plate, 
there  is  a  central  region,  approximately  six  inches  wide,  where  the  surface  streamlines 
are  parallel.  This  is  consistent  with  earlier  investigations  for  a  zero-pressure- 
gradient  nozzle  configuration  where  profiles  taken  three  inches  off  centerline  showed  no 
influence  of  cross  flow. 

The  second  evaluation  of  two-dimensionality  was  made  using  a  strearawise  momentum 
balanre.  The  classical  von  Karman  momentum  integral  equation  was  ccnsidered  first  in  the 
form 


FIGURE  8  OH.  SMEAR  TEST  ON  FUT  TEST  PLATE 
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An  "valuation  of  the  terms  in  the  equation  points  cut  a  momentum  deficit  of  magnitude 
greater  then  any  expected  experimental  error.  However,  by  modifying  the  equation  to 
include  the  effect  of  normal  static-pressure  variation  in  the  fora® 
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u  2  AxJ 
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dy  = 


we  find  that  the  added  term  in  the  equation  is  indeed  of  the  magnitude  necessary  to  com¬ 
pensate  for  th;  momentum  deficit.  Figure  9  shows  the  relative  agreement  between  the 
right  and  left  hand  sides  of  equations  5  and  6.  Good  agreement  is  achieved  when  one  con¬ 
siders  the  inaccuracies  encountered  in  differentiating  experimental  data.  Thus,  both 
evaluations  indicate  the  flow  to  be  two  dimensional  ac  least  within  the  center  six  inches 
of  the  flow. 

6.  /ELOCITY  PROFILES 

Velocity  profiles  along  the  test  plate  changed  considerably  as  the  magnitude  of  the 
pressure  gradient  was  varied.  Typical  velocity  profiles  (shown  in  Figure  10)  depict 
these  changes  and  point  out  the  difficulty  in  assigning  simple  power-profile  shapes  to 
the  advsrse-pressure-gradiant  prefiles. 

Correlations  of  the  profile  results  in  terms  of  the  Law  of  the  Wall  and  Law  of  the 
Wake  are  shown  in  Figure  11.  For  the  cases  presented,  the  shear  velocity  was  computed 
from  the  sheai  balance  data  and  the  density  at  the  wall.  Due  to  the  complexity  of  the 
flow  with  static  pressive  variations,  no  attempt  has  teen  made  to  obtain  a  compressible 
transformation  of  the  data.  The  profile  data  were  compared  to  the  formulation  of  Coles^ 
in  the  form 

u+  =•  y+  for  y+<ll  (7) 


where 


i  7  + 

=  K  m  y 


k  J  (<H 


for  y  >  11 


(8) 


Karman's  constant  K  was  assigned  the  value  0.40  and  the  value  of  B  was  determined  from  a 
best  fit  of  the  data  in  the  logarithmic  region.  The  definition  of  6C  was  the  value  of  y 
at  which  the  slope  of  the  velocity  profile  3 (u+) /3 (lny+)  near  the  edge  of  the  boundary 
layer  was  equal  to  I/K.  By  defining  Coles' wake  function,  as  suggested  by  Hinze10, 


1  -  cos 


(9) 


the  S  parameter  was  determined  from  the  boundary  condition  at  fc,  namely  u(l)  =  2. 

Experimentally  determined  values  of  B  and  n  from  adiabatic  profiles  are  plotted  versus 
momentum  thickness  Reynolds  number  in  Figures  12  and  13.  Values  of  B  ranged  from  4.7  tc 
C.2;  however,  this  variation  was  difficult  to  interpret  due  to  the  combined  effects  of 
Mach  number,  pressure  gradient,  Reynolds  number,  and  accuracy  of  tw.  The  dependence  of 
II  on  Reg',  showed  a  slight  tendency  for  II  to  increase  with  increasing  Reg'.  Values  of  H 
showed  a  definite  increase  with  increasing  adverse  pressure  gradient.  It  is  anticipated 
that  further  evaluation  of  the  data  in  terms  of  a  compressible  transformation  will  result 
in  a  more  complete  correlation. 


7.  TEMPERATURE  PROFILES  AND  UPSTREAM  HISTORY  EFFECTS 


Typical  temperature-velocity  correlations  of  the  adiabatic-wall  and  moderate  heat- 
transfer  tests  are  shown  in  Figures  14  and  15  for  the  stations  under  investigation.  Both 
fine-wire  and  conical-equilibrium  temperature  profiles  are  plotted  for  selected  cases. 
Also  shown  for  comparison  with  the  data  ere  the  correlations  of  Crocco  and  Kalz  in  the 
form 


Crocco  relation 


(10) 


Walz'  relation 
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Several  trends  in  the  adverse-pressure- 
yradient  data  can  be  observed.  Generally, 
the  data  showed  better  agreement  with  the 
formulation  cf  Walz  than  Crocco,  a  trend 
generally  considered  characteristic  of 
nozzle-wall  boundary- layer  flows.  Further¬ 
more,  the  agreement  with  Walt's  formulation 
was  better  in  the  inner  region  of  the 
boundary  layer  than  the  outer  with  an 
inflection  in  the  profile  occurring  at 
approximately  the  edge  of  the  sublayer.  1,'one 
of  the  profiles  exhibited  a  total  tempera¬ 
ture  overshoot  in  the  outer  part  of  the 
boundary  layer  but  rather  a  temperature 
deficit  seemed  to  be  indicated.  This  trend, 
consistent  with  previously  reported  zero 
and  favorable-pressure-gradient  results 
will  be  considered  later.  The  effect  of 
the  adverse  pressure  gradient  on  the  stag¬ 
nation  temperature-velocity  correlation  was 
to  shift  the  profile  towards  the  Crocco 
relation.  Although  a  part  of  this  trend 
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may  be  attributed  to  temperature  relaxation  within  the  boundary  layer,  it  is  felt  that 
the  relative  magnitude  of  this  effect  is  small  compared  to  the  influence  of  the  pressure 
gradient. 

As  noted  by  liushnell^  et  al,  the  temperature-velocity  correlation  applicable  to 
nozzle-wall  boundary  layers  differs  considerably  from  flat  plate  boundary  layers.  This 
diffe.ence  appears  to  be  due  to  upstream  history  effects  on  the  boundary  layer;  however, 
the  relative  contributions  from  pressure  and  temperature  history  are  still  under  investi¬ 
gation.  For  the  tests  reported  here,  a  temperature  deficit  in  the  outer  part  of  the 
boundary  layer  is  seen  especially  for  the  case  of  moderate  heat  transfer.  For  this  con¬ 
dition,  a  uall-to-adiabatic-wall  temperature  ratio  of  0.8  was  maintained  constant  along 
the  entire  nozzle  wall  including  the  nczzle  throat  area.  This  cooling  of  the  plate  at 
the  throat  appears  to  be  the  cause  of  the  temperature  deficit  in  the  downstream  boundary- 
layer  profiles.  As  an  illustration  of  this  effect.  Figure  16  shows  two  locally  adiabatic 
total-temperature  profiles  taken  under  different  nozzle  throat  cooling  conditions.  It  can 
be  seen  that  although  both  profiles  were  locally  adiabatic,  ccoling  the  nozzle  throat 
region  did  indeed  cause  a  temperature  deficit  in  the  outer  part  of  the  boundary  layer. 

For  a  truly  adiabatic  condition  at  the  throat,  it  is  expected  that  the  profile  would  shift 
further,  to  the  point  of  developing  the  expected  overshoot  in  the  outer  portion  of  the 
boundary  layer.  The  effect  of  this  temperature  discrepancy  on  certain  temperature- 
dependent  integral  parameters  was  significant  as  shown  in  Table  1.  A  local  recovery 
factor  dependence  on  the  throat  cooling  was  discovered  and  will  be  discussed  in  the  next 
section;  however,  no  effect  was  noticed  on  the  wall  shear  measured  w^ch  a  skin-friction 
balance. 


Parameter 

Mild  Throat  Cooling 

Severe  Throat  Cooling 

(Tw/Taw)  Throat 

0.94 

0.82 

6 

2.43 

2.72 

5*’ 

1.019 

1.019 

9'  . 

0.0991 

0.124 

eL 

0.179 

0.2245 

V 

-0.0212 

-  '635 

H' 

10.27 

b  *1 

Table  1.  Effect  of  nozzle  throat  cooling  on  boundary -layer  profile  parameters 
8.  HEAT  TRANSFER  AND  SKIN  FRICTION 

The  adiabatic-wall  condition  for  this  series  of  tests  was  prescribed  as  the  condition 
at  which  the  local  heat  transfer  is  zero  as  measured  with  a  heat  transfer  gage.  At  this 
condition  the  recovery  factor  was  determined  from  the  local  Mach  number  and  the  wall  and 
tunnel  supply  temperatures.  As  mentioned  previously,  an  effect  on  the  recovery  factor 
was  noticed  for  the  case  of  nozzle  throat  cooling.  Varying  the  amount  of  cooling  in  the 
nozzle  throat  region  resulted  in  a  significant  change  in  the  downstream  recovery  factor 


FIGURE  14  ADIABATIC-WAU.  TEWERAURE- VELOCITY  CORRELATION 
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as  shown  in  Figure  17.  Although  a  Reynolds  number  dependency  is  also  indicates  for  this 
correlation,  no  attempt  was  made  at  this  correction  due  to  the  limited  amount  of  data 
available.  The  cnange  in  recovery  factor  i:  especially  important  to  the  determination  of 
Stanton  number  for  the  case  of  moderate  heat  transfer  since  Tw/Taw  at  the  throat  equals 
0.8  and  the  value  of  the  downstream  recovery  factor  becomes  0.81  rather  than  the  conven¬ 
tional  0.89.  A  correlation  of  the  moderat.e-heat-transfer  data  in  terms  of  Reynolds 
analogy  for  a  constant  recovery  factor  equal  to  0.81  is  shown  in  Figure  18.  The  data 
indicate  a  Reynolds  number  effect  which  is  most  likely  due  to  the  previously  mentioned 
recovery  factor  dependence.  Adverse  pressure  gradient  effects  are  difficult  to  interpret 
due  to  this  Reynolds  number  dependency. 

The  skin-friction  coefficients  obtained  for  the  six  stations  under  moderate  heat- 
transfer  conditions  are  shown  plotted  against  momentum  thickness  Reynolds  number  in 
Figure  19.  The  data  show  the  expected  trend  of  decreasing  skin-friction  coefficient  with 
adverse  pressure  gradient  for  a  constant  value  of  momentum  thickness  Reynolds  number. 
Furthermore,  the  data  could  be  correlated  in  terms  of  the  pressure  gradient  parameter 
5^-9'/tw  dp/dx,  the  same  parameter  reported  earlier  for  favorable-pressure-gradient  flows. 

9.  CONCLUSION 

A  ietailed  experimental  investigation  of  the  compressible  turbulent  boundary  layer 
in  ai  adverse-pressure-gradient  regime  was  conducted  in  the  NOL  Boundary  Layer  Channel. 

The  nozzle-wall  boundary-layer  flow  was  exposed  to  a  range  of  pressure  gradients  at  Mach 
numbers  between  4.1  arid  4.9  for  both  adiabatic-wall  and  moderate-heat-trar.3fer  conditions. 
Complete  and  often  redundant  measurements  of  the  boundary  layers  were  made  with  Pitot  and 
static-pressure  probes,  conical  equilibrium  and  fine-wire  stagnation  temperature  probes, 
a  shear  balance  and  a  heat-transfer  gage.  Analysis  of  the  experiment  has  led  to  the 
following  conclusions. 

a.  A  variable  contour  two-dimensional  supersonic  nozzle  is  well  suited  to  adverse- 
pressure-gradient  investigations  since  the  flow  remains  shock-free  and  effects  due 
to  longitudinal  curvature  are  eliminated. 

b.  Two  corrections  to  the  Pitot- pressure  data  must  be  considered  in  the  region  near 
the  wall  of  a  compres  ble  turbulent  boundary  layer  due  to  the  effects  of  viscous 
flow  interaction  and  probe-wall  interference.  These  corrections  are  presented  for 
a  rectangular- inlet  Pitot-probe  configuration. 

c.  Experimental  normal  static-pressure  profiles  agree  well  with  a  strictly  isentropic 
method-of-charac  ter istics  computa tion . 

d.  The  flow  in  the  Boundary  Layer  Channel  was  shown  to  be  two-dimensional  at  least 
within  the  center  six  inches  of  the  test  plate  by  surface  streamline  traces  and  a 
modified  streamwise  momentum  balance  which  incorporated  the  static-pressure  variation 
normal  to  the  plate. 

e.  Adverse-pressure-gradient  velocity  profiles  correlate  well  with  the  Law  of  the  Wall 
and  Law  of  the  Wake. 

f.  Upstream  temperature  history  causes  a  temperature  deficit  in  the  outer  part  of  the 
downstream  temperature  profiles,  a  change  in  value  of  certain  temperature-dependent 
integral  parameters,  and  a  change  in  the  local  recovery  factor. 

g.  The  effect  of  the  adverse  pressure  gradient  on  the  temperature-velocity  correlation 
is  to  accelerate  the  shift  of  the  profile  from  the  quadratic  towards  the  linear 
relation. 

h.  The  effect  of  the  adverse  pressure  gradient  on  skin  friction  is  to  lower  the  value 
of  Cf  for  a  constant  value  of  momentum  thickness  Reynolds  number. 

i.  The  skin  friction  coefficient  and  Stanton  number  correlate  well  with  Reynolds  Analogy 
when  the  appropriate  recovery  factor  is  used  to  compensate  for  the  upstream  tempera¬ 
ture  history. 

REFERENCES 

1.  Lee,  k.L,,  Tanca,  W.5. ,  and  Leonas,  A.C.,  "velocity  Profile,  S'kih-f’iictioh  fcalaiitfe, 
and  Heat-Transfer  Measurements  of  the  Turbulent  Boundary  Layer  at  Mach  5  and  Zero 
Pressure  Gradient,"  NOLTR  69-106,  June  1969 

2.  Brott,  D.L.,  Yanta,  W.J.,  Voisinet,  R.L.,  and  Lee,  R.E.,  "An  Experimental  Invcsti- 

g&r  i'  f  *M  C it.U  aostAt/P}  MttL  a 

Gradient,"  NOLTR  69-143,  August  1969 

3.  Lee,  R.E.,  Yanta,  W.J.,  Leonas,  A.C.,  and  earner,  J.,  "The  NOL  Boundary  Layer  Channel," 
NOLTR  66-185,  November  1966 

4.  Danberg,  J.E.,  "The  Equilibrium  Temperature  Probe,  a  Device  for  Measuring  Temperatures 
in  a  Hypersonic  Boundary  Layer,"  NOLTR  61-2,  December  1961 

5.  Yanta,  W.J.,  A  hne-wire  Stagnation  Temperature  Probe,  NOLTR  70-81,  June  l9>0 

6.  Kepler,  C.E.  and  O'Brien,  R. ,  "Superson. :  Turbulent  Boundary  Layer  Growth  Over  Cooled 
Walls  in  Adverse  Pressure  Gradients,"  ASD-TDR-62-87,  Wright-Patterson  Air  Force  Base, 
October  1962. 

T,  „  v ■ .  "fin  -*taefi6R4  O  .wtic  TiuiaiarA 

Boundary  Layers  in  Adverse  Pressure  Gradient,"  AIAA  paper  No.  68-44,  January  1968 

8.  McDonald,  H.,  "An  Assessment  of  Certain  Procedures  for  Computing  the  Compressible 
Turbulent  Boundary  Layer  Development,"  paper  No.  6,  "Compressible  Turbulent  Boundary 
Layers,  NASA  SP-216,  December  1968 

9.  Coles,  D.,  "The  Law  of  the  Waxe  in  the  Turbulent  Boundary  Layer,1,  0.  Fluid  Mech., 

Vol.  1,  p  191,  1956 

10.  Hinze,  J.O.  ,  Turbulence,  McGraw-Hill  Book  Co,,  T.nc.}  1959,  p  507 

11.  Bushnell,  D.M.,  Johnson,  C.B.,  Harvey,  W.D.,  and  Feller,  W.  V. ,  "Comparison  of  Pre- 

ii end  Uitiiat  ff  H.Lmtkiat  it  rurfealsii  duiU-Ntli  fcyaifirri 

Layers,"  NASA  TN-D-5433,  1969 


10-1 


THE  SUPERSONIC  TURBULENT  BOUNDARY  LAYER  IN  AN  ADVERSE 
PRESSURE  G’ AM  ENT— EXPERIMENT  AND  DATA  ANALYSIS 

Walter  B.  Sturek* 

II.  S.  Army  Ballistic  Research  Lahoratories,  Aberdeen  Proving  Ground,  Maryland  21005 

and 

•Janes  E.  Paiberg** 

University  of  Delaware,  Newark,  Delaware  1971 1 


SUltlARY 

Experimental  neasurements  of  the  profile  characteristics  of  the  supersonic  turbulent  boundary  layer 
in  a  region  of  moderate  adverse  pressure  gradient  along  a  fwo-dinensienni  isentropic  ramp  model  are 
reported.  The  data  are  for  a  closely  adiahatic  wall,  Re..  =•  1.9  to  4.2  x  1(H  at  a  tunnel  nozzle  sotting 
of  M  =  3.54.  Detailed  surveys  of  impact  pressure,  static  pressure  and  total  temperature  were  made,  and 
wall  shear  stress  was  measured  using  the  Preston  tube  technique.  In  addition  to  the  mean  profile  data, 
fluctuation  data  were  obtained  using  constant  temperature  hot-wire  anemometry  in  the  zero  pressure 
gradient  flow  upstream  of  the  ramp  model  and  in  the  adverse  pressure  gradient  flow  along  the  ramp  model. 

Turbulent  boundary  layer  equations  applicable  to  compressihle  flow  over  a  surface  with  longitudinal 
curvature  are  analyzed.  Corrections  for  longitudinal  curvature  to  the  equation  for  conservation  of 
streamwise  momentum  are  shown  to  be  small  and  of  the  same  order  of  magnitude  as  the  contribution  of  the 
wall  shear  stress.  The  data  are  shown  to  correlate  in  law  oe  the  wall  and  velocity  defect  dimensionless 
coordinates  using  an  integral  compressibility  transformation  t lat  follows  directly  from  Prandtl's  mixing 
length  approximation  of  the  Reynolds'  stress.  Eddy  viscosity  and  mixing  length  dist-ibutions  for  the  zero 
pressure  gradient  boundary  layer  were  determined  directly  from  the  experimental  data  and  agree  qualita¬ 
tively  with  previously  published  findings.  The  measured  value  of  skin  friction  coefficient  is  20  percent 
less  for  the  flow  over  the  ramp  model  than  for  the  zero  pressure  gradient  flow  upstream. 


C 

K 

M 

R 

Ree 

T 

U  =  u  «•  u( 
V  =  v  +  v' 
8 

6 

<5* 


skin  friction  coefficient 

voltage  across  the  hot  wire  probe 
pressure 


NOTATION 

6 


u 


friction  velocity,  (tw/pw) 


i/2 


II 


transformed  dimensionless  velocity, 
defined  by  Eq  (10) 

streamwise  distance 

distance  normal  to  the  local  surface 

dimensionless  distance  normal  to  the 
local  surface,  uTy/vw 

law  of  the  wall  constant 

constant  in  Prandtl's  mixing  length 
relation  1  =  K  y 

Mach  number 

local  radius  of  longitudinal  curvature  w 

momentum  thickness  Reynolds'  number  6 


temperature 

velocity  in  the  streamwise  direction 

velocity  normal  to  the  local  surface 

curvature  correction  factor, 

1/(1  +  <y) 

boundary  layer  thickness 

boundary  layer  displacement  thickness 


boundary  layer  x'elocity  thickness 
boundary  layer  momentum  thickness 
boundary  layer  energy  thickness 
boundary  layer  enthalpy  thickness 
inverse  longitudinal  curvature 
density 
shear  stress 
Coles'  wake  parameter 
f  kinematic  eddy  viscosity 

Subscripts 

aw  adiabatic  wall 

o  supply  header  condition 

t  local  stagnation  condition 

property  evaluated  at  the  wall 

property  evaluated  at  y  =  6 

reference  condition,  property  evaluated 
external  to  the  boundary  layer 


Superscripts 
(') 


indicates  "ideal"  property,  calculated  using 
measured  p,  constant  pt  =  p0  and  Tt  -■  Tf  ; 
also  indicates  fluctuation  component 


("  )  time  averaged  quantity 
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1.  INTRODUCTION' 

Recent  application  of  numerical  techniques  to  obtain  solutions  to  the  boundary  layer  equations  has 
focused  attention  on  the  need  for  accurate,  detailed  measurements  of  boundarv  layer  characteristics.  The 
proposed  numerical  procedures  for  the  compressible  turbulent  boundary  layer  cannot  be  properly  evaluated 
because  data  available  arc  not  sufficiently  accural  ,  detailed  or  comprehensive. 

Data  existing  in  the  literature  for  the  supersonic  turbulent  boundary  layer  in  an  adverse  pressure 
gradient  are  particularly  poor.  This  is  due  to  difficulty  experienced  in  obtaining  reliable  test  conditions 
and  due  to  the  fact  that  the  measurements  reported  have  been  incomplete.  Measurements  of  wall  sir  ar  stress 
have  not  been  reported  for  the  configuration  of  this  experiment  and  measurements  of  the  static  prtssure 
profile  through  the  boundary  layer  have  been  either  omitted  or  of  insufficient  detail  and  accuracy. 
References  1  and  2  report  measurements  of  the  supersonic  turbulent  boundary  layer  characteristics  along  a 
surface  with  longitudinal  concave  curvature. 

This  experiment  has  been  conducted  with  the  objective  of  obtaining  a  good  quality  flow  that  could  be 
measured  accurately  and  would  enable  a  complete  set  of  measurements  to  be  taken  in  sufficient  detail  to 
reveal  the  physics  of  the  mean  flow.  Beyond  the  experimental  objective,  the  intent  is  to  use  the  data 
to  further  basic  understanding  of  the  supersonic  turbulent  boundary  layer. 

2.  THE  EXPERIMENT 

2. 1  Test  Facility 

The  experiment  was  performed  in  Supersonic  Wind  Tunnel  No.  2  of  the  Ballistic  Research  Laboratories, 
Aberdeen  Proving  Ground,  Maryland.  This  is  a  continuous  operating,  asyitmetric,  flexible  nczzle  research 
tunnel.  The  test  section  size  is  6  x  6  inches  and  extends  for  22  inches  beyond  the  nozzle  exit.  The  test 
section  boundary  1  jyer  is  a  fully  developed  turbulent  boundary  layer  approximately  one  inch  thick  that  has 
developed  naturally  along  a  smooth  flat  surface. 

2.2  Model 


An  isentropic  ramp  model  was  'ised  to  create  the  region  of  adverse  pressure  gradient.  The  model  was 
designed  to  create  a  streamwise  pressure  gradient  severe  enough  to  measure  accurately  but  not  severe 
enough  to  cause  the  formation  of  a  shock  wave  in  the  vicinity  of  the  measuring  stations.  The  contour  was 
calculated  using  Prandtl-Meyer  turning  angles.  No  attempt  was  made  to  adjust  the  model  contour  for 
boundary  layer  growth. 

The  front  edge  of  the  model  had  a  thickness  of  0.010-inch.  When  mounted  in  the  test  section,  the 
front  edge  was  glued  to  the  floor  of  the  tunnel  and  lacquer  putty  used  tc  form  a  smooth  transition  from 
the  tunnel  floor  to  the  surface  of  the  model.  The  model  was  instrumented  with  six  0.040-inch  diameter 
static  pressure  holes  drilled  normal  to  the  local  surface  at  one  inch  intervals  along  the  centerline.  In 
addition,  eleven  0.02S-inch  diameter  static  pressure  taps  were  located  off  centerline  at  the  last  three 
stations  on  the  model.  The  model  and  its'  position  relative  to  the  nozzle  exit  is  shown  in  Figure  1. 

Also  shown  is  the  location  and  designation  of  the  test  stations  and  the  wall  thermocouple  which  is 
positioned  0.050-inch  below  the  test  surface  of  the  tunnel. 


STREAM  OtSTANCE 
FROM  NOZZLE 
EXIT  N  *CMES 


Figure  1.  Location  of  Model  and  Test  Station  Identification 


2.3  Procedure 

The  profile  surveys  of  impact  pressure,  static  pressure  and  recovery  temperature  were  made  during 
separate  test  rims  since  the  survey  mechanism  could  accommodate  only  one  probe  at  a  time.  The  survey 
mechanism  was  designed  tu  traverse  the  boundary  layer  at  an  angle  perpendicular  to  the  local  surface.  Tie 
tunnel  was  allowed  to  come  to  equilibrium  with  the  surrounding  room  conditions  as  indicated  by  the  wall 
temperature  thermocouple  before  any  data  were  taken,  The  prohes  were  positioned  and  data  recorded 
manually.  Data  was  obtained  for  three  values  of  tunnel  total  pressure  at  a  tunnel  total  temperature  of 
560  R.  Tunnel  total  pressure  variation  was  less  than  t  .25”«  and  the  tunnel  iota!  temperature  was 
controlled  within  t  1°F  or  ±  ,\S%.  Assuming  a  wall  recovery  factor  of  0.38,  the  ratio  (Tw  -  Taw)  /Taw  ** 
0.021  shows  that  the  wall  was  closely  adiabatic. 


2.4  instrumentation 


The  i^<act  probe  used  had  a  tip  opening  that  was  0.060  x  0.005-inch  with  a  lip  thick tess  approxi¬ 
mately  0.001-inch.  The  tube  was  flattened  in  a  manner  that  enabled  measurements  to  he  :.idc  within  0.005- 
inch  of  the  wail. 

Static  pressure  probes  were  constructed  in  two  configurations,  flat  plate  and  cone-cylinder.  These 
probes  are  shown  in  figure  2.  The  flat  plate  probe  was  a  0. 125-snch  thick  steel  plate  with  a  20  degree 
razor  shar  leading  edge.  Ten  0.040-inch  diameter  holes  were  located  1. 123-;nclics  from  the  leading  edge 
and  spaced  o.i2S-inch  apart.  The  bottom  edge  of  the  probe  was  curved  to  enable  it  to  seat  flush  with  the 
model  surface.  This  configuration  was  considered  desirable  due  to  the  angularity  of  the  flow  over  the 
curved  surface  of  the  model.  The  cone-cylinder  probe  was  constructed  with  a  0. 050-inch  diameter  cylindri¬ 
cal  body.  The  haif-ar.gle  of  the  cone  portion  was  10  degrees.  Two  static  holes  of  fi.013S-inch  diameter 
were  located  10  diameters  downstream  of  the  start  of  the  cylindrical  portion  and  5  diameters  upstream  of 
the  land  where  the  tube  connects  to  the  probe  support. 


Figure  2.  Static  Pressure  Probes 

The  probe  used  to  measure  the  total  temperature  through  the  boundary  layer  was  of  a  wedge  configura¬ 
tin'  It  was  constructed  of  iexan  plastic  and  had  a  O.OOS-inch  diameter  iron-constar.tan  thermocouple 
located  at  the  center  of  the  wedge  tip.  The  lead  wires  were  placed  in  a  groove  machined  along  the  front 
edge  and  sides  of  the  plastic  wedge  and  covered  with  epoxy  cement.  Only  the  spot  welded  junction  of  the 
thermocouple  was  exposed  to  the  flow.  The  recovery  factor  as  a  function  of  Mach  number  for  this  probe 
was  established  by  a  separate  test. 

The  side  walls  of  the  test  facility  are  glass  permitting  observation  of  the  flow  from  the  nozzle 
throat  to  the  end  of  the  test  section.  Flow  visualization  has  been  obtained  using  single  plate  laser 
interferometry  and  schlieren  photography.  Figure  3  shows  a  schlieren  picture  of  the  flow  over  the  ramp 
model.  The  weak  shock  formed  at  the  leading  edge  of  the  ramp  model  is  visible  ns  is  the  turbid  structure 
within  the  boundary  layer  and  the  irregular  outer  edge.  Also  apparent  is  the  decreasing  boundary  layer 
thickness  as  the  flow  is  compressed  by  the  increasing  static  pressure. 


Figure  3.  Schlieren  of  Flow  Over  the  Ramp  Model 


2.5  Two  Dimensionality 

The  two  dimensionality  of  the  flow  is  of  great  concern  in  a  facility  of  the  type  used  for  these  tests. 
This  concern  is  intensified  when  a  pressure  gradient  is  imposed  on  the  flow.  Two  tests  were  conducted  in 
an  effort  to  evaluate  the  departure  from  two  dimensionality  for  the  conditions  of  this  test:  (1)  oil  flow 
visualization  and  (2)  wall  pressure  measurements  off  centerline  at  the  last  three  stations  on  the  ramp 
model. 

A  picture  showing  the  result  of  oil  flow  development  over  the  ramp  model  is  shown  in  Figure  4. 
Streamlines  along  the  surface  of  the  model  near  the  centerline  do  not  diverge  appreciably;  however,  con¬ 
siderable  divergence  of  streamlines  near  the  side  walls  does  take  place.  Kail  pressure  measurements  on  a 
line  normal  to  the  centerline  at  the  last  three  stations  on  the  ramp  model  established  that  a  region 
exists  in  the  flow  over  the  ramp  model,  approximately  one  incli  to  either  side  of  the  centerline,  in  which 
the  lateral  pressure  gradient  is  very  close  to  zero. 


Figure  4.  Oil  F 1  ctw  Development 


2.6  Boundary  Layer  Profiles 

Preliminary  profile  calculations  using  uncorrccted  cone-cylinder  static  pressure  data  revealed  a  Mach 
nuMlier  greater  than  the  tunnel  nctzle  setting  heyond  the  region  of  the  boundary  layer  for  the  first 
station  on  the  ramp  nodcl.  This  led  to  calculating  the  static  pressure  from  impact  pressure  tieasurements 
assuming  a  constant  total  pressure  equal  to  the  timnel  total  pressure.  The  profile  resulting  from  this 
calculation  is  shown  in  Figure  F  along  with  corrected  cone-cylinder  and  flat  plate  static  pressure  probe 
data.  The  solid  line  represents  e  fairing  of  what  is  felt  to  he  the  best  data. 
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Figure  S.  Static  Pressure  Profiles 

Tlie  profile  calculations  were  performed  on  the  BRL  digital  computer.  Tables  of  experimental  measure¬ 
ments  of  impact  pressure,  static  pressure  and  recovery  temperature  versus  distance  normal  to  the  surface 
and  recovery  factor  versus  Mach  number  were  introduced  into  the  computation  routine.  Calculations  were 
performed  at  the  value  of  y  corresponding  to  each  measurement  of  impact  pressure.  A  three  point  inter¬ 
polation  was  performed  to  determine  tic  value  of  static  pressure  and  recovery  temperature  at  rhe  specified 
value  of  y.  The  appropriate  recovery  factor  was  determined  by  interpolation  after  the  Mach  number  was 
calculated  from  the  Rayleigh  pitot  formula.  Knowing  Mach  number,  static  pressure  and  total  temperature; 
values  of  velocity,  static  temperature  and  density  were  calculated  using  perfect  gas  relations.  Integral 
properties  of  the  boundary  ’aver  were  calculated  using  a  trapezoidal  numerical  integration  routine. 

F.xamples  of  the  profile  data  are  shown  in  Figure  6  plotted  versus  the  distance  normal  to  the  local  surface. 


Figure  6.  Uxamples  of  Mach  Number,  Temperature  and  Mass  Flux  Profiles 


‘K  isiiri-ix-r. ts  were  c-ide  using  constant  tcry -i-ratttri-  h>*t  ..ire  .-uienonet tv  it  Station  8  in  the  zero  rrcs- 
sure  gradient  Hoi.  and  at  'tations  117.  118  and  I1‘*  it*  the  flow  over  the  rarsn  model.  A  tungsten  hire- 
coated  with  platinum  of  O.uOOdS-incli  di. meter  and  <*. Oil*- inch  length  was  used,  figure  7  sho*.s  an  example 
of  the  fluctuation  data  plotted  as  the  ratio  of  *hc  local  value  of  the  measurement  to  an  arbitrary  refer¬ 
ence  value.  Sufficient  data  havr  not  been  accumulated  to  properly  obtain  turbulence  intensities.  This 
data  is  considered  to  be  preliminary;  however.  a  very  interesting  trend  is  apparent.  As  the  flow  is  com¬ 
pressed  by  the  increasing  static  pit  -sure  and  tin-  boundary  layer  thicl.ness  decreases,  a  pronounced  peak 
appears  in  the  profile  of  the  turbulent  fluctuations.  A  imifom  region  of  low  fluctuating  signal  is 
indicated  beyond  the  edge  of  the  boundary  layer  both  *'or  the  zero  pressure  gradient  and  the  adverse  pres¬ 
sure  gradient  flows. 
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Figure  7.  Turbulent  Fluctuation  Data 

2.8  Skin  Friction  Measurements 

Kail  shear  stress  has  been  measured  using  the  Preston  tube  technique.  The  tube  used  here  was  0.125- 
inch  in  diameter.  Tests  have  been  conducted  by  various  researchers  for  the  purpose  of  evaluating  the 
Preston  tube  as  a  means  of  measuring  local  skin  friction.  These  tests  indicate  that  the  Preston  tube  can 
be  expected  to  yield  measurements  of  wall  shear  stress  within  an  accuracy  ■  f  ±  1S4  for  the  conditions  of 
this  experiment.  The  value  of  wall  shear  stress  was  calculated  using  Fqjation  (2b)  of  reference  5  since 
it  was  established  from  data  obtained  in  a  test  facility  similar  to  the  one  used  for  this  experiment. 

Also,  th  is  calculated  from  measurements  of  wall  properties  so  no  uncertainty  is  introduced  into  the  wall 
shear  stress  due  to  the  determination  of  the  free  stream  conditions.  This  is  particularly  desirable  due 
to  the  uncertainty  in  defining  the  free  stream  conditions  for  the  flow  over  the  rang*  model. 

The  skin  friction  data  of  this  report  are  compared  to  the  empirical  correlation  of  Spalding  and  Chi* 
and  to  other  experimental  measurements  in  Figure  8.  The  skin  friction  data  of  this  report  are  approxi¬ 
mately  8A  and  35>  low  for  the  zero  pressure  gradient  and  adverse  pressure  gradient  flow  respectively 
compared  to  the  correlation  of  Spalding  and  Chi.  The  correlation  of  Spalding  and  Chi  predicts  a  greater 
value  of  Cj..  in  the  region  of  adverse  pressure  gradient  than  in  the  region  of  zero  pressure  gradient.  This 
is  opposite  to  that  indicated  by  the  experimental  data. 
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Figure  8.  Skin  Friction  Data  Comparison 
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3.  V.AIYSIS  OF  THE  EXPERIMENTAL  DATA 

3. 1  liquations  of  Conscnution  of  Mass  and  Momentum 

Considerable  experimental  evidence  has  been  Riven  in  the  fom  of  profiles  of  the  rear  properties 
* *?2c*i  number,  mass  flux,  temperature)  showing  distinct  differences  in  the  profile  shaper-  between  the  tero 
pressure  gradient  and  the  adverse  pressure  grslicnt  flows.  It  is  obvious  that  tae  nounaary  layer  equations 
as  applicable  to  the  flow  over  the  ramp  model  must  contain  terms  that  include  tie  effects  of  the  pressure 
gradient  normal  to  the  nodcl  surface,  pressure  gradient  in  tl;e  srrcamwisc  -.1:  r-ic’  i cn  and  the  curvature  of 
the  surface. 

Tctervin5  has  derived  the  conservation  equations  ir  a  form  applicable  to  the  compressible  turbulent 
boundary  layer  over  a  surface  with  both  lonRitudinal  and  transverse  curvature.  The  equations  were  derived 
by  considering  the  continuity  equation  and  the  Navier-Stokes  equations  in  their  most  general  form.  By 
considering  a  two-dimensional  steady  mean  flow  over  a  surface  with  longitudinal  curvature  and  restrict  in? 
r  to  be  0(1),  the  conservation  equations  car.  be  written  as: 

Conservation  of  Hass 
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Conservation  of  Momentum 
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The  actual  physical  scaling,  i/R,  is  approximately  0.02  for  the  flow  over  the  ramp  model.  The 
importance  of  including  terms  arising  from  the  longitudinal  curvature  in  Equations  (1),  (2)  and  (3)  will 
now  be  examined  by  numerical  integration  using  the  tabulated  profile  data. 

3.2  Conservation  of  Mass 


Integrating  Equation  (1)  in  the  y  direction  yields 


(1  ♦  wy)  (pv  ♦  pV) 


(4) 


Longitudinal  curvature  enters  this  calculation  only  as  the  factor  (1+icy)  which  is  approximately  0.98 
at  /  =  6  for  this  experiment.  Hence,  the  mass  flux  in  the  y  direction  at  y  *  6  is  increased  approximately 
21  by  longitudinal  curvature  over  the  integral  of  the  partial  derivative  of  the  streamwise  mass  flux. 

3.3  Conservation  of  Momentum  Normal  to  the  Surface 


Since  the  fluctuation  terms  in  Equation  (3)  were  not  evaluated  in  this  experiment,  the  equation  for 
conservation  of  momentum  in  the  y  direction  will  be  considered  in  the  following  form. 
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This  equation  can  be  written  in  integrated  form  as 
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A  typical  static  pressure  profile  obtained  by  numerical  integration  of  Equation  (5)  is  shown  in 
Figure  9  compared  to  the  measured  profile.  The  bars  indicate  an  uncertainty  of  A  21  about  the  measured 
value.  The  trend  indicated  by  both  profiles  is  in  agreement  throughout  the  boundary  layer.  The  profiles 
agree  within  +0  and  -2  percent  within  the  boundary  layer,  but  greater  divergence  is  indicated  beyond  the 
edge  of  the  boundary  layer. 

3.4  Conservation  of  Streamwise  Momentum 


Combining  Equation  (1)  with  Equation  (2)  and  integrating  across  the  boundary  layer  yields  the 
following  relation. 
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Figure  9.  Static  Pressure  Profile  Calculated  from  Mean  Profile  Data 

The  numerical  integration  of  the  first,  second  and  fourth  terns  on  the  LH5  is  easily  accomplished. 
The  third  terra,  however,  requires  knowledge  of  the  quantity  3/3x  (pv)  as  a  function  of  position  through 
the  boundary  layer.  This  quantity  has  been  evaluated  along  lines  of  constant  mass  flux  using  a  least 
squares  technique.  An  example  showing  the  trend  of  the  lines  of  constant  mass  flux  is  shown  in  Figure  10 
compared  with  the  trend  of  the  boundary  layer  thickness,  it  is  obvious  that  even  though  the  boundary 
layer  is  becoming  less  thick,  mass  is  being  entrained  within  the  boundary  layer.  An  example  of  the 
distribution  of  3/3x  (pa)  is  shown  in  Figure  11. 
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Figure  10.  Lines  of  Constant  Mass  Flux 


A  discriminating  appraisal 
made  by  considering  the  balance 


of  the  effect  of  including  corrections  for  longitudinal  curvature  can  be 
of  streamwise  integrated  momentum.  By  making  the  substitutions 
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into  Equation  (7)  and  integrating  the  resulting  expression  in  the  streamwise  direction,  the  following 
relation  for  the  streamwise  integrated  balance  of  momentum  is  obtained. 
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Equation  (8)  has  been  evaluated  numerically  from  station  to  station.  An  example  of  this  calculation 
is  tabulated  in  Table  1,  where  the  individual  terms  in  Equation  (Si  arc  numbered  consecutively  s‘  .rting 
from  the  left. 
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The  result  of  i rrilrii|.i!ions  is  tiest  evaluated  by  plotting  the  UiS  of  hquation  (8)  versus  stream- 
vise  position.  Tins  plot  is  shown  in  figure  1-  conpared  to  the  RHS.  Also  .shown  for  comparison  is  the 
result  obtained  uiion  setting  «:  *  0.  l.'-e  data  appear  to  be  consistent  through  Station  119;  however,  an 

inconsistency  is  indicated  at  Station  120.  So  reason  fot  thit  discrepancy  has  been  identified  in  she 
profi  le  data. 
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Figure  11.  The  Distribution  of  3(pu)/3x 


STREAMWISE  POSITION;  INCHES  FROM  NOZZLE  EXIT 
Figure  12.  Streamwise  Integrated  Momentum 


The  agreement  shown  between  the  L1IS  and  RHS  of  Equation  (8)  is  not  impressive  and,  surprisingly 
enough,  better  agreement  is  achieved  by  disregarding  the  curvature  correction  entirely.  The  lack  of 
agreement  between  the  LHS  and  RHS  of  Equation  (8)  can  be  considered  to  be  the  effect  of  neglecting  terms 
deemed  negligible  in  the  order  of  magnitude  analysis.  Values  of  these  neglected  terms  were  also  deter¬ 
mined  by  numerical  integration.  One  term  was  found  to  provide  a  significant  contribution.  Rewriting 
Equation  (8)  including  this  term  yields 


rb  mb  mb  mb  mb  ml 

dIl  -J  u6S5dI2  -  2 J  r3dX  *J  dI t  ’I  WS  "  -J 

r  a  *  a  »  a  •’a  •'a  « 


T..dx 


(9) 


The  agreement  by  the  LHS  of  Equation  (9)  with  the  integrated  wall  shear  stress  is  also  shown  in 
Figure  12.  It  is  seen  that  the  agreement  has  been  improved  and  that  the  IHS  of  Equation  (9)  provides 
better  agreement  with  the  RHS  than  that  obtained  neglecting  the  curvature  correction.  It  should  be 
emphasized  that  in  evaluating  the  LHS  of  Equations  (8)  and  (9),  the  difference  is  taken  between  very  large 
numbers  to  yield  an  answer  that  is  approximately  .3%  of  the  largest  term.  This  implies  that  the  experi¬ 
mental  profiles  must  be  extremely  accurate  to  achieve  good  agreement.  Evaluation  of  the  streamwise 
integrated  momentum  provides  a  very  discriminating  check  on  the  experimental  data  and  is  a  means  for 
investigating  the  importance  of  individual  terms  in  the  equations  of  motion  in  addition  to  an  order  of 
magnitude  analysis.  This  procedure  also  provides  a  means  for  quality  comparison  with  other  experimental  data. 
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3.5  Law  of  the  Wall  Analysis 

The  following  integral  relation  for  a  compressible  law  of  the  wall  is  obtained  by  applying  Prandtl's 
nixing  length  approximation  to  the  Reynold's  .tress  and  assuming  that  the  nixing  length,  l  ■  K  y. 


r-* , 

-  \1/2  /u  \ 

■j  ( 

r)  d  (ib) 

J  0  ' 

•*/  \  «/ 

f  lo(5e  (y  )  ♦  C 


(10) 


A  compressible  "law  of  the  wall"  and  "law  of  the  wake"  cr.it  be  formed  using  Equation  (10)  by  substitu¬ 
ting  values  for  K  and  C  that  have  yielded  good  correlation  of  incompressible  turbulent  boundary  layer 
data.  An  expression  linking  the  'Vail  law"  and  the  "waVe  law"  ir.  the  logaritlinic  region  of  overlap  can  be 
written  as 


*  2.5  log  fy  )  +  S.l  +  2  '  ■  v.-  (y/6) 


(11) 


where  u  is  Coles'  wake  function  which  can  be  approximated  by  a  *  2  sin  (*y/26)  and  n.  Coles’  wake  para¬ 
meter,  is  to  be  determined.  Values  of  8  have  been  determined  from  the  expe  rimental  data  by  evaluating 
Equation  (21)  at  y  *  6.  the  values  obtained  are  shown  plotted  versus  Mach  number  and  momentum  thickness 
Reynolds  number  in  Figure  13. 
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Figure  13.  Values  of  U,  Cole*1  Wake  Parameter 

The  zero  pressure  gradient  data  show  a  slight  tendency  for  n  to  decrease  with  increasing  Re0.  The 
data  for  dp/dx  >  0  exhibit  the  trends  of  8  decreasing  with  increasing  M  and  decreasing  with  increasing  Ke0. 
The  trend  of  n  decreasing  with  increasir.g  M  agrees  with  the  trend  indicated  for  the  transformed  variables 
of  Baronti  and  Libby6  who  considered  data  for  dp/dx  =  0.  However,  the  trend  noted  by  Baronti  and  Libby  of 
n  increasing  with  increasing  Re0  is  opposite  to  that  indicated  by  the  adverse  pressure  gradient  data  of 
this  report.  The  change  in  value  of  n  with  M  and  Re0  is  insignificant  compared  to  the  change  in  value 
with  the  change  in  flow  configuration.  Since  il  is  considered  to  be  constant  for  an  "equilibrium"  turbulent 
boundary  layer,  the  change  in  8  along  the  ramp  model  (which  is  the  same  as  the  variation  with  M)  can  be 
considered  to  be  a  "relaxing"  effect.  Representative  values  of  n  for  dp/dx  «  0  and  dp/dx  >  0  are  9.90  and 
2.10  respectively.  These  values  are  both  h i gfi  compared  to  the  value  of  0.55  which  has  been  found  to  yield 
good  correlation  of  incompressible  zero  pressure  gradient  data  for  sufficiently  high  values  of  Reg, 

Examples  of  tht  correlation  achieved  using  Equation  (11)  are  shown  in  Figure  14.  The  slope  of  the 
logarithmic  line  agrees  well  with  the  experimental  data;  however,  the  value  of  5.1  is  too  high  for  dp/dx 
=  0  and  too  low  for  dp/dx  >  0.  Values  for  this  constant  have  been  calculated  by  evaluating  Equation  (10) 
at  y/6  *:  0.1.  The  values  obtained  for  C  ai-e  shown  in  Figure  15  plotted  versus  M  and  Re0.  The  data  for 
dp/dx  =  0  show  no  dependence  on  Re0.  The  data  for  dp/dx  >  0  tend  to  increase  with  increasirg  Re0  and 
decreasing  M.  Representative  values  of  C  for  dp/dx  =  0  and  dp/dx  >  0  are  4.7  and  6.1  respectively.  This 
represents  a  small  correction  to  the  value  of  u**.  The  uncertainty  in  C  can  be  accounted  for  by  an 
uncertainty  in  the  wall  shear  stress.  As  an  example,  it  was  found  that  increasing  the  wall  shear  stress 
by  10%  resulted  in  agreement  with  Equation  (10)  at  y/6  0.1  for  a  typical  profile  on  the  ramp  model. 

This  is  comparable  to  the  accuracy  of  the  experimental  determination  of  wall  shear  stress  using  the 
Preston  tube  technique. 

A  "wake  law"  can  be  formed  using  Equation  (11)  as 


2.5  loge  (y/6)  ♦  2.5  8  (2 


u) 


(12) 


Figure  14.  Compressible  Law  of  the  Wall  Velocity  Profiles 
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Figure  15.  Values  of  C,  Law  of  the  Wall  Constant 
125  | 


Figure  16.  Velocity  Defect  Data  Correlation  Figure  17.  Integral  Properties  of  the  Boundary  Layer 

for  the  Flow  Over  the  Ramp  Model 

Figure  16  shows  an  example  of  the  correlation  achieved  using  Equation  (12).  The  agreement  is 
considered  to  be  very  satisfactory. 

3.6  Integral  Properties  for  Flow  With  Significant  Static  Pressure  Variation  Normal  to  the  Surface 

Conventional  definitions  of  the  integral  properties  of  the  boundary  layer  must  be  modified  when  con¬ 
sidering  flows  with  significant  static  pressure  variation  through  the  boundary  layer  due  to  the  lack  of  a 
free  stream  region  with  constant  properties.  The  need  to  modify  conventional  definitions  of  the  integral 
properties  has  been  recognized  by  other  researchers but  no  agreement  as  to  the  best  interpretation  has 
been  reached. 


The  integral  properties  are  defined  here  by  considering  the  flux  deficit  appearing  within  the  boundary 
layer  referenced  to  "ideal"  properties  calculated  using  the  experimentally  determined  static  pressure  pro¬ 
file.  The  integral  thicknesses  are  referenced  to  the  ideal  properties  at  the  wall.  These  definitions 
reduce  to  the  classical  definitions  of  the  integral  properties  for  the  case  of  constant  static  pressure 
through  the  boundary  layer.  The  integral  properties  according  to  this  interpretation  are 


displacement  thickness 


momentum  thickness 


energy  thickness 
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velocity  thickness 


enthalpy  thickness 


u  4 
V  u 


•  /  —  *  -  I 

c  o  u  T  etl 
p  w  w  w  H 


(u'  -  u)  dy 


cpp-i  (T  -  T')  dy 


;im 


(17) 


where  the  ideal  properties  p' ,  u' ,  T' ,  are  calculated  from  the  measuied  stat  c  p  .ssurc  profile  assuming 
constant  total  teaperature  equal  to  the  value  in  the  free  stream  and  constant  total  pressure  equal  tc  the 
tunnel  total  pressure.  The  integral  properties  according  to  this  interpretation  ire  illustrated  in  Figure 
17.  The  profiles  in  Figure  17  were  formed  using  the  experimental  data  and  accurate.-  represent  the 
Measured  flux  of  the  quantity  indicated.  The  definitions  given  above  for  5*' and  O'  .ie  identical  to  those 
of  McLafferty  and  Barberl.  The  only  difference  is  that  McLafferty  and  Barber  inferi a  static  pressure 
profile  froa  measurements  of  tunnel  total  pressure,  inpact  pressure  and  wall  pressure  while  Measured 
values  of  static  pressure  are  used  here.  An  important  feature  of  this  definition  is  that  the  integral 
thickness  does  not  depend  upon  the  value  chosen  for  the  boimdary  layer  thickness  since  the  ideal  properties 
becoae  identical  to  the  actual  properties  near  the  edge  of  the  boundary  layer. 

The  integral  thicknesses  were  calculated  in  two  ways  for  the  adverse  pressure  gradient  data:  (1) 
using  the  calculated  "ideal"  properties  for  reference  as  discussed  above,  anc  ;i;  using  measured  values  of 
density  and  velocity  at  the  position  of  maximum  mass  flux  for  the  reference  V'.ues.  The  integral  thick¬ 
nesses  are  compared  in  Figure  18.  The  boundary  layer  thickness,  4,  is  the  posit, on  of  maximum  mass  flux 
for  the  adverse  pressure  gradient  profiles  and  the  position  for  u  =  .99S  u  for  the  zero  pressure 
gradient  profiles. 

It  is  seen  that  d4*'/dx  has  a  steeper  slope  than  d6*/dx.  In  contrast,  the  slope  of  d0/dx  is  steeper 
than  de'/dx.  The  shape  factor,  ll’,  changes  considerably  along  the  ramp  model  while  H  changes  but  slightly. 
The  velocity  thickness  is  the  only  integral  property  that  does  not  exhibit  significantly  different  behavior 
for  the  two  methods  of  calculation.  These  results  indicate  that  calculation  procedures  employing  integral 
relations  can  yield  questionable  results  when  regions  of  significant  static  pressure  variation  normal  to 
the  surface  are  encountered. 
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Figure  18.  Integral  Thicknesses  Versus  Figure  19.  Shear  Stress  Prolile 

Streamwise  Pjsition 

3.7  Eddy  Viscosity  and  Mixing  Length  Distributions 

The  distribution  of  eddy  viscosity  or  mixing  length  is  used  as  an  input  to  computation  schemes  for 
predicting  turbulent  boundary  layer  development.  In  the  absence  of  direct  measurements  of  the  shear  stress 
distribution  for  the  compressible  turbulent  boundary  layer  with  which  to  determine  the  eddy  viscosity  or 
mixing  length  distributions  directly,  Maise  and  McDonald7  reported  a  series  of  computations  that  involved 
a  law  of  the  wall  velocity  correlation  and  numerical  integration  of  tiie  boundary  layer  equations.  The 
results  obtained  by  Maise  and  McDonald  have  been  widely  used  and  seemingly  confirmed  by  the  success  of 
boundary  layer  computation  procedures  using  these  results. 

In  order  to  calculate  the  eddy  viscosity  and  mixing  length  distributions  directly  from  mean  profile 
data,  it  is  necessary  to  calculate  the  distribution  of  the  shear  stress  and  the  derivative  du/dy.  The 
sheac  stress  distribution  has  been  calculated  using  the  relation 
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where  the  substitution 


li  I  ili 

29  '  4  <lx 


has  been  invoked.  The  derivation  of  Equation  (18)  involves  the  assumption  of  similarity  (which  is  net 
satisfied  in  a  turbulent  betndary  layer).  Meier  and  Rotta®  used  a  siirilar  iclation  and  give  a  discussion 
of  the  inaccuracies  involved.  The  result  achieved  using  the  profile  data  of  this  experiment  is  show  in 
Figure  19  compared  to  the  profile  of  reference  7.  The  profiles  are  essentially  identical  out  to  y/4  0.6 

where  an  inflexion  point  occurs  for  the  data  of  this  experiment.  Also,  the  shear  stress  approaches  zero 
asymptotically  beyond  y/4  =  1  in  contrast  to  the  profile  reported  in  reference  7. 

The  velocity  derivative,  du/dy,  has  been  determined  directly  from  the  mean  profile  data  using  a 
central  difference  technique.  Figure  20  shows  examples  of  the  result  obtained  for  both  dp/dx  =  0  and  for 
the  flow  over  the  ramp  model.  These  profiles  reveal  significant  differences  between  the  two  flow  situa¬ 
tions.  One  indication  is  that  the  production  of  turbulence  energy,  which  is  proportional  to  du/dy,  is 
greatei  in  the  wake  portion  of  the  boundary  layer  for  the  flow  over  the  ramp  model  than  for  the  zero  pres¬ 
sure  gradient  flow.  This  agrees  with  the  trend  of  the  fluctuation  data  obtained. 
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Figure  20.  Distribution  of  the  Velocity 
Derivative,  du/dy 


Figure  21.  Mixing  Length  and  Eddy  Viscosity 
Distributions 


The  shear  stress  and  velocity  derivative  dist rihutions  have  been  combined  to  calculate  the  eddy 
viscosity  and  nixing  length  distributions  according  to  the  following  relations. 


[  p  (du/dy )"^] 


o  du/dy 


These  distributions  are  shown  in  Figure  21.  The  mixing  length  distribution  shows  excellent  agreement 
with  the  well  accepted  relation  l  ■■■  0.4  y  near  the  wall;  but  the  level  of  the  plateau  is  significantly 
less  than  the  value  reported  in  reference  7  of  0.09.  The  behavior  beyond  y/4  =  0.6  is  questionable  due  to 
the  decreased  accuracy  for  determining  du/dy  and  the  point  of  inflexion  in  the  shear  stress  profile.  The 
distribution  of  eddy  viscosity  shews  qualitative  agreement  with  that  of  reference  7  although,  like  the 
mixing  length,  the  magnitude  of  the  peak  value  and  the  behavior  in  the  outer  wake  are  different.  Although 
not  shown  here,  a  Reynolds  number  dependence  for  the  mixing  length  and  eddy  viscosity  distributions 
greater  than  that  repotted  in  reference  7  were  obtained  in  these  calculations. 

i.  CuNCUISlUNS 


An  experimental  investigation  of  the  supersonic  turbulent  houndary  layer  in  a  region  of  moderate 
adverse  pressure  gradient  created  by  a  two-dimensional  isentropic  ramp  model  has  been  conducted  at  a  Mach 
number  of  3.5  for  a  cioseiv  adiabatic  wall.  Values  of  momentum  thickness  Reynolds  number  ranged  from 
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1.9  to  4.2  x  10  .  All  the  parameters  needed  to  cnahle  calculation  of  a  complete  set  of  mean  nrofile 
characteristics  have  oeen  measured.  Analysis  of  the  experimental  data  has  led  to  the  following 
conclusions. 

(11  Corrections  for  longitudinal  curvature  to  the  equation  for  conserve* ion  of  streamwise  momentum 
represent  small  corrections  to  the  individual  terms  involved;  hut  the  corrections  are  of  the  same  order  of 
magnitude  as  the  contribution  of  the  wall  shear  stress. 

(2)  The  conservation  of  momentum  normal  to  the  surface  is  adequately  represented  by  the  balance  of 
centrifugal  force  by  the  normal  pressure  gradient. 

(3)  The  int"gr»l  compressibility  transformation  defined  by  liquation  (10)  yields  good  correlation  of 
the  experimental  data  with  the  "law  of  the  wall"  and  "law  of  the  wake"  written  using  values  of  "universal" 
constants  that  have  given  good  correlation  of  incompressible  turbulent  boundary  layer  data. 

(4)  The  value  of  the  skin  friction  coefficient  for  the  flow  over  tne  raiqp  model  is  20  percent  less 
than  that  for  the  zero  pressure  gradient  flow  immediately  upstream  of  the  ramp  model. 

(5)  The  distribution  of  the  velocity  derivative,  du/dy,  through  the  supersonic  turbulent  boundary 
layer  for  flow  over  the  ramp  mode!  is  significantly  unlike  that  for  the  zerc  pressure  gradient  fiow. 

(6)  The  distributions  of  mixing  length  and  eddy  viscosity  calculated  from  the  experimental  data  aie 
similar  in  trend  to  that  reported  by  Maise  and  McDonald;  however,  the  peak  values  reported  here  are 
significantly  less. 

(7)  The  prof? le  of  turbulent  fluctuations  exhibits  the  trend  of  becoming  more  peaked  near  the  edge  of 
>undary  layer  as  the  flow  develops  over  the  ramp  model.  This  is  in  sharp  contrast  to  the  nearly 

cc  .ant  profile  observed  in  the  zero  pressure  gradient  flow. 

More  details  concerning  the  experiment  are  available  in  references  12  and  13. 
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SUMMARY 


The  growth  of  a  compressible  turbulent  boundary  layer  over  flat  plate  and  compression  corner  models 
has  been  studied  at  a  Mach  number  of  9  in  the  laf.ecial  College  No. 2  Gun  Tunnel.  Local  Mach  numbers 
between  3  and  9  were  achieved  -.-n  a  flat  plate  by  'arying  the  incidence  from  0  to  26.5*.  The  local  unit 
Reynolds  nicdiers  used  sere  between  1.5  *  10-'  and  7  xl05/cm.  The  measurements,  which  include  pressure 
and  heat  transfer  rate  distributions  and  pitot  pressure  profiles  across  the  boundary  layer,  extend  the 
range  of  evisting  data  and  are  used  to  test  some  current  prediction  methods  and  to  emphasise  3ome  features 
of  lower  Mach  number  flews.  Heat  transfer  rate  distributions  at  Mach  numbers  of  3,  5  and  9  show  an 
increasing  discrepancy  between  experiment  and  theory  as  the  Koch  number  rises,  the  data  being  higher  than 
the  predicted  value  but  approaching  it  asymptotically  with  increasing  momentum  thickness  Reynolds  number 
(Reg).  The  boundary  layer  profiles  taken  at  Mach  9  grew  fuller  as  Reg  decreased;  both  of  these 
results  are  associated  with  the  slow  development  of  the  wake  component  of  the  turbulent  boundary  layer 
profile  at  high  Mach  numbers. 

The  effect  of  an  adverse  pressure  gradient  has  been  studied  using  a  compression  corner  and  it  has 
been  shown  that  large  deflections  are  needed  to  separate  the  turbulent  boundary  layer  and  that  the 
upstream  influence  .■> f  the  corner  and  the  effect  of  wall  temperature  art  small. 


LIST  OF  SYMBOLS 

Cf  skin  friction  coefficient 

Cf  C £  at  start  of  interaction  region  (Eq  4) 

Cp  pressure  coefficient 

Fc,  Fr^  Spalding-Chi  empirical  functions  (Ref. 2) 
H  total  enthalpy 

L  length  of  flat  plate  to  the  hinge  line 

M  Mach  Number 

p  pressure 

q  heat  transfer  rate  to  the  surface 

Re  Reynolds  Number 

St  Stanton  Number,  Vp-11-  (Hr  ~ 


u  velocity 

x  distance  from  the  leading  edge  along  the 
plate 

xt  x  to  the  transition  point 
y  distance  normal  to  the  surface 
a  flap  angle 
T  energy  thickness 

4  boundary  layer  thickness,  y  ar  M  «  0.99Mc 
5^  6  evaluated  at  hinge  line 
6  momentum  thickness 
p  density 


SUBSCRIPTS 

o  reservoir  i,  INC  incipient 

"  freestream  r  adiabatic 

*  Eckert  reference  value  w  wall 

e  edge  of  boundary  layer 


1.  INTRODUCTION 

Most  compressible  turbulent  boundary  layer  studies  have  been  conducted  at  supersonic  Mach  Numbers  so 
that  beyond  M-5  there  is  little  data.  This  is  in  part  due  to  the  rapid  increase  in  transition  Reynolds 
Number  with  Mach  Number  which  makes  'long  runs'  of  turbulent  flow  difficult  to  achieve  in  hypersonic  wind 
tunnels.  However,  the  Imperial  College  No. 2  Gun  Tunnel,  the  design  and  performance  of  which  are 
described  in  ref.l,  was  specifically  built  tc  generate  hypersonic,  high  Reynolds  Number  flows.  The 
present  investigations  were  undertaken  to  extend  the  range  of  existing  data,  to  test  some  curren  . 
theoretical  predictions  over  a  wide  range  of  Mach  Nunfcers  and  wall  conditions 


2.  PLAT  PLATE  BOUNDARY  LAYER  STUDIES 

Heat  transfer  rate  distributions  at  Mach  Numbers  of  3,  5  and  9  were  obtained  over  flat  plates,  with 
sharp  leading  edges,  instrumented  along  the  centre  line  with  thin  film  platinum-on-glass  resistance 
thermometers.  Two  models  were  used,  one  12*7  cm  wide  and  30  cm  long,  and  a  larger  one  17*7  cm  wide 
and  76  cm  long.  Local  Mach  Numbers  of  3  and  5  were  obtained  irt  the  same  facility  by  inclining  the 
shorter  flat  plate  at  26,5“  and  15°  respectively  to  the  Mach  9  test  flow.  Turbulent  compressible 
boundary  layer  behaviour  at  low  Mach  numbers  is  adequately  predicted  by  theory  so  that  the  Mach  3  data 
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could  be  used  as  a  standard  for  comparison  with  theory.  At  Mach  7  transition*  occurred  very  close  to  the 
leading  edge  and  the  raw  data  (fig.l)  compare  well  with  the  predictions  of  Spa  ding  and  Chi  (rtf.:).  At 
Kach  5  transition  moved  downstream,  being  closer  to  the  leading  edge  at  the  higher  unit  Reynolds  dumber 
test  condition  (fig. 2). 

Mach  9  data  were  obtained  from  the  larger  fiat  plate;  results  for  three  unit  Reynolds  Numbers  under 
natural  transition  conditions  are  shown  in  fig. 3.  To  extend  the  turbulent  Reynolds  Number  range  covered 
in  ti.e  tests  further  Mach  9  data  were  obtained  by  tripping  the  fi.a  ua.ng  a  row  cf  delta-shaped  vortex 
generators  I  cm  high  ard  3  mm  apart  placed  1  cm  from  the  leading  edge  at  30°  to  the  flow  direction. 
For  both  the  highest  and  lowest  uoit  Reynolds  Nunber  tests  the  effect  of  the  trip  was  to  move  transition 
ur  'treat),  almost  to  the  trip  position;  this  is  clearly  seen  in  fig. A.  To  analyse  the  tripped  data,  the 
results  had  to  be  matched  with  the  untripped  data.  This  was  done  by  fitting  the  teat  transfer 
distributions  as  far  downstream  as  possible,  as  indicated  in  figs.  3  end  A,  thereby  effectively 
'lengthening'  the  flat  plate. 


The  difficulty  and  inaccuracy  of  defining  a  virtual  origin  for  l  «  turbulent  boundary  layer  was 
avoided  by  calculating  the  energy  thickness  T  by  numerical  integration  of  the  heat  transfer  rate 
distributions. 

Thus  ,X1 

j  q(*)dr 

r<x,)  -  — i— - — <»> 

Ce  ue  (r!fi 


For  the  tripped  flow  r  was  assumed  to  be  the  same  as  for  the  catripped  data  at  the  matching  point  and 
then  T  determined  by  working  upstream  and  downstream  of  this  point  using  Vi  ( 1 > .  The  momentum 

thickness  was  calculated  from  the  relation 


(2) 


where  the  Reynolds  analogy  factor  (2St/Cf)  was  taken  as  1*16  and  the  recovety  factor  r  as  0*9 
throughout. 

All  the  heat  transfer  data  are  plotted  against  Reg  in  fig. 5.  A  comparison  with  data  from  ether 
sources  is  made  in  ref. 3.  !n  fig. 6  all  our  turbulent  data  have  been  converted  to  equivalent  incompres¬ 

sible  values  using  the  empirical  Kach  number  dependence  given  by  the  theory  of  Spalding  and  Chi.  It  is 
clear  that  the  good  agreement  between  this  theory  ard  the  experimental  data  at  supersonic  "ach  Numbers  is 
not  maintained  under  hypersonic  conditions.  The  high  Mach  Number  data  lie  above  the  predicted  values, 
the  discrepancy  being  greatest  at  low  values  of  Reg.  This  is  probably  related  to  the  slow  development 
of  the  wake  component  ir  in  the  turbulent  boundary  layer  velocity  profile.  A  core  detailed  discussion 
of  this  point  is  given  in  ref.  4  .here  it  is  suggested  that  at  hypersonic  speeds  the  fully  developed  or 
asymptotic  profile  will  only  be  reached  at  large  values  of  Keg;  for  example  at  a  Mach  Number  of  6,  Reg 
must  be  in  excess  of  20,000  tor  adiabatic  wall  conditions.  The  report  indicates  that  for  lower  values 
of  Reg  the  skin  friction  er.d  heat  transfer  coefficients  could  exceed  the  Spalding-Chi  values  by  as  much 
as  151.  It  is  of  interest  to  note  that  with  reference  to  fig.  6  our  Mach  9  heat  transfer  data  are  13Z 

high  just  uownstream  of  transition.  However,  at  Mach  3  there  is  good  agreement  vied  theory  and  only 
slightly  poo ret  agreement  at  Mach  5. 

Boundary  layer  pitot  pressure  profiles  were  measured  at  a  Mach  Number  of  9  using  a  rake  assembly 
74*2  cm  from  the  leading  edge  of  the  large  fl't  plate;  the  accuracy  of  data  close  to  the  wall  was 
limited  by  probe  size.  The  resultant  Mach  Number  profiles  for  three  values  of  Reg  (fig. 7)  are  typically 
turbulent  in  shape  and  become  fuller  with  decreasing  Reg;  this  effect  is  again  attributed  to  the 
increasing  strength  of  the  wake  component  as  Reg  increases.  The  differing  shapes  of  the  outer  part  of 
the  boundary  layer  are  clearly  seer,  in  the  velocity  profile  plots  of  fig. 8,  obtained  by  assuming  the 
Crocco  linear  temperature  relation  with  a  recovery  factor  of  0*9.  The  magnitude  of  the  wake  component 
can  be  estimated  from  this  figure  by  considering  the  ratio  of  the  ove:shoot  from  the  log  line  to  the  slope 
of  the  log  line.  Difficulty  arises  because  of  uncertainty  in  determining  these  quantities;  however,  for 
our  data  the  estimated  value  of  rt  increases  from  zero  at  Reg  *  4000  to  0*05  at  Reg  -  16000;  the 
latter  result  suggests  that  at  Mach  9  under  cold  wall  conditions  Reg  must  be  considerably  in  excess  of 
16000  for  a  turbulent  boundary  layer  to  be  fully  developed.  This  is  consistent  with  the  suggestions  made 
in  ref. 4. 


3.  COMPRESSIBLE  TURBULENT  BOUNDARY  LAYERS  IN  A  STRONG  A 9 VERSE  PRESSURE  GRADIENT 

The  effect  of  a  strong  adverse  pressure  gradient  was  studied  at  Mach  9  using  a  sharp  flat  pJate  plus 
trailing  edge  flap  instrumented  for  surface  pressure  measurements  along  the  centre  line.  The  wal1 
temperature  could  be  varied  within  the  range  295°K  S  Tv  S  770°K  and  held  to  ±  1G°K  over  the  model  by 
means  of  an  embedded  electric  heating  element. 

The  effect  of  increasing  flap  angle  on  the  surface  distribution  is  shown  in  fig. 9,  from  which  it  is 
seen  that  large  deflections  are  needed  to  separate  the  turbulent  boundary  layer.  Separation  has  beer, 
detected  by  looking  for  a  'knee1  in  the  pressure  distribution.  Judged  in  this  way  the  flow  at  a  •  30° 
is  attached  and  there  is  an  upstream  influence  of  less  than  a  single  boundary  layer  thickness.  At  higher 
angles  a  pressure  plateau  of  increasing  length  rapidly  develops,  followed  by  a  pressure  overshoot  which 
ircreases  as  the  flap  angle  is  enlarged.  An  incipient  separation  angle  of  30°  was  obtained  from  a  plot 
of  separation  length  ahead  of  the  hinge  line  against  a. 
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The  influence  of  vail  temperature  on  incipient  aeparation  appears  sazll  but  adverse,  i.e,  heating 
the  wall  promotes  slightly  earlier  separation  (fig.  10).  In  a  well  separated  flow  there  is  a  similar 
effect  -  raising  the  vail  temperature  slightly  increases  the  extent  of  the  separated  region.  Fig. 11 
shows  that  the  Reynolds  uiobei  effect  on  attached  flow  is  negligible,  however  railing  the  unit  Reynolda 
nusber  markedly  increases  the  separated  length  of  a  well-separated  flow. 


Fig. 12  shows  our  results  added  to  a  recent  collection  of  incipient  separation  da -*  by  Roshko  and 
Thomke  (ref.S).  The  Reynolda  nusber  is  based  on  4  at  the  hinge  line  either  as  measured  or  as  calculated 
from  the  formula 


«L 


0*  154(1.  -  x£) 


r  rt 

11*67  1 

LRe«*-*tlr 

d  J 

(3) 


taken  from  ref. 9.  Our  data  show  a  such  weaker  dependence  on  Reynolds  number  than  that  shown  by  Kuehn’s 
results,  though  both  show  a{  decreasing  with  Reg.  Rosnko  and  Thottke’s  results  at  a  ouch  higher  Re; 
show  the  opposite  trend;  these  differences  may  be  associated  with  the  slow  development  of  the  wake 
cosgicnent  of  the  turbulent  boundary  layer  velocity  profile. 

A  successful  empirical  correlation  of  the  pressure  rise  to  incipient  separation  is  shown  in  fig. 13; 
this  is  discussed  further  in  ref .3.  In  all  cases  the  value  of  Cf  ,  the  skin  friction  coefficient  at 
the  beginning  of  interaction  has  either  been  measured  or  calculated  from  ref. 9,  using  the  relation 


Cf.  ’ 


0*058 


(4) 


The  correlation  of  fig. 13  is  redrawn  in  fig. 14  to  show  the  behaviour  cf  with  H  under  adiabatic  wall 
conditions  at  an  effective  Reynolds  number  of  4  x 10® .  The  pattern  of  the  raw  data  scaled  to  these 
conditions  is  in  sharp  contrast  to  the  prediction  of  Todisco  and  Reeves’  momentum  integral  theory  (ref. 10). 

Incipient  separation  must  basically  depend  on  Mach  Number,  Reynolds  Nuaber  and  wall  temperature 
ratio.  The  correlation  of  fig. 13  adequately  accounts  for  the  effects  of  M  and  Tu/T0,  but  net  for  the 
diverse  Reynolds  Nusber  trends  of  fig. 12.  A  recent  analysis  of  incipient  separation  conditions  for  the 
hypersonic  case  (ref. 11)  using  theoretical  boundary  layer  profiles  given  by  Green  (ref. 12)  suggests  how 
the  Reynolds  Nuirircr  reversal  trend  may  be  associated  with  the  development  of  the  wake  component. 


4.  CONCLUSION 

A  Cun  Tuvne’.  has  been  used  for  turbulent  boundary  layer  studies  in  the  Hach  Nusber  range  3  to  9. 
There  is  an  Increasing  discrepancy  between  measurements  of  heat  transfer  and  the  predictions  of  Spalding- 
Chi  theory  as  the  Hach  Nusber  is  increased.  This  is  connected  with  the  slow  development  of  the  wake 
component  of  the  turbulent  boundary  layer  velocity  profile  as  the  Mach  Number  is  increased.  At  very  high 
Hach  Numbers  t  will  be  extremely  difficult  to  achieve  turbulent  boundary  layers  which  have  retched  their 
asymptotic  bel  aviour.  The  effect  of  a  strong  adverse  pressure  gradient  at  a  compression  corner  has 
demonstrated  the  eitreme  resistance  to  separation  of  the  turbulent  boundary  layer. 
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Fig.  I  Fiat  plate  heat  transfer  rote  measurements  ot  M=3 


Fig.  2  Flat  plote  heof  transfer  rate  measurements  a:M;5 
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Fig.  9  Static  pressure  distributions  on  a 
wedge  compression  corner  at  M-9 


Fig.  10  Effect  of  wall  temperature  on  stotic 
pressure  distributions  an  o  wedge 
compression  corner  at  M*  9 


Fig.  II 


Effect  of  unit  Reynolds  Number  on  stotic 
pressure  distributions  on  a  wedge 
compression  corner  at  M*  9 
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EXPERIMENTAL  INVEST  SCAT  ION  OK  THE  TURBULENT  BOUNDARY  1  AYER  ALONG  A  STR'tAMV BE  CORNER 

*  ** 
by  0.  0.  Mojola  and  A.  D.  Young 
queen  Mary  College,  University  of  London, 

Mile  End  Road,  London  E.l. 


SIMMARY 

A  selection  of  the  results  are  presented  of  an  extensive  experimental  investigation  of  steady 
incompressible  turbulent  boundary  layer  along  a  smooth  90-degree  streawise  coiner,  formed  by  a  pair  of 
identical  intersecting  flat  fl»tes.  with  the  freestreaa  velocity  directed  parallel  to  the  cornerline. 

Detailed  explorations  of  the  flow,  with  and  without  external  pressure  gradients,  included  the 
determination  of  static  pressure  fields,  t..c  mean  velocities,  wall  shear  stressee,  and  the  components 
of  the  Reynolds  (turbulent)  stress  tensor. 

A  secondary  flow  towards  the  corner  along  the  plane  of  symmetry  and  outwards  from  it  close  to  the 
walls  forming  the  corner  is  a  vital  and  characteristic  feature  and  is  cleurly  reflected  in  the  mean  and 
turbulence  flow  measurements.  In  particular  it  modifies  the  relations  between  the  shear  stress  compo¬ 
nents  and  turbulence  energy  and  mean  velocity  distribution  so  as  to  make  any  simple  extension  of  current 
methods  of  turbulent  boundary  layer  prediction  unlikely  to  be  applicable  in  such  a  flow. 


NOTAT  ION 


J,  v 
x,  y,  z 

u,  V,  V 
u,  v,  v 
P,  p' 

Cp 


density  and  kinematic  viscosity  of  the  fluid 

a  right-handed  rectangular  system  of  coordinates  with  origin  at  the  comer  leading  edge, 
x  along  the  cornerline  and  y,  z  parallel  to  the  walls 

mean  velocity  components  in  che  x,  y,  z  directions  respectively 

the  corresponding  velocity  fluctuations 

mean  and  fluctuating  static  pressure 

2 

pressure  coefficient,  (p-pre,  )/}f  U 
Reynolds  stress  components 

local  wall  shear  stress  or 

asymptotic  value  of  in  an  effectively  two-dimensional  bordering  region  far  from  the  corner 
boundary  layer  thickness  in  the  plane  of  symmetry  measured  along  the  corner  bisector 
boundary  layer  thickness  in  the  'two-dimensional'  region  well  away  from  the  corner 
local  freestream  velocity  just  outside  the  boundary  layer 

ref.  reference  pressure  and  velocity,  respectively 


1.  INTRODUCTION 

A  proerame  of  work  is  currently  in  progress  at  Queen  Mary  College,  London,  directed  at  investigating 
boundary  layer  flows  inside  streamwise  corners  as  part  of  the  more  general  problem  of  the  flow  ir.  wing- 
bodv  junction.,.  Part  of  this  programme  on  laminar  and  transitional  boundary  layer  flow  in  a  streamwise 
corner  nas  already  been  reported  by  Zamir  and  Young  [  24  7.  They  found  that  even  in  zero  pressure  gradient 
there  were  marked  changes  of  velocity  profile  in  the  laminar  boundary  layer  with  distance  downstream 
associated  with  the  development  of  a  secondary  flow.  This  secondary  flow  was  towards  the  corner  close  to 
the  plane  surfaces  forming  the  corner  and  outwards  from  the  corner  in  the  plane  of  symmetry.  This  is  in 
fact  oopcsite  in  sense  to  that  demonstrated  by  various  workers  who  have  investigated  turbulent  flow  in  a 
streamwise  corner,  including  the  results  report’d  here,  and  Zamir  and  Young  showed  by  a  flow  visualisation 
technique  the  reversal  in  the  direction  of  the  secondary  flow  as  the  boundary  layers  passed  through  transi¬ 
tion  from  laminar  to  turbulent.  This  transition  process  occurred  in  the  corner  at  a  local  Reynolds 
number  (in  terms  of  the  distance  from  the  leading  edge)  of  about  2  x  10  .  Zamir  and  Young  noted  that  the 
extent  of  the  corner  influence  with  the  flow  laminar  was  confined  to  about  two  boundary  layer  thicknesses 
from  the  corner,  and  that  an  adverse  pressure  gradient  readily  induced  separation,  whilst  a  favourable 
one  tended  to  delay  the  process  of  transition  but  did  not  alter  its  character. 

The  present  paper  reports  briefly  some  results  obtain*  i  \-ith  the  boundary  layer  flow  turbulent. 

Most  of  the  Investigations  of  turbulent  corner  flows  to  d  .<<  T  1-22)  have  been  concerned  with  fully 

*  Research  Assistant,  Imperial  College,  **  Professor  of  Aeronautical  Engineering, 
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developed  or  developing  flows  ip  closed  or  open  conduits  of  non-circular  section;  here  we  are  concerned 
with  the  basic  case  of  a  streamwise  correr  Carried  by  two  olates  at  right  angles  to  each  other  and  of  span 
limited  only  by  the  geometry  of  the  wind  fmi.il  in  which  die  tests  were  made.  This  investigation  included 
measurements  of  the  mean  flow  as  well  as  of  the  turbulent  v.'ocity  components  and  Reynolds  stresses  for 
zero  pressure  gradient  ard  with  an  adverse  streamwise  pressure  gradient. 

2.  EXPERIMENTAL  FACILITIES  AND  TECHNIQUES 

The  orogramme  has  been  carried  out  in  a  low  speed  closed-circuit  wind  tunnel  with  a  freestreara 
turbulence  level  of  about  0.03  per  cent.  The  corner  model  and  traversing  gear  used  were  the  same  as  those 
used  by  Zamir  and  Young  and  described  in  Ref. 2d. 

Briefly,  the  corner  model  consisted  of  two  identical  smooth  flat  plates  made  of  mild  steel,  fitted 
with  127  mm  chord  aerofoil-shaped  leading  edge  units  and  wooden  spanwise  extensions,  and  joined  to  form  a 
sharp  90-degree  streanwiae  corner.  Each  intersecting  surface  had  a  total  chord  of  1.32  m  and  a  span  of 
0.61  m.  To  obtain  very  good  symmetry  of  flow  variables  about  the  bisecting  plane,  the  model  was  symmet¬ 
rically  mounted  in  the  tunnel  working  section,  as  indicated  in  Fig.l. 


Figure  1.  The  Experimental  Set-up  (not  to  scale). 


The  traversing  gear  had  2  micrometers  for  fine  lateral  adjustments  (to  within  0.023  mm)  and  rotary 
handles  for  coarse  movement  in  the  streamwise  direction  and  slow  yawing  of  the  probe's  vertical  support 
about  its  axis. 

Two  streamwise  rows  (at  0.089  m  and  0.203  m  from  the  corner)  of  0.81  no  diameter  static  pressure  holes 
set  in  the  surface  of  each  steel  place  and  additional  static  holes  on  a  third  corner  plate  (made  out  of 
perspex  otherwj.se  identical  to  the  steel  plates)  allowed  very  detailed  measurements  of  the  wall  static 
pressure  field  to  be  made,  as  close  as  2.5  mm  from  the  corner.  A  0.71  ran  diameter  static  pressure  tube  of 
conventional  design  was  used  to  measure  the  static  pressure  variation  across  the  corner  boundary  layer. 

Streamwise  mean  velocities  were  determined  using  both  total  head  tubes  and  single  normal  hot  wire 
probes;  the  results  obtained  with  the  two  instruments  generally  differed  little. 

The  Preston-tube  technique  was  adopted  in  the  form  suggested  by  Patel  [  22]  for  the  measurement  of 
wall  shear  stresses.  A  total  head  tube  with  outside  and  inside  diameters  of  1.19  mm  and  0.84  mm  was 
generally  used,  but  in  a  number  of  cases  another  tube  with  outside  and  inside  diameters  of  0.41  mm  and 
0.18  mm  respectively  wan  also  used  to  check  for  consistency  of  results  obtained  with  tubes  of  different 
diameters  and  diameter  ratios. 

•leasurements  ofV ,VV^  and  “-i *Vf  were  made  using  nonl inearised  constant  temperature  anemometers  Type 
55A01  and  Analog  Correlator  Type  55D70,  manufactured  by  DISA  Electronics  (Denmark).  The  D  ISA  line  of 
prob££  was  also  used;  this  included  the  miniature  single  and  X-wire  probes  for  the  determination  of  U 
and  u.  ,  and  the  miniature  X-probes  for  determining  VL  Vf,  v\  w*  IV,  u  W  and  vw  . 
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3.  A  PRELIM INARY  PROGRAMME 

In  a  preliminary  experimental  programme,  exploratory  measurements  of  a  turbulent  corner  layer 
developing  naturally  from  an  initial  laminar  flow  in  a  nearly  zero  pressure  gradient  were  made.  With 
a  free  stream  velocity  of  about  30  m/s  and  a  turbulence  level  of  0.03  per  cent,  turbulent  bursts  . 
appeared  first  at  the  coiner  at  about  0.i5  m  fronijthe  leading  edge,  corresponding  to 5  x  10  , 
which  is  a  little  higher  than  the  value  of  2  x  1C3,  reported  by  Zamir  and  Young  {  24l  based  on  their 
rather  more  detailed  measurements  of  the  transition  process  in  a  comparable  pressure  field  and  free 
stream  turbulence. 

Although  the  flow  in  transverse  planes  Cf_Z  planes)  was  partly  laminar  and  partly  turbulent  over 
most  of  the  chord,  detailed  measurements  within  the  turbulent  ’tongue'  well  downstream  of  the  corner 
transition  point  were  foui.d  to  be  very  similar  to  the  subsequent  results  obtained  for  the  artificially 
induced  turbulent  layers,  which  form  the  subject  of  the  main  programme. 

4.  THE  MAIN  PROGRAMME 

4.1  Scope  and  design  of  the  exper iments ■ 

Transition  was  artificially  provoked  by  means  of  a  25.4  mm  wide  sandpaper  strip  spanning  the  entire 
corner  model.  The  roughness  height,  including  the  strip  thickness,  was  about  0.75nm;  with  its  up¬ 
stream  edge  25.4  urn  downstream  of  the  corner  leading  edge,  it  was  possible  to  rga^se  away  from  the 
corner,  in  constant  pressure,  an  asymptotic  two-dimensional  layer  growing  as  *  '  approximately. 

Very  detailed  studies  of  the  corner  region  were  conducted  in  two  pressure  fields  (Fig.  2,  a,  b,  c): 
one  case  of  practically  cons'-'-’t  pressure  obtained  by  simply  setting  the  cornerline  parallel  to  tne  free- 

stream,  and  one  case  of  an  adverse  pressure  gradient  induced  by  means  of  a  vertical  V-shaped  trailing- 

edge  flap.  It  should  be  observed  that  in  the  former  case  the  wall  static  pressure  is  indeed  practically 
constant  over  much  of  the  working  surface;  in  tlje  latter  case  there  are  spanuise  variations  in  pressure 

reaching  a  maximum  of  about  6.2  per  cent  of  U“  f  at  x  «  1.165  m. 

4.2  Static  pressure  within  the  boundary  layer. 

In  the  case  of  practically  uniform  free  stream  pressure,  the  static  pressure  variation  within  the 
boundary  layer  in  the  corner  was  measured  at  a  number  of  x-stations;  a  typical  pattern  of  ’sobars  is 
indicated  in  Fig.  2d.  It  can  be  seen  that  the  general  tendency  is^for  ths  pressure  to  increase  towards 
the  outer  edge  of  the  boundary  layer,  the  maximum  value  of  A  p/  j  j  U  being  about  0.01~0.03,  which  agrees 
well  with  the  findings  of  Leutheusser  {16}  for  rectangular  ducts  and  of  Bragg  [li]  for  the  semi-infinite 
corner  boundary  layer.  No  corrections  have  been  applied  to  the  present  data  for  any  possible  effects  of 
transverse  mean  and  fluctuating  velocities  on  the  static  tube  readings. 

4 . 3  Me3n  velocities  and  the  boundary  layer  growth. 

In  the  present  work  a  major  effort  has  been  directed  at  establishing  the  full  streamwise  development 
of  the  {/-field,  thus  providing  a  more  comprehensible  picture  of  the  comer  layer  growth  (longitudinal 
and  transverse)  than  hitherto  reported.  The  corner  region  was  mapped  at  x  «  0.152,  0.228,  0.305,  0.381, 
0.458,  0.559,  0.660,  0.787,  0.940  and  1.091  m  in  the  case  of  zero  pressure  gradient,  and  additionally  at 
x.  •  1.192  and  1.245  m  in  the  adverse  pressure  field.  In  the  latter  case,  flow  separation  was  found  to 
occur  first  at  the  corner  at  x  *  1.2.  j  0.02  m;  it  then  receded  downstream  with  increasing  spanwise 
distance  from  the  cornerline. 

Typical  iso-velocity  contours  are  shown  in  Fig.  3a.  A  noteworthy  feature  of  these  results  is  the 
distortion  of  the  contours  near  the  corner  as  the  result  of  a  transverse  circulatory  motion  now  generally 
recognised  as  the  'secondary  flow'  of  Prandtl's  second  kind  [27]  .  The  measured  magnitude  and  the 
direction  of  the  secondary  flow  velocity  vectors  in  zero  pressure  gradient  are  indicated  in  Fig.  3a  by 
arrows  drawn  against  a  background  of  the  U  -contours.  As  Prandtl  had  predicted  nearly  half  a  century 
ago,  the  secondary  motion  is  such  that  there  is  a  flow  into  the  coiner  roughly  along  the  corner  bisector, 
accompanied  by  an  outflow  from  the  corner  along  either  wall.  lc  is  to  be  noted  that  although  the 

secondary  flow  vectors  attain  their  maximum  values  (  ar  33!  of  U«  for  the  case  shown)  near  the  corner 

bisector,  they  are  not  entirely  confined  to  the  corner  vicinity  but  are  still  evident  avay  from  the 

comer,  albeit  in  diminished  strength.  The  secondary  flow  field  measured  in  these  tests  is  generally 

similar,  but  not  identical,  to  those  reported  for  fully-developed  and  developing  flows  in  square  ducts; 
this  is  not  surprising  although  there  are  important  differences  between  the  flows.  In  the  adverse 
pressure  field,  the  secondary  flow  magnitude  shows  a  general  increase,  reaching  a  maximum  oC  about 
0.07  U.  jusl  upstream  of  the  corner  separation  point. 

ine  boundary  layer  growth  in  the  plane  of  symmetry  in  the  corner  (  5S)  is  compared  with  the  two- 
dimensioiiai  growth  far  from  the  corner  (  ) ,  with  and  without  pressure  gradients,  in  Fig.  3b.  With 

zero  pressure  gradient,  it  is  found  that  J^/j^decreases  with  x;  an  empirical  correlation  of  the 
present  data  suggests  ns" 

Sa/ia,*  S-8/(U.J,/v) 

so  that  if,  as  usual,  ^  ,  then  ^ac  X  ,  indicating  approximately  a  10  per  cent  reduction 

in  growth  rate  as  compared  with  two-dimensional  flow.  This  can  be  readily  attributed  to  a  thinning 
action  due  to  the  secondary  flow  into  the  corner.  Because  of  its  premature  separation  in  the  adverse 
pressure  field,  the  boundary  layer  near  the  corner  thickens  more  rapidly  than  that  far  from  the  corner. 

4 .4  Wall  shear  stresses. 

Preston-tube  measurements  of  the  wall  shear  stresses  ( Tw  )  with  and  without  pressure  gradients  are 
presented  in  Fig.  3,  c  and  d.  From  a  theoretical  value  of  zero  at  the  corner,  the  wall  shear  stress  rises 
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sharply  in  zero  pressure  gradient  tc  a  local  maximum  near  the  corner;  it  then  drops  slightly  and 
subsequently  rises  again  slowly  approaching  its  asymptotic  two-dimensional  value  at  a  distance  of  about 
2  fro°  the  corner.  The  peculiar  'kink'  in  an  otherwise  smooth  distribution  of  T„  reflects  a 
scouring  action  of  the  secondary  flow  on  the  wall  region. 

In  the  adverse  pressure  gradient  the  wall  stress  field  presents  a  similar  picture,  but  w< :h  the 
added  feature  of  rapidly  diminishing  stress  and  stress  gradient  near  the  corner.  At  the  corner  itself 
the  stress  remains  zero  but  the  stress  gradient  is  progressively  reduced  from  a  positive  value  to  what 
can  be  inferred  as  zero  at  the  corner  separation  point,  and  a  negative  value  further  downstriam.  Hence 
it  can  be  inferred  that 


is  the  criterion  for  the  beginning  of  flow  separation  on  the  corner  line. 

4 .5  Turbulence  measurements. 

A  typical  survey  of  the  components  of  the  Reynolds  stress  tensor  in  zero  pressure  gradient 
presented  in  Figs.  4  a  -  f  in  the  form  ot  contours. 

It  is  interesting  to  note  that  the  turbulence  field  is  far  more  distorted  by  the  secondary  flow 
than  is  theV  -field.  This,  how  er,  is  not  unexpected  since  whilst  V  and  W  are  comparable  to 
u  ,  v  ,  w  they  are  at  least  one  order  of  magnitude  smaller  than  U  . 

As  in  two-dimensional  boundary  layers .  we  find  that  u1  is  greater  tha-.  both  v*  and  wA  . 

Not  unexpectedly  near  thj  y  *  0  wall  v*  w*  while  near  the  z  ■  0  wall  the  opposite  is  true. 

It  is  also  to  be  noted  that  of  the  shear  stresses  (per  unit  density)  v  w  is  generally  the 
greatest  in  or  near  the  plane  of  symmetry,  and  that  in  the  half  corner  re.’. on  bounded  by  the  corner  bi¬ 
sector  and  the  y  *  0  wall  u  v  generally  exceeds  u  w  ,  the  converse  bv ing  he  case  in  the  other 
half . 

The  u*  stress  has  been  measured  very  extensively;  thr  measurements  of  the  other  stresses  have  been 
largely  confined  to  the  plane  of  symmetry.  Typical  surveys  in  the  plane  of  symmetry  with  and  vithout 
pressure  gradients  are  given  in  Fig.  5.  The  stresses  are  not  dissimilar  in  .t’nitude  from  these  found 
in  3  two-dimensional  boundary  layer  of  similar  history,  but  several  distinctions  can  be  made.  In  the 
zero  pressure  gradient  case,  for  example ,  we  notice  that  because  of  the  constraining  influence  ct  the 
co-ner  geometry  the  point  of  maximum  v*  or  w*  is  snifted  well  away  from  the  corner  while  u* 
apparently  attains  its  peak  value  deep  inside  the  corner.  He  also  notice  that  in  the  outer  layers  the 
shear  stresses  are  particularly  influenced  by  the  secondary  flow,  and  hence  may  neither  be  rimply 
related  to  theaean  velocity  gradient  via  a  constant  eddy  viscosity  nor  to  q*  by  a  constant  factor, 
where  q*  »  u’-  ♦  v*  +  vr* .  Since  such  relations  provide  the  basis  of  current  methods  of  turbulent 

boundary  layer  prediction  methods,  the  corner  flow  is  unlikely  to  be  successfully  predicted  by  them  and 
calls  for  a  new  approach. 

Except  for  the  phenomenal  rise  in  the  value  of  v  w  as  the  corner  separation  point  is  approached, 
the  effects  of  an  adverse  pressure  field  on  the  turbulent  field  arc  found  to  be  generally  similar  to 
those  observed  in  two-dimensional  retarded  layers. 

5.  CONCLUSIONS  AND  CONCLUDING  REMARKS 

W’e  conclude  that 

(i)  Secondary  flows  arise  spontaneously  in  a  semi-infinite  turbulent  corner  layer;  they  are  directed 
such  that  the  layers  with  vanishing  skin  friction  near  the  corner  are  re-energised  through  a 
continuous  supply  of  higher  energy  fluid  from  the  outer  portion  of  the  boundary  layer  moving  towards 
the  corner  along  the  plane  of  symmetry  and  ou' wards  from  the  corner  close  to  the  walls. 

(ii)  The  streanvise  growth  of  the  boundary  layer  near  the  corner  is  somewhat  reduced  by  the  secondary 
motions;  in  the  plane  of  symmetry  in  zero  pressure  gradient,  for  example,  the  boundary  layer  grows 
about  10%  slower  than  its  two-dimensional  counterpart. 

(iii)  Unlike  the  laminar  boundary  layer  in  a  corner  f 24  }  the  turbulent  corner  layer  is  relatively  staDle 
in  zero  or  mild  pressure  gradients  in  spite  of  the  zero  shear  stress  along  the  corner  itself.  Flow 
separation,  when  it  does  occur,  ur-dev  the  influence  of  a  st.'ong  adverse  pressure  gradient,  is 
associated  in  the  corner  with  the  vanishing  of  the  shear  stress  gradient. 

(iv)  The  turbulence  field  strongly  reflects  the  secondary  flow,  and  a  simple  extension  of  current 
prediction  methods  to  the  corner  flow  seems  unlikely  to  be  fruitful. 

(v)  As  evident  in  the  wall  shear  stress  distributions,  the  wall  region  of  the  corner  layer  settles 
down  to  its  two-dimensional  form  me  ’apidly  than  the  outer  region,  but  on  the  whole  the  effects 
of  the  corner  are  largely  confined  vithin  approximately  3  —  4  boundary  layer  thicknesses  from 
the  corner. 
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COUCH:  LlrJTE  TUBKLElTfli  AVEC  HwECTK*  A  U  PAROI  CO!  ffilE  GA2  00  D'O!  GAZ  ETRAHCE&. 

par  T.  l.Ti.T  (*)  «t  R.  Hicaa  (**) 

OHM*  JUHCXiL  B'BTUIK  R  Hi  «5Ca£RCHS3  AKSOSPATIilKS  (QfKRl) 

92  -  CHAXHJAS  (Francs) 


StKKAHI 


la  improved  «ixt  og-lw^th  model  is  applied  to  the  theoric&l  determine ticn  of  rurtmtant  I  jj rutary  layer,  with 
transfer  of  fluid  at  the  rail,  arw  the  results  we  ocopared  point  by  point  with  available  experimental  evidence. 

In  the  lasompreasilils  field,  inert  are  first  provided  so ae  notations  to  the  local  eqi-i\l  oua  of  an  equilibria 
boundary  layer,  to  define  the  requisite  eet  of  velocity  profiles  end  akin  friction  lav  for  in  air  induction  with 
pressure  gradient.  I  text,  the  velocity  and  concentration  profiles  are  worked  cut  for  foreign  gas  injected,  lastly, 
the  solution  ia  extended  to  ecver  the  gen-ral  ease  of  s  oonpressible  fluid,  leading  to  s  syeteudtic  set  ~  'vaults 
for  the  effect  of  induction  upon  ajtl.t- friction  and  heat  transfer  shown  as  a  function  of  Hooh  numbor  and  wall  te»- 
perstura. 


HGTATKIIS  - 


*.Y 

l 

u,v 

M 

P.P 

h,H 


Coordonndee  longitudinale  st  nonsale  (n  m  X 

Longueur  do  ■flange  (Ls  1/6)  ^ 

Conposantes  da  la  vitas  s- 

Hanbre  de  liacb 

Proas  ion  et  ha3or  voliniqua 

Snthaiple  et  Enthalpie  totale 


T  Temperature  (h  / 

Cj  Concentration  massique  pj/  p 
Cp  Cnaleur  epdcifique  ^  Cj  Cpj 
^A,D  Viecositd,  conductibilitd,  diffusion 
IP.S  Itombrue  de  KIALUTL  st  de  oCHLIDT 

P  Paraiietre  d' injection 

r  Facteur  de  recvqxJration^Hpj.hjj^H^.h^ 

T.*Q  Frottsoent,  flux  de  cheieur,  fl  ue  ds 
diffusion,  totaux. 


Cf  Coefficient  do  fret tenant  2Tp/(VM{ 

Ch  Coefficient  da  flux  de  chaleur  jpjd^ 

Cm  Coefficient  de  tron'fert  de  masse  per  diffusion 

Rt  Horabre  ds  Reynolds  ■ 

8  Epaisseur  de  la  couche  limite 
6t6c  Epaisseure  intogrnlsr 


nroicss 


^pcLLooeuro  lawgnup r  , 


e  dcouleoent  extdriour 
p  peroi 

1  gas  injsotd 

2  gas  principal 

t  1 ami noire 

t  turbulent 

ad.  paroi  ndiabatique- 


1  -  iuyroductio; 

Le  pressnt  travail  eat  consadd  h  la  ddtsnnination  tbt'oriqua  st  k  la  oomparaison  k  l'ezpjrlence  de  solutions 
reiativee  k  l'influerce  d'un  transfect  de  fluids  k  la  paroi,  sur  le  ddvelopnement  d'une  couche  limits  turbulsnte. 
On  y  cemaidiro  le  ca"  de  1'injection  repartie  d’un  gaz  qui  peut  Stre  Is  m&ae  qus  celui  de  l'scoulement  principal, 
oru  un  gaz  (Stranger,  en  abscence  toutefois  de  reaction  chimique. 

Le  traltement  est  basd  sur  un  schema  amdlior^  ds  longueur  ds  mdlange  grkne  auquel  une  expression  du  frotte- 
ment,  du  flux  'a  chaleur  et  du  flux  ds  diffusion  sont  disponiblee  pour  touts  la  oouche  limits.  Une  resolution  nu¬ 
mb  rique  dss  bquaions  localee  ds  couche  limits  est  ainsi  possibls  per  le  oas  gbndrnl  de  conditions  aur  limites 
quelccaiques  ;  on  pi’essntara  effective  rent  ^application  k  quelques  oas  eipbrimentaui:  d'une  technique  de  calcul  par 
differenoss  finiss. 

Au  prealaola ,  il  a  semblb  utile  de  reohorohsr  des  solutions  partioulibrea,  en  se  placant  dans  dse  oaB  pour 
losqusls  les  dbrivbes  longitudinales  des  profils  de  coucho  limits  peuve.lt  8tro  nbgligbss.  Ces  solutions  ds  timili- 
tuds  auront  l'inter@t  da  foumir  un  ensemble  de  resultate  grfics  auxquels  1' influence  dss  differents  parambtree 
intervensnt  dans  le  dbveloppement  d'uns  oouche  limite  turbulents  aveo  injection  ds  fluids  pourra  fitre  determines 
sy3tematiqusrasr.t . 

2  -  EQUATIONS  GUlEIiALES  -  IIYPOTiUSEo  IE  3ASE 

2.1  Equations  odnbrala^ 

Considerant  le  oas  gdneral  ds  l'boo'jlemsnt  plan  d'un  fluide  compressible,  avso  injection  repartis  d'un  gaz 
qui  peut  8tre  le  mSms  que  celui  de  1 ' jooulement  principal,  ou  un  gaz  btranger  mais  sans  reaction  ohimiqua,(mblango 
binaire),  les  equations  locolss  ds  la  oouche  limite  sont  lss  suivantos  : 


Equation  ds  continuity  : 

6Pu  hpv  _  - 
6x  t  by  “ 

(D 

Equation  de  quantity  de  mouveaent  ! 

(’l'55*pvl7 

(2) 

Equation  de  1 '  oner^rio  : 

(3) 

Ces  trois  premieres  equat.ions  s'appliquent  aux  oaracteristiques  moyennes  du  melange.  Le  frottement  et  le  flux 
ds  chaleur  X  rlt+Tf  at  ^  =  seront  discutbs  plus  loin. 

(*)  Ingenieur  Sta/piaire,  Direction  d'.'brodynamiqus. 

(**)  Chef  de  Divieion  ds  Reoherches,  Direction  d'Adrodynamique. 
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II  faut  leur  Joindre  l'dquation  de  conservation  pour  l'uie  4e*  A.in  otpeoes  en  p?\  -tnae  ;  6lle  a'dcrit  : 

Pu  +.  pv  ££i  =  -  (A) 

6*  6  Y  VF  W 

l'indice  i  reprdsentant  soit  lc  gaz  injectc  (i  =  l)  soil  le  ga z  principal  (l  =  2).  &  eat  le  flux  de  diffusion  dc 
I'espece  consiadrdo,  Qj.Oilt4.Oit 


On  uttlisera  un  schdns  aodliord  deji  present^  et  appiiqud  (rdf.  l),  plus  spdctaleaant  dans  Is  ca a  du  fluide 
incompressible. 

Le  terse  de  frotte:ient  turbulent  est  expriad  par  la  foroule  classiqve  do  longueur  de  oelange  dans  la  parti e 
extdrieure  <Je  la  coache  Unite.  tn  a  reienu  la  formula  univeroells  : 


H°8sm(A-5  1) 


Dans  la  sous-coucbo  vicqueuse,  l'erpression  e3t  corrigde  pour  tenir  coopte  des  sffets  de  la  viacosird  .,ur  la 
turbulence.  L'exnressior  gdndrale  du  frottenent  total  est  ni3o  ainsi  sens  la  forrao 

»Mg*Prt1g|S  « 

Faisant  appel  aux  donnees  de  HiK  UUEST,  relatives  a  ia  soua-'ouehe  viseueuse  de  plaque  plane  en  incocqxrcsai- 
ble,  on  a  generalise  la  relation  propoods  par  cet  auteur,  en  supposant  que  pour  lc  can  gdnera?.,  F  dtait  fonc.ior 
du  rapport  du  frotteoent  turbulent  ou  frottement  laninalre.  On  a  oontrd  qu'en  fait,  la  fooctiun  pou"ait  6tre  oxpli- 
eitds  ensleoent  par  rapport  au  frotteoent  total  par  la  relation  ; 


F  =  1-**P 


La  fonction  corrcctrice  03t  nulls  k  la  paroi  ;  ells  tend  vers  1  quard  l'dcouler.ent  dsvient  plcineaen;  turbu¬ 
lent. 

On  introduira  pour  clarifier  l'dcriture  unc  vi3cositd  turbulente  C  ,  definic,  pour  6tre  en  aoeord  av>-e  1' ex¬ 
pression  precedents  du  frottensnt  turbulent,  par  £  =pF*|1l&l(  .  Le  frottement,  le  flux  de  chaleur  et  le  flux 
ds  diffusion  s 'derive:!  alors  s  'W ' 

T  =^+e)  *7  i  $“-(£* 1;)  ^  ♦  * (hrh0  *  Qi = -(?  +  ^  (e> 

P  et  St  sont  lee  nonbres  de  P.iAKDfL,  laminaire  st  turbulent  ;  an  a  utiliad  dann  lea  applications  prdsentes 

S  st  St  aont  lea  nonbres  da  SC;5'JOT.  lauinairo  st  turbulsnt  ;  leurs  valeuro  seront  discutdss  lors  de  1' appli¬ 
cation  au  cas  ds  1' injection  d'un  gaz  etranger. 

3  -  SOLUTION  E'EQpILIo.fE  -  flLJECflON  D'AIR  E.’  INCOMPRESSIBLE! 


On  a  oontrd  (rdf.  l)  qu'il  sst  possible  en  fluids  ineoopreasibls,  st  dans  le  eas  de  l'injection  du  mSoe  gaz 
qua  eslui  ds  1‘deoulement  principal  (injection  d'air),  de  ddtensinsr  des  solutions  asymptotiques  (nombre  ds  Reynolds 
tendant  vers  l'infiri)  dans  lc  cas  de  couehes  lioites  d'dquilibre. 

Le  prineipe  dc  cs  tr-->i  cement  dont  on  va  rappelsr  le3  principaux  rdsultats  sst  S33entiellewent  Is  3uivant  : 

A  grand  nonbre  de  Reynolds  on  peut  distinguer  dans  la  couche  linite,  uns  "region  intdricure"  dans  laauelle  se 
manifs3tent  les  sffsts  de  la  viscositd  oais  ou  les  forces  d'insrtis  sont  faibles  devant  les  forces  de  frottenont, 
d'une'Wgion  sxtdrieure"  dan3  laquelle  les  forees  de  irotienent  ct  d'inortis  sont  du  m§nc  ordre  oais  oil  l'dcoule- 
ment  est  essentiellenont  turbulent. 

On  peut  traiter  sdpardment  ces  deux  regions  et  obtenir,  ooyennant  1 'utilisation  de  variables  appropriees,  dcs 
resultats  independents  du  nombre  os  Reynolds. 

’Jne  propriotd  inportants  e3t  qu'il  doit  exi3ter  un  reeouvrement  des  lots  relatives  aux  deux  regions.  On  a 
montre  (rdf.  l)  qus  eetts  condition  dictait  d'une  part  3j  ehoix  des  variables  h  utiliser  et  permettait  d'autro  part 
d'dtablir  la  loi.  pour  lc  frottement  do  paroi. 


On  considers  la  region  suffisnmment  proohe  de  la  paroi  pour  que  les  forces  d'inertio  soiont  faibles  dsvont 
les  forces  do  frottement  visqueux  ot  turbulent  j  il  en  est  de  nfime,  si  le  nombre  de  Reynolds  est  assez  grand,  ds 
la  force  de  pression. 

L'dquation  de  quantitd  de  nouvement  prend  ainsi  la  forme  trbs  simplifibe  : 


( I?)-  = pv"  Ip  !°»  *=Tf*pv>u 


Joi.jiant  l'rxpression  (6)  du  frottement  total,  en  tenant  coapte  du  fait  que  la  longueur  de  melangs  deaeure 
sensiblement  1  =  by,  on  a  s implement  h  resoudre  l'dquation  : 


La  fonction  corrcctrice  etant  alors 


T  .  t  +  Ou*  ,  _»  t IOu^IOu* 
ip  ;=  +VpU  =t>y*'+FKy  I  by"  I  6y* 

int  alors  :  F  =  1  -«xp  jj  Vp  U+  ) 


(on  a  utilise  les  notations  elasoiques  j  U  =  tj*  >  vp»  >  Y  ~  >  *^1 =  "n"  ) 
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Uti  programe  ile  resolution  dee  tfqu&tions  pr^eddentes  a  6ti  dtabM  et  applique  pour  dlffdrentea  valeure  du 
parwetro  de  transfert  de  fluids  Vp  .  H  a  peraia  de  ddteroiner  1' influence  de  1‘ inject  ion  (et  da  1‘aspiration) 
sur  la  distribution  des  vitesses  dans  la  scus-couche  viaqueuee  et  dans  la  rdgion  turbulent*  de  parol. 

Pour  analyser  plus  aiseocnt  lea  rdsultats  et  pour  prdparer  Is  definition  de  la  variable  ddficitelre  qu'on 
devra  ahoisir  pour  la  rdgioc  extdrieure,  il  ecnvient  de  rechercher  la  variable  transforms*  qui  donna  h  la  loi 
de  parol  unc  forte  lcgnrithnique  lorsque  l'ocoulane'it  devient  pleineaent  turbulent  (TffOt  ?  *=  1 )  On  trouve 
imedia tenant  qu'rl  faut  faire  inter renir 


V  =  ^-[(1  +  VX)4*-1 


(10) 


variable  ddjb  utiliade  or.  fait  par  diffd  rents  auteurs  et  no  tannest  par  L'fLVE.  .SOil  (rdf.  2)  lima  1' analyse  des 
experiences. 

lea  rdsultats  etablis  par  la  resolution  da  1' Equation  ;)  a  out  doppds  figure  1  sous  la  forme  »  (y  ).  On  ob>- 
orva  que  les  courbea  obtenues  aax  differents  Vp  tendent  voro  une  partie  logarithtnique  qui  ddpend  relativsnent 
peu  de  Vp ,  spdcialcnent  dans  le  cas  de  1' injection.  Cn  pourra  ewivent  b  litre  d'  f.pproxinatlon,  retonir  avec  in¬ 
jection  It  loi  turbulcnte  de  parol  inpe rod able  : 


V+=  log  y  *  +  5,25  (k «  0,4l) 


(11) 


3.3  Meim  -  tei-te-yitTgre  ^fAslIaLrs- 

Henvoyant  h  la  reference  1  pour  les  details  du  ddveloppenertt ,  on  rsppelera  id  les  aspects  prlndpan  du 
i-aitement  effeetud  pour  la  region  exterieure. 

La  variable  dormant  h  la  loi  de  parol  une  foroc  logaritlmique  dtant  V  ,  la  variable  &  utiliser  pour  la 
region  exterieure  est  : 


(12) 


Le  traiteoenj  concerns  une  couche  Unite  d'equilibre,  pour  laquolle,  par  definition,  V8+  -  Vf  est  une  fono- 
tion  de  1)  independantc  de  l'absciaBe  ;  on  pose  par  consdquent  : 

V»-V*=F’(n)  ovec  T)=-| 

La  rdgion  etudiee  est  ceile  d'un  ecouleoont  turbulent  etabli  pour  lequel  j 


T  =  =  ov*c  L- j-^'K^Ts) 


Introduisant  ces  hypotheses  dans  1' equation  de  quantitd  de  oouvernent,  celle-oi  devient  une  equation  diffd- 
rentielle  ordinaire,  dant  la  rdsolution  va  fournir  le  profil  des  vitesses  deficitalres  recherchd.  On  obtient 
ainai,  pour  un  nonbre  de  Reynolds  tendant  vers  I'infini  r 


(lV2),=  2Pf’+(|-+2P)"f’> 


(13) 


QVOC  P  = 


8  du. 


^Cf  +  v^y/t  u«  dx 

EUe  fait  intervenir  ooraae  soul  paranetre,  le  paranetre  de  gradient  de  pression  p. 

<te  .Yi^se  flefidUairB- 

Grfioe  b  I'utilisation  de  la  variable V,*-V*ot  du  paranetre  3  transfoimds,  l'equation  (13)  est  strietement 
identique  a  celle  qu'on  avoit  pu  etablir  en  (ref.  1 )  pour  une  paroi  impermeable.  Les  profils  de  vitesse  defici- 
taire  etablis  dans  ce  oas,  sont  done  directeaent  utilisables  aveo  injeotion  pour  la  variable  transforoee.  Hepro- 
duits  figure  2,  ils  pemettront,  apres  retour  h  la  vitesse  physique  u,  de  determiner  l'influence  combinee  de 
l'injeotion  et  du  gradient  de  pression  cur  le  profil  des  vitesres  dans  une  region  exterieure  qui  couvre,  en  fait, 
la  plus  grande  partie  de  la  oouclio  linite. 

C'est  egalement  pour  la  variable  transforoee  qu'est  prisontee,  fijpire  3,  une  conparaison  a  1' experience, 
destines  a  contrfiler  que  les  profils  expdrimontaux  peuvent  litre  effectivement  represontes  par  la  famille  des  pro¬ 
fils  thdoriques  et  dans  laquelle  on  s' est  place  a  mSne  valeur  du  faetcur  de  foroe  du  profil  deficitaire.  Les 
rcsultats  de  iilCKLEV  ot  DAVI3  (ref.  3)  sont  relatifs  u  une  plaque  plane  j  ceux  de  IfAC-iJUAID  (rdf.  4)  portent  sur 
des  eooulements  aveo  gradient  de  pression,  positif  et  negatif.  L'aooord  avoo  la  solution  proposoe  est  satisfai- 
sant  dans  les  trois  oas. 

Jrottenant  de  paroi. 

La  relation  pour  lc  coefficient  de  frottenent  s'obtient  on  utilioai'.t  le  recouvrome.it  do  la  loi  de  paroi  ot 
de  la  loi  deficitaire,  touts'!  deux  do  fame  logarit'.mique  dais  la  re., ion  en  question.  Pour  la  paroi  impermeable  on 
determine  ainsi  la  fornulo  exprimant  lo  coefficient  de  frotteno.it,  e:i  fo.iotion  du  nombre  de  Reynolds  de  l'dpais- 
seur  de  ddplar  aer.t  : 

/  2  \*A  1  , 

VC J)  "T,09R5+D 

ou  D  est  une  fonotion  du  parametre  de  gradient  de  pression  f) (ou  de  S)  dont  on  a  donne  les  vuleurs  ref.  1 . 

On  a  montro  ref.  1  que  la  acme  formula  s'applique  aveo  injeotion,  lorsqu'on  utilise  dos  grandeurs  tra'isfor- 
ueesCf,  Ve,  V  : 


*  '6vh> 
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Cette  representation  a  perais  effectiveoent,  ref.  1,  de  re;,-rouper  lea  re?u.'.tats  exporimar.taux  de  frnttaoent 
de  paroi  avec  injection  sur  la  eourbe  Cy\R/  )  de  la  plaque  pie  no  jape  ratable. 

Sur  uri  plan  pratique,  cm  crerciie  souvent  k  analyser  lea  resuJ  tats  axperloentsux  en  examinant  le  rapport 
cf/cf0»  cf0  Etant  lc-  frotteaent  sans  injection,  au  c&ae  noobre  de  Reynolds  Rj.  Ov  a  trouvE  que  ce  rapport  ctait 
dans  la  solution,  pen  sensible  a  la  valeur  du  noobre  de  Reynolds.  La  figure  1  cor.tre  cue  la  solution  retprEaenwd 
dans  1* ensemble  asset  correctemest  lea  valeuro  of/cfo  '-e  I1  experience  (i«*\  5-  <  et  'lj. 


4  -  oOIUTIOK.;  X  iMlIitS  L0CAI£. 

4.1  Principe  et  equations  dans  le  caa  general. 

Co.osiderant  oaintenant  le  cas  ge'.wral  d'un  fluide  compressible,  pouvant  conporter  l1  injection  d'un  gaz  etran- 
ger,  l'hypothece  faite  precedeasant  d'unj  coucbe  licLte  d'Equilibre  est  beaucoup  plus  diocu table,  k  grand  noobre 
de  Reynolds,  elle  reviont  de  toutes  f aeons  h  use  siailitude  faite  direct  eoerrt  aur  u  /u j  •  C'est  plus  sinpiement 
dans  ce.te  hypothese  de  siailitude  direste  qu'on  va  ss  placer  pour  le  cas  gEnEral.  On  1' applique ra  Egalement  k 
l'enthaipie  d'arr*t  et  a  la  concentration  et  l*on  posera  par  consequent  : 


^  =  f’(n)  ;  ^-g'(n)  >  ;  r»=y/6 


He  cherciiant  plus  k  dlstinguer  de:<  regions  interieure  et  exterieure,T  ,  et  Q  sent  donnes  par  lours  expres¬ 
sions  cccplbtes  (8) ,  ou  avec  les  notations  prdeddentes  s 


-Qj  JV’/*'.  F1  i}JP_  f»\j» 
P,u»1SRj  5t  Pf  > 

%)*  &  *£*(*-*“  3£) 


T  _  E/E*  .»  ,  pt,  I  P 

"  RS  p. 


L'hypotnese  de  similitude  appliquee  k  l'dquation  de  quantite  de  mouveiaent,  k  1’ Equation  d'energie  et  k  1' Equa¬ 
tion  de  conservation  du  gaz  principal  conduit  aux  trois  Equations  diffErentielles  ordinaines 
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(16) 

La  derivation  est  cffcctuEe  par  rapport  all .  La  masse  volumique  est  expriciEe  au  noyen  de  l'equation  d’etat  du 
melange,  qui  denne  en  supposant  que  les  deux  composonts  sont  de3  gaz  parfaits  s 


La  vitesse  verticalc  et 


jt  +  Cx(4~jfel  ^  ttJbz 


masses  motor** 


i  c,.j’) 


tip. 


s'expriment  par  l'dquation  de  continuitE. 


Les  conditions  aux  limites  utilisecs  pour  resoudre  le  systeme  sort  d’abord  les  conditions  classiques  d' adheren¬ 
ce  a  la  paroi  et  d'ecoulcnent  exterieur  sans  frottement  dont  les  caracteristiques  sont  donnees  : 


en  T) =0  :  f’=0 


(  g’=  hp  / Ho  ( temperature  imposee ) 

(ou  |r  +  ^3^  iV  =  ^  R*  (flux  *  cnaleur  impose) 

eni)=i  :f'=i  (u^u*)  jg'=l(H  =  He)  >  jJ=  1  (C2  =  1 )  >  f’’=0  (t=o) 


(jp-Czp) 


La  condition  relative  k  la  concentration  a  la  paroi  s'etabiit  coins  simplement.  On  schEmatise  la  paroi  poreu- 
se  par  une  ligne  3eparant  un  eftte  reservoir  d'injection  d’un  c'to  ccoulenent.  On  doit  concevoir  dans  le  cas  general, 
qu’une  discontinuitE  a  lieu  au  niveau  de  cette  ligne  pour  la  con.  entration  d'une  espkee  i.  Ecmvcnt  la  conservation 
de  la  masse  de  cettc  espece  au  niveau  de  la  paroi,  on  obtient  (en  neglige ant  le  flux  de  diffusion  du  c.ftte  reservoir): 

Qip»PpVp  (-ip_-Cip*) 

l'indioe  (+)  etant  rclatif  au  c8v5  ecouleuent,  l'indice  (-)  au  c8te  resen'uir. 

Appliouant  ceoi  au  gaz  principal,  on  ootient  avec  le3  notations  adoptees,  la  condition  pour  la  concentration 
k  la  paroi  : 

jV.  _  PpVp 

^jSp  Rj  PqUq 

Dans  le  cas  d'injection  d'un  gaz  etranger  simple,  on  rdmet  tres  genuralenent  que  le  gaz  principal  ne  traverse 
pas  la  paroi,  soitC2p=  0. 

Six  parametres  indenorjants  dEteminant  la  faaille  des  solutions  du  systeme  sont  les  suivants  : 

Hoobre  de  devnoldsR^ « P.u«6/4t,  Hombre  de  toch  to:  naramktre  de  gradient  de  nressicn  &  du«  j  Enina1  pie  ou  flux 
de  cnaleur  hpn..  taux  d'in.iectionf»v>/P»u«:  concentration  ini  dale  r.m  .  *  U«dx 

Apparaissait  ejal^nent  a  priori 61  jit,  ainsi  que  les  valeurs  iritiales  f|p,g’^,  j’p  i  ces  quatre  quantitEs  sont  en  . 
fait  des  parametres  piopres  de  la  solution  et  se  determinent,  apres  iteration,  pour  que  les  conditions  aux  limites 
soient  satisfaites. 

4.2  Application  a  1'in.iection  d'air  cn  compressible  (plauue  plane). 

La  teciinique  prt?cedente  a  ete  appliquee  dans  le  cas  d'injection  d'air  dans  l'air,  pour  etendre  au  cas  general 
du  fluide  compressielc  a  nonbre  de  !iach  extericur  et  temperature  de  paroi  quelconques,  les  resultats  acquis  en  in¬ 
compressible  . 

Le  systeme  des  Equations  a  resoudre  est  celui  des  equations  de  quantitE  de  convenient  et  d'energie  (14)  et  (15)  ; 
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la  diffusion  n'intervient  evidemoent  pas.  -  , 

On  s’est  linitd  jusqu'ici  an  eas  de  la  plaque  plane,  le  tei»e  ou 5;  S?  disparaissant  alora  de  l'dquutlon  ( 14). 
Les  paranktres  inddpeaiants  ss  reduisent  au  noabre  de  Reynolds  Rf,  an  sombre  de  Hach  M*,  k  l’enthalpie  ou  an  flux 
de  c'-ale-vr  hpou^p,  et  au  ta’zr.  d’  injection  PpVp/fyu« 

Un  programs  de  resolution  des  equations  ( 1 4 J  et  (15)  a  dtd  dtabli  et  appliqud  systdmatiquenent  pour  deter¬ 
miner  ie3  profila  de  vitesse  et  d’enttaipie  aicsi  qua  le  frottement  et  lo  flux  de  chaleur  de  paroi,  k  diffdrentes 
valours  deMlet  dehpet  pour  difl'erents  taux  d’injeotion.  On  a  pris  pour  les  noeibres  de  PRAhDTL  laainaire  et  tur¬ 
bulent  ?■=  0,725  et  ft  =  0,89.  On  s'est  place  k  un  nombre  -le  Reynolds  suffisamnent  dlevd  pour  que  la  solution  oor- 
responde  k  ur.  dcouiemont  turbulent  etabli. 

Des  exemples  des  rdsultats  obtonus  sont  doanes  .  h-ure  5  > 

On  y  pressnte  d'abord  lss  piofils  do  vitesse  k  4  =  7  et  Tp/Tod=  0,5  pour  differents  ;aux  d’mjectior.  ;  on 
trouve  qua  I'effet  de  1' injection  est  comparable  k  oelui  d'un  gradient  de  pression  positif  ;  il  donne  lieu  k  une 
deformation  du  profil  dans  le  sen3  d'uns  augmentation  sensible  ds  son  parametre  de  forne. 

On  donne  dgaleaent  les  profils  temperaturo-vitesse  s  l'observation  k  faire  est  qu'ils  sont  irks  psu  sensible# 
k  I'effet  d' injection. 

On  s  considerd  le  oss  de  la  paroi  adiabstique, (Jlp  =  0,  l'enthal.pie  de  paroi  3^  ou  le  facteur  de  recuperation 
devenant  alors  un  parametre  propre  determine  par  la  solution.  On  observe  que  le  facteur  de  rdcupdration  dd r.roi l 
quand  le  taux  d' injection  augments,  deoroissance  plus  prononcee  lorsH^o  le  noabre  do  Kaoh  sst  plus  grand. 

On  a  porte  enfin  k  11  -  2  st  0=7  et  pour  plusieurs  valeurs  de  Tp/Tod  ,  les  rapports  Cf/CF0ot coeffici¬ 
ent  de  flux  ds  chaleur  a  oeux  qu'on  obtiint  au  aSae  Rg  pour  la  paroi  impermeable.  L'injection  donne  lieu  k  une 
diminution  tres  dvidente  du  frottement  st  du  flux  de  chaleur,  l'effst  angmentant.  nettecent  avec  le  noabre  de  Mach. 

4.3  Application  k  I'jjuc&tion  d'un  gaz  £  ranker  (niacue  plane) 

la  technique  a  etd  appliqude  dans  lo  cas  de  1' in  j  set  ion  d'un  gaz  dt  ranger,  en  se  limitant  encore,  compte  tenu 
du  noabre  de  parametres,  au  cas  de  la  plaque  plane  Jn  programme  nnodrique  de  rdsolution  des  dquutione  (14)  (l5) 
et  (16)  a  etc  mis  au  point,  grtce  auquel  a  dtd  enireprise  la  ddtennination  de  rdsultats  systdoatiques  uur  les  pro¬ 
fils  ds  vitesse  et  ds  concentration  st  sur  le  frottemsnt  et  le  flux  de  chaleur, 

Au  stade  actuel,  les  rdsultats  sont  acquis  pour  une  injection  d'hdlixm  et  de  gaz  carboniqus  en  fluide  incom¬ 
pressible.  Pour  un  gaz  donnd,  les  paracktreu  sont  alors  sloplement  le  nombre  de  Reynolds  et  le  taux  d'injeotion. 

Pour  la  viscosite  ,  le  doeffictsnt  de  diffusion  st  lr  noabre  de  SCHMIDT  !>  =  (l/PD  ,  on  a  utilise  les  rdsul¬ 
tats  etablis  en  application  de  la  thdorie  moldculaire  des  gaz  par  HIRSCIOELDER,  CUHTIS3  et  BIRD  (rdf.  8)  pour  les 
coefficients  de  transport  dss  gaz  simples  et  'as  melanges.  La  viscositd  et  le  nombre  de  SCHMIDT,  fonction  de  la 
concentration  et  du  rapport  des  masses  molair  ”  du  gEZ  injsote  et  du  gaz  principal,  variant  darn  la  couche  limite. 

Le  nombre  de  SCHMIDT  turbulent  a  dtd  suppood  corn, t ant,  sa  valeur  dtant  choisie  en  fonction  des  rdsultats  ex- 
perimentaux  obtonus  pour  lss  profils  de  concentration.  Pour  1'hdlium,  les  expdrionces  de  KE11DALL  nous  ont  conduit 
k  retenir  come  valeur  plausible  Sj=  0,9.  Pour  Is  gaz  csrboniquo  on  a  utilisd  lu  vuxeur  provisoire  5t=  1. 

Quelques  examples  dss  rdsultats  obtenus  pour  une  injection  d'hdlium  sont  donnes  figure  6. 

On  y  moutre  d'abord  dss  profils  typiques  de  conc.ntratJon  sterminds  k  diffdrents  taux  d'injeotion.  Cl  dtant 
portd  en  fonction  dc  ii/ty  on  observera  1' allure  sensiblement  lii-daire  des  profile  conoentration-vitesse.  En  ce  qui 
esnesrne  les  profils  y/u«  on  dira  ssulement  cus  l'injeotion  d'hdliua  donne  lieu  a  une  ddformation  du  profil  des 
vitesses  plus  sensible  mais  qualitativement  comparable  k  la  deformation  apportde  par  l'injeotion  d'air. 

Le  go  efficient  da  frottsmentCf  et  le  coefficient  de  transfert  ds  masse  par  diffusion  a  la  paroi  Cm,  sont 
portes  reepectivement ,  selon  una  representation  coutumiere,  en  fonction  du  nombre  de  Reynolds  R«et  du  nombre  de 
Reynolds  de  l'dpaisjeur  caractcristique  ds3  concentrations  0t(rappelons  que  Cm.Q,p/f^u(  C,p  dy^ 

II  est  dvident  que  l'injeotion  donne  lieu  k  une  diminution  importants  st  comparable  des  deux  coofflcients,  Pour 
juger  de  l'influence  de  la  valeur  ohoisie  pour  Is  nombre  de  SCHMIDT  turbulent,  les  calculs  ont  dtd  effectues  dga- 
lement  avee  Sts  0,75  ;  I'effet  est  relativement  sensibls, 

Une  comparai.son  aveo  lss  rdsultats  experimentaux  de  KEliDALL  (ref,  7)  obtsnus  dans  le  cas  do  l'injeotion  d'un 
milange  Helium-Air  a  dtd  effsotude.  La  concentration  en  hdlium  itait  trfes  faible  et  les  rdsultats  conoernant  Is 
coefficient  de  frottement  ont  pu  St re  assimilds  k  oeux  d'une  injection  d'air  figure  4. 

Une  discus  cion  de  la  valeur  du  nombre  de  SCHMIDT  turbulent  a  dee  faite  par  KEIIDALL  qui  en  a  proposd  lui-m&it 
une  ddtenoination  tout  a  fait  plausible,  basee  sur  l'existenoe  d'uno  loi  de  paroi  pour  les  concentrations.  On  a 
pris  les  nombres  de  SCHMIDT  turbule-nts  alnsi  proposes  pour  cha sue  experience  dons  l'application  ds  la  solution  aux 
conditions  des  dites  sxperienoeu. 

La  figure  6  donne  la  oomparaison  de  trois  des  profils  expdrimentaux  de  concentration  d'helium,  aux  profils  thdori- 
ques  ddtermines  dans  la  mdms  plage  do  nombres  de  Reynolds  Rjc  ;  1' accord  est  effectivenent  tout  k  fait  satisfai- 
sant.  Les  oourbes  du  coefficient  de  diffusion  en  fonction  du  nombre  de  Reynolds  Rec  ne  f°nt  d-alenent  apparaltre 
que  dee  differences  assez  faibles  ontre  le  oaloul  et  l'experisnoe. 

La  solution  a  dgalement  dtd  appliques  de  fa? on  systematiqus  dans  le  oas  d'uns  injection  dc  gaz  corbonique,  dans 
l'hypothese  provisoire  d'un  nombre  de  SCHMIDT  turbulent  sgal  k  l'unitd.  Joints  k  oeux  qui  avaient  aejk  etd  ddtor- 
minds  pour  l'injsctior  d'air  et  d'helium,  les  resultate  ont  permis  de  mettre  en  evidence  l'influence  essentiello 
de  la  masse  molaire  du  gaz  injecte.  La  figure  8  represents  dans  les  trois  oas,  le  rapport  du  Cf  au  Cf0  obtenu  sans 
injection  k  m&ae  valeur  du  nombre  de  Reynolds  de  1: epaisseur  de  quantitc  de  mouveaent  j  elle  rnontre  claireaent  que 
la  diminution  du  coefficient  de  frottement  est  d'autant  plus  importante  que  la  masse  molaire  du  gaz  injeotd  est 
plus  faible. 

5  -  CALCUL  PAR  DIITUREIICES  PHIES 

Les  solutions  semblables  ont  pour  interSt  de  foumir  aisement  ds3  families  do  rdsultats  et  do  mettre  ainsi  sn 
dvidsnoe  l'influonce  des  principaux  facteurs  agissant  sur  lo  couche  Unite  dans  lo  oas  de  l’injeotion  :  olios  ont 
1' inconvenient  de  supposcr  des  conditions  aux  limitos  qui  ne  3ont  eVidomment  pas  to’ yours  sati3faites  et  dont  pour- 
ront  s'eoarter  notableuent  les  conditions  de  csrtaines  experiences.  Dans  le  oas  d'existonce  de  gradients  dc  pression 
par  example ,  ceux-ci  donneront  rareaent  lieu  a  une  couche  limite  d'oquilibre  ;  de  plus  on  observera  souvent  unc 
variation  longitudinale  apprdoiable  du  taux  d'injeotion. 

Le  schema  de  longueur  ds  nd large  foumissant  uno  expression  du  frottement  total  pour  toute  la  couche  limite, 
il  est  possible  ds  traitsr  numeriquenent  le  problems  ge'ncral  de  conditions  aux  limites  q\ioloonquco,  on  c:  treprenant 
une  resolution  des  equations  locales  completes  de  la  couche  limite  an  moyen,  par  exomple,  d'une  technique  dc  diffe¬ 
rences  finies.  Une  telle  methode  a  dtd  mi3e  au  point  8t  appliqude  jusqu'ici  poui'  uno  injootion  d'air  das.s  le  cas  du 
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fluide  incc®pressible. 

tie  pouvant  ectrer  ici  dans  lee  details  dr  la  technique  mcaftrique,  on  dira  snuleraent  qu'un  ecftdae  inplicite 
a  etc-  utilisd  pour  den  re  l'equation  de  quantity  da  nuuveaent  sous  la  fome  d'une  Equation  sux  differences.  On 
a  choisi  les  var<ablss  x  et  T)  *  y/6  ,  la  grille  suivant  Q  dtant  determinde  pour  dotiner  lieu  &  des  valeurs  ispoedaa 
de  u/uf  J  un  nombre  de  points  suffisant  est  oinsi  toujours  obtenu  pour  la  soua-couche  risqueuse.  be  a  calcula  ant 
dtd  effectuee  h  partir  d'uiie  station  initials  Xq  en  laquelle  on  e'est  fix’?  le  profil  de  vitesses,  en  t 'occurence 
le  profil  experimental. 

La  figure  9  montre  les  resultats  d'un  tel  calcul  effeotue  dans  les  conditions  des  experiences  de  KAC  QU1ID  (rdf ,4 
et  9).  II  s'agiesait  d'une  dtude  de  1'ingoction  d'air  dans  un  dcouleaent  ccnportant  une  variation  de  la  vitesae 
oxterieure,  &  laquelle  est  liee  une  variation  du  taux  d' injection  Vp/iif  Les  cas  1  et  II  prdsentds  ici  correspon¬ 
dent  respectivene.ut  a  des  gradients  de  pre colon  positif  et  ndgatif  j  le  cas  d'une  discontinuitd  do  t?  a  dgalenent 
ctd  dtudid  (paroi  poreuse  suivie  d'une  paroi  sans  injection,  avec  Up  constant).  ^ 

On  denne,  figure  9,  les  profils  Re  vitesoe  calculde  aux  differentee  stations  par  la  mdthode  de  diffdrenoee 
finieo  ;  leur  accord  avec  les  profile  expert mentsux  est  tout  a  fait  satisfaiaant.  L'dvolution  du  coefficient  de 
frottement  est  aussi  representde  tres  correcteaent  par  le  calcul. 

6  ••  COKCLLSIOH. 

L' utilisation  d'un  schema  aodliord  de  longueur  de  melange  a  pernis  d'obtenir  des  resultats  thdoriquea  cahd- 
renta  cut  les  couches  limites  tur'oulentes  avec  injection  de  fluide. 

En  fluids  incompressible,  la  correction  de  sous-couche  vis queue 9  que  comporte  le  echeoa  semble  rendre  coapte 
raiaonnablenwnt  du  ccnroortenent  au  voisinage  de  la  paroi.  1a  determination  de  solutions  d'dquilibre  pour  la  coucha 
limite  extdrieure  a  pernis  d'aboutir  a  dss  resultats  systematiquee  jusque  lh  inexistante,  sur  1 ' influence  coabinie 
de  l'injection  et  du  gradient  de  pression. 

En  fluide  compressible,  la  determination  de  solutions  de  similitude  locale,  paraft  susceptiblo  de  foumir  las 
resultats  syst loatiques  dont  on  couiiaite  disposer  quant  a  l'effet  d;in.jec~ion  aux  different s  nombres  de  Hach  et 
aux  differentes  temperatures  <ie  paroi. 

Dans  le  cas  de  l'injection  d'un  gaz  etranger,  la  solution  de  similitude  p«*at  encore  de  determiner  dee  pre¬ 
fils  de  vitesse  et  de  concentration  qui  semblent  en  accord  avec  les  experiences  dispor.iblee.  Ella  confirao  l'effet 
cssentiel  de  la  masse  molaire  du  gas  injecte  sur  le  coefficient  de  frottement  de  paroi  dont  elle  semble  foumir 
une  cstination  raisannable.  Ica  ofues  resultats  sont  at*. endue  pour  le  coefficient  de  txansfert  de  chaleur,  d'une 
application  actucllement  en  cours  da  la  technique  de  calcul  au  cas  du  fluide  compressible. 

La  raise  en  oeuvre  d'une  technique  de  differences  finies  et  son  application  en  incompressible  h.  des  cas  de  non- 
similitude,  conduit  egaloment  A  un  accord  avec  1' experience  qui  seoiur  justli'ier  lee  hypotheses  du  schema  util  led. 
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SUMMARY 


A  critical  survey  is  made  of  available  experimental  data  on  turbulent  boundary 
layers  with  mass  transfer  in  the  absence  of  complicating  factors  such  as  compressibility 
and  pressure  gradient.  The  attitudes  and  methods  are  similar  to  those  in  the  survey 
paper,  "The  Young  Person's  Guide  to  the  Data",  which  was  prepared  for  the  1968  Stanford 
conference  on  computation  methods. 

Two  approaches  to  the  data  show  particular  promise.  The  first  is  the  mixing-length 
approach,  which  leads  (as  is  well  known)  to  a  set  of  modified  coordinates  such  tha'  the 
classical  similarity  laws  outside  the  sublayer  se  ;m  to  remain  valid  down  to  the  latt 
detail,  at  least  for  moderate  values  of  suction  or  blowing.  The  second  approach  is  more 
original;  it  is  an  attempt  to  generalize  the  kind  of  analysis  often  used  to  develop 
similarity  laws  for  free  shear  flows  such  as  wakes  or  jets,  while  preserving  intact  an 
argument,  originally  due  to  Millikan,  which  extends  these  ideas  to  the  case  of  boundary- 
layer  flow.  The  essential  step  is  definition  of  a  characteristic  velocity  (qua  friction 
velocity)  in  terms  of  a  characteristic  stress  (qua  wall  stress)  which  occurs  somewhere 
in  the  layer.  A  strong  precedent  fcr  such  a  step  can  be  found  in  the  usual  treatment  of 
surface  roughness.  So  far,  the  best  choice  for  the  characteristic  stress  seems  to  be 
some  kind  of  average  value  for  the  sublayer. 


I.  THE  METHOD  OF  THE  MIXING  LENGTH 


A.  RATIONALE 


Elements  of  the  method.  It  is  not  easy  to  describe  precisely  what  is  meant  by  the 
term  mixing-length  theory,  since  the  theory  has  almost  as  many  variations  as  it  has 
adherents.  In  its  simplest  form,  however,  the  theory  has  three  main  elements.  The  first, 
a-  definition  of  mixing  length,  usually  involves  some  analogy  with  the  mean  free  path  of 
the  kinetic  theory  of  gases.  A  leading  variant  is  Prandtl's  definition  of  1925, 

T  =  P*2(fj)2  (1) 

The  second  element  is  a  statement  about  the  relationship  of  l  to  some  more  acces¬ 
sible  variable  of  the  problem.  Here  a  leading  variant  is  Prandtl's  proposal  of  1933, 
originally  inspired  by  an  examination  of  Nikuradse's  measurements  in  pipe  flow; 

l  =  *y  (2) 

in  which  the  constant  x  is  usually  alleged  to  be  universal. 

The  third  element  is  an  expression  for  t.  For  example,  the  crudest  useful  approxi¬ 
mation  for  flow  near  a  wall  is 


Note  that  the  three  equations  (1)  -  (3)  have  been  deliberately  chosen  to  manufac¬ 
ture  a  logarithmic  dependence  of  u  on  y. 


<Tw/p) 


=  in  y  +  constant 


Ncte  also  that  the  result  (4)  is  typical  of  a  pure  mixing-length  theory,  in  that  it 
provides  a  description  of  one  fragment  of  the  mean  flow,  unconnected  with  any  description 
of  adjacent  fragments.  As  long  as  the  ordinary  fluid  viscosity  is  ignored,  no  proper 
boundary  conditions  are  available  for  evaluating  the  constant  of  integration  in  equation 


(4 


mental  evidence  or  both.  For  the  case  of  a  smooth  wall,  it  is  generally  agreed  that  the 
variable  y  should  be  scaled  on  the  viscous  length  v/fi^/p)*5,  not  only  in  the  viscous  sub¬ 
layer  but  in  the  wall-dominated  part  of  the  fully  turbulent  region  as  well.  This  being 
so,  equation  (4)  can  be  transcribed  as 

u  i  y<Tw/p)Js 

- — t  =  7  *n  - 7T -  +  co  (5) 

(V0) 
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where  c  is  now  dimensionless, 
o 

A  private  view.  The  mixing-length  theory  has  an  excellent  track  record  in  dealing 
with  effects  of  roughness  and  compressibility.  These  successes  of  the  theory  have  not  been 
achieved  without  pain,  however.  One  major  difficulty  is  the  ambiguity  already  mentioned. 

For  example,  Prandtl  in  1945  proposed  replacing  equation  (1)  by  an  equation  t  =  p/.E^ (du/5y) , 
where  E  is  turbulent  energy  per  unit  mass.  A  laminar  term  might  also  be  included  either  in 
(1)  or  in  (2),  perhaps  in  the  manner  of  the  well-known  damping  hypothesis  suggested  by 
Van  Driest  in  1956.  An  alternative  form  of  (2),  i  =  x (Su/3y)/(3^u/3y^ ) ,  was  used  by  Karman 
as  early  as  1930.  An  additional  degree  of  freedom  appears  in  the  analysis  if  the  density  o 
is  not  constant.  Finally,  the  approximation  t  =  tw  in  (3)  is  clearly  inaccurate  in  many 
situations  and  deserves  on  the  face  of  it  to  be  replaced  by  some  better  approximation,  such 
as  t  =  rw  +  y(dp/dxj  for  flow  with  pressure  gradient  or  t  =  tw  +  ovwu  for  flow  with  mass 
transfer.  In  fact,  the  advent  of  large  computers  has  allowed  t  to  be  specified  via  an 
equation  for  conservation  of  mean  momentum  in  differential  form.  Unfortunately,  as  these 
variations  and  others  have  been  explored,  experience  has  shown  that  a  more  elaborate  formula¬ 
tion  does  not  automatically  lead  to  a  better  result. 

My  own  attitude  toward  the  mixing-length  theory  is  that  I  view  the  basic  hypotheses 
of  the  theory  as  essentially  unprovable.  I  am  therefore  not  surprised  that  the  arguments 
used  in  the  literature  sometimes  have  an  almost  theological  flavor.  The  mixing  length, 
like  the  eddy  viscosity,  is  simply  not  a  real  physical  quantity,  by  which  I  mean  a  quantity 
capable  of  being  evaluated  experimentally  by  more  than  one  method.  The  mean  velocity  u 
qualifies  as  a  real  quantity  by  this  criterion,  at  least  to  the  extent  that  any  mean  value 
in  a  turbulent  flow  can  do  so.  So  does  the  turbulent  shearing  stress  t,  since  it  can  be 
evaluated  either  (a)  from  its  definition  as  a  covariance  -  ou’v'  or  (b)  from  the  mean 
momentum  equation  as  an  apparent  force  which  is  required  to  account  for  the  observed  accel¬ 
erations.  The  mixing  length  l,  on  the  other  hand,  can  be  evaluated  in  only  one  way,  by 
using  known  functions  u  and  t  in  the  definition  (1)  or  in  some  equivalent  expression. 

B.  FLOW  WITH  MASS  TRANSFER 

The  law  of  the  wall.  The  analytical  literature  of  turbulent  mass  transfer  includes  by 
now  numerous  variations  on  the  mixing-length  theme.*  However,  my  purpose  in  this  paper  is 
to  examine  experimental  contributions  to  the  subject,  not  analytical  ones.  I  will  therefore 
consider  only  the  most  popular  formulation,  which  replaces  (3)  by 


t  =  v  +  pv  u 
w  w 


(6) 


It  follows  that  (4)  is  replaced  by 


+  v  u)*5  =  ± 


in  y  +  constant 


(7) 


where  the  constant  may  now  depend  on  v  as  well  as  t  .  One  form  of  equation  (7),  the 
bilogarithmic  lav  of  Black  and  SarneckY,  puts  "constant"  =  -(l/x)in(d)  and  retains  u  as 
dependent  variable.  The  result  can  be  written 


{VD)h 


(Tw/p) 


rl  1 
V2  * 


x  ~  in 


(Tw/c)’5 


(a; 


Another  form,  the  square-root  law  of  Stevenson  and  others,  retains  lpg(y)  as  independent 
variable,  introduces  (arbitrarily)  the  viscous  length  scale  v/(tw/p)^,  and  invokes  the 
limit  vw  =  0  at  the  outset  to  obtain  an  equation  for  what  I  will  call  the  pseudo-velocity 
profile. 


2(Tw/p) 


[  d+ 


DV  U 
W  , 


1] 


-  in 
x 


y(tw/o) 


(9) 


In  the  discussion  which  follows,  I  want  to  test  the  suitability  of  equation  (9)  for 
describing  effects  of  mass  transfer  in  turbulent  flow.  First,  however,  I  want  to  point 
out  some  conceptual  difficulties  with  this  equation  in  two  limiting  cases. 


The  asymptotic  suction  layer.  Let  the  asymptotic  suction  layer  be  defined  in  general 
by  the  condition  3/dx  =  0  and  in  particular  by  the  condition  d0/dx  =  0.  The  momentum- 
integral  equation  for  constant  pressure  , 


pv  u 

W  p  _  1 
T 

w 


de_ 

dx 


(10) 


then  yield"  an  equivalent  condition,  -  pv^u^  =  having  an  obvious  physical  interpretation. 


*  This  literature  can  be  retraced  with  the  aid  of  the  recent  survey  article  by  Jeromin 
in  Volume  10  of  "Progress  in  Aeronautical  Sciences",  Pergamon,  1970.  The  1958  paper  by 
Black  and  Sarnecki  and  the  first  1963  paper  by  Stevenson  are  especially  informative. 


25-3 


The  flow  in  question  is  extremely  difficult  to  realize  experiment lly ,  and  may  have  to  be 
approximated  in  practice  by  a  turbulent  boundary  layer  which  is  first  allowed  to  grow  and 
then  is  subjected  to  sufficiently  strong  suction  so  that  d9./dx  is  locally  negative;  see 
especially  Dutton  (1955).  But  1  +  ov  u^/t  lias  the  same  sign  as  d9/dx.  The  combination 
1  +  dv^u/t^,  which  is  really  t/t  in  disguise,  according  to  equation  (6)  may  therefore 
be  negative  in  some  region  near  the  edge  of  the  boundary  layer,  and  the  left  side  of  the 
profile  equation  (9)  will  be  imaginary.  I  doubt  that  there  is  any  attractive  exit  from 
this  well-known  dilemma  within  the  limitations  of  mixing-length  theory.  In  any  event, 
difficulties  are  almost  inevitable  in  any  application  of  formulae  derived  from  equation  (7) 
to  flows  with  strong  suction. 


The  Vowoff  condition.  The  blowoff  limit  is  defined  by  the  boundary  condition 
rw  =  0.  The  difficulty  here  arises  during  an  empirical  passage  from  a  wall  law  to  a  defect 
law.  Given  that  the  presence  in  the  profile  equation  of  a  term  representing  the  wake-like 
character  of  the  outer  flow  is  appropriate  when  vw  =  0  (Coles  1968),  a  tentative  but  plau¬ 
sible  (and  partially  successful;  see  below)  generalization  of  equation  '9)  is 


2<Tw/o)iS 
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0V..U  >{ 
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w  -  i  y<Tw/o) 
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where  in  principle  the  parameter  H  may  depend  on  both  v  /u  and  v  /(t  /p )  •.  New  consider 
the  limit  r  =  0  in  equation  (11),  assuming  that  the  sift2  form  ofwthewwake  term  is  pre¬ 
served  in  the  limit.  Discard  the  log  term  (including  the  constant  c)  on  the  ground  that 
it  must  be  replaced  in  ar.y  event  by  a  suitable  sublayer  approximation  which  will  vanish 
for  vanishing  argument.  Alternatively,  note  that  the  viscosity  v  should  not  enter  into 
any  description  of  the  flow  when  rw  =  0.  It.  then  follows  that  the  limiting  flow  has  no 
intrinsic  scale  and  is  necessarily  conical  (wedgical),  with  u/um  a  function  of  y/6  only. 
Finally,  apply  an  obvious  boundary  condition  in  the  free  stream  to  obtain  I1/h  -  (u  /v  )b. 
The  desired  limit  is  seen  to  be  ”  w 


,  u  .*5  .  2  ,tt  y . 

(— )  =  sin  (j  f ) 


(12) 


Now  the  momentum-integral  equation  for  the  blowoff  condition  is  evidently 


j*  _  d£. 

l  dx 
00 


(13) 


with  both  sides  independent  of  x.  I  submit  that  the  hypothetical  flow  described  by  the 
blowoff  limit,  equation  (12),  cannot  differ  very  much  from  the  flow  in  a  plane  mixing 
layer  between  a  uniform  stream  ar.d  a  fluid  at  rest.  The  numerical  value  of  v^/u^ 

(or  d9/dx)  can  therefore  be  estimated  a  priori  to  be  approximately  0.035  (Liepmann  and 
Laufer  1947).  I  know  of  one  experimental  study,  by  Mugalev  (1959),  which  includes 
data  for  a  blowing  rate  of  almost  this  magnitude  for  boundary-layer  flow  past  a  flat 
plate.  Although  the  data  are  not  completely  reported,  the  one  published  mean-velocity 
profile  with  vw/us  =  0.0293  shows  the  expected  S-shape,  close  enough  to  a  sin2  function, 
and  the  experimental  value  for  the  shape  factor  (displacement  thickness/momentum  thickness) 
is  close  to  four,  again  the  expected  value.  The  formula  (12),  on  the  other  hand,  requires 
a  sin^  variation  for  the  mean  velocity  u,  and  a  shape  factor  exceeding  six.  Consequently, 

I  expect  equation  (11),  and  by  implication  equation  (9),  to  fail  for  flows  with  sufficiently 
strong  blowing  as  well.  I  have  not  tested  the  possibility  that  a  different  point  of  depar¬ 
ture  for  construction  of  a  defect  law,  such  as  the  formula  (8)  proposed  by  Black  and 
Sarnecki,  might  eliminate  this  particular  difficulty  without  introducing  new  and  unwelcome 

difficulties  for  other  values  of  v  . 

w 


The  intercept.,  c.  The  most  important  issue  in  connection  with  equation  (9)  is  to 
establish  the  dependence  of  the  dimensionless  constant  of  integration  c  on  the  dimensionless 
ratio  vw/(tw/c)15.  Mickley  and  Davis  (1957)  and  Black  and  Sarnecki  (1958)  reached  quite 
opposite  conclusions  about  c  using  the  same  Mickley-Davis  blowing  data,  data  which  are  now 
known  to  involve  highly  erroneous  estimates  of  surface  friction.  Stevenson  (1963a),  relying 
on  his  own  blowing  experiments  on  a  body  of  revolution,  concluded  that  the  parameter  c  in 
equation  (9),  like  the  parameter  x,  is  essentially  unaffected  by  mass  transfer.  His  figure 
2  reinforces  this  conclusion  for  the  suction  data  considered  by  Black  and  Sarnecki  as  well. 
Simpson  (1967)  carried  out  extensive  new  measurements  in  flat-plate  flows  with  both  blowing 
and  suction,  and  proposed  a  different, condition;  namely,  that  equation  (9)  always  passes 
through  the  point  u/(t,./s  )q  =  v(t../o)Vv  =  K  -  11,  regardless  of  the  value  of  v...  Here  the 
parameter  K  represents  the  intersection  of  the  log  profile  with  a  linear  sublayer  when 

v  —  0 ;  that  is 

w 


y(Tw/°)is 
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y(Tw/p)**  + 

V 


c 

o 


(14) 


or 


K  -  -  in  K  +  c 

H  O 


My  favorite  values  x  =  0.4/  and  c 


(15) 


5.0  then  require  K  =  10.805. 


Simpson's  condition  implies  for  c 

<V0)l5 

C  =  cQ  +  2  - - 


[  (1  +  K - S!-c)^  -  1]  -  K 


(Tw/o) 


As  the  blowing  limit  -  0  is  approached,  this  becomes 

c  »  cQ  -  K  (17) 

and  as  the  asymptotic  suction  limit  is  approached, 

c  =  cQ  -  2  (j^-)*5  [(1  -  KtY-)^)*5  -  1]  -  K  (18) 

2 

where  C,  =  2t /ou^  is  the  local  friction  coefficient.  Evidently  Cf  cannot  exceed  the 
value  27K2.  For  this  value  of  Cf,  the  ratio  vw/(tw/o)!5  takes  its  most  negative  value, 
-1/K,  and  c  from  equation  (16)  becomes 

c  =  cQ  +  K  (19) 

Simpson's  condition  seems  to  me  to  be  highly  contrived.  His  reference  point  is 
not  a  fixed  point  in  any  attractive  set  of  coordinates,  and  for  vw  /  0  is  unrelated  to 
any  intersection  of  the  logarithmic  profile  formula  (9)  with  a  laminar  sublayer  formula 
modified  to  take  mass  transfer  into  account.  It  is  a  particularly  awkward  fact  that  no 
intersection  exists  outside  the  limited  range  -  0.087  <  vv/(tw/om  <  0.400,  although  some 
of  the  data  to  be  considered  shortly  do  in  fact  fall  outside  this  range. 

Nevertheless,  Simpson's  version  of  the  mixing-length  formulation  works  like  black 
maqic ,  and  Simpson's  condition  on  c  leads  to  a  hiqhlv  successful  consolidation  of  blowin 


and  suction  data  for  small  to  moderate  values  of  v 


Experimental  data.  The  conclusion  just  stated  is  based  on  a  fit  of  various  data  to 
the  full  profile  equation  (11),  using  equation  (16)  to  compute  the  intercept  c.  The 
methods  and  even  several  of  the  programs  are  essentially  the  same  as  in  my  1968  Stanford 
paper,  except  that  the  parameter  vw/(tw/p)o  and  the  intercept  c  are  now  updated  in  each 
step  of  the  iteration  procedure. 

For  Simpson's  flows  of  conventional  type?  i.e.,  flows  with  constant  or  continuously 
varying  vw,  local  values  of  Cf  inferred  from  this  fitting  operation  are  compared  in  figure 
1  with  Simpson's  "best  estimate".  A  discrepancy  of  about  ten  percent  seems  to  be  charac¬ 
teristic,  even  for  vw  =  0.  The  quality  of  the  proi'le  fit  is  illustrated  for  several 
pseudo-velocity  profiles  in  figure  2,  which  confirms  that  the  effect  of  increasing  vw  on 
the  parameter  c  is  qualitatively  the  same  as  the  effect  of  increasing  surface  roughness. 
Figure  2  also  makes  another  points  the  parameter  n,  which  measures  the  maximum  departure 
of  the  profile  from  the  log  function  near  the  free  stream,  is  very  nearly  independent  of 


vvf ■  This  observation  is  not  entirely  new.  Several  authors,  particularly  Stevenson  (1963b), 
have  previously  converted  equation  (11)  to  a  defect  law  for  the  pseudo-velocity 
2(tw/p)^[ (1  +  pvwu/T„P  -  l]/vw  and  have  noted  the  insensitivity  of  the  result  to  variations 
in  vw.  In  view  of  the  fact  that  the  controversial  intercept  parameter  c  drops  out  during 
conversion  to  defect-law  form,  agreement  on  this  point  is  hardly  surprising. 

However,  I  can  go  a  little  further.  Figure  3a  shows  the  parameter  n  plotted  against 
Rg  for  Simpson's  flows  of  conventional  type.  Also  shown  for  reference  is  the  trace  of 
Wieghardt's  measurements  on  a  solid  surface.  Note  that  Simpson's  data  faithfully  reproduce 
the  well-established  decrease  of  tl  at  low  Reynolds  numbers  (cf.  Coles  1962,  appendix  A: 


Simpson  1970),  including  the  indication  of  a  lower  limit  for  turbulent  flow  at  a  Reynolds 


number  Ro  of  about  600.  For  practical  purposes,  the  profile  formula  (11)  in  defect  form 


therefore  provides  a  representation  in  which  effects  of  mass  transfer  are  as  difficult  to 


detect  as  are  effects  of  surface  roughness.  Even  the  slightly  diminished  values  of  n  for 
moderate  Reynolds  numbers  in  figure  3a  can  reasonably  be  interpreted  as  an  effect  of  the 
relatively  high  free-stream  turbulence  level  in  Simpson's  experiments. 

This  picture  is  confirmed  by  data  from  other  sources.  Figure  4  shows  pseudo-velocity 
profiles,  and  figure  3b  shows  II  against  Rg  ,  for  the  measurements  with  blowing  by  McQuaid 
(1966).  The  last  three  profiles  in  figure  4,  with  vw/u*  in  the  range  0.008  to  0.014, are 
from  the  series  with  v  increasing  at  fixed  x;  they  show  an  appreciable  rise  in  n.  Conse¬ 
quently,  I  suggest  that  the  maximum  blowing  rate  for  which  the  defect  law  is  invariant  in 
Simpson's  formulation  is  roughly  0.010. 

Figures  5  and  3c  show  the  same  quantities  for  the  measurements  with  blowing  by 
flickley  and  Davis  (1957).  Here  the  observed  decrease  in  n  as  increases  would  ordinarily 
be  interpreted  as  an  effect  of  a  negative  pressure  gradient  which  was  unfortunately  present 
in  these  experiments. 

Finally,  figure  6  shows  several  pseudo-velocity  profiles  from  the  measurements  with 
small  rates  of  suction  by  Favre  et  al.  (1966)  and  one  typical  profile  from  the  series  of 
suction  experiments  by  Tennekes  (1964).  The  strength  of  the  wake  component  seems  to  be 
uniformly  and  abnormally  small  for  Favre ' s  flows,  including  the  flow  with  vw  =  0,  but 
abnormally  large  for  Tennekes'  flow.  In  both  cases  the  reason  is  unknown. 


Epilogue.  On  the  experimental  side,  my  opinion  ip  that  neither  the  blowoff  condition 
nor  the  asymptotic  suction  layer  is  adequately  documented.  The  latter  flow  is  especially 
difficult.  If  a  long  run  of  solid  surface  is  provided,  to  obtain  a  relatively  thick 
boundary  layer,  the  relaxation  to  the  asymptotic  suction  state  may  be  very  slow  (because 
there  is  an  initial  excess  of  turbulent  energy  at  low  wave  numbers  which  may  take  a  long 
time  to  disappear).  On  the  other  hand,  if  suction  is  applied  very  early,  the  Reynolds 
number  will  remain  small  and  relaminarization  may  occur.  This  problem  was  recognized  by 
Dutton,  Tennekes,  and  other  investigators,  but  definitive  experiments  are  still  needed. 

On  the  analytical  side,  there  is  strong  evidence  that  the  defect  law  associated  with 
the  pseudo-velocity  profile  (11)  is  insensitive  to  moderate  values  of  suction  and  blowing, 
and  that  Simpson’s  condition  on  the  intercept  parameter  c  is  realistic.  It  follows  that 
the  effect  of  mass  transfer  on  the  local  friction  law,  on  the  shape  factor,  on  the  local 
shoarinq-stress  profile,  and  so  on^  are  all  under  excellent  engineering  control.  Because 
this  conclusion  is  an  empirical  one,  it  is  limited  in  several  directions.  It  should  be 
accepted  with  caution  outside  the  range  (say)  -  0.004  <  vw/uw  <  0.010  or  for  Reynolds 
numbers  beyond  the  very  limited  range  of  the  available  data.  With  these  reservations,  I_ 
view  the  results  described  so  far  as  an  unequivocal  success  for  the  mixing-length  theory 
as  an  engineering  tool. 


II.  THE  METHOD  OF  CHARACTERISTIC  SCALES 


A.  RATIONALE 

Free  shear  flows.  Similarity  arguments  are  the  traditional  means  of  approach  to 
the  classical  turbulent  free  shear  flows,  such  as  the  symmetrical  jet  or  wake,  which 
incorporate  single  local  scales  for  velocity  and  length.  Moreover,  this  approach  is 
invariably  supported  by  experiment  when  the  experimental  conditions  are  carefully  enough 
arranged,  which  is  to  say  when  scales  associated  with  the  environment  or  with  initial 
conditions  have  dropped  out  of  the  picture.  The  key  point  is  that  a  Galilean-invariant 
velocity  scale,  say  v.  always  defines  itself  operationally  durinq  normalization  of  the 
profile  of  mean  velocity  or  of  mean-velocity  defect.  Given  that  this  is  the  only  local 
velocity  scale  in  a  free  shear  flow,  it  must  also  be  the  proper  one  for  makinq  the 
Reynolds  stresses  non-dimensional.  Typical  similarity  assumptions  are  then  of  the  form 
u/uQ  =  f(y/6)  and  T/fiu^  «  h(y/6),  "with  one  relationship  between  f  and  h  provided  by  the 
momentum  equation.  The  problem  then  reduces  itself  to  (a)  specifying  one  or  the  other 
of  these  functions  or  (b)  determining  -  usually  by  some  quite  explicit  statement  about 
the  turbulent  mixing  mechanism  -  a  second  relationship  between  f  and  h.  Confidence  in 
the  similarity  principles  just  described  is  strong  enough  so  that  there  is  usually  no 
hesitation  in  extending  them  to  less  classical  free  shear  flows  such  as  the  wake  in  a 
pressure  gradient  or  the  radial  jet. 

Millikan's  argument.  From  the  point  of  view  of  dimensional  analysis  and  similarity, 
the  essential  feature  of  a  frc?  shear  flow  is  that  the  fluid  viscosity  is  not  material. 
This  is  no  lonqer  the  case  if  a  wall  is  present,  and  the  extension  of  similarity  prin¬ 
ciples  to  boundary  layers  and  other  such  flows  has  had  a  long  and  difficult  history. 

Unless  the  circumstances  are  quite  exceptional,  turbulent  boundary  layers  are  known  to 
involve  two  length  scales.  One  is  an  overall  scale,  say  5;  the  other  is  a  sublayer 
scale,  say  y  ,  which  ordinarily  represents  the  influence  of  viscous  damping  near  the 
wall  or  the  Influence  of  surface  roughness.  The  name  of  the  similarity  qame,  however, 
is  still  the  same;  it  is  to  determine  the  nature  of  these  scales,  in  as  much  detail  as 
possible,  by  applyinq  conservation  laws  and  by  invoking  or  inventing  appropriate  boundary 
conditions  at  the  wall  or  elsewhere.  In  this  process  it  is  usually  assumed  that  the 
influence  cf  external  factors  such  as  pressure  gradient  or  mass  transfer  is  to  modify 
the  relationships  among  existing  scales  without  introducing  new  ones. 


The  role  of  the  two  lengt.1  scales  in  a  normal  boundary  layer  is  epitomized  by  an 
argument  due  originally  to  Millikan  (1938).  Suppose  that  for  a  given  flow  the  mean- 
velocity  profile  near  the  wall  has  the  form  of  the  law  of  the  wall. 
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and  that  the  profile  outside  the  sublayer  has  the  form  of  the  defect  law. 


(20) 


=  g(g-) 


(21) 


Either  or  both  of  these  formulas  may  involve  hidden  parameters  which  depend  on  pressure 
gradient,  mass-transfer  rate,  and  so  on.  Any  such  parameter  must  clearly  be  (a)  dimen¬ 
sionless  and  'b)  constant  throughout  the  flow,  since  the  implicit  dependence  of  u  on  x  is 
supposed  to  be  completely  contained  in  the  x -dependence  of  u„,  6,  uQ  and  yQ.  The  hidden 
parameters  can  be  and  often  are  interpreted  as  criteria  for  equilibrium. 

Now  suppose  that  these  two  representations  have  a  common  reqion  of  validity  (with 
respect  to  the  coordinate  y).  In  the  common  region, 
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while  at  the  same  time 
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Provided  that  the  ratio  y0/6  is  not  an  invariant  of  the  flow,  it  follows  that 
F  =  G  =  constant  in  the  common  region.  Call  this  constant  1/x.  Then 


—  =  f{-*-) 
uo  *o 


—  log  + 

v  3  tf 


(22) 


(23) 


(24) 


where  c  is  a  second  constant.  It  ie  an  important  property  of  this  argument  that  the 
fluid  viscosity  does  not  appear  explicitly. 

In  principle,  the  two  dimensionless  constants  x  and  c  in  equation  (24)  may  depend 
on  the  hidden  parameters  in  the  original  similarity  laws;  and  this  dependence,  if  it  is 
sufficiently  strong,  can  presumably  be  detected  experimentally.  To  do  so,  however, 
requires  the  coordinates  u/uQ  and  y/yQ  (i.e.,  the  scales  uc  and  yQ)  to  be  defined  in 
advance.  Discussions  of  this  point  therefore  tend  to  be  somewhat  circular. 

The  characteristic  stress.  I  believe  that  Millikan's  reasoning  is  so  simple  and 
so  elegant  that  it  must  also  be  in  some  sense  correct.  I  will  therefore  attempt  in  this 
section  to  adapt  the  essential  ingredient;,  of  Millikan's  demonstration  to  other  specific 
ca^es,  preserving  as  far  as  possible  the  traditional  simplicity  of  the  similarity  approach 
to  free  shear  flows.  However,  it  is  important  to  keep  in  mind  the  empirical  and  accidental 
aspects  of  the  situation  in  the  case  of  boundary-layer  flow.  For  example,  if  it  were  easy 
to  measure  t  and  difficult  to  measure  u,  instead  of  the  other  way  around,  the  concept  of 
similarity  would  undoubtedly  have  evolved  first  for  the  quantities  t/t  or  i/Tmax"  In 
any  event,  the  preponderance  of  the  evidence  is  that  a  similarity  law  like 

T/pu£  =  h (y/6)  (25) 


is  an  adequate  approximation  for  an  equilibrium  flow  past  a  solid  wall;  i.e.,  a  flow  for 
which  the  defect  law  applies.  A  non-trival  case  in  point  is  uniform  pipe  or  channel  flow, 
for  which  t  is  known  to  be  precisely  linear  in  y/6  regardless  cf  the  viscosity.  Another 
case  in  point  is  the  continuously  separating  boundary  layer,  for  which  the  concept  of  a 
sublayer  is  very  nearly  moot.  For  a  general  boundary-layer  flow  the  term  "approximation" 
recognizes  the  fact  that  equation  (25)  for  t  and  equation  (21)  for  u  are  unlikely  both 
to  be  rigorously  correct,  even  outside  the  sublayer,  because  of  their  rather  intricate 
connection  through  the  non-linear  equation  of  mean  momentum.  This  point  has  been  made 
before  by  Clauser  and  others,  but  in  my  opinion  it  is  not  central  to  what  follows. 

Consider  therefore  the  special  case  of  flow  in  a  pipe  or  channel  or  in  a  boundtiry 
layer  at  constant  pressure.  For  these  flows  there  is  particularly  convincing  evidence 
that  the  scale  uQ  which  is  appropriate  for  scaling  the  velocity  defect  u,,,-  u  is  also 
appropriate  for  scaling  the  stress  t,  just  as  in  free  shear  flow.  More  precisely,  the 
definition 


(26) 


seems  to  be  a  proper  generalization  of  experience  with  free  s....ar  flows,  with  rw  2 

substituting  for  t  as  the  characteristic  stress  which  is  formally  identified  with  pu^. 

What  is  remarkable"1??  that  this  conclusion  holds  for  both  smooth  and  rough  walls  if  t,., _ 

is  interpreted  simply  as  force  per  unit  area.  Viewed  f  om  the  free  stream,  the  similarity 
laws  do  not  depend  on  the  nature  of  the  surface  constraint;  they  depend  only  on  the 
velocity  scale  u„  associated  with  the  characteristic  stress  level  close  to  the  wall,  no 
matter  how  this  stress  is  actually  applied.  Given  an  experimental  mean-velocity  profile 
outside  the  sublayer  in  the  viscosity-independent  defect  form  (21),  and  given  also  a  stress 
distribution  in  the  form  (25),  it  might  be  virtually  impossible  to  decide  whether  the 
surface  in  question  is  rough  or  smooth.  This  observation  is.  central  to  what  follows. 


Example  and  synthesis.  To  fix  the  ideas,  let  us  develop  the  method  of  characteristic 
scales  for  the  case  of  a  turbulent  boundary  layer  on  a  smooth  wall  a1-  constant  pressure. 

The  stress  near  the  wall  is  then  constant  to  a  first  approximation.  Since  the  no-slip 
condition  requires  t  =  p,  du/3y  +  0  (y- ) ,  the  mean-velocity  profile  behaves  like 


(27) 


for  small  enough  y.  This  expression  will  have  the  form  (20), and  hence  will  be  a  suitable 
ingredient  for  Millikan's  argument,  "only  if  T.^y^/gu  =  constant.  There  is  no  loss  of 
generality  in  putting  the  constant  in  question  equal  to  one,  whereupon 
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ttiis  condition,  according  to  the  terms  of  its  derivation,  has  a  broad  charter;  the  Gnly 
important  stipulation  is  that  the  mean  flow  close  enough  to  the  wall  be  cor  trolled  by 
viscosity,  furthermore,  the  fluid  viscosity  has  now  been  introduced  in  a  natural  way, 
through  the  boundary  condition  at  the  wall.  But  the  plausible  definition  (26)  and  the 
similarity  constraint  (28)  have  completely  determined  the  scales  u  and  y  : 


u 


(29) 


yc  “  v/(tv/c)'1 


(30) 


TO  sum  up:  thj  key  elements  of  the  method  of  characteristic  scales  can  be  stated 
heuristicaliy  in  the  form  _ 

(a)  the  combination  where  u  is  the  natural  scale  for  the  mean-velocity  defect, 

is  identified" with  some  characteristic  stress  level  near  the  wall  (cf.  the  indifference  of 
the  defect  law  in  the  case  of  smooth  and  rough  walls),  and 

(b )  the  laminar  edition  of  the  mean-velocity  profile  near  the  wall  is  expressed  in 
the  form  of  a  generalised  law  or  the  wall,  u/uQ  ~  f(v/vn)  (cf.  the  need  to  preserve  the 
essential  features  of  Millikan's  argument). 

B.  FLOW  WITH  MASS  TRANSFER 

The  law  of  the  wall.  The  method  of  characteristic  scales  requires  the  velocity 
scale  uQ  which  appears  in  the  defect  law  to  be  tied  to  some  characteristic  stress  tg 
through  the  definition  pu2  “  rQ.  It  also  requires  the  elements  of  Millikan's  argument, 
as  outlined  in  equations  (20)  -  (24),  to  be  preserved  throughout.  Suppose  therefore  that 
equilibrium  flows  with  mass  transfer  are  characterized  by  a  law  of  the  wall. 


and  by  a  defect  law 
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which  have  sc-fa  common  region  of  validity.  In  this  region  the  profile  must  be  logarithmic; 
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(33) 


When  the  scale  yQ  is  eventually  defined,  the  definition  can  presumably  incorporate  any 
constant  factor  which  is  required  to  adjust  the  parameter  cQ  to  some  standard  value. 
Moreover,  experience  with  roughness  provides  a  persuasive  precedent  for  taking  the 
constant  x  as  invariant.  I  will  therefore  assume  that  both  x  and  cQ  are  universal 
constants,  independent  of  mass  transfer,  when  vp  is  properly  defined. 


The  sublayer.  Now  suppose  that  Jhe  mean  velocity  is  represented  well  enough  in 
the  sublayer  by  a  straightforward  generalization  of  the  linear  profile  equation  (27), 
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This  representation  of  the  profile  will  be  consistent  with  the  form  (31)  if  Twyo/d  uc  is 
a  constant. 


say 


(36) 


and  if  in  addition 
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constant  =  M  ,  sav 


(37) 


The  second  condition  (37)  is  apparently  a  requirement  for  equilibrium. 
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The  stress  at  the  intersection,  T,  and  the  intercept,  c.  The  problem  is  to  specify 
some  characteristic  stress  tq  which  then  defines  the  velocity  scale  uQ} 
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Unless  tq  =  t  ,  of  course,  information  will  be  required  about  the  stress  away  from  the 
wall.  To  the  ¥ame  approximation  as  in  <34} ,  the  local  stress  is  given  by 


t  =  t  +  pv  u  (exact  if  &/5x  =  0) 

w  w 


(39) 


The  only  distinguished  point  in  the  boundary  layer,  besides  the  wall  and  the  free  stream, 
is  the  intersection  of  the  laminar  -»nd  logarithmic  curves.  This  intersection  will  play 
a  prominent  part  in  what  follows.  Let  u  =*'.!,  y  =  Y,  t  =  T  denote  conditions  at  the  inter¬ 
section.  Then  equations  (35),  (33),  and  (39)  imply 
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~  =  1  +  M  ~  (42) 

w  o 


where  '1  is  defined  by  equation  (37). 


The  two  transcendental  equations  (40)  and  (41)  can  obviously  be  solved  once  and  for 
^11  ioF  u/u  and  Y/y^  as  functions  of  the  mass-transfer  parameter  M  =  py  uq/t  .  The 
quantity  T/t^  is  also  known  from  equation  (42).  With  k  =  0.41  and  c  =  5. 07it  is  found 
that  there  is  no  solution  for  negative  M(suction)  if  M  <  -  .0665;  s?milarly,  there  is  no 
solution  for  positive  M  (blowing)  if  M  >  14.03.  For  values  of  M  between  the  two  limits, 
the  curves  (40)  and  (41}  have  either  two  or  thre«s  intersections,  as  indicated  in  figure  7. 
To  avoid  confusion  about  which  intersection  is  wanted,  M  can  be  replaced  as  independent 
variable  by  the  combination  M/(T/tw)  «  pv  u^/T.  This  last  parameter  is  of  order  unity  for 
both  special  values  of  M;  specifically,  it  is  -  1.178  for  suction  and  1.059  for  blowing. 

The  equilibrium  parameter  H  =  ovwuq/t  and  the  intersection  parameters  U/uQ,  Y/y 
and  T/tw  are  plotted  in  figure  8  against  the  independent  variable  pvyu  /T.  When  the 
abscissa  is  less  than  -  1.178,  the  intersection  cited  in  the  figure  is°not  the  one  which 
is  usually  taken  to  define  the  edge  of  the  sublayer;  instead,  it  is  the  intersection  of 
a  suction  plateau  with  the  log  profile.*  When  the  abscissa  is  greater  than  1.059,  on  the 
other  hand,  the  intersection  cited  in  the  figure  approaches  the  fixed  point  Y/yo”U/uo“0.136. 

One  further  preliminary  observation  belongs  here.  Elimination  of  yQ  from  the  loga¬ 
rithmic  profile  equation  (33),  using  the  normalization  condition  p.u0/y0  -  t,v,  gives 


where 


(43) 


(44) 


The  method  of  characteristic  scales,  like  the  method  of  the  mixing  length,  will  therefore 
also  involve  a  displacement  of  the  log  profile  in  coordinates  u/uQ,  in(yu0/v),  very  like 
the  displacement  associated  with  surface  roughness. 

2 

The  velocity  scale,  u^.  It  remains  to  chocse  the  characteristic  stress  tc  =  puQ 
and  thus  to  determine  the  local  velocity  scale  u  (and  incidentally  the  local  length 
scale  yc  =  p.u  Aw) .  As  usual,  my  technique  will°be  to  fit  measured  mean-velocity  profiles 
to  a  complete°profile  formula,  including  a  wake  eompo..ent; 
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where  c  depends  on  u0  and  tw  through  equation  (44).  The  parameter  II  in  equation  (45)  is 


*  T’nis  point  is  illustrated  in  figure  7  for  the  particular  case  M  =  -  0.05.  The  normal 
intersection  is  at  Y/y  ~  19,  U/u  ~  12,  whereas  the  plateau  intersection  is  at  Y/y0  —  470, 
U/ao  —  20.  The  implied  generalization  of  the  profile  shape  may  not  be  entirely  academic 
for  flows  undergoing  relaminarization;  cf.  figure  8  (run  1-580)  in  the  thesis  by 
Tennekes  (1964). 
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readily  eliminated  in  favor  of  uQ,  6.  t  .  and  u^.  Hence  if  rw  were  accurately  known,  the 
parameters  u.  and  6  could  be  deterwinedDy  forcing  an  optimum  fit  tor  the  central  part  of 
the  profile.  However,  I  prefer  to  trert  '  as  uncertain,  especially  for  large  blowing 
rates,  and  to  t*««-  various  hypo the e*.  for  tq  “  pu|  to  see  whether  or  not  plausible  values 
are  obtained  for  Cf  “  2  r^/pu^Z. 

First,  suppose  that  tq  *•  t  the  stress  at  the  wall.  Then  c  “  cQ.  from  equation  (44), 
and  the  fitting  operation  is  indifferent  to  the  value  of  vw  for  the  profile.* 

Second,  suppose  that  tq  “  T,  the  (laminar)  stress  at  the  intersection  of  the  sublayer 
profile  and  the  logarithmic  profile.  Then  the  definitions  (37)  for  M  and  (42)  for  T, 
together  with  the  normalizing  condition  (36),  imply 
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Since  U/u  is  known  as  a  function  of  H  (cf.  figure  8,  where  the  abscissa  pv„u  /T  should  be 
interpreted  temporarily  as  v^/u. ! ,  io  jure  u.y0/v ,  v^u  ,  and  c.  In  fact,  1  °  MU/uQ  is 
temporarily  equal  to  exp(MY/y0)7  according  to  equation  140) ,  and  therefore  c  *  c0~(RA)  (Y/y^). 

All  of  Simpson's  data  which  are  acceptably  close  to  turbulent  equilibrium  have  been 
processed  by  the  two  alternativs  schemes  just  described.  Values  inferred  fcr  the  local 
friction  coefficient  C *  are  compared  to  Simpson's  "best  estimate"  in  figure  9.  Except  for 
the  highest  blowing  rates,  for  which  Simpson's  estimate  of  Cf  is  quite  uncertain,  -the 
discrepancies  are  clearly  ir.  opposite  directions  and  of  comparable  magnitude.  An  inter¬ 
mediate  assumption,  that  should  be  taken  as  the  arithmetic  mean  or  and  T,  was  there¬ 
fore  te3ted  also,  with  the  improved  outcome  shown  in  the  figure. 


According  to  figure  9.  the  characteristic-scale  method  is  able  to  generate  acceptable 
values  for  C *  when  the  characteristic  stress  tq  “  pUg  has  some  value  intermediate  between 
and  T,  perhaps  a  little  closer  to  rw.  To  investigate  this  point,  a  few  profiles  from 
the  work  of  Simpson  and  of  Davis  were  processed  further.  In  each  case,  the  value  of  C f 
obtained  via  Simpson's  version  of  the  mixing-length  analysis  (see  Section  I)  was  accepted 
as  a  correct  value;  i.e.,  a  satisfactory  substitute  for  a  direct  measurement  of  C,.  The 
parameter  pu"~  was  then  varied  between  tw  and  T  to  establish  the  particular  value  for  pu* 
which  would  reproduce  exactly  this  mixing -length  C^ .  The  results,  in  terms  of  a  _ 
combination  (pu2  -  r  )/(T  -  ? )  which  varies  from  zero  when  pu£  <*  r  to  unity  when  pu^  ■  T, 
are  plotted  against  v  /u  in  figure  10,  together  with  a  scatter  band  corresponding  to°an 
uncertainty  of  +  0.0002  ?n  Cf  (roughly  +  5  percent  in  Cf.  when  'fw/'i0  m  0:  +  50  percent  in  Cf 
when  vw/uQ  ■  0.T). 


A  new  hypothesis.  For  a  variety  of  reasons,  I  now  want  to  propose  an  alternative 
hypothesis  for  the  characteristic  stress.  Let  Tr  be  tentatively  definod  as  an  integral 
mean  in  the  sublayer;  i.e.. 


T 

O 


pu 


kf  t  dy 


(47) 


1  view  this  equation  (47)  as  the  central  relationship  in  this  paper.  The  practice  of 
evaluating  r  as  the  laminar  stress  ji&u/^y  yields  immediately 


pu 


or,  after  slight  rearrangement. 


Yu 


The  usual  normalizing  condition  r  =  uu  /y  then  gives 

W  O  o 


puo  _  u/uo  _  V^o 

Y7y”  v 


(48) 


(49) 


(50) 


where  the  right-hand  side  is  a  known  function  of  the  equilibrium  mass-transfer  parameter  M. 
So  is 


k* 
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ov  u 

w  o  __ 

T 

M  _ w 

uo 

M  1 

puo 

(51) 


A  curve  can  therefore  be  plotted  in  figure  10  to  show  the  quantitative  consequences  of  the 
integral-scale  hypothesis  (47).  Among  these  consequences  is  a  shift  of  pu£  toward  Tw  for 
the  case  of  blowing,  a 3  desired.  The  course  of  the  curve  is  also  consistent  with  the 
course  of  the  data. 


*  Tne  sublayer  profile  given  by  equation  (35)  will  obviously  change  position  according 
to  the  value  of  the  parameter  M  =  pvwUgAw,  but  this  portion  of  the  profile  is  not  normally 
involved  in  the  fitting  operation. 
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Experimental  data.  Typical  profiles  from  the  work  of  several  authors  (the  same 
profiles  presented  earlier  in  figure  2  and  figures  4-6  in  terms  of  the  mixing-length 
theory)  are  shown  again  in  figures  11-14  after  processing  via  the  integral -scale  hypoth¬ 
esis,  equation  (47).  The  quality  of  the  fit  is  definitely  inferior  to  that  in  the  earlier 
figures.  In  particular,  there  ia  a  tendency  for  the  data  in  the  inner  10  to  )5  percent  of 
the  profile  to  fall  above  the  analytical  curves  for  the  case  cf  suction,  below  the 
curves  for  the  case  of  moderate  blowing.  That  the  di screpanies  may  be  partly  of  experi¬ 
mental  origin  is  suggested  by  the  fact  that  they  are  precent  in  some  of  the  data  ever  for 
the  case  vw  “  0.  However,  if  the  measurements  are  accurate,  it  may  be  necessary  to  rec;m- 
sider  the  assumption  that  Harman's  constant  x  is  unaffected  by  mass  transfer.  Tennekes 
(1964)  chose  to  go  in  this  direction  in  analyzing  his  own  suction  data. 

To  test  the  suitability  of  the  equilibrium  parameter  M  -  ovwi>  /t  as  a  measure  of 
externally  imposed  mass -transfer  conditions,  the  profile  parameter  n  is  plotted  against  M 
in  figure  5.5.  Because  the  test,  is  a  sensitive  one,  I  have  used  only  what  I  consider  to  be 
the  best  available  data  and  have  omitted  profiles  for  which  R«  is  less  than  3000,  in  order 
to  reduce  the  scatter  (cf.  figure  3).  The  result  is  encouraging;  moreover,  the  figure 
demonstrates  the  advantages  of  working  with  finite  vw  (which  is  easily  measured)  lather 
than  with  finite  dp/dx  (which  is  not)  in  any  attempt  to  generalize  the  concept  of  simi¬ 
larity. 

Finally,  values  of  the  local  friction  coefficient  inferred  using  the  integral- 
scale  hypothesis  are  compared  in  figures  16-18  with  values  of  inferred  using  Simpson's 
version  of  the  mixing -length  method.  Either  method  seems  to  be  satisfactory  for  estimating 
surface  friction,  even  for  quite  large  blowing  rates.  However,  one  method  or  the  ether  (or 
perhaps  both)  may  not  account  properly  for  effects  of  Reynolds  number;  observe  the  dashed 
line  in  each  of  figures  16-18,  which  is  a  worst-case  data  trajectory  for  a  flow  with  fairly 
strong  constant  blowing.  There  is  also  a  suggestion  that  C,  does  not  continue  to  decrease 
along  the  plate, but  actually  increases  in  the  region  of  the  trailing  edge.  This  effect  may 
be  an  upstream  influence  of  the  rather  traumatic  change  in  surface  boundary  conditions 
which  occurs  at.  the  end  of  the.  test  surface. 


Epilogue.  I  have  several  comments  about  experimental  technique  in  future  mass- 
transfer  research  of  the  kind  considered  here.  Experience  has  shown  that  a  thick  porous 
surface  is  much  to  be  preferred,  because  it  minimizes  effects  of  local  static  pressure 
variations  on  the  local  transfer  rate.  Measurements  for  the  case  vw  *  0  should  be  part 
of  any  test  program.  I  am  obliged  to  complain  again  that  hot-wire  anemometers  are  not  used 
as  often  as  they  should  be  for  mean-flow  measurements.  Finally,  I  hope  that  blowing  rates 
as  large  as  v  /uc  =  0.05  will  eventually  be  investigated,  to  clarify  the  nature  of  the 
hypothetical  blowoff  condition  at  constant  pressure. 

I  do  not  want  to  leave  an  impression  that  the  idea  of  using  a  characteristic  stress 
evaluated  away  from  the  wall  to  define  a  characteristic  velocity  scf>le  in  flows  with  mass 
transfer  is  entirely  original.  For  the  case  of  moderate  blowing,  for  example,  Mickley 
and  Smith  (1963)  have  proposed  the  use  of  the  maximum  shearing  stress,  which  occurs  rela¬ 
tively  near  the  wall.  However,  their  proposal  breaks  down  for  flows  with  suction,  whereas 
the  present  proposal  does  not.  In  fact,  the  most  attractive  feature  of  the  integral-scale 
hypothesis  as  formulated  here  is  its  generality.  As  long  as  t  =  udu/dy  is  takea  as  a  valid 
approximation  in  the  sublayer,  equations  (48),  (49),  and  (50)  will  hold  independently  of  the 


articular  conditions  which  determine  the  actual  intersection  of  the  sublayer  and  logarith 


mic  profile  curves.  There  is  therefore  a  clear  prospect  that  the  method  of  characteristic 


ressure  gradient,  and  even  lateral  curvature. 
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Figure  1.  Data  of  Simpson  (1967). 
Abscissa,  Cf(EXP),  is  Simpson's 
"best  estimate "of  local  friction 
coefficient.  Ordinate,  C-(MIX), 
is  obtained  by  fit  of  each  profile 
to  equations  (11)  and  (16). 


Figure  2.  Data  of  Simpson  (1967). 
Typical  profiles  fitted  to  equations 
(11)  and  (16).  Ordinate,  Up,  is 
pseudo-velocity  given  by  left  side 
of  equation  (11).  Numbers  are 
values  of  vyuB  for  each  profile. 
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Figure  3.  (a)  Data  of  Simpson  {1967).  (b)  data 

of  McQuaid  (1966).  (c)  Data  of  Mickley  and  Davis 
(1957).  The  strength  of  the  wake  component  as  a 
function  cf  local  Reynolds  manlier.  Jagged  line 
is  trace  of  Wieghardt's  data  at  33.0  m/sec  with 
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Figure  4.  Data  of  McQuaid  (1966). 
Notation  as  in'  figure  2. 


Figure  5.  Data  of  Mickley  and 
Davis  (1957).  Notation  as  in 
figure  2. 
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Figure  10.  Test  of  best  assumption  for  characteristic  stress 
PUq  .  Data  points  show  values  of  pu0*  which  reproduce 
obtained  by  mixing-length  method  (i.e.,  Cf(MIX)  in  figure  1). 


Figure  13.  Data  of  MicXley  and 
Davis  (1957).  Notation  as  in 
figure  11. 


Figure  14.  Data  of  Tennekes  {1964; 
top  profile)  and  of  Favre  et  al. 
(1966).  Notation  as  in  figure  11. 
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SUMMARY 


Stabilization  of  turbulent  boundary  layer  type  flows  by  the  action  of  Coriolis  forces 
engendered  by  system  rotation  is  studied.  Experiments  on  fully-developed,  two-dimensional 
flow  in  a  long,  straight  channel  that  was  rotated  about  an  axis  perpendicular  to  the  plane 
of  mean  shear  are  reviewed  to  demonstrate  the  principle  effects  of  stabilization.  In 
particular,  the  delay  of  transition  to  turbulent  on  the  stabilized  side  of  the  channel 
to  high  Reynolds  number  (u^h/v)  as  the  rotation  number  ( 10 |h/TTm)  is  increased  is  demon¬ 
strated.  A  simple  method,  that  utilizes  the  eddy  Reynolds  number  criterion  of  Bradshaw, 
is  employed  to  show  that  rotation  induced  suppression  of  transition  may  be  predicted  for 
the  channel  flow  case.  The  applicability  of  the  predictive  method  to  boundary  layer  type 
flows  is  indicated. 


NOTATION 

—2 

cf  -  wall  shear  stress  coefficient  in  channel  flow,  2rw/Pum  2 

cf 6  -  wall  shear  stress  coefficient  in  boundary  layer  flow,  2-rw/pTr 

D  -  channel  half  width,  h/2 

h  -  channel  width 

L  -  dissipation  length  scale,  see  Eq  (7) 

-  mixing  length,  see  Eq  (4) 
m  -a  parameter,  see  Eq  (l5b) 

R  -  eddy  Reynolds  number,  see  Eq  (?) 

Re  -  channel  Reynolds  number,  tTffih/v 

Re5  -  boundary  layer  Reynolds  number,  TT6/v 

Ri  -  gradient  Richardson  number,  see  Eq  (1) 

Ro  -  channel  rotation  number,  |ft|h/Yrm 

Rog  -  boundary  layer  rotation  number,  2jft|6/U  _ 

S  -  "low  speed’r  limit  of  Richardson  number,  ^fy'fdu/dy) 

So  -  reference  value  of  S,  the  ratio  S/So  =  Jl/&0 

u,v,w  -  components  of  velocity  along  x,y,zj  (“)  is  time  mean  value;  (  )'  fluctuating  part 

Un  -  area  averaged,  time  luean  velocity  for  two-dimensional  channel  flow 

uT  -  wall  shear  velocity,  yT^/P 

TJ  -  boundary  layer  free-stream  velocity 

x,y,z  -  cartesian  coordinates  fixed  in  rotating  system 


P  -  a  parameter,  see  Eqns  (5)  and  (6) 

6  -  boundary  layer  thickness 

R  -  dimensionless  y  coordinate,  y/D 

*  -  Karman's  "constant",  ~  0.4  _ 

t  -  total  fluid  shear  stres3,  [p(du/dy)  -  p(uTvT)],  viscous  plus  Reynolds  stress 

tw  -  wall  shear  stress 

ft  -  angular  velocity  of  system  relative  to  inertial  space,  oriented  along  z  axis  in 

this  paper 

(  )0  -  subscript  to  denote  conditions  evaluated  at  zero-rctatior.  (ft  =  0)  with  all  other 

parameters  fixed 


1 .  INTRODUCTION 


There  are  many  free  and  bound  shear  flows  where  non-conservative  centrifugal  or  buoy¬ 
ancy  forces  act  in  the  mean  flow  plane  and  are  also  perpendicular  to  the  mean  velocity 
(or  streamlines).  A  boundary  layer  on  a  curved  wall  is  simple  example  of  such  a  flow. 

"Tie  non-conservative,  normal  body  forces  may  cause  significant  changes  in  the  occurrence, 
structure  and  production  of  turbulence.  If  these  non-conservative  body  forces  are  of 
sufficient  magnitude  and  "stabilizing",  i.e,  characterized  by  popitive  Richardson  numbers, 
turbulence  may  be  completely  suppressed  at  relatively  high  Reynolds  number.  Shear  layers, 
with  stable  density  stratification  in  a  gravity  field  are  commonly  cited  illustrations  of 
this  effect. 

The  boundary  layers  on  the  blades  of  radial  flow,  centrifugal  compressor  and  pump 
impellers  have  Coriolis  forces  that  act  perpendicular  to  the  mean  velocity.  These  shear 
flows  are  closely  related  to  flows  with  centrifugal  body  forces  [7].  There  have  been  enough 
observations  (Ref's.  1  to  6]  on  boundary  layers  in  steadily  rotating  systems  to  strongly 
suggest  that  the  Coriolis  forces  that  arise  here  contribute  to  stabilization  of  suction 
surface  boundary  layers  and  destabilization  of  pressure  surface  layers.  For  example,  if  a 
centrifugal  impeller  blade  boundary  layer  is  turbulent,  the  principal  effects  of  stabili¬ 
zation  on  the  suction  surface  are  reduced  Reynolds  stress,  wall  shear  stress,  eddy  vis¬ 
cosity  and  mixing  length.  For  high  rotational  speeds  the  Coriolis  forces  can  become  large 
enough  to  totally  suppress  transition  from  laminar  to  turbulent  flow.  These  effects  are 
important  to  centrifugal  impeller  design  as  they  may,  among  other  things,  severely  limit 
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the  pressure  recovery  (diffusion)  that  can  be  applied  to  suction  surface  boundary  layers 
without  causing  flew  separation. 


Figures  1  and  2  illustrate  and  define  the  particular  type  of  problem  under  investiga¬ 
tion;  (i)  the  two-dimensional  turbulent  boundary  layer  in  time -mean-steady  ?' cw  relative 
to  a  stead: ,y  rotating  surface,  and  (ii)  fully-developed,  two-dimensional  turbulent  flow 
between  steadily  rotating,  parallel  channel  walls.  The  axis  of  system  rotation  is  per¬ 
pendicular  to  the  plane  of  the  mean  flow  as  illustrated.  Positive  rotational  velocity, 
ft  >  0,  is  defined  to  be  counterclockwise  with  respect  to  the  streamwise,  x  ,  coordinate 
arid  the  normal,  y  ,  coordinate.  With  positive  rotation  a  fluid  particle  is  subject  to  a 
negative  streamwise  component  of  Coriolis  acceleration.  -2 ftv  ,  and  a  positive  normal 
component,  +2ftu  . 


y 


Fig. _ 1_  Two-dimensional  boundary  layer  on 

rotating  surface.  Layer  unstable 
with  ft  >  0,  as  shown. 


//\t mm\y 


Fig .  2  Fully-developed,  two-dimensional, 
rotating  channel  flow. 


An  appropriate  measure  of  the  relative  local  stability  of  a  shear  layei  flow  subject 
to  a  non-conservative  body  force  is  the  gradient  Richardson  number  [7]  which  for  the  case 
of  rotating,  straight  shear  layers  is  defined  by 

*1  =  -  2n(f  *  2fi)/(f)  =  +  0  (1) 

The  parameter  S  ,  the  limiting  value  of  Ri  that  results  when  rotation  effects  become  very 
small,  may  be  loosely  .interpreted  as  the  ratio  of  the  mean,  local  Coriolis  body  force, 

-2ftu  ,  to  a  quantity,  u(du/dy),  proportional  to  the  inertia  forces  in  the  flow  relative  to 
the  rotating  system.  The  flow  tends  to  be  "stabilized"  by  rotation  in  regions  where  Ri  is 

positive  and  "destabilized"  where  Ri  is  negative.  Namely,  fluid  particles  perturbed  in  a 

direction  perpendjcular  to  the  mean  flow  feel  a  net  restoring  force  if  Ri  >  0,  but  if 
Ri  <  0  the  unbalanced  part  of  the  Coriolis  force  will  tend  to  accelerate  the  disturbed 
particle  away  from  its  initial  posj.ci.on.  One  sees  from  Eq  (l)  that  neutrally  stable 
layers  (Ri  =  0)  exist  when  (a)  ft  --  0,  uhe  zero- rotation  condition,  or  (b)  (du/dy)-2ft  =  0  , 

the  absolute  mean  vorticity  is  zero.  For  example,  neutrally  stable  layers  commonly  o  our 

in  the  free-stream  (or  inviscid)  flew  regions  in  centrifugal  compressor  impellers  that  draw 
fluid  from  an  atmosphere  at  rest  even  though  the  blade  surface  boundary  layers,  where  the 
absolute  vorticity  cannot  be  zero,  are  not  neutrally  stable. 

In  Fig  2  the  stable  and  unstable  regions  (or  sides)  of  the  channel  flow  case  are 
shown  in  conjunction  with  the  mean  velocity  and  shear  stress  profiles.  Although  the  shear 
stress  profile  is  necessarily  linear  for  fully-developed  flow  [2],  neither  it  nor  the  mean 
velocity  profile  are  symmetric  about  the  channel  centerline,  y=D=h/2  ,  unless  the  flow  is 
totally  laminar,  or  fl=0  .  In  the  case  of  clockwise  rotation,  ft  <  0  ,  the  stable  and  un¬ 
stable  regions  would  be  interchanged  in  Fig  2,  and  the  velocity  and  stress  profiles  would 
be  reversed  with  respect  to  the  centerline. 

For  boundary  layers.  Fig  1,  the  global  effects  of  rotation  ma'  be  expressed  through 
a  parameter,  the  rotation  number,  Ro§  =^ft|6/u.  The  rotation  numler  for  channel  flow  is 
Ro  =  ] ft | h/trm .  In  either  case  the  rotation  number  represents  the  ratio  of  Coriolis  forces 
to  inertial  forces,-  and  it  is  the  inverse  of  a  Rossby  number  whose  value  (1/Ro  >  5)  is 
large  for  the  work  described  here. 

In  Section  2  some  experiments  on  the  channel  flow  case  will  be  discussed  to  illustrate 
the  effects  of  rotation  on  turbulent  flow  structure  and  transition  to  turbulence.  Follow¬ 
ing  this,  in  Section  3,  a  simple  transition  theory  will  be  presented  that  makes  use  of  the 
idea  that  the  local  eddy  Reynolds  number  introduced  by  Bradshaw  [8]  must,  at  some  point  of 
the  mean  velocity  profile,  equal  or  exceed  a  critical  value  of  3r''-  (A  ~  0.4  is  the  Karman 
constant)  in  order  that  turbulent  flow  be  self-maintaining. 

2.  THE  ROTATING  CHANNEL  EXPERIMENTS 


In  this  section  I  shall  be  discussing  some  aspects  of  the  experiments  carried  out  by 
Halieer,  and  Johnston  [I]  together  with  some  more  recent  results  obtained  in  the  same  rotat¬ 
ing  channel  apparatus. 

The  channel  itself  is  39  ..'.riches  long,  11  inches  in  span  along  the  direction  of  the 
axis  of  rotation,  ant',  has  a  nominal  width  of  h  ~  1.54  inches.  Water  can  be  pumped 
through  the  channel  at  measured  rates  of  flow,  and  it  can  be  driven  about  its  spanwise 
axis  at  any  rotational  speed  from  1/4  rpm  up  to  nearly  20  rpm.  The  experiments  were  con¬ 
ducted  in  the  region  of  the  channel  located  at  x  =  45  to  52  inches  from  inlet  and  at  the 
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central  plane,  5  1/2  +  2  inches  up  f rum  ar.  end  wall.  In  this  region  the  mean  flow  was 
found  to  be  very  close  to  fully-developed  ana  two-dimensional,  i.e.  nearly  free  of  sec¬ 
ondary  flow  effects  generated  on  the  end  walls.  The  distance  from  inlet  to  test  region, 
x/h  ~  30,  is  rather  short  for  the  deve ' opment  of  a  complete  state  of  fully-developed 
flow.  However,  the  inlet  design  (abrupt  contraction)  assured  rapid  streamw'.se  development 
of  the  side  wall  boundary  layers  and  provided  a  strong  level  of  disturbance  that  promoted 
transition  at  minimum  Reynolds  number. 

Flow  visualization  studies,  mean  velocity  profile  measurements,  end  wall  shear  stress 
determinations  by  Preston  tubes,  log-law  cross  plot  and  direct  profile  slope  at  the  wall 
were  carried  out  for  a  variety  of  conditions  that  covered  a  range  of  3.6  x  1CP  <  Re  < 

3-7  x  101*  and  0  <  Ro  <  0.21.  Only  a  few  of  the  most  pertinent  results  will  be  discussed 
here  and  primary  emphasis  will  be  placed  on  the  conditions  that  existed  at,  or  near,  the 
stabilized  side  of  the  flow  where  gradient  Richardson  numbers  were  positive. 

Visualization  of  the  wail  layers  was  accomplished  by  two  techniques.  The  "irst  uti¬ 
lized  the  very  slow  injection  of  dye-colored  water  through  very  narrow  (0.005  inch  wide) 
slots  cut  spanwise  across  the  11  inch  high  channel  walls.  The  second,  and  more  recently 
developed,  method  is  the  hydrogen-bubble  technique  [9].  In  the  application  of  the  latter 
method  the  bubble  generating  wire  (~.001  inch  diam.  platinum)  was  placed  along  the  span- 
wise  direction,  normal  to  u  and  parallel  to  the  axis  of  rotation.  The  wire  cou?d  be 
traversed  out  to  any  distance  y  from  the  wail.  With  the  development  of  good  lighting 
techniques  and  extreme  water  clarity,  good  l6  nm  motion  picture  films  were  recently  pro¬ 
duced  of  the  wall-lsyer  flow  structures  by  D.  K.  Lezius  (RiD  candidate). 

The  principle  visual  results  were  quite  revealing.  First,  with  no  system  rotation 
and  for  Re  >  3°00  the  wall-layers*  exhibited  the  now  well  known  structural  character¬ 
istics  of  turbulent  boundary  layers,  the  spanwise  streaky  structure  and  the  streak  lift¬ 
ing  ar.d  breax  up  phenomena  discussed  by  Kline,  et.  al.  [10].  With  channel  rotation, 
the  structures  observed  in  the  stabilized  side  of  the  flow  differed  from  the  case  of 
zero-rotation  and  from  the  structures  seen  on  the  destabilized  side.  On  the  stable  side 
(Ri  >  0)  the  flow  progressed  from  a  fully  turbulent  state  to  totally  laminar  flow  when 
Ro  was  increased  at  fixed  Reynolds  number.  However,  on  the  unstable  side  (Ri  <  0)  the 
flow  always  remained  fully  turbulent,  and,  superimposed  on  this  turbulent  flow,  a  pattern 
of  la-ge  scale,  longitudinal,  contra-rotating  vortices  began  to  appear  at  higher  Ro 
values.  The  latter  phenomena  is  discussed  briefly  by  Halleen  and  Johnston  [1]  and 
Johnston  [2]  and  is  the  subject  of  current  work  by  Lezius.  These  large  scale  vortex 
effects  seen  on  the  unstable  side  of  the  channel  will  not  be  pursued  here  since  our  mam 

concern  is  with  the  stable  side  flow  conditions. 


Figure  3  is  a  series  of  photographs  of  hydrogen-bubble  time  lines  generated  with  the 
wire  held  deep  In  the  wall-layer  on  the  stable  side.  Each  picture  illustrates  the  struc¬ 
ture  in  the  plane  cf  the  wall  for  progressively  higher  values  of  Ro  at  a  fixec  value  of 
Re  =  1.38  x  10  .  At  Ro  =  0,  and  in  the  other  pictures,  the  irregular  spanwise  array  of 
low  speed  streaks  is  eviden'  (see  Fig  ICa  of  Kline,  et.  al.  [10]  for  comparison).  As  Ro 
increases  the  streak  structure  persists  over  the  whole  spanwise  field  until,  at  a  crit¬ 
ical  value  of  Ro,  patches  of  plane  laminar  flow  start  to  occur  between  turbulent  regions. 
Laminar  flow  is  indicated  in  those  areas  cf  the  picture  (Ro  =  0.126)  where  time  lines 
proceed  downstream  in  parallel  arrays.  At  high  rotational  speeds,  the  stable  wall  flow 
appeared  to  be  laminar  with  the  intermittent  appearance  of  highly  damned  patches,  or 
spots,  of  turbulence.  Finally,  at  Po  roughly  1.5  tiroes  its  critical  "ilue  when  laminar 
regions  were  first  observed,  the  stable  si*s  wall-layers  became  completely  steady  and 
laminar.  The  turbulent  spots  observed  in  the  final  phases  of  the  transition  process  are 
reminiscent  of  the  "Emmons  spot"  structure  observed  in  natural  boundary  layer  transition. 
However,  one  cannot  draw  this  analogy  too  closely  since  the  spots  observed  here  decay  in 
size  as  they  move  downstream  rather  than  grow  as  do  the  "Emmons"  spots. 


The  first  definite  appearance  of  laminar  regions  as  Ro  is  increased  was  found  to  be 
Reynolds  number  dependent.  Two  types  of  points  representing  t!-  "  results  by  the  two  visual 
techniques  r.re  shown  in  Fig  4.  The  crosses  connected  by  the  dished  lines  denote  two 
scenes  in  our  films  between  which  transition  has  occurred.  The  round  points  on  Fig  4 
indicate  the  condition  when  laminar  arras  were  first  detected  visually  in  the  dye  studies 
[1]  of  the  stable  side  sublayers.  A  transition  line  might  be  drawn  through  these  points 
to  indicate  that  only  for  Ro  values  below  the  line  can  a  fully  turbulent  state  be  main¬ 
tained.  An  attempt  to  predict  this  transition  line,  the  lines  in  Fig  4,  is  outlined  in 
the  following  section.  Before  proceeding  to  that  analysis  it  is  useful  to  present  a  few 
mere  experimental  results  that  (i)  confirm  the  visual  evidence  and  (ii)  are  useful  in 
the  analysis  to  follow. 


Mean  velocity  p*  ;f iles  in  law  of  the  wall  coordinates  on  the  stable  s.  ,  of  the  chan¬ 
nel  are  presented  in  Fig  5  and  6  for  two  Reynolds  numbers.  At  Re  =  3.5  x  10**  ,  Fig  6, 
all  profiles  were  obtained  in  the  iuvbulent  flow  regime  at  Ro  values  below  the  transition 
value  estimated  from  Fig  4  to  be  "*0.20  at  this  Reynolds  number.  However,  in  Fig  5,  where 
Re  is  lower,  the  flow  should  be  transitional  or  laminar  for  Rc  £  0.10.  Therefore  it  is 
not  surprising  that  the  profiles  in  Fig  5  at  Ro  =  0.117,  O.166  and  0.210  have  a  laminar 
shape  compared  to  the  other  profiles  ir;  Fig  5  and  the  profiles  in  Fig  6  which  approach 


Here  the  term  wall-layers  refers  to  those  regions  commonly  referred  to  as  laminar  sub¬ 
layers,  buffer  layers  and  inner  parts  of  \,he  fully-turbulent  layers,  see  [1C], 


•'a)  k  =  0.4,  a-  =  1. 0 


Re 


(b)  P  =  6.0,  m  =  1.0 


Re 


(c)  p  =  6.0,  *  =  o . 

Fig.  4  Transition  in  rotating  channel  flow. 
Circles  -  dye  injection  observations 
[l]:  •  observer  stationary,  o  observer 
rotating.  Crosses  -  film  scenes  using 
bubbles;  upper  cross  definitely  laminar 
or  transitional,  lower  cross  flow  defi¬ 
nitely  turbulent.  Solid  lines  theory. 


F1g-  3  Wall  layer  flow  structure  by  pulsed  bubble  wire  at  yUr/v  =  2  set  paral]el  to 
z  (axis  of  rotation).  Wire  located  along  left  hand  edge  of  photos.  Flow 
Re  =  1.38  x  104.  F-  films  by  0.  K.  Lezius. 


a  characteristic  turbulent  shape  such  as  the  rotating  turbulent  law  of  the  wall 
(TT/ut)  =  (l/<i)/n(yut/v)  *-  E-  -  f?-(iny/ut)  suggested  by  Bradshaw  [7]. 


Fig.  3  Mean  velocity  profiles  on  stable 
side  of  channel.  Re  =  1.15  x  10% 
lines  are  5-8  lcg^0  (yuj/v)  + 

5.0. 


Fig .  6  Mean  velocity  profiles  on  stable 
side  of  channel.  Re  =  5.5  x  101*, 
lines  are  5.8  log-[Q  (yu^/v)  + 
5.0. 


At  zero-rotation,  the  wall  shear  stress  coefficient  in  the  two-dimensional  flow 
(central)  region  of  our  channel  was  found  [11  to  fit  the  simple  relationship 

cfo  =  2-r„c/P^  =  0.070b  Re"1/"  (2) 

to  better  than  +  7%  over  the  range  1.15  x  10H  £  Re  £  3.52  x  104.  The  air  flow  data  of 
McMillan  and  JoKnston  [11]  in  a  channel  of  10:1  aspect  ratio  and  the  data  of  Hussain  and 
Fsynolds  [12]  in  a  58:1  channel,  as  well  as  older  data  covering  the  same  range  of  Reynolds 
numbers,  fit  Eq  (2)  to  the  same  limits  of  uncertainty.  The  low  Reynolds  number  data  of 
Patel  and  Head  [13]  agree  with  Eq  (2)  from  the  lower  limit  of  turbulent  flow.  Re  «  2  x 
10%  up  to  5  x  103. 

When  the  channel  [1]  war  in  rotation,  the  measured  wall  shear  stress  on  the  stable 
side  was  lower,  and  the  stress  on  the  unstable  side  higher,  than  the  zero- rotation  stress 
at  the  same  Re.  At  low  Ro  values,  the  ratio  of  wall-3hear  velocity,  u~-  ,  to  its  zero- 
rotation  value,  uT0  ,  at  the  same  Reynolds  number  may  be  estimated  by  the  data  fit 

=  VUT0  =  1  ±  1-75  RO  (3) 

The  negative  sign  refers  tc  the  stable-side  wall-stress,  and  the  result  applies  only  when 
the  flow  is  fully  turbulent.  Once  transition  occurs,  uT/u  drops  well  below  the  value 
predicted  by  Eq  (3).  On  the  unstable  side,  where  the  positive  sign  applies,  it  appeared 
that  the  wall  shear  ratio  was  independent  of  Reynolds  number  as  implied  by  Eq  (3)  only  up 
to  a  critical  Ro;  above  the  critical  Ro  u^/%-  tended  to  approach  a  constant  value  as  Ro 
increased.  The  reasons  for  this  behavior  are  not  yet  understood,  but  leveling  of  uT/uT0 
may  be  associated  with  the  onset  of  the  large-scale,  longitudinal  vortex  structure  men¬ 
tioned  in  the  discussion  of  the  visual  results. 

The  final  experimental  results  to  be  presented  are  the  profiles  of  mixing  length, 
defined  by 


&  =  (t/p ) 1  du/dy  | 


(*) 


i  was  deduced  from  the  measured  velocity  profile  slopes  and  measured  wall  shear  stresses. 
The  profile  of  t  was  assumed  to  be  linear.  Fig  2,  because  fully -developed  flow  was  as¬ 


sumed. 


Figure  7a  displays  lQ  versus  y  for  zero-rotation.  The  flow  was  not  quite  fully- 
developed,  as  assumed,  because  near  the  center  of  tne  channel  (y  >  0.04  ft)  ic  is  seen  to 
depend  on  distance,  x/h  ,  from  the  channel  inlet.  The  ratio  of  i  to  l>0  ,  its  zero-rota¬ 
tion  value  at  the  same  y  ,  is  plotted  versus  gradient  Richardson  number  in  Figs  7b  and  7c. 
These  data,  when  compared  to  the  solid  lines,  appear  to  follow  the  trends  of  the  simple 
"Monin-Cboukhov"  formulas  suggested  by  Bradshaw  [?].  For  zhe  stable  side.  Fig  7b,  the 
"Monin-Oboukhov "  formula  is 


c 


L,nc  -  s ■  ) 

an:  fcr  t  .e  unstab .a  side,  Fig  To,  where  the 
minimum.  possible  value  c:‘  Hi  is  -i..2-;, 

i/1,.  =•  1  -  Si  (6) 

Because  cf  the  high  degree  c f  uncer¬ 
tainty  .n  the  data  it  would  be  diffi¬ 

cult  to  cheese  a  unique  value  fcr  ft  ,  the 
empirical  constant,  cn  either  side  cf  the 
channel.  In  fact  it  appears  that  3  itself 
is  probably  r.ct.  a  constant  but  iray  depend 
cn  .he  and  He.  At  best,  3  ~  6  appears  to  be 
gec.i  median  value  on  the  stabla  side,  and 
or,  the  unstable  side  of  the  channel. 


Fig,  7a  Profiles  of  mixing  length  at 
zero- rot  at  ion.  Data  of  this 
Figure,  Fig  (7b)  and  (7c)  from 

tlj. 


Fig.  7b  Mixing  length  ratio  versus  Fig.  7c  Mixing  length  ratio  versus 

Richardson  number  on  stable  Richardson  number  on  unstable 

side.  Lines  represent  Eq  (S) .  side.  Lines  represent  Eq  (6). 

3.  A  CRITERION  FOR  THE  MAINTENANCE  OF  BOUND  TURBULENT  SHEAR  FLOW 

The  desirability  of  a  predictive  theory  that  permits  the  calculation  of  the  effects 
of  Coriolis,  or  other  body  forces,  on  the  final  transition  to,  and  reverse  transition 
from,  a  fully  turbulent,  state  is  obvious.  The  problem  may  bs  approached  from  the  laminar 
side  by  methods  cf  linear  stability  theory  (see  [2]  and  [l4])  but  this  approach  has  not 
been  too  successful  thus  far  because  of  the  complex  non-linear  effects  that  are  essential 
to  the  actual  transition  process.  It  is  probably  better,  to  work  backwards,  e.g.  by 
systematic  Increase  of  Ro  from  a  turbulent  state,  and  ask  the  question:  how  high,  at  a 
given  Reynolds  number,  may  Ro  become  before  a  stabilized  layer  is  no  longer  able  to  pro¬ 
duce  new  turbulence  energy  and  stress  as  fast  as  these  quantities  are  destroyed  by  vis¬ 
cosity?  That  is,  what  are  the  conditions  for  self -maintenance  of  the  fully  turbulent 
state?  The  data  presented  in  Fig  4  answer  this  question  for  rotating  channel  flow  over 
a  limited  range  of  Reynolds  number.  This  section  advances  a  procedure  for  prediction, 
and  hence  extrapolation,  of  these  results. 

An  elementary  criterion  for  the  necessary  conditions  for  maintenance  of  a  bound 
turbulent  shear  flow  where  Reynolds  stress  production  is  mostly  in  the  wall-layers  was 
given  recently  by  Bradshaw  [8]  in  connection  with  his  attempt  to  generalize  various  pre¬ 
vious  proposals  concerning  criteria  for  reverse  transition  (also  called  re laminar ization 
or  lamlnarization)  in  turbulent  boundary  layers.  Very  simply  stated  the  criterion  says 
that  fully  turbulent  flow  cannot  be  maintained  once  there  exists  no  region,  or  point,  in 
the  layer  where  the  dynamics  of  the  energy  carrying  fraction  of  turbulence  is  independent 
of  laminar  viscosity.  In  quantitative  terms  he  reduced  this  idea  to  the  statement  that 
when  the  maximum  value  of  the  eday  Reynolds  number  is  less  than  30  A,  where  A  a  0.4  is 
Karman's  constant,  turbulent  shear  flow  cannot  maintain  itself  and  tends  toward  a  laminar 


in¬ 


state.  Eddy  Reynolds  number  R  is  defined  in  terms  of  the  local  total  shear  stress  t 
and  L,  the  local  dissipation  length  scale,  i.e. 

K  =  (t/p)3/2  W «  (7) 

where  L  =  (x/p)^' 2^(the  rate  of  dissipation  of  turbulence  energy). 

3 . 1  Application  to  Rotating  Boundary  Layers 

This  cilterion  is  applicable  to  turbulent  boundary  layers  since  R  attains  its  max¬ 
imum  value  in  the  wall-layer  regions  where  local  rates  of  turbulence  production  are  high 
and  nearly  equal  to  local  dissipation  rates.  Production  and  dissipation  are  large  com¬ 
pared  to  rates  of  diffusion  and  convection  of  turbulence  energy  and  stress  in  the  wall 
layers.  For  these  conditions,  the  single  length  scale  L  is  an  appropriate  scale  factor 
for  the  energy  containing  eddies.  Hence  a  critical  magnitude  of  a  single  Reynolds  number, 
R,  that  represents  the  ratio  of  turbulence  scale  inertia  forces  to  the  vlscou"  forces 
tending  to  dissipate  turbulence  should  be  appropriate  to  denote  the  condition  of  self 
maintaining  turbulence. 

Near  the  wall  in  a  boundary  layer  L  equals  the  mixing  length.  Up  to  v/5  =0.2, 

L  =  l  =  Ay (i/iQ)  where  l0  =  Ay  is  the  approximate  zero- rotation  variation  of  mixing  length 
with  distance  i :  cm  the  wall,  and  6  is  the  boundary  layer  thickness.  In  tne  outer  parts 
of  the  layer  (y/5  >  0.2)  L  becomes  close  to  cons' ant,  and  then  decreases  to  zero  near 
y/6  =  1  (Bradshaw,  Ferris  and  Atwell  (15]) •  For  zero  and  moderate  streanwlse  pressure 
gradient  x  =  x..  out  to  y/6  =  0.2,  and  x  decreases  to  zero  at  y/6  =  1.  Thus  the  maximum 
value  of  eddy  Reynolds  number  occurs  close  to  y/6  =0.2  and  it  is  approximated  by 


=  °-2*\W2  =  0.2  (8) 

where  Cfg  is  the  wall  shear  stress  coefficient  and  Res  is  the  Reynolds  number  based  on  6 
and  free  stream  velocity,  TJ  . 

For  zero-rotation  £/£r  =  1.  For  steady  state  rotation  where  Ri  >  0  (stabilized  flow), 
Eq  (5)  provides  a  rough  approximation  for  l  .  If  we  consider  only  the  case  of  small  rota¬ 
tion  effects,  Ri  -  S,  Eq  (5)  simplifies  to 

l/lQ  *  1  •  PS  =  1  •  P  Sc (£/£0)  ~  1  -  B  So  (9) 

So  =  -2fl  where  the  definitions  of  S  and  £  are  combined  and  the  assumption  x  =  xw 

is  employed.  £/Z0  is  now  evaluated  from  Eq  (9)  at  y/6  =  0.2  using  the  assumption 

£o  =  *y- 

<^o>y/6  =  0.2  =  1  -  °-2*  P  Ro6  V  2/cfB  (1°) 

When  Eq  (10)  is  substituted  into  (5)  and  R  set  equal  to  30*,  the  result  below  is 
obtained:  aax 


Eq  (ll)  expresses  the  overall  conditions  required  to  maintain  a  fully  turbulent  boundary 
layer  with  zero,  or  small,  free  stream  pressure  gradient  on  a  slowly  rotating  surface 
where  rotation  is  stabilizing,  i.e.  Ri  >  0.  There  are  no  data  that  permit  one  to  verify 
this  result  directly.  However  we  see  that  it  yields  the  qualitatively  expected  results. 
That  is,  for  a  given  Reynolds  number  the  effect  of  increased  boundary  layer  rotation 
number,  Rog,  is  to  drive  a  turbulent  layer  toward  a  laminar  state  if  Cfg  decreases  or  stay 
constant  at  fixed  Reg.  The  increase  of  Cfg  with  increase  of  Ro6  on  a  stable  side  layer  is 
not  expected. 

All  current  data  sources  on  rotating  turbulent  boundary  layers  1^,5, 6]  violate  at 
least  one  of  the  assumptions  of  the  theory.  More  important  however,  none  of  the  investi¬ 
gators  made  any  systematic  attempt  to  observe  the  conditions  of  Coriolis  force  induced 
reverse  transition.  Thus,  even  if  improvements  were  made  in  the  simple  result  above, 

Eq  (ll),  it  could  not  be  checked  directly.  However,  Halleen  and  Johnston  [l]  carried  out 
the  necessary  observations.  Fig  for  fully-developed  channel  flow,  and  therefore  these 
data  are  used  to  check  the  utility  of  the  reverse  transition  criterion. 

3 . 2  Application  to  Rotating  Channel  Flow 

For  channel  flew,  as  in  the  previous  analysis,  we  must  provide  estimates  for  x  and  L 
in  order  to  compute  the  eddy  Reynolds  number  which  is  now  written  as 


(12) 


A  3 


w her*  ?e  is  t'r.-3  -har.r.el  width  Reynolds  number  and  CfC  is  the  zero- rotation  wall  shear 
stress  coefficient  for  -hannel  flew  that  is  to  be  calculated  using  Eq  (2). 

The  linear  shear  stress  profile  for  fully -level oped  channel  flow  is 
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The  1  it, er.s ionless  distance  q  =  y/D  is  measured  from  the  stable  side  (ft  <  0  in  this  case 
using  the  notation  of  Fig  2)  where  the  stable  side  wall  stress,  tws,  is  taken  to  be 
positive  in  comparison  tc  the  unstable  side  wall  stress,  twu,  which  is  a  negative  number. 
The  values  cf  t-,;s  and  t.^  in  this  analysis  are  obtained  from  the  empirical  results  given 
ir,  Eq  (?)  which  is  rewritten  for  our  purposes  in  the  fonts 
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(1-b) 


Again  the  dissipation  length  is  set  equal  tc  the  mixing  length  in  the  turbulent 
wall-layer  regions,  and  it  is  assumed  that 

VD  =  VD  =  A,7)  (for  c  <  n  -  m)  (13a) 

Lc/I>  =  Am  (for  q  >  m)  (15b) 

The  peak  values  cf  R  will,  because  t  decreases  as  q  increases,  occur  at  q  ^  m.  The  cut¬ 
off  parameter  m  at  which  Lc  levels  out  is,  for  the  time  being,  not  specified,  but  values 
of  m  <  0.2,  the  value  used  for  boundary  layers  are  not  to  be  expected.  The  maximum  pos¬ 
sible  value  cf  it.  is  1.0  which  fixes  the  maximum  value  of  L0  at  the  channel  centerline, 
q  =  1;  this  is  a  physically  unrealistic  case,  but  as  will  be  shown  the  one  which  tends 
tc  give  the  best  results. 

The  effect  cf  rotation  on  L  is  again  calculated  for  the  stable  side  by  use  of  Eq 
(5)  and  the  assumption  (I/L0)-  (V-^0)*  The  Richardson  number,  Hi,  is  computed  from 
Eq  (l)  where  the  value  cf  the  parameter  S  is  obtained  by  use  of  definitions  for  S  and 
see  Notation  and  Eq  (A),  and  by  defining  a  parameter  So  ^  S(io/i),  so 
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The  parameter  So,  which  may  be  computed  directly  once  Re,  Ro,  0,  A  and  m  are  specified, 
permits  S  to  be  obtained  from  Eq  (5)  put  in  the  form 

S(i  +  S  S(S  +  1))  =  So  (17) 

This  cubic  equation  is  solved  for  S  to  obtain  Ri  and  L/L0  =  S/So. 

The  method  and  equations  given  above  were  used  tc  calculate  profiles  of  R  versus 
q  for  given  values  of:  Re  and  Ro  and  various  assumed  values  of  0,  b  and  m.  Then  the 
maximum,  or  peak,  values  of  eddy  Reynolds  number  were  compared  to  the  critical  value 
30a.  If  Rmax  below  this  limit  the  flow  was  Judged  to  be  transitional  or  laminar 

and  incapable  of  maintaining  a  fully-turbulent  state. 

The  calculated  transition  lines  are  compared  to  the  full  range  of  channel  flow 
experiments  in  Fig  4a  for  0  =  C*,  2,  4,  6  and  8  with  A  =  0.4  and  m  =  1.0.  The  regions 
below  the  lines  are  supposed  tc  be  turbulent  and  regions  above  are  laminar  or  transi¬ 
tional.  The  most  likely  value  of  0  =  6,  see  Fig  7b,  permits  Oood  agreement  with  the 
data,  but  it  could  be  argued  that  any  0  in  the  range  4  to  8  is  equally  valid.  With  0 
=  6  and  m  -  1,  A  was  varied  by  ~  +  10#  to  give  the  curves  shown  on  Fig  4b.  The  exact 
value  of  the  Karman  constant  does  not  appear  to  be  vital  to  the  analysis.  Finally, 
the  eifects  of  m,  the  cut-off  ratio  for  the  mixing  length  distribution  is  examined  in 
Fig  4c.  Here  the  transition  line  is  most  sensitive  to  m  at  low-  and  zero-rotation  and 
then  only  when  m  drops  below  C.3.  Hence  use  of  0  =  6,  A  =  0.4  and  m  =  1  in  this  simple 
theory  produces  very  reasonable  results  for  existing  rotating  channel  flow  data  on  final 
transition  to  turbulence. 


The  effect  noted  at  0  =  0  is  entirely  due  to  the  shear  stress  assumptions,  Eq  (14) .  If 
Tws  =  Twu  =  Two  and  0  ~  6  a  curve  very  close  to  0  =  0  in  Fir  4a  is  generated.  This  in¬ 
dicates  the  importance  of  proper  calculation  of  effects  of  Ro  on  both  t  and  i. 
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conclusions 

The  principal  purpose  of  this  paper  i.as  oeen  to  demonstrate  the  existence  of  a  little 
kr.cwn  phencr.er.cn  -  the  stabilization  of  fully-turbulent  shear-layer  flow  by  Coriolir.  body 
forces  caused  by  system  rotation. 

Channel  flow  experiments  have  shewn  that  Coriolis  forces  on  the  stabilized  side  of 
the  channel,  where  the  gradient  Richardson  number  is  positive,  cause  a  reduction  in 
Reynolds  shear  stress  and  mixing  length.  Visual  examination  of  the  wall  layer  flow 
structure  revealed  that  fully-turbulent  flew  cannot  be  sustained  at  high  values  of  the 
rotation  number,  Rc,  even  when  Reynolds  numbers  are  as  much  as  an  order  of  magnitude 
higher  than  transition  values  at  zero- rotation. 

We  hoped  that  the  eddy  Reynolds  number  criterion,  which  gives  a  condition  required 
fur  a  seif-maintaining  turbulent  shear  layer,  could  be  applied  to  rotating  flow  with 
Coriolis  stabilization.  The  criterion  was  applied  to  the  turbulent  boundary  layer  case, 
but  lack  of  sufficient  data  precluded  a  direct  check  of  the  results.  Application  of 
the  criterion  t<>  the  prediction  of  the  experimental  transition  limits  in  the  case  of 
channel  flow  w's  quite  successful  when  carried  cut  at  fixed  values  of  the  constants 
(0,  A  and  m)  ised  in  the  calculation. 
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SUMMARY 

The  development  jf  a  turbulent  boundary  leyer  on  a  flat  plate  has  been  experi¬ 
mentally  investigated  in  the  orssence  of  an  external  turbulent  flow  generated  by  grids. 

With  reference  to  a  turbulent  boundary  layer  evolving  in  an  undisturbed  flow 
the  following  results  have  been  observed  when  the  external  turbulence  level  ia  increasing  : 

-  the  boundary  layer  grows  more  rapidly  ; 

-  tha  wall  ahear  stress  is  higher  ; 

-  in  the  outer  region  of  the  layer  tha  mean  velocity  profile  becomes 
flatter  and  the  law  of  the  wake  is  modified.  In  the  ease  region  the 
turbulent  levels  are  increased  ; 

-  the  turbulent  ahear  stress  and  the  turbulent  kinetic  energy  production 
become  larger. 

Various  integral  length  scales  of  the  external  turbulent  flow  have  also  bean 
used.  A  discernable  effect  haa  been  observed  on  the  integral  acalae  of  tha  boundary  layer 
only. 

A  rearrangement  of  the  external  isotropic  turbulence,  due  to  the  atreining 
process  of  the  msen  existing /gradient  in  tha  boundary  leyar  is  tentatively  proposed, 
velocity  / 

RESUME 

Le  dA veloppement  r'une  couche  limite  turbulenta  sur  plaque  plena,  sens  gradient 
de  preesion,  an  presence  d’un  Acoulement  extArieur  turbulent  est  AtudiA. 

Par  rapport  A  une  couche  limits  turbulenta  non  perturbAe,  lorequa  1’inteneitA 
de  la  turbulence  extArieura  augments  on  obaarve  : 

-  1 ' Apeiseixeement  plus  rapide  de  la  coucha, 

-  1* augmentation  du  coefficient  da  frottemant  A  la  peroi, 

-  i'aplatissement  dee  profile  da  vitasses  moyennae  dana  le  zone  de  aillage 
at  la  modification  de  la  loi  de  aillage  qui  e'infldchit.  Buna  la  mtms 
zone  lea  velours  afficoces  dee  fluctuations  de  vitessea  eont  accrue*. 

-  1’ augmentation  dens  le  partie  extarne  de  le  couche  dee  tensions  turbulentea 
et  de  le  production  d'Anergie  turbulenta, 

-  1 ' eccroiasrnent  des  Achellaa  intAgralee  de  turbulence. 

DiffArentes  Achellaa  lntAgrelae  ont  AtA  auaei  utilisAea  pour  1 1 Acoulement  extA- 
rieur.  II  a  AtA  aaulement  obsarvA  un  effet  perceptible  aur  los  Achellee  intAgrelee  da  le 
couche  limite. 

Une  restructuration  de  la  turbulence  extArieure  isotrope  par  le  gradient  de 
vitesae  moyenna  de  la  couche  limite,  conduiesnt  A  l'apperition  de  tsneione  turbulentee 
supplAmentaires,  semble  pouvoir  txpliquer  Ire  rAaultate  expArimenteux  obtenus. 


MAIN  NOTATIONS  USED 


OXi. 

t 

exes  (  Xi  in  the  flow  direction, 
X*  normal  to  the  plate) 

Xi 

: 

distance  from  tha  leeding  edge 
of  the  plete. 

S 

• 

thickness  of  the  boundary  leyer 

UL 

U(3)  -  0.99U? 

; 

naan  velocity  components  in  the 

Xl  directions. 

U  u 

: 

fluctuating  velocity  components. 

/W 

u. 

: 

i — n 1/2 

u7u? 

: 

velocity  correlation  at  e  point. 

UT 

i 

maan  velocity  in  external  flow. 

Uf 

Lii,e 


:  fluctuating  velocity  components 
in  external  flow. 

:  friction  velocity. 

:  Reynolds  number  based  on  J 
:  ekin  friction  coefficient. 

;  coefficient  of  kinematic  viscosity. 

:  trenavarsa  integral  length  scale 
(  U*  f luctuetion) . 

:  treneverao  integral  length  scale 

in  external  flow  (  U,  fluctuation). 

(For  other  notetions  refer  to  Fig.  1) 


1.  INTRODUCTION 

In  a  number  of  practical  situations,  boundary  layers  evolve  in  presence  of  en 
external  stream  exhibiting  large  unsteady  velocity  variations.  This  manifests  itself 
either  es  pulsations  et  fixed  frequencies,  or  ee  random  disturbances.  The  former  occurs 
in  esse  of  airfoils  bolongi.ng  to  the  downstream  stages  of  e  multistage  turbomschinery , 
the  later  to  planes  having  to  cope  with  turbulent  etmoephsree. 


Tne  present  investigation  io  focused  on  the  beeic  problem  of  *  boundary  layer 
on  a  smooth  plane  vail,  without  mean  pressure  gradient,  but  with  turbulence  in  the  exter¬ 
nal  stream.  SUGAWARA,  3AT0,  KOMATSU  and  OSAKA  (1953),  then  K_INE ,  LISIN  end  WA I  THAN  (I960) 

have  abready  observed  that  high  levela  of  free  etre'im  turbulence  increase  the  thickness 
of  the  boundary  layer,  create  fuller  velocity  profilea  and  altar  the  values  of  the  longi¬ 
tudinal  velocity  f luctuat, ione .  Similar  inveeti getione  done  by  KOKODA  (1957)  on  the  beha¬ 

viour  of  e  turbulent  w ike  into  a  turbulent  flow  revealed  an  increeae  in  the  lateral 
spreading  of  the  waka  and  the  intensity  of  turbulence. 

Both  these  investigatione  are  related  to  the  foundamantal  queation  dealing 
with  the  behaviour  of  two  adjacent  isotropic  turbulencae,  aa  pointed  cut  by  CORRSIN  and 
KISTLER  (  955)  and  tentatively  tested  out  by  TOWNSEND  (1956)  and  MOBBS  ( 1 96 B ) .  Both  inten¬ 
sity  and  scale  of  the  external  turbulance  ara  therefore  essential  parameters  which  must 
oe  oeait  with.  The  boundary  layer  case  may  be  more  avantageous  than  the  waka  case  because 
in  absence  uf  external  perturbations  the  turoulant  level  in  tha  outer  pert  ir  row.  Another 
fundamental  question  ariaee  fron  the  mean  velocity  gradient  and  its  subsequent  mass 
entrainment  process.  An  anisotropic  external  turbulence  could  therefore  act  differently 
from  an  ieotropic  one.  Tha  Reynole  atreseea  existing  in  the  external  turbulence,  mainly 
—j-  u,U£  •  cen  also  become  a  relevant  parameter  of  tha  problem,  both  ir  positive 

and  negative  values. 

In  the  present  inveatigation  wa  have  limited  our  scope  to  the  effect  of  a 
closely  approaching  isotropy  external  turbulence  generated  by  grids.  Various  configura¬ 
tions  have  been  made  in  order  to  control  independently  the  intensity  and  the  scale  of  the 
external  turbulence. 


2.  EXPERIMENTAL  SET  UP 
2 . ’ .  Fluid  mechanical  apparatus 

The  wind  tunnel  ie  of  thu  open  return  type.  Air  ie  driven  by  a  blower  pieced 
upstream.  The  settling  chamber  is  equipped  with  duet  filtere.  The  test  section,  2,5  m 
long,  has  a  cross  section  of  about  0.5  x  0.5  m2  (Fig.  !). 

Immediately  upstream  of  the  test  eaction  is  the  turbulence  -  promoting  section. 
Biplane  grids  with  square  meshee  are  used.  Their  rods  (horizontel  end  vertical,  respecti¬ 
vely)  are  round  or  rectangular,  and  a  choice  cen  be  made  about  the  epacing  between  the 
rode  planes  (Fig.  1).  The  solidity  of  the  gride  liee  between  0,30  end  0,92.  The  grid  can 
be  located  at  varying  distances  from  the  leading  edge  of  tha  teat  plate. 

The  flat  plate  is  horizontal,  2  a  long,  0.5  n  wide  and  0.018  a  thick.  It  ie 
made  of  hard  end  polished  wood.  It  rests  upon  an  independent  beee  by  means  of  four  etruts, 
and  a  ease  loaded  suspension  which  hae  a  2  Hz  natural  frequency.  The  leading  edge  of  the 
plate  is  a  slightly  asymmetric  wedge  with  a  rounded  nose  (Fig.  1).  An  adjustable  flap 
ie  located  at  the  downatreem  end  of  the  teat  section.  It  is  used  in  experiments  on  lsainor 
boundary  layers  to  aet  tha  position  of  the  stagnation  point  and  it  is  actually  horizontel. 

2.2.  Meaauring  equipment  end  procedure 

Ail  date  ware  taken  with  platinum  wire,  5  Jj  in  diameter,  connected  to  a  DI-5A 
55  G0I  constant  temperature  unit.  A  single  wire  eet  normal  to  the  mean  flow  ie  ussu  for 
axial  velocity  measurements.  Trenaveree  components  of  the  velocity  were  obtained  by 
means  of  e  X  -  meter  •  Sensitivities  to  end  U2  fluctuations  ere  determined  di¬ 

rect.  y  from  the  empirical  corvee  of  voltage  versus  velocity  and  angle.  For  X  meters, 
weighted  differences  or  sume  of  tha  output  signals  ere  performed  by  means  of  Burr-Brown 
operational  amplifiers.  Tha  distance  from  the  wires  to  the  plate  ie  optically  determined, 
within  an  accuracy  of  0.02  mm. 

Transverse  integral  ecalae  L-11,2  are  obtained  from  the  curves  giving  the 
two-points  velocity  correlation.  The  band  width  of  tha  electronic  circuitry  is  5  Hz-20  KHz. 

Wall-ehaar  etreas  maeeuremanta  are  performed  by  means  of  a  Praston  tube  (outer 
diameter  A  mm) . 


3.  EXPERIMENTAL  CONDITIONS 
3.1.  External  flow 

All  measurements  are  taken  at  a  mean  epeeo  Ui  of  10  m/sec. 
the  test  esetion  ia  aet  alightly  divergent  in  euch  way  that  no  measurable 
velocity  gradient  occurs. 

Wiiout  grid  in  the  tunnel  the  turbulence  level  /  J° 
on  the  tunnel  exie. 

In  the  firat  part  of  .he  investigation  we  established,  st  a  given  cross  esetion 
X1  ,  a  turbulance  of  6  different  levels  snd  eppro^iraatively  of  the  seme  integral  length 
scale.  To  achieve  our  second  aim  ell  the  gride  had  equal  meshee  and  wars  placed  et  the 


The  top  well  of 
exial  mean 


is  ebout  0.3  % 
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same  distance  6  upstream  from  tha  leading  edge  cf  the  plate.  To  attain  tha  various  levels, 
the  geometry  of  tha  rods  end  the  spacing  of  the  two  planes  of  rods  were  modified.  Fig.  2 
shows  the  obtained  charscter.istics. 

In  the  second  part  we  adjusted,  at  a  giver,  cross  section  Xi  •  approximately 
the  same  turbulence  level  and  two  different  integral  length  scales.  Therefore  we  used 
gride  whose  meshes  were  different.  However  each  grid  is  set  at  the  same  number  of  meshes 
upstreem  from  the  cross  section  Xi  •  for  more  systematic  tests  this  kind  of  experiment 
wes  repeated  at  four  different  turbulence  levels  (Fig.  3). 

3.2.  Boundary  layer 

Baceuse  of  the  plate  baing  rather  short,  tha  turbulent  boundary  leyer  is  aimply 
obtained  by  allowing  the  aaparation  to  cccur  at  the  “try  beginning  of  the  plata. 

,','ithout  external  turbulence,  wa  have  verified  that  the  exiating  main  characte¬ 
ristics  (  u,  .  cr,  ,  Uj.  •  U1U2  )  of  this  boundary  layer  show  self-preeerved  profiles 
for  Xi >  50  era.  Also  a  satisfactory  two-dimensionality  was  identified,  and  at  the 

downstream  end  of  the  plats  the  useful  width  war,  down  to  25  cm.  The  boundary  layer 
Reynolds  number  Uf^  /  v*  is  about  20  000. 

For  the  different  external  flow  condit„',r>q ,  tha  virtual  origins  of  the  boundary 
layer  ere  about  25  ±  5  cm  upstream  of  the  leading  edge. 


4.  EFFECTS  OF  THE  EXTERNAL  TURBULENCE  LEVEL 

4.1.  Thickness  rete 

Fig.  4  illustrates  tha  strong  irjurease  of  the  thickness  rate  of  the  boundary 
lsyar  with  the  external  turbulence  level  Uf/  U?  .  For  instance  the  ratio  of  the 

thickness  rat3s[(d«J/dXi)tg/{d J/dXOuf^o]^  wit£  ando  without  ths  grid  creating  the  external 
turbulanca ,  cen  reech  about  1.5  for  ’  Of /  U°  =  5  %  at  Xi  -  0.5  m.  In  thase  results 
the  accuracy  is  limited  to  +  4  %  because  of  tha  difficulty  to  locate  the  boundary  layer 
edge. 

4.2.  Wall  ahaar  stress 

At  a  g.ivan  boundary  leyar  Reynolds  numtjgr  Ui«T/ v* 
raetic  increese  cf  the  friction  factor  Cf  wi thjuf/U? 
tha  range  0.0037  to  0.0044  is  covered  when  Uf/UT 

A  +  4  %  accuracy  is  expected  on  those  results  . 

4.3.  Mean  velocity  profiles 

The  affect  of  Uf/  U°  on  tha  dimansionless  rapresantations  of  Ui  /  U° 

versus  Xzl$  is  shown  in  Fiq.  6,  Xi  baing  kept  constant.  We  can  observe  that  st 

s  seme  Xz/S  the  value  of  Oi/Uf  noticeably  increases  with  U?/Uf 

To  provide  an  order  of  magnitude  of  this  effect  the  power  law  Ui/Uf  =  (  Xz/SV  ^  . 
can  ba  used.  Then  the  exponent  m  is  found  to  increase  from  5.3  to  9.2  when  U^/Uf 
veries  from  0.3  to  5  (Fig.  7).  Another  result  is  ths  lack  of  self  preservation  in  the 
meen  velocity  profiles  at  different  Xi  ,  for  a  given  grid  cresting  the  external  turbu¬ 
lence  . 

In  the  law  of  th^wall  representation  Uj/U-f  versus  XzUf/? 

(Fig.  0)  the  invsatigated  U?/ll?  levels  inflect  the  curves  bayond  Xf=  3  0  0 

end  do  not  seeBI  tQ  affact  tha  profile  for  Xt  <  300.  In  the  defect  lsw  representation 

(  Ui — Ui  )/U  f  versus  X2/J  this  result  appears  more  clearly  (Fig,  9). 

4.4.  Turbulence  level  in  the  boundary  layer 

In  the  outer  pert  of  the  boundary  layer  the  turbular.ee  levels  Lit/  Ui  are 
strongly  increased  by  the  external  turbulence  (Fig.  10).  But  in  the  proximitj^of  the  wall 
they  rgmain  almoet  uneltered.  Analogous  results  ere  also  obtained  on  tha  L^/  Ui 
end  U3/  Ui  veluss,  for  the  outer  pert  of  tha  boundary  leyer. 

4.5.  Reynolds  stresa 

The  UtUf  /Ui  profiles  are  likewise  altered  (Fig.  11),  mainly  in  the 

outer  region  0.B  <  X*/ .T  <"  1  . 2 .  There,  in  spite  of  tha  nesrly  ieofcjopic  stete  of  the 
external  turbulence,  U,Ua/ Up  increasee  by  about  150  %  whan  Uf/U°  varies 

from  0.3  to  5  Subsequently  the  main  term  of  tha  turbulent  kinetic  enorgy  production 
Ui  Uz  dt  Ui/  LB  ia  increased  despite  tha  decreese  present  in  U/D  Xz  • 

Uf  d  WF) 

4.6.  Inteoral  lenoth  acalea 

The  distribution  of  Lri.z/iS  across  the  boundery  leyer  does  not  seem  to 
dapend  upon  ths  external  turbulent  fielda  which  hsve  different  levels  end  a  fj.xad  integral 


,  we  obeerve  a  syate- 
(Fig.  5),  For  instance, 
varies  from  0,3  <  to  5  i 


scale  (Fig.  ' 2 ,  cuivc  I).  Ho»ejer  the  obtained  distribution  is  different  from  the  one 
corresponding  to  the  boundary  layer  evolving  in  an  almost  perturbations  free  external 
fiow  (Fig.  i 2 ,  culve  II). 


5.  EFFELT  OF  THE  EXTERNAL  INTEGRAL  LENGTH  SCALE 

Due  to  the  scattering  of  the  experimental  raaults,  no  relationship  between 
the  established  integral  length  scales  of  the  externel  flow  end  the  mean  velocity  profiles 
could  be  discerned.  These  orofilea  have  been  plntted  in  the  three  different  ways  sa  men- 
tioneo  in  section  I V .  J^kewise  no  def inije  af f ect  has  bean  obst ~ved  neither  for  the  tur¬ 
bulence  levels  (both  U,/  (J<  and  Uz/  )  nor  for  the  wall  shear  strasa, 

despite  a  slight  increase  cf  the  boundary  iayer  thickness  rate  with  the  external  integral 
scale . 

Cn  the  other  hand  the  integral  sc  les  1— 11,2  in  the  outer  part  of  the 

boundary  layer  (Fig.  13)  are  strongly  depe  ing  on  tha  corresponding  scales  of  the  exter¬ 
nal  flow. 


6.  CONCLUSION 


The  above  experimental  results  show  thet  a  boundary  layer  is  affected  by  an 
external  quasi  isotropic  turbulence,  this  turbulence  being  more  efficient  by  its  level 
than  by  its  integral  length  scale. 


One  of  the  most  significant  result  seems  to  be  the  increase  of  the  Reynolds 
stress  — jO  L‘«U z  uith  os/os*.  Actually  a  tentative  interpretation  (proposed  by  one 

of  us,  J.M.)  could  be  based  or  the  fact  that  an  initially  isotropic  turbulence,  submitted 
to  a  mean  shear,  later  becomes  sniaotropic.  (CRAYA  1958,  ROSE  1966,  CHAMPAGNE,  HARRIS 
and  CORRSIN  1970).  Farticulerly  the  Reynolds  stress  — _pu,U^  which  appeers  depends  on 

the  initial  turbulence  level  and  on  the  atraining  process .  In  our  investigation  sn  ex¬ 
ternal  "blob"  of  isotropic  turbulence  may  acquire  a  — /C  U, Up  stress  after  its  entrain¬ 
ment  into  the  boundary  layer,  because  of  the  mean  velocity  gradient  existing  there.  Aa 
e  consequence  the  distinct  defect  velocity  profiles  of  Fig.  9  can  be  brought  together 
(Fig.  14)  by  using  the  representstion 

U Mil 

Uf-otUT’ 

where  the  quantity  K.U°  which  takee  into  account  the  rearrangement  of  the  external 
turbulence  h.ts  been  aubstracted  from  the  friction  velocity 


To  enlarge  this  work  some  additional  experimental  investigations  are  possible  : 

(i)  -  an  analysis  of  the  turbu lent  kinetic  energy  balance  with  a  apeciel  focus 

on  the  convective  terrnlj  Lfe(  / DXi  due  the  turbulent  motion. 

(ii)  -  a  detection  of  the  boundary  leyer  edge,  eriu  by  meens  of  a  conditionsl 
sampling  system  (KGVA5ZNAY,  KI3EN5  end  BLACKWELDER,  1970)  obtain  properties 
of  the  only  turbulence  of  the  boundary  lByer. 

(iii)  -  an  extension  of  tne  experiments  towards  higher  turbulence  levels, 
probably  obtained  by  means  of  "blowing"  grids  (MATKIEU  et  ALCARAZ,  1965). 

(IV  i)  -  finally,  the  investigation  of  an  additional  uniform  mean  shuar  in 
the  external  flow,  thia  shaar  being  "f nvorabla"  or  "adverse"  to  the  one 
existing  in  p  boundary  layer. 
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CAPTIONS  FOR  THE  FIGURES 


1.  Sketch  of  wind-tunnel  test  section. 

2.  Turbulence  levels  and  integral  length  scales  generated  by  grids  of  fixed  mesh. 

3.  Turbulence  levels  and  integral  length  sceles  generated  by  grids  of  different  meshes. 
Thickness  rate  of  the  boundary  layer  versus  U®/U® 

Friction  factor  C*  versus  Rj  ,  for  different  Uf/U? 

Kean  velocity  profiles. 

Power  law  coefficient  m  versus  Ce/UT 
Logarithm  representation  of  mean  velocity  profiles. 

9.  Defect  law  representation  of  mean  velocity  profiles. 

10.  Turbulence  level  profiles  (longitudinal  component) 

11.  Reynolds  stress  profiles 

12.  Transverse  integral  length  scale  profiles  for  different  L)f/ U°  and  fixed  M. 

13.  Transverse  integral  length  scale  profiles  for  different  M  and  fixed  Llf/ 

14.  Rescaling  of  the  defect  velocity  profiles. 


Fig.  7  Power  1m  coefficient  m  vereue  #ur. 


Fig.  6  Logarithm  representation  of  meen  velocity  profiles. 
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SOME  MEASUREMENTS  OF  THE  DISTORTION  OF  TURBULENCE 
APPROACHING  A  TWO-DIMENSIONAL  BODY 

P.V.  Bearsan* 

Aeronautic!  Dept.,  Imperial  College 
London  S.W. 7. 


SUMMARY 

Thia  paper  describe*  an  experimental  study  of  the  distortion  of  grid  generated  turbulence  cs  it 
approaches  the  stagnation  region  of  a  two-dimensional  body.  When  L*/D  »  I,  where  Lx  ia  the  acale  of 
turbulecce  and  D  is  a  typical  body  dinension,  along  the  Bean  stagnation  atreaaline  ^52  attenuates  like 
the  nean  flow.  Whereas  if  Lx/D  «  1  the  turbulence  is  distorted  by  the  scan  flow  field  and  will 

asqilify  due  to  vortex  stretching.  '.hen  Lx/D  «  0(1)  there  is  found  to  be  a  combination  or  these  effects 
with  attenuation  of  energy  at  low  wcvenuabers  and  amplification  a;  hi wavenuabera.  Measurements  of  the 
pres«>><re  fluctuations  at  the  stagnation  point  shew  that  at  low  wavenuabera  the  level  of  che  pressure 
flt'Ctu.  "n*  can  be  predicted  by  assuming  the  turbulence  to  be  irrotational. 


1.  INTRODUCTION 

When  a  body  is  placed  in  a  turbulent  shear  flow,  for  example  a  building  in  the  Earth's  boundary 
layer,  there  will  be  some  complex  interaction  between  the  mean  flow  field  around  the  body  and  the  approach¬ 
ing  stream  turbulence.  This  interaction  will  influence  the  relationship  between  upstream  velocity 
fluctuations  and  the  resulting  pressure  fluctuations  on  che  body  surface.  The  aim  of  the  research 
described  in  this  paper  was  to  study  experimentally  the  passage  of  grid  generated  turbulence  as  it 
approaches  the  stagnation  region  of  a  two-dimensional  body.  Although  this  is  a  simpler  problem  than  that 
posed  above,  it  retains  the  important  feature  of  turbulence  distortion. 


Hunt  [l]  has  formulated  a  theory,  based  on  the  rapid  distortion  theory  of  Batchelor  and  Proudman  [2], 
to  analyse  the  distortion  of  turbulence  in  a  flow  sweeping  past  a  body.  The  principal  assumption  made  in 
the  theory  is  th2t,  in  the  time  it  takes  for  tbs  turbulence  to  be  swept  past  the  body,  the  changes  in  the 
tnean  flow  around  the  body  and  the  effects  of  its  boundaries  distort  the  turbulence  far  more  than  its  own 
internal  viscous  and  non-linear  inertial  forces.  The  turbulence  will  be  distorted  by  the  stretching  and 
rotating  of  vortex  line  filaments  as  they  are  convected  past  the  body.  The  assumpt' ons  made  in  rapid 
distorting  theory  are  firstly  that  the  mean  flow  is  irrotational  and  secondly  that  i^/U  «  1  (where  /D^ 
is  the  root  mean  square  value  of  the  longitudinal  component  of  the  velocity  fluctuations  and  U  is  mean 
velocity),  so  that  the  dominant  contribution  to  the  distortion  comes  from  changes  in  the  mean  flew  and  not 
from  the  turbulence  itself.  The  neglect  of  viscous  effects  is  justified  if  the  distortion  takes  place  in 
such  a  short  time  that  the  viscous  decay  of  energv  is  verv  small.  Batchelor  and  Proudman  [2]  suggested 
the  criterion 


-  t’  « 


VPJc-t’ 


where  t'  is  the  time  at  the  beginning  of  the  distortion  and  Lx  is  the  integral  scale  of  the  longitudi¬ 
nal  component  of  turbulence,  say.  For  the  flow  past  a  body 


where  U0  ic  free  stream  velocity  ana  D  is  a  typical  body  dimension.  This  leads  to  the  third  condition 
that 


Using  these  three  assumptions  Hunt  treated  the  problem  of  initially  isotropic  turbulence  convected  past  a 
circular  cylinder.  Although  the  theory  of  Hunt  will  not  be  used  directly  the  interpretation  of  the 
experimental  results  presented  in  this  paper  draws  heavily  on  the  basic  ideas  underlying  this  theory. 

The  flew  was  investigated  along  the  stagnation  streamline  approaching  a  two-dimensional  flat  plate 
placed  normal  to  the  flow.  The  strain  field  along  this  line  is  described  by  the  tensor 
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and  the  turbulence  is  only  subjected  to  plane  strain.  Experimental  work  on  uniform  plane  strain  has  been 
carried  out  by  several  investigators,  including  Townsend  [3]  and  Tucker  and  Reynolds  [4],  in  suitably 
shaped  distorting  ducts.  These  experiments  are  unsatisfactory  in  the  sense  that  the  condition 
tfjV  «  I X/D  (where  D  is  some  duct  dimension)  is  not  met.  Tucker  and  Reynolds,  however,  have  made 
suitable  allowance  for  visco1  s  decay  in  the  analysis  of  their  results.  In  some  respects  the  external  flow 
around  bodies  is  more  suited  to  a  rapid  distortion  treatment  although  there  are  regions  of  the  flow, 
especially  very  close  to  the  stagnation  point,  where  the  conditions  of  the  theory  are  not  satisfied. 

Along  the  stagnation  streamline  there  ’=  some  balance  between  the  distortion  created  by  the  modification 
to  the  vorticity  field  by  the  mean  flew,  which  will  increase  /Q2 ,  and  the  effect  of  the  boundary 
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condition,  that  there  can  be  no  velocity  normal  to  the  body  surface,  which  will  reduce  >02. 

The  phenomenon  of  increased  turbulence  ahead  of  stasnation  was  first  r.oted  by  Fiercy  [5)  in  some 
measurements  ahead  of  an  aerofoil  in  a  wind  tunnel  with  t  high  background  turbulence  level.  Work  has 
been  carried  out  by  Sutera,  Harder  and  Kestin  [6]  and  by  Sutera  [7]  on  th:  role  of  vorticity  amplification 
in  stagnation  fi<x>.  They  have  examined  theoretically  a  simple  form  of  spatially  varying,  sinusoidal 
pattern  of  vorticity,  favourably  crientated  to  produce  stretching,  approaching  a  stagnation  point.  They 
find  a  neutral  scale  length  for  which  salification  by  stretching  is  exactly  balanced  by  viscous 
dissipation.  This  theory  has  been  extended  by  Sadeh,  Sutera  and  Meeder  [8,  9)  to  the  outer  flew  field 
for  a  similar  form  of  vorticity  distribution.  Their  theory  does  not,  however,  allow  for  the  important 
effect  cf  the  upstream  influence  of  the  condition  that  there  cap.  be  no  velocity  normal  ro  the  surface. 

Their  theory  is  only  valid,  therefore,  at  very  high  wavenumbers.  They  compare  their  theory  with  acme 

measurements  in  a  turbulent  flow  approaching  e  plate  where  Lx/D  «  1. 

The  experiments  described  in  this  paper  were  made  in  the  range  where  tbe  scale  of  turbulosct  is  of 
the  seme  order  as  the  size  of  the  body.  In  addition  to  the  investigation  of  the  turbulent  velocicy  field, 
measurements  of  pressure  fluctuations  at  the  stagnation  point  are  presented.  Marshall  [10}  has  completed 
a  similar  prograaae  of  measurements  on  the  turbulent  flow  approaching  a  disk  normal  to  tbe  flow.  The 
general  features  of  the  flow  are  similar  to  those  found  in  the  two-dimensional  case. 


2.  EXPERIMENTAL  ARRANGEMENT 

The  experiments  were  conducted  at  the  National  Physical  Laboratory  in  a  wind  tunnel  with  a  3  ft. 
(0.91  m)  by  3  ft  by  15  ft  (4.57  m)  long  working  section.  The  tunnel  is  of  the  closed-return  type  and 
has  a  free  stream  turbulence  level  of  better  than  0.07X  and  a  maximum  speed  of  about  150  ft/aec. 
HigMyturbu'ent  flow  was  generated  by  the  installation  of  square  mesh  grids  at  the  beginning  of  the  working 
section.  Details  of  the  grids,  which  were  constructed  of  bars  of  rectangular  cross-section,  are  given  in 
table  1. 

Table  1 


— 

Grid 

Mesh  size,  K 

am 

k*r  size,  b 
am 

— 

Dictance  to  _ 

stagnation  point,  — 

A 

3-81 

0-98 

70-4 

9 

7*62 

1-28 

35-1 

C 

15-22 

3-il 

17-6 

D 

22-83 

3-77 

11-7 

Tht  wind  tunnel  was  equipped  with  a  fine  pitch  fan  designed  tc  operate  unstalled  with  a  high  solidity  grid 
in  the  working  section. 

The  body  used  was  a  flat  plate  spanning  the  tunnel  and  mounted  normal  no  the  '.low.  The  prime 
interest  was  the  distortion  of  the  approaching  turbulence  and  in  order  to  remove  any  unsteadiness  in  the 
flow,  generated  by  vortex  shedding  in  the  wake  of  the  plate,  it  was  decided  to  till  in  the  wake  ciong  the 
theoretical  free  streamlines.  The  profile  shape  of  the  resulting  body  was  designed  according  to 
Roshko's  (ll)  notched  hodograph  method.  Details  of  the  design  of  the  model  are  given  in  the  appendir. 

The  model  cross-section  is  shown  in  figure  1  and  the  size  of  the  equivalent  flat  plate,  D,  is  2.54  c  — i. 

The  model  side  faces  become  parallel  in  a  distance  of  just  less  than  D  and  remain  parallel  for  10D. 

The  body  is  terminated  in  a  6D  streamlined  tail  fairing.  Surface  oil  flow  pattern  showed  there  to  be 
a  region  of  separated  flow  situated  towards  the  end  of  the  curved  portion  of  the  ’free  streamline'.  Trip 
wires  were  fitted  at  about  0.5D  from  the  'edges'  of  the  plate  and  they  removed  the  unwanted  separations. 

Turbulence  measurements  were  made  with  DISA  constant-temperature  linearised  hot-wire  anemometers. 

A  traverse  gear  waa  embedded  in  the  model  and  either  normal  wire  or  X-vire  probes  could  be  traversed  out 
along  the  mean  stagnation  streamline.  The  hot-vire  probe  came  out  of  the  model  through  an  air-tight  seal. 
In  addition  to  the  velocity  measurements,  fluctuating  pressure  measurements  on  the  stagnation  line  were 
made  using  a  J  in  Brtiel  and  Kjaer  microphone.  The  microphone  was  connected  to  the  surface  hole  by 
about  1,3  cms  of  2  ■  probe  tubing.  The  frequency  response  of  the  microphone  and  probe  tube  was 
checked  against  a  standard  Brtiel  and  Kjaer  microphone.  Some  damping  had  to  be  added  to  the  probe  tube  to 
suppress  the  lowest  resonant  frequency  and  with  damping  the  frequency  response  was  acceptably  flat  to 
2  kHz.  At  low  freoueocies  the  level  of  pover  spectral  densities  was  raised  to  allow  for  the  fall  in 
response  at  frequencies  less  than  about  20  Hz.  Fluctuating  velocity  and  pressure  signals  were  recorded 
on  a  tape  recorder  for  later  digitization  and  analysis  on  a  computer. 


3.  EXPERIMENTAL  RESULTS 

3. 1  How  behind  the  turbulence  producing  grids 

The  turbulence  structure  behind  the  four  grids  was  investigated  on  the  centre  line  of  the  working 
section,  in  the  absence  of  the  model,  at  a  distance  from  the  grids  corresponding  to  the  distance  to  the 
stagnation  point.  The  measurements  of  the  intensity  of  the  three  components  of  the  turbulence  together 

with  the  integral  scale  of  the  along  wind  component.  Lx,  are  presented  in  table  2.  The  measurements  were 

made  at  a  wind  speed  of  about  18  m/sec  and  values  of  the  gr  d  Reynolds  number,  Rm,  based  on  mesh  size, 

are  given  in  the  table.  In  accordance  with  the  results  of  other  investigators,  the  turbulence  components 

normal  to  the  me»n  wind  direction  were  found  to  be  smaller  than  the  along  wind  components.  The  values  of 
scale  were  estimated  from  power  spectral  density  measurements,  assuming  Taylor's  hypothesis  to  hold. 
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Table  2 


T7T 

Crid  !  ^  x  102 

1  " 

.  10* 

T^X  102 

r-n 

CZl 

r^r"1 

0 

! 

R*  »  io'-  ; 

! 

1 

A  i  Z-03 

i 

1-63 

1  *6t> 

3-05 
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2-2 

2-34 

4-57 

1*8 

9-5 

! 

C  j  5-71 

4-4 

4*81 

6  54 

2-57 

18-9  j 

D  |  6-40 

4-95 

5-31 

6-05 

2-38 

28-4 

The  scale  produced  by  Che  smaller  mesh  grid,  grid  C,  is  larger  tt».  Char  produced  by  grid  D.  This  is 
because  scale  increases  with  distance  from  a  grid  and  Che  measuring  station  was  conparaciveW  nearer  to 
grid  D. 


Spectra  measutemcncs  were  made  of  the  *u*  component  of  turbulence  for  the  flew  behind  each  of 
the  grids.  Figure  2  shews  the  spectra  plotted  in  a  normalised  fc-rm.  The  [ower  spectral  density,  F(n), 
is  plotted  in  the  non-dimensional  form  {F(n)Uo)/(2»Lxll?)  *  6U  against  the  frequency  p.  -ametcr 
(2»nLx)/U0  ■  n,  where  n  is  frequency.  The  results  are  shown  compared  with  the  spectrum  calculated 
from  von  KincAn’s  interpolation  formula  (see  Hinre  [  1 2 1 } .  This  spectrum  has  the  fom 
9U  ■  (2/m) [ 1  ♦  1*8  fi2]-5/6  and  gives  a  good  representation  of  the  experimental  results. 


3.2  Velocity  measurements  ahead  of  the  body 
3-2.1  Mean  velocity 

The  flier  measurements  were  made  in  smooth  flew  and  the  mean  velocity  profile  along  the  stagnation 
streamline  is  shown  in  figure  3.  The  hot  wire  was  traversed  out  to  just  over  4  plate  widths  ahead  of  the 
model.  Within  a  distance  of  0.1D  from  the  surface  the  hot  wire  results  were  subject  to  a  number  of 
errors,  the  most  serious  of  which  was  that  the  seal  at  the  stagnation  point  could  not  be  held  when  the  wire 
was  very  close  to  the  surface.  Also  the  presence  of  the  wire  may  have  moved  the  stagnation  point 
slightly.  Either  of  these  effects  could  have  caused  the  small  increase  in  velocity  very  close  to  the 
surface.  As  a  check  on  the  measuring  technique  the  velocity  distribution  was  compared  with  that 
predicted  by  Roshko’s  111]  hodograph  method.  Details  of  the  computation  of  the  velocity  field  are  given 
in  the  appendix.  The  predicted  profile  is  also  shown  in  figure  3  and  the  agreement  with  experiment  is 
seen  to  be  good.  In  turbulent  flow  the  mean  velocity  profile  was  measured  in  the  flow  behind  each  of  the 
four  grids  and  showed  good  agreement  with  the  smooth  flow  result.  Hiemenz's  solution  for  the  boundary 
layer  at  the  stagnation  point  gives  a  thickness  of  just  over  0.01D.  All  the  measurements,  therefore, 
were  made  well  outside  the  region  directly  affected  by  viscosity. 

3.2.2  Fluctuating  velocities 

Although  not  strictly  part  of  this  investigation,  turbulence  measurements  with  a  normal  wire  were 
made  in  smooth  flow  ahead  of  the  body  and  showed  a  number  of  unusual  features.  It  is  to  be  expected  that 
the  turbulence  level  based  on  local  velocity  might  gradually  rise  as  the  model  is  approached.  However, 
there  were  several  local  regions  of  increased  turbulence  level  along  the  stagnation  streamline,  one  as 
high  as  1Z,  which  appear  to  have  been  caused  by  the  presence  of  the  hot  wire  in  the  flow.  The  wire  is 
situated  in  a  region  of  strong  adverse  pressure  gradient  and  it  may  well  have  had  some  disturbing  effect 
on  the  flow.  If  the  wire  was  moved  slightly  off  the  stagnation  streamline  the  disturbance  disappeared. 
Measurements  in  turbulent  flow,  on  the  other  hand,  showed  no  evidence  of  any  interference  by  the  hot-wire 
probe. 

The  intensity  of  all  three  components  of  turbulence  were  measured  ahead  of  the  body  along  the 
stagnation  streamline.  It  is  difficult  to  interpret  their  meaning  if  they  are  simply  plotted  as  a 
variation  of  local  turbulence  intensity  because  the  changes  in  intensity  are  dominated  by  the  changes  in 
the  mean  velocity.  Instead  the  local  root  mean  square  value  of  the  turbulence  component  has  been 
divided  by  its  value  recorded  at  x/D  «  4.25.  Figure  4  shows  the  variation  of  /5x//o£  ahead  of 
stagnation  for  the  four  values  of  3cale  tested.  The  two  smaller  scales  show  an  amplification  of  energy 
whereas  the  two  larger  scales  shot;  a  continuous  attenuation.  At  the  surface,  of  course,  the  value  of 

must  drop  to  zero.  There  will  be  some  natural  decay  of  turbulence  between  x/D  *  4.25  and  zero. 
Without  the  model  in  position  the  turbulence  was  found  to  decay  by  only  about  2  to  3Z  in  this  distance  and 
no  attempt  has  been  made  to  correct  the  results. 

Very  near  the  stagnation  point  the  hot  wire  can  only  give  a  rough  indication  of  the  level  of  the 
fluctuating  velocities  because  of  the  very  high  local  turbulence  intensities.  The  hot-wire  output  was 
linearised  but  further  errors  are  likely  to  arise  at  high  levels  of  turbulence  due  to  the  non-linear  yaw 
response.  Table  3  shows  the  highest  values  of  local  intensity  recorded  and  in  all  cases  this  occurred  at 
x/D  “0.1.  Grid  A  showed  a  nearly  ninefold  increase  in  the  value  of  intensity. 

The  other  component  of  turbulence  in  the  plane  containing  the  cross-section  of  the  model,  , 

is  shown  in  figure  5.  The  third  component  Afi/rw*  ,  which  is  in  a  direction  parallel  to  the  stagnation 
line  along  the  model,  is  plotted  in  figure  6.  While  /v^//vj  shows  generally  an  opposite  effect  to 

Zq2//u§  ,  ^wZ/i^|  shows  only  amplification.  Near  the  surface  viscous  effects  will  reduce  these 

comoonents  to  zero. 
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Table  3 


Maxi bub 

^2/u 


Amplification 
of  intensity 


3.2.3  Power  spectral  density  measurements  of  the  longit.tdinal  component 

For  each  grid  power  spectral  densities  of  the  longitudinal  conponent  of  turbulence  were  computed  at 
x/D  *  3.025,  0.624  aod  0.183  The  spectra  neasured  at  x/D  *  3.025  showed  no  significant  variation  iron 
those  neasured  in  the  absent*  of  the  model.  The  spectra  neasured  at  x/D  *  0.624  and  0.183  are  shown  in 
figures  7  and  8  respectively.  Spectra  are  shown  plotted  as  (F(n)U0)/ (2vLx  Gq)  »  9U  against 
(2si'L7)/U0  ■  n  and  the  area  beneath  each  spcctrua  is  u2/u2,  i.e.  the  square  of  the  ratio  shown  in 
figure  4.  As  a  comparison  with  the  upstresa  spectra  the  curve  obtained  from  the  von  Itfruin  interpolation 
formula  is  also  shown. 

Figure  7  shows  that  the  power  at  low  wavenuabert  begins  to  decrease  (or  remain  constant,  grid  A)  and 
the  largest  attenuation  occurs  for  the  flow  waich  had  the  largest  scale,  grid  C.  At  higher  vavenucfctrs 
the  turbulence  from  all  grids  shows  an  increase  in  power.  In  figure  8  the  apparent  shift  of  energy  free 
low  vavenusfeers  to  higher  wavenumbers  is  more  marked  although  at  high  wavenumbers  the  effects  of  viscous 
decay  are  more  obvious.  It  is  interesting  to  note  that  for  grid  A,  the  smallest  scale,  the  turbulence 
amplified  even  et  low  wavenumbers. 

3.3  Measurements  of  pressure  f luct 'rations  at  the  stagnation  point 


For  each  of  ibe  grids  power  spectral  decsity  measurements  of  the  fluctuating  pressure  were  made  and 
the  spectra  for  grids  A  and  C,  representing  the  smallest  and  largest  values  of  Lx/D  examined,  are  shown 
in  figures  9  and  10.  The  power  spectral  density  of  the  pressure,  F(p)(n),  is  presented  in  the  non- 
dimensional  form  (F(p) (n))/(2»Lx  p2  u2  U0)  •  flp.  The  r.m.s.  value  of  the  fluctuating  component  of  the 
pressure  at  the  stagnation  point,  ,  was  measured  for  each  of  the  grids.  The  results  are  shewn 
plotted  in  figure  11  against  the  scale  parameter  D/Lx.  The  fluctuating  presture  is  presented  in  the 
non-dimensional  form  i/^/(pU0  tS2)  and  the  reason  for  this  choice  of  paraaieter  is  left  to  the  discussion. 
Toe  values  of  were  calculated  from  the  spectra  after  they  had  been  corrected  for  the  effects  of  the 

variations  in  the  frequency  response  of  the  transducer. 


4.  DISCUSSION  OF  RESULTS 

The  modification  of  the  turbulence  by  the  body  is  fundamentally  different  in  the  two  extreme  cases 
where  Lx  »  D  and  Lx  «  D. 


When  Lx  >'  D  the  flow  approximates  to  a  slow,  quasi-steady  variation  of  the  direction  and  magnitude 
of  the  mean  velocity.  Hunt  treats  the  flow  around  a  circular  cylinder  and  assumes  the  flow  is  inviscid 
and  that  i/5?  ■  /v?  ■  -  :Un  where  t  is  small.  In  the  x  direction  the  flow  is  similar  to 


/V2  ■  t'o?. 


direction  the  flow  is  similar  to 


that  caused  by  a  slow  variation  of  the  longitudinal  velocity  and  as  the  body  is  approached  the  fluctuating 
velocity  will  attenuate  like  the  mean  velocity. 


In  the  y  direction  the  effect  of  v0  will  be  to  alter  the  incidence  of  the  flow  and  it  can  easily  be 
shown  by  potential  flow  theory  that,  along  the  stagnation  streamline 


The  component  in  the  z  direction  is  unaffected  by  the  presence  of  the  body  and 


2S-5 


For  a  flat  place  in  potential  flow  there  is  no  change  in  /v2  along  tie  stagnation  streanline 
although  it  would  be  unrealistic  to  use  this  result  since  in  the  real  flew  there  is  separation  at  the 
edges.  For  the  free  streaaline  model  it  is  assumed  that,  for  simplicity,  at  least  sway  from  the 
stagnation  point  itse'I,  the  flow  is  similar  to  that  approaching  a  circular  cylinder.  This  is  a  very 

idealised  picture  since  if  the  scale  of  turbulence  is  infinite  the  v  fluctuation  will  induce  an  alter¬ 
nating  circulation  on  tha  body.  For  the  model  used  in  these  experiments  the  length  of  the  body  was 
nearly  an  order  of  magnitude  longer  than  the  largest  scale  of  turbulence  and  it  seexm  reasonable,  therefore, 
to  treat  the  complete  flow  as  inviscid  ar.d  neglect  the  effect  of  any  Kutta  condition  at  the  erailieg  edge. 
Equations  (1),  (2)  and  (3)  are  shown  plotted  in  figt.res  4,  5  and  6  respectively. 

4.2  Lx  «  D 

If  L*  «  D  the  distortion  of  the  turbulence  along  the  stagnation  streamline  approximates  to  that 
caused  by  uniform  plane  strain  and  the  results  of  Batchelor  and  Proudswn  [2]  can  be  used  directly.  The 
rapid  distortion  theory  of  Batchelor  and  Proud;«an  predicts  an  amplification  of  rC2  and  and  an 

attenuation  of  Their  results  are  a’>  shown  plotted  ir.  figures  4,  5  and  6. 


4.3  Lx  *  0(D) 

The  experimental  results  are  se-to  to  fall  between  the  two  limiting  curves  with  results  for  smaller 
scales  generally  tending  towards  the  Lx/D  ♦  0  curve.  Th,  largest  amplification  of  energy  occurs  for 
the  w  component  altnough  there  is  no  rale  of  strain  in  this  direction.  Clearly  close  tc  the  body  the 
■ocal  intensity  is  rising  tc  such  a  high  value  that  the  assumptions  made  in  rapid  distortion  theory  cannot 
hold  and  the  non-linear  terms  in  the  vorricitv  equation  will  no  longer  be  negligible. 

Although  vortex  stretching  amplifies  » u2 ,  close  to  the  surface  the  effect  of  the  wall  on  small 
scale  eddies  will  be  similar  to  its  effect  on  larger  scale  eddies  further  away  from  the  stagnation  point, 
i.e.  it  attenuates  the  fluctuations  The  turbulence  is  thus  affected  on  the  one  hand  by  vortex  stretching 
and  rotation  and  on  the  other  by  the  simple  blocking  cf  the  flow  by  the  body.  At  intermeaiate  scale  sizes 
it  can  be  expected  that  lot  wavenumbers  will  exhibit  some  of  the  features  of  Lx  »  D  flows  while  high 
wavenumbers  will  be  dominated  by  vortex  stretching.  This  idea  is  well  supported  by  the  spectra  measure¬ 
ments  of  the  u  component  which  show  a  large  shift  of  energy  to  higher  wavenumbers  as  the  stagnation 
point  is  approached. 

4.4  Pressure  fluctuations 

If  »  D  it  is  possible  to  treat  the  velocity  fluctuations  in  the  vicinity  of  the  plate  as 
irrotational  and  to  Apply  the  unsteady  version  of  Bernoulli's  equation 

Jq2  ♦  |  -  ||  +  8  "  F(c)  (4) 


where  q  is  the  total  velocity,  *  is  velocity  potential,  B  is  the  lody  force  potential  and  F(t)  is 
constant  throughout  the  flow  at  any  instant  of  time.  It  can  be  shown  hat  v  and  w  produce  no 

significant  contribution  to  the  fluctuating  pressure  at  the  stagnation  joint  and  tha  problem  reduces  to 
that  of  a  flat  plate  ir  a  flow  of  varying  longitudinal  velocity  U(t).  The  velocity  potential  for  a  flat 
plate  normal  to  a  stream  is 

4(t)  -  U(t)  /x2  ♦  Dz/4 


Substituting  in  Eq  (4) 


x  dU(t) 
dt 


/xZ  +  t>2/4  ♦  x 

at 


Away  from  the  plate  Eq  (5)  reduces  to 


where  P(t)0  is  the  pressure  far  from  the  plate.  Batchelor  [13]  shows  that  in  isotropic  turbulence  the 
fluctuating  component  of  the  static  pressure  is  small  and  he  obtains  the  relation 

/n2 

- -  -  0.58  — 

PUo^I  U° 

The  maximum  value  of  '/p|/ (p  U0  >^|)  is  3.7  10-2  which  occurs  in  the  flow  behind  grid  D.  Since  it 

can  be  shown  that,  at  the  stagnation  point,  /j52/(p  UD  /Cg)  is  of  order  unity  neglecting  the  upstream 
fluctuating  static  pressure  will  introduce  little  error.  Substituting  Eq  (6)  in  (5)  and  neglecting  second 
order  terms  the  relation  for  the  fluctuating  pressure  at  the  stagnation  point  becomes 


'  „  D  duol 

T°U°  2  dt  J 


Assuming  that  the  record  of  the  pressure  fluctuations  forms  part  of  an  infinite  stationary  random 
process  it  is  possible  to  rewrite  Eq  (7)  in  terms  of  the  power  spectral  densities  of  the  pressure  and  the 
upstream  velocity 


(8) 


F(p)(n)  -  p2F(n)U2  [l  ♦  i  p=~j] 

Expressing  F(n)  in  the  nor-diiensional  fora  given  earlier  (by  dividing  by  ( ? *Lxu£) / i-0) )  Eq  (8)  becomes 

«»<■>  .  list  r, .  i 

2.L,S=  L  ‘  1  %  '  V  J 

then 

9p  ■  9u  ['  *  i  fen  <*> 

If  D/Lx  °>  ep  *  eu  end  the  pressure  and  velocity  spectra,  non-dimens ionalised  as  above,  should  be 
identical.  The  spectra  of  pressure  and  velocity  are  shown  coeqiared  in  figures  9  and  10  and  it  can  be  teen 
that  they  agree  closely  at  low  wavenumbers  whereas  at  higher  wavenuaberr  the  pressure  spectra  fall  away 
below  the  velocity  spectra  rather  than  show  un  increase  according  to  Eq  (9).  At  each  scale  size  examined 

there  was  a  definite  break  point  where  the  pressure  spectrin  diverged  from  the  velocity  spectrum  and  with 
Increasing  values  of  L*/D  the  break  point  moved  to  higher  wavenumbers.  At  high  wavenumbers  the  pressure 
spectra  fell  off  at  about  1.75  times  as  fast  as  the  velocity  spectra.  These  results,  therefore,  show  that 
the  assumption  that  the  velocity  fluctuations  can  be  treated  as  irrotational  fails  before  any  acceleration 
effects  are  felt.  The  attenuation  of  the  pressure  spectra  is  a  direct  result  of  the  rotational  nature  of 
the  turbulence  and  the  accompanying  distoiriou  of  the  vorticity  field. 

If  Lx/D  ■  <•  then  8p  ■  8U  and  /p2  ■  pUo1^  or  CPri0,s.  ■  2^G§/U0.  The  measurements  of 
are  shown  non-dimensionalised  by  pOo^2  in  figure  11  and  it  is  to  be  expected  that  U0i^i|)  “  1 

at  D/Lx  *  °*  The  results  indicate  that  even  when  D/Lx  ■  1  the  pressure  fluctuations  are  still  between 

60  and  70Z  of  pU0fu|.  These  findings  are  important  when  it  comes  to  predicting  the  fluctuating  loads 

induced  on  bodies  in  turbulent  flow. 


5.  CONCLUSIONS 

When  Lg/D  »  1  a  quas  'Steady  type  of  approach  can  be  used  and,  along  the  mean  stagnation  stream¬ 
line,  fu*  will  attenuate  like  the  mean  flow.  Whereas  if  Lx/D  «  1  the  turbulence  is  distorted  by  the 
mean  flow  field  and  will  amplify  due  to  vortex  stretching.  In  the  experiments  described  here 

Lx  *  0(1)  and  there  is  found  to  be  a  combination  of  these  effects  with  attenuation  of  energy  at  low  wave¬ 
numbers  and  amplification  at  high  wavenumbers.  The  other  components  of  turbulence  are  found  to  behave  in 
a  consistent  manner  with  the  component  parallel  to  the  stagnation  line  on  the  body,  which  experiences  no 
mean  rate  of  strain,  showing  only  amplification.  Measurements  of  the  pressure  fluctuations  at  the 

stagnation  point  show  that  at  low  wavenunbers  the  level  of  pressure  fluctuations  can  be  predicted  by 
assuming  the  turbulence  to  be  irrotational.  At  higher  wavenumbers  the  effect  of  the  distorting  field  of 
the  body  is  found  to  reduce  the  level  of  the  pressure  fluctuations. 
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appendix 


Free  streamline  model 


The  profile  ihepe  of  Che  flat  plate  model  was  designed  according  to  Roshko's  [11]  notched  hodograph 
method.  His  method  requires  a  value  to  be  assigned  to  the  base  pressure  coefficient  (Cp)b-  For  this 
model  (Cp)b  was  chosen  to  be  -1  thus  making  k  ■  /l  where  (Cp)b  *  1  -  k2  and  k  is  the  ratio  of 
the  velocity  along  the  free  screamline  near  separation  to  the  free  stream  velocity.  Roshko's  method  maps 
the  flat  plate  and  its  wake  on  to  the  positive  half  of  the  real  axis  of  the  complex  w  plane  with  the 
stagnation  point  at  the  origin.  The  free  streamline  model  co-ordinates  are  given  by 


for 


where 


ym 


"  2^  1  pw(w  -  1)  -  log(iG  + 

^r1  [i  +  i 


2k 

1  S  w  S  a2 
k2  +  1 


♦  a  ten 


&z] 


The  width  of  the  flat  p 


D  - 


s  given  by 


!  +  1  f  w  1 

k  [  2  *  7 


a2  -  1 


7S] 


Beyond  w  *  a2  the  body  is  parallel  sided  with  thickness 

*  f  +  a] 


H 


The  resulting  profile  shape  is  shown  in  figure  1. 

Using  the  hodograph  method  it  is  possible  to  calculate  the  velocity  profile  along  the  stagnation 
streamline 
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The  velocity  profile  is  plotted  in  figure  3. 
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FIG  I  FLAT  PLATE  FREE -STREAMLINE  MODEL. 
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FIG.  3  MEAN  VELOCITY  APPROACHING  STAGNATION. 
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F,G  8  SPECTRA  OF  THE  u  COMPONENT  AT  X/D  =  0*183. 
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FIG  9  SPECTRUM  OF  PRESSURE  FLUCTUATIONS  AT  THE  STAGNATION 
POINT.  GRID  A. 
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FIG  II  ROOT  MEAN  SQUARE  VALLE  OF  THE 
PRESSURE  FLUCTUATIONS  AT  THE 
STAGNATION  POINT. 
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FIG  10  SPECTRUM  OF  PRESSURE  FLUCTUATIONS  AT  THE  STAGNATION 
POINT,  GRID  C. 
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APPENDIX  A 

DISCUSSIONS 

following  the  presentation  of  papers  at  the 
AGARD  Fluid  Dynamics  Panel  Specialists’  Meeting  on 

TURBULENT  SHEAR  FLOWS 

September  1971 
London.  England 


This  Appendix  contains  the  discussions  which  fohowed  the  presentation 
of  the  papers  at  the  Specialists’  Meeting  on  “Turbulent  Shear  Flows” 
held  at  the  Royal  Zoological  Society  of  London,  England  on  13-15 
September  1971. 

These  discussions  are  transcribed  from  forms  completed  by  the  authors 
and  questioneis  during  the  meeting  and  are  keyed  (by  reference  number) 
to  the  papers  contained  in  this  Conference  Proceedings. 


Le  present  Appendice  est  un  recueii  dcs  discussions  qui  ont  suivi  la 
presentation  des  exposes  a  l’occasion  de  la  Reunion  des  Experts  tenue 
a  la  Societe  Zoologiquc  Royalc  de  Londres,  Angleterre,  du  13  au  15 
Septembre  1971  et  consacree  au  theme  “Turbulent  Shear  Flows”. 

Le  texte  de  ces  discussions  a  etc  transcrit  a  partir  de  fiches  remplies  a 
cet  e ft e t  par  les  auteurs  et  par  ceux  ayant  desire  poser  des  questions. 
Les  discussions  sont  numerotees  suivant  les  numeros  de  reference  des 
exposes. 
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Discussion  of  PspcT  C 
"Variations  on  a  Theme  of  Prandtl" 
presented  by  P.Bradshaw 


LS.G.Kovasznay  I  have  enjoyed  Mr  Bradshaw's  Paper  very  much  and  I  wish  only  to  emphasize  one  point.  In 
compressible  Hows  or  alternatively  in  heated  turbulent  flows,  there  is  a  strong  fluctuation  of  temperature  or 
entropy  correspondingly  there  is  a  large  “buoyancy"  effect  that  is  r.  very  strong  source  of  new  turbulence 
generation 

P.Bradshaw:  Professor  Kovasznay’s  comment  is  a  very  pertinent  one.  1  hope  that  Morkovin's  hypothesis  (of  the 
effective  “incompressibility”  of  turbulence  with  Mach  number  fluctuations  much  less  than  unity)  will  keep  us  out 
of  trouble  in  many  cases:  for  instance  it  seems  that  the  dear  old  mixing  length  formula,  as  re-licensed  by 
Morkovin  for  M  <  ‘i  ,  gives  good  results  in  the  inner  layer  uf  compressible  boundary  layers.  As  I  mentioned  in 
the  paper,  strong  compression  or  rarefaction  may  produce  large  effects  on  turbulence  jus‘  like  other  strain  rates: 
it  may  be  this  that  produces  the  rather  iarge  differences  between  calculation  methods  and  the  measurements  of 
Peake  et  al  presented  at  this  meeting. 

A.D. Young:  I  would  like  to  refer  to  a  major  point  in  Mr  Bradshaw’s  lecture,  namely  that  future  experimentation 
should  concentrafe  on  the  kind  of  data  particularly  needed  by  current  calculation  methods.  Are  there  any  comments 
on  this  point? 

P.Bradshaw.  I  would  not  liKe  to  be  any  more  specific  than  in  the  lecture:  the  general  need  is  for  more  information 
about  the  exact  transport  equations  for  Reynolds  stress;  we  know  much  less  about  ihem  than  about  the  turbulent 
energy  equation.  Most  of  all  one  would  like  measurements  of  the  pressure-strain  terms  that  govern  the  tendency  to 
isotropy  but.  even  in  the  atmosphere,  pressure  fluctuation  measurements  within  the  flow  are  not  very  reliable,  as 
measurements  in  small-scale  How  in  the  laboratory  are  extremely  difficult.  Perhaps  the  best  advice  one  can  give  to 
experimenters  is  that  they  should  bear  in  mind  that  the  practical  use  of  turbulence  studies  is  to  help  engineers  to 
predict  turbu'ent  Hows. 

D.J. Peake:  In  your  presentation,  the  complexities  of  three-dimensional  turbulent  boundary  layers  were  not 
especially  emphasized  in  your  remarks  on  “interacting  flows”.  Would  you  please  care  to  comment  further  on  the 
importance  of  three-dimensionalities'1 

P.Bradshaw:  As  I  am  sure  Mr  Peake  would  agree,  even  true  boundary  layers  (such  as  those  far  from  a  wing  root  or 
tipi  are  a  difficult  problem  in  three-dimensional  flow,  although  one  can  get  quite  a  long  way  by  logical  extension  of 
“two-dime asiona!  ideas”.  In  three-dimensional  inteiaciions,  the  turbulence  is  usually  strongly  influenced  by  stream- 
wise  vurticity,  whether  produced  by  the  inviscid  secondary-flow  mechanism  or  by  the  turbulence  itself.  We  don’t 
know  muih  about  what  happens  to  turbulence  when  it  is  rotated  about  the  flow  direction.  Since  three-dimensional 
distortions  and  interactions  are  so  important,  we  should  encourage  Mr  Peake  and  his  colleagues  (and  other  workers) 
to  invest:  ate  them  further:  the  NAE  flow-visualization  work  has  already  been  very  helpful  in  giving  an  overview 
of  three-  .’.imensional  shear  layers  in  real  life. 

C.  du  P.Donaloson:  I  would  like  to  point  out  that  an  experiment  that  is  easy  to  perform  and  is  very  useful  to  one 
who  tries  to  construct  models  of  turbulent  shear  flow  is  the  dispersal  of  a  passive  scalar  in  any  turbulent  flow.  The 
dispersion  of  a  passive  scalar  does  not  in  any  way  effect  the  primary  flow  yet  the  way  it  is  dispersed  by  any 
turbulent  flow  yields  information  that  can  be  extremely  useful  to  one  who  tries  to  construct  analytical  models. 

P.Bradshaw.  I  agree  with  Dr  du  P. Donaldson  that  passive  scalar  transport  can  illuminate  one’s  'deas  of  momentum 
transport  (.is  well  as  being  important  in  its  own  right!). 

W.Schonauer:  The  structure  of  the  turbulent  motion  is  mostly  a  nonequilibrium  structw  and  by  this  fact  many 
effects  are  superposed  and  the  whole  history  affects  the  observed  flows.  I  think  we  should  go  on  with  small  steps 
and  one  of  t.ie  first  steps  should  le  the  study  of  equilibrium  flows  and  to  search  for  the  definition  of  such  equili¬ 
brium  conditions.  Then  we  should  study  the  transit  on  from  one  equilibrium  flew  to  the  other  and  go  by  this 
procedure  to  the  nonequilibrium  flows.  In  this  way  we  can  separate  the  different  effects  and  may  treat  them  by 
theorv. 

P.Bradshaw:  I  agree  entirely  './ith  Dr  Schonauer  that  equilibrium  (i.e.  self-preserving)  flows  are  the  simples'  basis 
for  studies  of  the  different  effects  that  control  turbulence.  In  particular  measurements  of  interactions  and  the 
effects  of  extra  strain  rates  are  much  easier  if  the  basic  flow  is  an  equilibrium  one.  However  it  seems  that,  to  a 
good  approximation,  the  turbulence  is  usually  in  internal  equilibrium'  even  in  nonequilibrium  flows,  structuial 
parameters  such  as  anisotropy  ratios  are  almost  universal.  Therefore  we  may  not  need  to  investigate  turbulence  in 
situations  of  mean-flow  equilibrium,  but  the  experimental  work  will  always  be  simpler  in  such  situations  because 
lewei  readings  are  needed. 
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W.W.  Willmarth:  I  think  future  experimental  work  in  turbulence  ought  to  be  aimed  at  gain.ng  an  understanding  of 
turbulent  structure  in  simple  flows  in  an  effort  to  understand  how  the  outer  flow  controls  the  generation  of  turbu¬ 
lence.  For  example,  in  a  boundary  layer  near  the  wall,  how  is  turbulent  energy  production  controlled  by  pressure 
gradient  or  by  polymer  additives.  Kova»znay’s  sampling  techniques  may  be  very  useful  in  this  respect.  If  under¬ 
standing  of  turbulent  structure  is  obtained,  the  computerized  calculation  of  more  complicated  turbulent  flows  can 
then  proceed  more  rapidly 

P. Bradshaw:  I  agree  entirely. 

J.J.D.Domingos:  Don't  you  think  that  between  the  "inaccessible  peak"  of  the  Navier  Stokes  equations  and  the 
computational  methods  you  referred  to.  which  are  for  mean  steady  flows,  there  exists  s  promising  alternative  in 
the  numerical  computation  of  unsteady  flows  where  you  only  need  an  apparent  viscosity  (or  equivalent)  to  take 
account  of  the  motion  at  scales  smaller  than  the  numerical  mesh' 

P.Bradshaw:  Professor  Domingos'  point  is  a  very  good  one,  and  I  have  been  hoping  that  calculations  like  those  of 
Deardoff  (see  the  Boring  Symposium  issue  of  J.  Fluid  Mech)  will  soon  use  a  fine  enough  mesh  to  give  useful 
estimates  of  unmeasurable  quantities  (such  as  the  elusive  pressure  fluctuation)  Given  llliac  IV  and  m-iney,  results 
of  direct  use  in  calculation  methods  should  appear  in  a  year  or  two. 


Drcm'ssion  of  Paper  3 

“Structure  of  iiic  Reynolds  Stress  Near  the  Wall” 
presented  by  W.W.Wilimarth 


J.M. Wallace,  Jr:  I  want  to  point  out  that  Wallace,  Eckelman.  and  Brodkey  have  measured  the  four  quadrant 
contributions  to  the  uV  Reynolds  stress  term  in  MP1  fur  Stromungsforschung  Berkht  1 19,  and  are  qualitatively 
in  agreement  with  those  of  Professor  Willmarth.  We  also  measured  scales  and  found  that  the  two  positive  contri¬ 
butors  are  much  larger  in  scale  than  the  two  negative  contributors. 

W.W.Wilimarth:  I  believe  the  lower  Reynolds  number  of  your  experiments  may  cause  some  quantitative  difference 
in  the  four  quadrant  contributions  to  uV  .  Your  observation  that  the  negative  contributions  to  uV  were  of 
smaller  scale  than  the  positive  ones  is  further  evidence  of  the  small  seals  oi  the  bursting  and  sweep  processes. 

C.H.Gibson:  Would  you  comment  on  the  degree  of  convergence  of  your  statistical  parameters,  especially  since  you 
emphasize  the  intermittency  of  the  Reynolds  stresses,  and  intermittency  will  increase  the  required  sample  sizes? 

The  “four  quadrant  diagram”  appears  to  be  equivalent  to  estimating  a  joint  probability  distribution  function  with 
a  four  box  joint  histogram.  Was  this  technique  used  to  obtain  convergence  of  your  statistic  with  a  limited  sample 
size,  or  is  there  some  other  advantage  of  the  “four  quadrant  diagram”  over  a  joint  histogram  with  better 
resolution? 

W.W.Wilimarth:  I  believe  that  the  size  of  the  samples  used  for  the  sampled  Reynolds  stress  data  of  Figure  6  is 
adequate  for  Figure  6  b,  c.  d.  e  and  the  data  become  less  accurate  for  extreme  values  of  T.L.  Figure  6  a,  f,  g.  In 
regard  to  the  effect  of  intermittency  on  required  sample  size,  the  data  for  extreme  negative  values  of  T.L.  arc 
affected  as  indicated  by  the  time  variation  of  uv/tiv  when  only  38  samples  were  obtained  at  T.L.  =  -2.15u^ 
(see  Fig.  6  a  I. 

The  same  comments  apply  to  the  data  shown  in  the  “four  quadrant  diagram”.  In  the  end,  one’s  optimum 
statistical  accuiacy  is  set  by  the  use  one  intends  for  the  data.  We  have  not  analysed  our  accuracy  in  detail  but  ! 
believe  our  data  is  accurate  enough  to  show  that  large  bursts  contribute  generously  to  the  Reynolds  stress.  The 
average  (in  some  as  yet  undefined  sense)  of  a  burst  is  an  interesting  question  for  further  investigation. 


Discussion  ol  Paper  4 

"  Spectral  Distributions  of  Thermal  Fluctuations  in  a  Turbulent  Boundary  Layer” 
presented  by  L.Fulachier 

C.A.F.iehe:  I  would  like  to  ask  I.  How  was  the  temperature  measured?  2.  What  was  the  spatial  separation 
between  the  temperature  and  velocity  probes,  in  terms  of  the  wave  number  k,  .  shown  on  the  slides  of  the 
Various  spettr  ’ 
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LFubchier: 

1  l.es  fluctuations  de  temperature  ont  ete  mosurees  par  ia  methode  des  diagrammed  de  fluctuations  de  Morkovin- 
Kovasznay  appliquec  par  F.Verollet  (voir  reference  !  >  yux  ecoulcments  subsoniques  (confer!  page  4- ').  Les 
spectres  de  temperature  ont  ete  obtenus  en  appliquant  cette  methode  aux  rignaux  filtre:-  en  frequence. 
Cependant.  etant  donne  le  longueur  et  la  difficulty  de  ce  genre  de  mesure.  certains  spectres  dc  temperature  ont 
ete  mesurcs  avec  un  fil  chaud  unique  pur  chauffe  et  corriges  de  la  contamination  due  a  la  fluctuation  de 
vitesse  u’  (confert  page  4-3 1.  F.n  fait,  sur  les  figures  1  a  6  les  points  explrimentaux  des  spectres  de  tempera¬ 
ture  presentes  n  ont  pas  ete  corriges.  la  correction  amelion:  la  comparaison  des  spectres  Fg#  et  Q  . 

2.  Les  spectres  de  O'.  u’  et  O'  u’  ont  ete  mesures  avecun  seul  fil  chaud  (voir  reponse  1).  En  ce  oui  conceme 
les  spectres  de  v’  .  w’  ,  et  les  cospectres  de  uV  et  flV  nous  avons  utilise  deux  fils  chauds  croises  en  X  et 
la  methode  des  diagrammes  de  fluctuations  (confert  page  4-3).  La  distance  entre  les  deux  fils  ctait  de  0,4  mm 
ce  qui  correspond  a  un  riombre  d'onde  de  2500  m-1 . 


Discussion  of  Paper  5 

“Intermittent  Structures  in  Boundary  Layers” 
pro:  nted  by  R.E.Kaplan 

LS.G.Kovasznay :  I  would  like  to  comment  on  your  last  slide.  Can  you  interpret  your  data  in  the  light  of  Corino 
and  Brodkey’s  terminology  concerning  the  “sweep”  of  slow  fluid.’ 

R.E.Kaplan:  Our  results  are  in  accord  with  the  descriptions  of  Corino  and  Broclkey.  In  fact,  they  show  in  some 

greater  quantitative  detail  the  suddenness  and  the  scope  of  their  "sweep”.  We  also  show  that  this  “sweep”  is 

preceded  by  an  “inflexional”  velocity  profile  and  can  determine  this  profile  quantitatively.  • 

i 

W.W.Willmarth:  I  wish  to  suggest  that,  in  trying  to  compare  your  data  (for  example  that  of  Figs.  6  and  7)  to 
spatial  models  or  flow  visualization  pictures,  one  might  obtain  a  first  approximation  to  the  actual  How  field  at  one 
instant  in  time  by  assuming  that  the  data  you  obtain  in  Figures  6  and  7  is  produced  by  a  flow  pattern  that  is 
convected  past  your  hot  wire  array  with  unchanging  configuration. 

i 

R.E.Kaplan:  Our  measurements  shed  no  light  on  whether  the  suggestion  is  a  valid  first  approximation.  Since  we 

present  only  u  perturbations,  that  would  suggest  that  u(x)  resembles  Figure  7.  But  there  is  strong  evidence 

that  the  vertical  velocities  are  quite  small,  henc;  continuity  will  be  violated  unless  there  is  a  corresponding  strong 

flow  in  the  crosswise  direction.  We  expect  to  resolve  this  point  in  the  near  future.  ■ 

! 

I 

J.M. Wallace:  1  want  to  ask  if  Professor  Kaplan  has  measured  v’(t)  velocities  simultaneously  with  his  observation 

of  the  deceleration  and  rapid  acceleration  of  the  u’(t)  velocity.  < 

» 

R.E.Kaplan:  The  measurements  of  v’  and  Reynolds  stresses  will  be  done  In  the  near  future. 

i 

i 

C.  du  P.Donaldson:  I  am  unfamiliar  with  a  diagram  such  as  your  last  slide.  From  your  talk  I  taice  it  that  this 
in  some  way  represents  the  lime  history  of  a  distuibance  which  arises  at  the  wail.  Am  1  mistaken?  If  it  does 
represent  a  record  of  a  disturbance,  should  not  the  disturbance  propagate  downstream? 

1 

R.E.Kaplan:  The  last  slide  represents  positions  displaced  normally  from  the  surface.  A  striking  feature  is  that  the  i 

acceleration  and  the  preceding  deceleration  experience  a  very  sm?’i  rime  delay  as  one  proceeds  outward  from  the  j 

wall.  Of  course,  one  should  realize  that  the  displacement  of  each  t-ace  is  very  small  complied  to  distances 
downstream. 

C.  du  P.Donaldson:  1  still  do  not  understand.  A  disturb. .net  originating  at  the  wall  s  i-.ulc  propagate  downstream. 

Perhaps  what  I  see  is  the  record  of  a  disturbance  that  has  moved  in  o  the  area  from  upstream. 

R.E.Kaplan:  The  accelerated  regions  for  large  y/6  and  negative  delay  times  are  more  a  reflection  of  the  velocity 
profile  indicated  in  slide  5  than  the  accelerated  velocity  following  zero  time  for  the  lower  two  curves  of  the  slide 
(Fig  7).  Tc  repeat,  we  believe  that  these  measurements  show  the  formation  first  of  a  velocity  profile,  followed 
for  small  values  of  y jh  b>  a  rapid  acceleration  of  the  flow.  The  local  fluctuation  level  is  highest  immediately 
before  I  lie  acceleration,  ami  the  acceleration  occurs  so  rapidly  that  on  the  scales  of  structures  even  in  the  sublayer, 
it  appears  (o  be  discontinuous. 


I 
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W.W.WiUmarth;  In  your  results  of  Figure  7  a  sudden  jump  (in  time)  of  the  streamwise  velocity  occurs  near  the 
wall  at  y/6  —  0.025.  0.035  and  0.070.  I  believe  this  represents  the  passage  of  a  shear  layer  between 
y/6  =  0.035  and  0.070  .  The  shear  layer  would  have  beneath  it  a  low  speed  fluid  parcel  which  will  then 
erupt  iu  the  manner  described  by  C'orino  and  Brodkey. 

R  E. Kaplan.  That  is  a  t  acceptable  interpretation  which  more  measurements  can  verify. 

W.Schonauer:  In  isotropic  turbulence,  there  is  only  "downwards  cascading”:  the  transformation  of  turbulence 
energy  from  large  eddies  to  small  eddies.  But  the  large  eddies  must  be  created  somehow  b,  an  “upwards  cascading” 
and  this  can  only  take  place  in  the  presence  of  a  shear  layer.  It  seems  to  me  that  the  intermittency  and  the 
turbulence  bursts  in  the  region  between  sublayer  and  turbulent  layer  are  the  sources  for  the  upwards  cascading. 

The  turbulence  energy  created  here  then  diffuses  outwards  and  is  then  destroyed  by  the  downwards  cascading. 

In  this  sense  1  want  to  give  an  interpretation  of  the  hydraulic  diameter  dh  •  it  is  proportional  to  the  ratio  of 
the  flow  volume  to  the  wetted  surface  (the  zone  of  downwards  cascading  to  the  zone  of  upwards  cascading).  And 
many  flows  with  the  same  dj.  show  identically  the  same  behaviour,  so  the  structure  and  the  mechanism  of 
cascading  must  be  the  same  in  such  flows. 


Discussion  oi  Paper  19 

“An  Integral  Method  for  Approximate  Calculation  of  Compressible  Turbulent 
Boundary  Layers  with.  Streamwire  Pressure  Gradient” 
presented  by  H.J.Kuster 


R.L.P.Voisinet:  1  wish  to  make  a  comment  concerning  the  comparison  of  your  theory  to  the  Hn  data  of  Lee, 
Yanta  and  Leonas.  The  discrepancy  in  the  correlation  appears  to  be  due  to  an  upstream  cooling  effect  on  the 
nozzle  wall  boundary  layer  flow.  Upstream  cooling  affects  downstream  temperature  profiles  which  in  turn  affect 
flu  .  Refer  to  Paper  No.  9  for  an  illustration  of  this  effect. 

H.J.Kuster:  Thank  you  for  your  comment. 

1  think  you  may  be  right. 

Indeed  history  effects  are  only  accounted  for  in  the  velocity  field  by  means  of  the  FELSCH-dissipation  law. 
An  additional  correction  for  temperature  history  effects  seems  to  be  necessary  now. 


Discussion  of  Paper  29 

“An  Eddy  Viscosity  Based  on  the  Second  Principal  Invariant 
of  the  Deforma  tio..  Tensor” 
presented  by  W.Schonauer 


O.O.Mojola: 

1.  In  your  Equation  2.7  you  have  uniquel/  related  the  stress  tensor  to  the  rate  of  deformation  tensor  via  an  eddy 
viscosity.  But  it  is  known  that  the  stress  does  not  necessarily  vanish  where  the  rate  of  deformation  vanishes. 
What  is  your  comment  on  this? 

2.  May  !  ask  whether  your  type  of  analysis  is  valid  for  general  complex  flows  in  which  there  is  considerable 
time  lag  between  the  rats  of  stress  tensor  and  the  rate  of  deformation  tensor? 

W.Schonauer: 

1 .  There  is  no  stress  in  my  model,  if  there  is  no  rate  of  strain,  but  it  will  surely  be  possible  to  change  the 
constitutive  equation  such  that  it  is  valid  for  such  extreme  cases,  too.  1  think  that  we  should  at  first  try  to 
handle  the  simplest  cases  and  then  ameliorate  the  stress  strain  relation,  if  we  then  know  its  limitations.  1 
believe  the  assumption  of  isotropy  to  be  the  most  sever;  restriction,  out  herr,  too,  we  must  at  first  see  how 
far  the  simple  relation  describes  the  physical  moie:  before  wt;  give  up  isotropy  and  get  those  coefficients, 
which  depend  on  tL;  choice  of  the  coordinate  system. 

2.  fhe  answer  is  the  same  as  to  question  1 :  we  could  provide  for  the;*  effects  especially  with  relaxation  equations, 
but  at  first  we  should  handle  the  simplest  cases. 
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Discussion  of  Paper  21 

“Effects  ot  Stioiig  Axial  Pressure  Gradients  on  Turbulent 
Boundary  Layer  Flows" 
presented  by  C.H. Lewis 


D.J. Peake: 

I  What  are  'he  essential  differences  between  your  two-layer  calculation  method  and  the  (Douglas)  method  of 
Ceheci  anc!  Smith? 

2.  Why  does  the  density  profile  for  the  AEDC  Hotshot  Nozzle  Flow  deviate  sharply  (as  y/6  -*  0  )  from  the 
other  calculations  shown  on  your  Figure  6  in  the  written  version  of  your  paper? 

C.H.  Lewis: 

1.  The  fluid  mechanical  model  is  essentially  identical  to  Cebeci  and  Smith  if  one  uses  their  eddy  viscosity  law. 

The  numerical  method  is  different  and  the  application,  such  testing  for  convergence  is  unlike  theirs.  Also 
the  method  is  easilv  extended  to  an  arbitrary'  number  of  parabolic  partial  differential  equations. 

2.  The  small  step  size  normal  to  the  wall  used  in  the  present  calculations  permitted  a  detailed  density  profile  to 
be  computed  near  this  highly  cooled  wall.  The  integral  method  results  did  not  permit  such  to  occur. 

i.LStoilery:  Have  similar  calculation  been  made  for  the  case  of  strong  adverse  pressure  gradients  and,  if  so,  are 
your  conclusions  modified  in  any  way? 

C.H.Lewis:  Yes,  similar  calculations  have  beer,  made  for  adverse  pressure  gradients.  Comparisons  were  mad.  v-ith 
experimental  skin  friction,  velocity  and  total  temperature  profile  distributions.  The  measurements  were  made  on  a 
fiat  plate  with  various  curved  ramps  above  the  plate  used  to  generate  the  adverse  pressure  gradient  fields.  We  found 
good  agreement  with  the  data  tor  “moderately"  adverse  pressure  gradients:  that  is,  for  conditions  not  too  near 
separation.  The  wall  shear  stress  was  measured  with  a  floating-element  gags  and  should  be  a  good  test  of  the 
numerical  results.  In  general,  the  method  seems  adequate  without  modification,  if  one  uses  the  eddy  viscosity 
laws  with  the  pressure  gradient  term  included. 

P.A.Libby:  Could  you  tell  us  why  you  think  the  failure  of  your  numerical  analysis  for  cases  of  heated  walls  and 
favourable  pressure  gradient  was  due  to  the  density  transformation  of  the  normal  coordinate  i other  than,  as  I 
would  guess  off-hand,  to  a  failure  of  the  models  for  eddy-viscosity  or  Frandtl  number?  After  all,  if  the  flow  were 
laminar,  I  presume  you  could  compute  these  cases  in  terms  of  your  transformed  normal  coordinate. 

GH.Lewis:  The  failure  may  be  caused  by  the  eddy  viscosity  models  since  we  did  not  investigate  laminar  solutions 
for  these  heated  wall  conditions.  We  will  investigate  this  suggestion  since  we  did  several  numerical  experiments 
such  as  varying  the  step  sizes  and  convergence  tests  without  significantly  affecting  the  results. 

A.D.Young:  Am  1  right  in  thinking  that  you  assumed  the  pressure  as  constant  along  a  normal  to  the  nozzle  wall 
and  if  so,  might  not  this  account  for  the  breakdown  of  the  method  that  you  encountered? 

C.H.Lewis:  We  did  assume  that  dp/dy  =  0  ,  consistent  with  boundary-layer  theory,  in  all  calculate. l.s.  1  do  not 
think  this  could  cause  the  failure  of  the  numerical  calculations.  We  did  several  numerical  experiments  such  as 
varying  the  step  sizes  in  both  x  and  y  directions  without  affecting  the  results.  W-  did  not  include  higher  order 
boundary-layer  effects  such  as  longitudinal  or  transverse  curvature  and  so  we  are  unable  to  comment  on  their 
effects. 


Discussion  of  Paper  30 
“Mach  Number  Effects  in  Turbulent  Flows” 
presented  by  J.J.D. Domingos 


W.Schonauer:  Does  ye.  r  “fundamental  equation”  reduce  to  the  Navier  Stokes  equations  for  the  case  of  an  atonic 
gas’  1  believe  that  all  generalizations  of  flow  equations  should  do  this,  because  this  is  one  of  the  rare  cases  where 
we  need  net  make  a  phenomenological  theory,  but  have  a  consistent  theory  from  the  micro  motion  (molecular 
motion  described  by  the  Boltzmann  equation)  to  the  laminar  (macro)  motion. 


L 


I 
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j.J.D. Domingos:  I  think  you  are  referring  to  a  dilute  monatomic  gas  (Maxwell  gas)  because  only  in  this  asymptotic 
case  has  a  complete  deduction  been  made  of  the  macroscopic  equations  starting  from  microscopic  assumptions, 
although  the  usual  point  of  view  is  to  consider  the  microscopic  approach  as  valid  because  it  agrees  with  ihe 
phenomenological  theory  .  .  .  May  I  point  out  that  no  such  theory  exists  for  dense  gases  or  liquids'*  And  also 
that  it  is  questionable  whether  classical  microscopic  theories  apply  to  turbulent  flows’ 

Regarding  now  the  contents  of  )  our  question,  it  makes  not  much  sens-  :f  you  read,  even  quickly,  my  paper. 

In  fact  what  I  called  the  fundamental  equation  (I  should  have  said  a  first  order  approximation)  started  from  the 
Navier  Stokes  equations  after  the  existence  of  a  velocity  potential  had  been  proved. 

Probably,  a  confusion  arose  in  your  mind  because  my  reasoning  was  quite  unfamiliar.  We  have  not  take1* 
either  a  pure  phenomological  approach  nor  a  pure  microscopic  one.  instead  we  have  combined  both,  if  both 
theories  are  consistent,  as  generally  agreed,  my  approach  is  correct  and  simplifies  considerably  the  continuum 
theories  because  it  reduces  the  number  of  possible  forms  for  the  constitutive  equations  (see  references  in  the 
paper).  If  my  approach  proves  to  be  wrong,  the  two  classical  lines  of  thought  (microscopic-continuum)  are 
inconsistent:  this  would  be  in  itself  an  important  result.  To  summarise:  microscopic  concepts  were  only  used 
to  prove  that  a  velocity  potential  exists.  Once  this  is  proved,  we  proceed  in  the  usual  way  of  continuum  mechanics, 
through  the  postulation  of  constitutive  relations.  These  are  simpler,  in  their  most  general  form,  than  the  classical 
ones  because  they  only  involve  tensors  of  zero  order  (scalars),  not  higher,  because  the  constitutive  equation  concerns 
scalars  instead  of  tensors  of  higher  order. 


Discussion  of  Paper  6 

“A  Two-Layer  Model  for  High  Speed,  Three-Dimensional  Turbulent  Boundary  Layers 
and  Supercritical  Boundary  Layer-Inviscid  Flow  Interactions” 
presented  by  B.L. Reeves 


LC.Squire:  You  say  the  flow  only  relaxes  to  equilibrium  values  if  Cf0  is  not  too  small  or  too  large.  Can  you 
say  more  about  this? 

B.L.Reeves:  As  stated  in  the  paper  on  page  6-12  and  as  we  have  shown  in  Figures  2  and  6,  the  flow  always 
relaxes  back  to  the  equilibrium  Cf  versus  Reg  variation  if  the  initial  value  of  the  skin  friction  (  Cf0  )  lies  above 
or  below  the  equilibria!  curve. 

I  think,  perhaps,  you  have  confused  these  results  for  relaxing  flows  with  remarks  made  earlier  in  the  paper 
concerning  the  “threshold”  levels  (upper  and  lower)  of  the  turbulence  production  integral  over  the  outer  layer 
and  the  stability  of  the  system  of  equations.  The  tacit  assumption  contained  in  this  flow  model  is  that  the  inner 
and  outer  layers  are  more  or  less  distinct  at  any  given  station,  but  that  as  ihe  flow  proceeds  downstream  they  are 
free  to  interact  with  one  another.  By  treating  the  turbulent  boundary  layer  as  an  inner  and  outer  layer  interaction 
problem,  the  results  are  expected  to  reveal  certain  consequences  of  that  interaction  which  do  not  appear  explicitly 
in  other  methods.  Among  these  is  the  result  that  if  in  a  flow  the  two-layer  structure  is  maintained,  that  is,  the 
wall  layer  does  not  swallow  the  outer  layer  or  the  outer  layer  does  not  swallow  the  inner  on?,  the  integral  of  the 
turbulence  production  over  the  outer  layer  has  rather  narrow  bounds. 

In  other  words,  the  production  integral  must  be  evaluated  rather  accurately  or  the  interaction  of  the  two 
layers  will  become  unstable  as  the  system  is  integrated  downstream. 

Consequently,  the.  interaction  between  the  inner  and  outer  layers  can  be  used  to  estimate,  quite  closely,  the 
production  integral  in  the  outer  layer.  Such  results  would  be  quite  useful  because  this  integral  has  buried  in  it 
such  effects  as  intermittency  and  long  “memory”  of  large  eddie1 


Discussion  of  Paper  , 

“Application  d’un  Schema  Ameliore  de  Longueur  de  Melange  a  I’Etude  des  Couches 
Limites  Turbulentes  Tri-Dimensionnelles” 
presented  by  J.Cousteix 


D.J. Peake  Do  your  calculated  Cf  values  compare  well  with  the  experimental  C’f  values  measured  by  East  and 
Hoxe> ,  in  their  protuberance  experiment? 
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J  Cousteix  La  comparison  des  /)0  se  fait  comine  suit.  a  partir  des  valeurs  experimentales  de  H  el  Rfl  on 
determine  Cfx  par  la  loi  Icgarithmique  Cfx  (H,  R$t  ).  On  obteint  alors  la  valeur  de 

..  _  H  -  i 

H^C~T2 

Ensuite  on  a  besoin  des  valeurs  experimentales  de  5,  et  K2  pour  former  T  .  On  peut  alors  calculer  tg  (30  a 
partir  de  la  fonction  de  Clx  .  G  et  T  . 

Dans  ces  conditions,  I'accord  pour  Cfx  et  tg  P0  a  ete  satisfaisant. 


Discussion  of  Paper  8 

“A  Calculation  Method  for  Tu/ee-Dimensiona!  Incompressible 
Turbulent  Bourn,.  ’  Layers" 
presented  by  P.Vvesseling 


J.P.JohttstSri:  Recent  results  obtained  at  Stanford  University  by  Wheeler  and  Johnston  (report  MD-30,  Thermo- 
science;  Division,  Mechanical  Engineering  Department)  are  in  agreement  with  the  primary  results  of  this  paper.  Of 
particular  significance  is  the  importance  of  accurate  knowledge  of  freestream  pressure  gradients. 

P.Wesseling:  1  am  glad  to  hear  this.  The  agreement  between  your  results  and  ours  is  encouraging. 

D.J.Peake.  Are  you  satisfied  that  the  limiting  streamlines  (see  your  Figure  IS  in  the  written  paper)  from  the  NLR 
experiment  were  not  influenced  by  “end-wall"  effects? 

P.Wesseling.  Yes.  No  correction  was  applied  to  the  pressure  distribution;  the  pressure  distribution  used  in  the 
calculation  was  taken  directly  from  the  measurements.  Great  care  was  taken  in  the  experiment  to  eliminate  “end- 
wall"  effects.  One  of  the  measures  which  was  taken  was  the  use  of  curved  side-walls.  The  absence  of  spanwise 
variations  was  thoroughly  checked  by  means  of  pressure  measurements  and  oil-flow  pictures  -  see  Figure  14.  This 
expc  intent  was  a  preliminary  exercise  for  an  experiment  with  a  similar  but  larger  model,  to  be  carried  out  at  NLR 
by  Messrs  B.  van  den  Berg  and  A.Elsenaar  in  the  near  future. 


Discussion  of  Paper  B 

“Calculation  of  Turbulent  Shear  Flows  for  Atmospheric  and  Vortex  Motions” 
presented  by  C.  du  P.Donaldson 


L.S.G.Kovasznay:  I  have  two  questions.  Firstly,  were  the  comparisons  with  experiments  computed  assuming 
similarity  solutions? 

Secondly,  what  do  you  do  in  the  presence  of  solid  walls? 

C.  du  P.Donaldson: 

1.  No.  The  comparisons  were  made  using  a  forward  marching  procedure.  The  computation;  were  carried  far 
enough  so  that  the  flows  were  essentially  similar.  The  viscous  terms  were  retained  in  the  eo  lations. 

In  a  previous  paper  on  the  boundary  layer  we  have  tried  to  treat  the  presence  of  a  solid  suriace  by  the 
inclusion  of  a  boundary  condition,  on  A,  ,  derived  from  the  nature  of  the  model  equations  near  the  wall. 
At  present,  1  believe  it  is  not  clear  just  how  much  complexity  must  be  built  into  any  model  near  a  surface. 
Hopefully,  we  may  be  able  to  retain  a  very  simple  model  that  will  be  adequate, 

C.H. Gibson:  Regarding  the  question  of  whether  or  not  free  jets  are  isotropic  on  the  centerline,  1  would  like  to 
comment  that  our  recent  measurements  of  the  skewness  of  the  streamwise  derivative  of  temperature  on  the  axis 
of  a  heated  jet  give  values  of  about  minus  one;  clearly  not  zero  as  required  by  isotropy. 

It  would  seem  fortuitous  for  the  large  scale  structure  of  the  velocity  field  to  be  isotropic  if  the  small  scale 
structure  of  a  convected  scalar  field  is  not. 
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C.  du  P.Doiialdson:  Goo'1  1  am  glad  to  hear  that  your  experiments  tend  to  support  non-iso;rop>  on  (he  jet 
centre  line  It  would  be  very  difficult  to  gei  a  good  invariant  mode!  if  one  were  required  to  prxluce  centre-line 
isotropy  for  the  case  of  the  axiaily  symmetric  free  jet. 

P  A. Libby:  !  have  two  comments  as  follows: 

1.  lam  somewhat  discouraged  to  learn  that  you  now  believe  it  necessary  to  alter  your  original  formulation 
which  involves  three  parameters,  A  ,  a  and  b  ,  to  incorporate  three  length  scales,  A,  A2  ,  A,  , 
so  that  we  now  face  the  need  to  select  five  parameters.  In  view  of  the  paucity  of  high  quality  data  even 
with  crucial,  basic  flows,  1  am  afraid  we  shall  not  be  able  to  select  rationally  these  five  parameters.  I  wonder 
whether  we  should  accept  some  inaccuracies  in  these  few  basic  Hows  in  compensation  for  simplicity  end 
hopefully  generality. 

2.  1  have  been  using  your  original  formulation  on  the  two-dimensional  mixing  layer.  AUnough  I  have  gotten 
some  solutions  of  limited  accuracy,  my  present  point  is  that  your  p’u|<  modeling  is  not  even  in  qualitative 
agreement  with  the  recent  measurements  of  Spencer  and  Jones.  However  1  find  that  a  modelling 

“  -eu,  u^uf  is  ?\  least  qualitatively  correct  but  then  1  need  another  parameter! 


C.  du  P.Donaldson: 


1.  It  was  only  with  great  reluctance  that  1  abandoned  the  use  of  a  single  capita'.  A  .  It  was,  however,  absolutely 
necessary.  1  am  still  hopeful  that  only  four  parameters  will  prove  adequate  (that  is  taking  ,\2  =  A,  )  but 
only  time  and  comparison  with  experimental  data  can  answer  this  question 

2.  (No  comment  was  made  on  this  part  of  the  question.) 


B.E.Launder:  There  is  quite  a  lot  of  experimental  evidence  which  indicates  that  the  approx.mation  of  the  pressure- 
strain  correlation  used  here  is  not  generally  adequate  in  flows  where  thtre  are  appreciable  mean  rates  of  strain.  For 
example,  it  leads  to  incorrect  predictions  of  the  relative  stress  levels  in  the  plane  homogeneous  sheer  layer  of 
Champagne,  Hamo  and  Corssin  (1970)  (an  interesting  flow,  this,  because  convective  and  diffusive,  transports  2re 
very  small).  What  seems  to  be  needed,  in  addition  to  Rotta’s  “retum-to-isotropy  ’  proposal  adopted  by  Dr  Donaldson 
are  terms  involving  products  of  the  Reynolds  stresses,  and  the  mean  rate  of  strain  Rotta’s  early  work  (1951) 


shows  that  such  a  form  is  suggested  by  the  exact  equaiion  for  p 


dX; 


It  may  be  of  interest  to  mention  that 


specific  proposals  of  this  type  have  recently  been  proposed  and  tested  by  Reynolds  (1970)  and  by  Launder  and 
Hanjalic  (197!). 
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C.  du  P.Donaldson:  I  agree  with  Dr  Launder’s  remarks  completely.  1  am  well  aware  of  the  shortcomings  of  the 
tendency  to  isotropy  model  and  have  given  some  thoughts  to  alternative  models,  but  as  yet  have  not  tried  comput¬ 
ations  with  any  of  these. 


Di  toanon  of  Paper  t 

“A  Re-evaluation  of  Zero  Pressure  Gradient  Compressible  Turbulent 
Boundary  Layer  Measurements'' 
presented  by  J.E.Danbetg 


F.M.  White:  Is  there  any  systematic  effect  of  Mach  number  on  the  wake  constant  *„  ?  I  would  expect  eu  to 
decrease  with  Mj  .  (Hypersonic  data  by  Fiore  (adiabatic)  and  by  Kemp  (heat  transfer)  show  that  #„  approach's 
zero). 

J.E-Danberj:  Hots  have  been  prepared  similar  to  those  shown  in  Figure  S  of  the  paper  with  Mach  number  as  the 
variable  instead  of  Reynolds  number  and  there  wa;  no  systematic  variation  with  Mach  number.  This  seas  confirmed 
by  statistical  analysis  which  indicated  no  significant  correlation  with  Reynolds  number  or  Mach  number.  One  point 
to  consider  is  that  the  use  of  a  reduced  velocity  as  a  compressibility  transformation  has  an  effect  on  thf  magnitude 
of  the  wake  constant,  as  compared  with  the  wake  constant  calculated  without  this  transformation. 


Dbcusboo  of  Paper  2 

“Some  Boundary  Layers  Measurements  on  a  Flat  Plate  at  Mach  Numbers  from 

2.5  to  4.5” 

presented  by  D.G.Mabey 


DJ. Peake:  Do  you  know  the  turbulence  level  in  the  settling  chamber  or  free  stream  and  could  they  have  influenced 
these  measurements? 

D.G.Mabey:  We  know  the  turbulence  level  in  the  settling  chamber  was  very  low  u'/u  =■  0.5%  and  thus  unlikely 
to  influence  the  measurements.  This  level  in  die  settling  chamber  was  achieved  by  ex  tenure  modifications  to  the 
tunnel  and  corresponding  reductions  in  flow  fluctuations  were  obtained  in  the  working  section.  These  modifications, 
and  the  corresponding  -rbulence  measurements  are  tully  described  in  Reference  5. 

J.P.Hartzuiker:  Does  the  roughness  band  alter  the  velocity  profiles? 

D.GJMabey:  Apparently  not,  because  at  least  -t  M  =  4.0  ,  our  values  of  wake  component  (transition  fixed) 
agree  quite  well  with  those  obtained  by  Hastings  and  Sawyer  (transition  free)  at  the  seme  Reynolds  nutnbets  based 
on  boundary  layer  momentum  thickness. 

S.M.k'ogdonoff:  Your  plots  showed  some  considerable  variation  of  wall  recovery  factor  at  high  Mach  number  -  large 
increases  at  the  most  downstream  station.  Might  this  be  some  indication  that  the  boundary  layer  is  not  completely 
turbulent  (equilibrium)  and  this  may  be  due  to  the  transition  strip  you  used? 

D.G.Mabey:  The  state  of  the  boundary  layer  was  r  onitored  during  the  jsts  by  surface  hot  films  (Ref.  4).  The 
character  of  the  hot  film  signal,  even  at  the  forward  station,  the  highest  Mach  number  and  the  lowest  unit  Reynolds 
number,  was  laminar.  All  the  velocity  profiles  measured  were  turbulent  in  character  and  I  think  it  unlikely  that 
“non-equilibrium”  flow  could  be  responsible  for  the  high  temperatures  at  the  end  of  the  plate. 

R.K.Lobb:  What  recovery  factor  correction  did  you  apply  to  Dr  Meier’s  temperature  probe,  particularly  near  the 
wall? 

D.G.Mabey:  The  recovery  factor  of  the  total  temperature  probe  was  assumed  to  be  a  unique  function  of  the  mass 
flow  through  it,  as  for  other  probes  of  this  type  (Meier,  Ref.  3).  Typical  recovery  factors  were  0.99  in  the  free 
stream  and  0.96  close  to  the  wall.  The  relationship  between  recovery  factor  and  mass  flow  was  determined  from 
tests  in  the  free  stream,  varying  the  mass  flow  by  varying  the  unit  Reynolds  number  at  constant  Mach  number 
with  the  orifice  used  for  the  boundary  layer  traverses.  The  free  stream  total  temperature  was  measured  with  a 
much  larger  Meier  probe.  The  free  stream  total  temperature  was  uniform  across  the  working  section  and  within 
0.5°C  of  the  settling  chamber  total  temperature.  The  settling  chamber  total  temperature  was  also  uniform  to  about 
0.5°C  over  a  large  area. 

The  most  serious  uncertainty  is  thus  introduced  by  the  assumption  that  the  free  stream  calibration  was 
applicable  throughout  the  boundary  layer. 
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Dteau»M  of  Paper  1 1 

“Coropansoos  between  voe  Hrgh  Reynolds  Nurobtr  Turbulent  Boundary  Layer 
Experiments  and  Vinous  Recent  Calculation  Procedures  at  Madi  4” 
presented  by  D.J.Peaks 


SM.Bofdoooff:  First,  a  question  of  clarification;  did  you  say  Uut  the  Mach  number  went  up  and  the  pressure 
went  down  for  the  advene  pressure  gradient  case? 

DJ.Peake:  I  referred  to  the  possibility  of  the  existence  of  a  small  static  pressure  gradient  normal  to  the  test  wall 
m  the  region  of  the  stream  wire  pressure  increase  (that  is,  roughly  between  X  =  !  2  an  _ ..  inches  ).  The  particular 
boundary  layer  traverses  under  discussion  were  at  X  =  16.62  and  X  =  20.62  inches  .  We  postulated  that 
br cause  of  the  slightly  concave  displacement  surface  (and  hence  because  of  the  nature  of  the  additional  compression 
disturbances  generated  there),  in  addition  to  the  reflections  of  the  incoming  warn  (from  the  region  of  the  test  wall), 
that  there  was  the  possibility  of  a  normal  pressure  gradient  existing  such  that  the  sUti~  pressure  reduced  marginally 
with  increasing  distance  from  the  wall  towards  the  boundary  layer  edge.  Such  behaviour  had  indeed  been  measured 
by  Michel  (see  ONER  A  Publication  No.  1 02  (1961),  for  instance)  in  experiments  with  a  concave  test  wall.  If  such  a 
reducing  static  pressure  across  the  boundary  layer  were  admissible,  then  the  new  found  boundary  layer  edge 
conditions  yield  skin  friction  coefficients  from  the  Preston  tube  correlations  that  are  in  line  with  the  predictions 
from  the  various  boundary  layer  calculation  methods.  1  don’t  wish  to  place  too  much  emphasis  on  this  conjecture, 
for  as  we  pointed  out,  we  did  not  measure  the  static  prerrure  distribution  across  the  boundary  layer  to  prove  or 
disprove  such  a  hypothesis,  it  is,  moreover,  the  reason  for  the  stressing  of  the  word  "tentative"  in  Conclusion  No.3 
in  the  written  text. 

S.M.Bogdo»off:  1  don’t  believe  that  this  can  be  true  physically.  Hie  incoming  compression  waves  affect  the  outer 
edge  of  the  boundary  layer  first,  resulting  in  higher  pressures  and  lower  Mach  numbers  than  indicated  by  the 
surface  pressure.  For  about  4-5  boundary  layer  thicknesses,  the  wall  static  pressure  is  less  than  the  pressure  at  the 
outer  edge.  This  physical  picture  (method  of  charscteiistics)  makes  it  almost  impossible  to  directly  compare  surveys 
normal  to  the  wall  with  the  theoretical  predictions. 

DJ. Peake.  What  you  say  about  the  incoming  compression  waves  in  the  initial  region  of  stream  vrise  adverse  pressure 
gradient  is  true,  but  at  the  portion*  in  the  flow  that  ere  under  discussion  (that  is,  at  the  second  and  third  experi¬ 
mental  boundary  layer  traverses)  the  outgoing  waves  from  the  test  boundary  layer  should  be  stronger  than  the 
incoming  waves,  leading  to  the  hypothesis  advanced  above. 

J.E.Green:  Taking  Professor  BogdonofTs  comment  a  little  further,  the  region  in  which  only  incoming  waves  cross 
the  boundary  layer  will  be  of  limited  extent,  say  46  at  M  s  4  .  There  will  then  be  a  region  of  similar  extent 
through  which  the  leading  wave,  reflected  at  the  wall,  traverses  out  through  the  boundary  layer.  Thus  there  will 
be  a  region  of  extent  roughly  86  ,  in  which  the  incoming  wave  system  predominates,  pressure  is  higher  at  th  s 
edge  of  the  boundary  layer  than  at  the  wall,  and  the  bo’indary  layer  approximation  3p/3y  -  0  is  not  too  well 
satisfied.  Downstream  of  this  region,  incoming  and  outgoing  wave  systems  will  cross  each  othei  and  the  pressure 
difference  across  the  boundary  layer  will  be  rather  closer  to  zero.  Given  this  flow  structure,  it  is  interesting  that 
the  discrepancies  between  the  skin-friction  predictions  of  the  finite  difference  methods  and  the  measurements  of 
the  surface  tube  starts  some  distance  downstream  of  the  onset  of  the  adverse  pressure  gradient. 

Following  this  comment,  could  1  ask  what  static  pressure  was  assumed  in  reducing  the  data  tc  obtain  the 
velocity  profiles  which  you  have  presented? 

D.J.Peake:  Yes,  the  pressure  difference  that  we  have  assumed  across  thf  boundary  layer  during  the  streamwise 
pressure  rise,  is  small. 

Answering  your  last  point,  the  experimental  velocity  profiles  displayed  on  the  figures  were  calculated  assuming 
a  constant  static  pressure  across  the  boundary  layer  equal  to  the  value  at  the  wall.  For  plotting  purposes,  however, 
if  one  views  Tables  6.2.!  and  6.2.2  for  traverse  T2  with  and  without  an  assumed  normal  pressure  gradient,  cne 
will  note  that  the  plot  would  show  a  discernible  but  quite  small  difference  for  the  effect  of  normal  pressure  gradient 
on  the  velocity  profile. 

The  discrepancy  between  the  theoretical  skin-friction  results  and  the  Preston  tube  measurements  (cssuming 

dP 

constant  static  pressure  across  the  boundary  layer,  equal  to  pw  )  begins  where  the  value  of  —  ,  having  reached 

its  maximum  value,  then  begins  to  decrease  (i.e.  at  X  =  14  inches  ).  Where  this  occurs,  the  Preston  tube  pressure 
itself,  Pp  ,  still  continues  to  increase  at  its  former  rate,  however,  thereby  leading  to  a  sudden  reversal  in  behaviour 
of  the  experimental  Cp  distribution  (that  is  based  on  Preston  tube  pressure  coefficient  -  see  Figure  10). 

C.H.Lewis:  Experiments  and  calculations  have  recently  been  made  at  M  =  2.4  for  similar  adverse  pressure 
gradient  turbulent  boundary  layer  flows  in  which  normal  static  pressure  profiles  were  measured.  Small  normal 
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static  pressure  jnufaents  were  Treasured.  Calculations  assuming  t-iu  normal  pressure  grady-nu.  and  using  the  “wall ' 
conditions  showed  food  afreement  viih  measured  skiR-frictio.  velocity  and  total  temperature  profiles  or  advene 
pressure  gradients  not  near  separation. 

DJJfcake:  One  will  note  from  Fig  me  9a  in  the  written  paper  that  the  experimental  Cp  values  obtained  during  the 
stream wi»e  pressure  increase,  either  by  means  of  an  intermediate  temperature  hypothesis,  or  by  using  an  adiabatic 
wall  temperature,  both  yield  the  same  trend  in  experimental  results.  In  this  case,  therefore,  the  use  of  wall  values 
would  not  seem  to  improve  the  comparison  between  experiment  and  calculation. 


Discussion  of  hpet  D 

“The  Structure  of  Turbulence  in  Shear  Flows” 
presented  by  LS.G.Kovasznay 


P.O.  A. L. Davies:  Dr  Fisher,  one  of  my  colleagues  at  Southampton,  has  similar  convincing  evidence  of  deterministic  j 

structure  in  the  circular  jet.  Does  Professor  Kovasznay  feel  that  the  high  velocity  peaks,  i.e.  those  noted  by 
Professor  Kaplan  yesterday,  are  traces  of  high  velocity  fluid  drawn  in  from  outside  the  boundary  layer?  The  high 
velocity  peaks  we  have  observed  in  the  jet  flow  appear  to  be  induced  high  velocity  fluid  r,o >->  the  core  of  the  jet. 

J.M. Wallace,  Jr:  Would  you  comment  on  the  similarity  between  the  “buisting”  phenomena  and  the  transition 
phenomena? 

LS.G.Kovasznay:  It  is  difficult  to  relate  the  laminar  instability  to  the  bunting  because  the  outer  flow  is  highly 
turbulent  and  it  can  “drive”  the  events  in  the  sublayer. 

W.Schonauer  I  am  very  glad  to  see  your  rtsilts  because  they  help  my  arguments  that  the  turbulent  motion  should 
be  described  by  equilibrium  flows  and  relaxation  times  for  transition  from  one  equilibrium  to  another.  It  is  well 
known  from  random  motion  that  if  the  scale  of  the  random  motion  is  of  the  same  order  as  the  macro  morion 
scale,  then  the  random  motion  has  a  large  memory  (it  reacts  very  slowly  to  changing  the  macroscopic  conditions) 
and  relaxation  plays  an  important  role.  The  example  of  the  acceleration  in  tne  pipe  is  here  a  good  example.  If 
we  defcribe  the  turbulence  structure  in  dimensionless  coefficients,  these  coefficients  do  not  change  in  a  short 
acceleration  part  (even  if  there  are  very  strong  changes  in  the  flow  conditions);  this  is  well  shown  by  your 
experiment. 

J.A.B.WUL;:  In  the  question  of  the  energy  content  of  the  large  eddies,  (you  claimed  that  extrapolating  back  the 
tail  of  the  velocity  space-time  correlation  to  the  origin  gave  a  large-scale  contribution  of  about  0.5  of  the  total 
energy)  1  think  thit  some  boundary-layer  experiments  of  Peter  Bradshaw’s  gave  value,  of  at  least  0.25  for  the 
large-eddy  contribution. 

Secondly,  if  you  aesume  that  the  bulges  in  the  outer  motion  cause  the  sublayer  bursts,  how  do  you  reconcile 
this  with  the  classical  separation  of  the  boundary  layer  into  independent  inner  and  outer  layers? 

LS.G.Kovasznay:  The  separation  into  inner  and  outer  layers  is  a  concept  that  originated  from  mean  flow  measure¬ 
ments,  not  from  fluctuations.  The  fluctuations  do  not  scale  with  distance  from  the  wall  and  local  mean  velocity, 
even  in  the  so-called  logarithmic  region.  The  “feed-back”  mechanism  has  not  been  clarified,  but  it  must  be  through 
the  pressure  fluctuations  that  cause  a  response  in  the  viscous  sublayer. 

R.E.Kronauer:  Near  the  end  of  your  talk  you  suggested  that  spectral  methods  were  to  be  avoided.  The  picture  of 
randomly  occurring  spatially  organized  events  is  as  equally  well  represented  in  wave  number  variables  as  in  terms 
of  correlations,  and  much  of  the  data  you  have  shown  here,  such  as  the  exponential  decay  or  the  correlation  plots 
with  positive  and  negative  regimes,  are  more  efficiently  presented  in  spectral  terms. 

LS.G.Kovasznay:  1  believe  ii  is  a  civil  right  of  anyone  to  Fourier  transform  any  data  he  wishes.  It  is  a  matter  of 
taste. 
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Dbcmbob  of  Paper  IS 

“VVIoaiy  and  Density  Measurements  in  a  Free  Jet” 
presented  by  O.H.Wchnnann 


W.W.Wtttwth.  This  appears  to  be  the  first  workable  scheme  for  measuring  smal'  pressure  fluc.uatior.s  without 
disturbing  the  Ho*  when  the  fluctuations  are  known  to  be  iaentrcpic.  Ha  :  you  estimated  the  signal  to  noise 
ratio  for  your  measurements  in  which  the  aensitiviiy  is  «  10"*  ?  Abo.  in  your  measurements  haw  you 
considered  the  influence  of  the  size  of  the  region  in  which  density  fluctuations  are  correlated  on  the  strength  of 
the  of  nil  from  the  detector? 

O. H.Wefarmanr:  The  signal  to  noise  ratio  depends  on  the  noise  level  of  the  iaser  to  be  used  (plasma  instrbili:;*s. 
hum  and  random  frequency  variations).  To  reduce  the  hum,  the  laser  was  operated  with  a  separate  stabilized  high 
volbge  power  supply.  The  noise  level  was  reduced  by  an  additional  R.F.  unit  to  reduce  plasma  mstebibUcs.  The 
spatial  resolution  of  the  sigiial  depends  on  the  correlation  of  the  fluctuations  in  the  area  of  the  focal  point  A 
general  analysis  will  be  given  in  the  paper  (Ref.  2)  under  preparation. 

P. O.A.LDavies:  An  alternative  system  is  laser  Schiieren  which  is  simpler  end  cheaper  to  set  up  but  suffers  from 
the  disadvantage  that  one  integrates  along  the  beam.  Though  crossed  beams  help  here  one  still  has  an  interpretation 
problem.  .  o (league  at  Southampton,  Dr  Fisher,  has  measurements  of  fluctuating  density  gradients  we  must 
compare  with  the  measurements  reported  here. 

J.E. Green:  Could  you  say  what  the  spatial  resolution  of  your  technique  is,  pcrticularly  along  the  axis? 
O.H.Wehnuaru.  The  resolution  is  approximately  of  the  order  of  1  mm. 

M.A.S-Ros:  H’r  •  the  laser  used  in  continuous  running  or  intermittent? 

O.H.fcfcfcrnrann:  The  laser  was  operated  in  a  continuous  mode. 


Discussion  of  Paper  16 

“An  Experimental  Investigation  of  Curved  Two-Dimensional  Turbulent  Jets” 
presented  by  C.Schwartzbach 


LS.G  Kovasznay:  Did  you  try  to  vent  the  recirculating  region  in  order  to  control  the  position  of  the  stagnation 
point? 

GSchwartzbacli:  The  influence  on  the  reattachment  point  position  due  to  venting  the  recirculating  region  was 
investigated  by  blowing  secondary  air  through  distributed  perforations  of  the  wall.  Qualitatively  the  result  was 
that  the  reattachment  poim  moves  downstream  as  the  secondary  volume  flow  increases.  The  secondary  volume 
flow  rate  needed  to  prevent  reattachment  is  of  about  the  same  size  as  the  nozzle  volume  flow  rate. 

C.  du  P.Donaldson:  May  1  ask  how  the  ^attachment  point  wis  determined? 

*  | 

C.Schwartzbach:  The  reattachment  point  was  located  by  tra’  ersing  a  hot  wire  probe  along  and  very  close  to  the 

wall.  The  probe  signal  cannot  be  interpreted  very  close  to  the  reattachment  point,  but  the  mean  velocity  variations 

at  some,  distance  from  the  reattachment  point  can  easily  be  linked  together,  and  thereby  give  the  location  of  the  1 

point  of  zero  mean  velocity,  which  is  the  reattachment  point.  j 

) 


Discussion  of  Paper  23 

“The  Effect  of  Density  Non-Uniformity  on  the  Turbulent  Mixing  Layer  ’ 
presented  by  G. Brown 


R.C.Maydew:  How  did  you  determine  the  effective  starting  ength,  XO  ? 

G.Brown:  We  determined  the  origin  by  calculating  on  a  profde  integral  at  each  X  and  then,  on  a  plot  of  the 
value  of  the  integral  against  X  ,  we  extrapolate  a  straight  line  through  the  points  back  to  the  origin. 
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J.LSiclfcry  What  was  Ihe  thickness  of  the  spitUcr  plate  in  terms  of  t  te  boundary  hyer  tftkknes*  on  either  »<*-, 
and  was  the  geometry  varied  in  wry  way 

G.  Brown:  The  thickness  ot  the  splitter  plate  at  the  trailing  edge  s  about  0.002"  and  the  momentum  thickness  of 
the  boundary  layer  at  this  edge  is  about  0.00 1 "  at  high  pressure  and  typical  values  of  velocity  or.  the  high  speed 
side.  For  the  measurements  the  geometry  was  not  varieu  but  we  did  take  some  shadowgraph  pictures  with  a  trip 
wire  at  the  trailing  edge  and  this  did  not  noticeably  change  the  features  of  the  large  struct? ire  some  distance  down¬ 
stream  of  the  trip. 

H. E.Fiedte:  I  should  like  to  leport  on  some  observations  I  made  in  a  similar  flow  configuration  i.e.  a  two- 
dimensional  shear  layer  between  a  heated  stream  of  air  and  the  ambient  fluid  at  rest: 

I.  The  temperature  behaviour  as  a  function  oi  time  exhibits  a  very  distinct  saw-tooth  on  whi:h  small  scale 
turbulent  fluctuations  are  superimposed.  This  is  indirect  evidence  of  the  large  sc-Je  you  observed) 

2.  The  mean  temperature  profile  shows  a  distinct  tendency  towards  having  a  small  “platform”  approximately  in 
the  half  velocity  plane,  which  again  points  towards  a  large  scale  transport  mechanism. 

Question:  Have  such  profiles  also  been  observed  by  the  author? 

G.Browr.:  Yes  we  do  find  density  profiles  which  have  a  gentle  bump  on  the  low  density  side  in  cases  where  the 
low  density  is  on  the  high  speed  side.  This  a  most  noticeable  for  the  results  that  we  have  in  which  eu  is  the 
same  in  both  streams.  I  think  it  is  consistent  with  the  large  structure. 

D.K  '^rius:  In  the  later  scenes  of  your  film  the  flow  appeared,  at  least  to  me,  to  consist  of  spirals  rolling  us. 

How  can  you  be  sure  that  ihe  flow  is  truly  two-dimensional  under  these  conditions  of  high  shear’ 

G. Brown:  The  correlation  between  ifte  outputs  of  two  hot  wires  2"  apart  and  2"  downstream  where  the  layer  is 
only  Vx"  thick  is,  I  think,  evidence  that  the  structure  is  not  that  of  spirals  rolling  up.  Looking  at  the  film  frame  by 
frame  gives  one  a  stronger  impression  of  a  “two-dimensional”  flow.  The  film  is  a  shadowgraph  sc  that  the  result 
is  an  integration  of  variations  along  the  light  path.  Since  this  path  is  4"  through  the  layer  it  is  hard  to  see  how 
one  would  see  a  spiral  if  the  layer  were  a  series  of  spirals.  Some  experiments  on  the  two-dimensionality  of  the 
flow  are  being  done  at  present. 

P.A.Libby:  To  get  my  thinking  straight,  could  I  ask  if  I  am  to  understand  that  the  turbulent  structures  in  boundary 
layers  and  shear  layers,  both  of  which  are  two-dimensional  in  the  mean,  are  entirely  different,  three-dimensional  in 
the  former  and  two-dimensional  in  the  latter? 

G.Brown:  Yes.  Boundary  layer  experiments  indicate  that  the  motion  near  the  wall  is  highly  correlated  in  the  stream 
direction  and  no  doubt  this  gives  the  boundary  layer  its  three-dimensional  character.  The  free  shear  layer  has  no 
such  wall  region,  the  mean  velocity  profile  is  unstable  except  at  Reynolds  numbers  of  order  I  and  I  think  it  not 
unreasonable  to  expect  a  different  large-scale  structure.  That  this  is  the  case  is  perhaps  evident  from  the  fact  that 
the  entiainment  rate  non-dimensiona!ized  by,  say,  the  turbulence  energy  is  much  greater  for  free  shear  layers  than 
for  boundary  layers. 

LS.G.Kovasznay:  The  difference  between  a  ree  shear  layer  and  a  wall  layer  is  great.  In  the  case  of  a  free  shear 
layer  there  is  always  inviscid  instability  due  to  the  inflection  in  the  profile,  while  in  boundary  layers  one  must  go 
to  much  higher  Reynolds  numbers  before  bursts  will  occur. 

P. O. A. L. Davies:  (Comments  to  Professor  P.A.Libby)  If  one  has  a  jet  with  a  lamina/  initial  condition  one  finds  a 
good  circumferential  coherence.  In  the  turbulent  jet,  the  boundary  layer  disturbances  provide  a  spacially  incoherent 
initial  condition  at  the  jet  lip  and  circumferential  coherence  is  lost.  Again  some  25  years  ago  in  experiments  on  a 
two-dimensional  water  jet  when  the  boundary  layer  was  laminar,  I  had  a  shear  layer  that  developed  two-dimensional 
instabilities.  With  a  turbulent  boundary  layer  this  coherence  was  largely  lost. 

J. E.Green-  Do  you  have  any  difficulty  reconciling,  in  your  own  mind,  the  clearly  intermittent  flow  structure,  where 
the  rotational  and  irrotational  flows  are  separated  by  a  thin  boundary  and  the  diffusivity  in  the  irrotational  flow 

is  presumably  negligible,  with  the  much  greater  spread  of  the  density  profile  compared  with  that  of  the  velocity 
profile  ? 

G.Brown:  Yes,  to  some  extent  I  do.  !  have  no  explanation  except  the  qualitative  notion  that  it  is  easy  to  deceler¬ 
ate  helium.  1  guess  by  your  question  you  expect  the  turbulent  Schmidt  number  to  be  near  I,  but  I  don’t  know 
what  is  the  basis  for  expecting  that.  We  find  a  Schmidt  number  of  0.3  gives  a  reasonable  agreement  with  the 
measured  profiles. 
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Dacimkxi  of  hjm  14 

"Measurements  of  the  Listen taneous  Spatial  Distribution  of  a  Passive  Scalar 
h  an  Axisymmetric  Turbulent  Wake" 
presented  by  A.M.Schneiderman 


C  A-Friefce:  How  was  the  value  of  ^  determined  in  the  calculation  of  0  ? 

A.M  ?  'inektennan:  The  method  used  is  described  in  the  text  of  the  paper.  Essentially,  I  used  Taylor’s  Hypothesis 

d 

to  approximate  —  (o2 )  in  terms  of  a  power  law  form  for  oJ  versus  z  .  I  chose  the  exponent  r.n  the  basis  of  the 
dt 

mean  flow  data. 


Discussion  of  Paprr  A 

“Recent  Attempts  to  Develop  a  Generally  Applicable  Calculation  Method 
for  Turbulent  Shear  Flow  Layers” 
presented  by  J.C.Rotia 


P.Bradshaw:  1  would  li/e  to  congratulate  Dr  Rot<a  both  on  his  lecture  and  on  the  20lh  anniversary  of  the  public¬ 
ation  of  his  Zeitschrift  fur  Physik  papers,  on  which  we  still  rely  so  much. 

1  have  one  comment  and  one  question. 

Dr  Rotta  mentioned  that  the  assumption  we  made  for  boundary  layers,  that  shear  stress  is  proportional  to 
turbulent  energy,  is  not  suitable  for  flows  in  which  the  shear  stress  changes  sign.  This  viewpoint  seems  to  be 
winning  some  acceptance.  We  did  not  make  it  clear  enough  in  the  original  paper  that  this  is  simply  an  approximation 
to  experimental  data  in  boundary  layers.  In  other  flows  one  would  use  some  other  empirical  relation  between  shear 
stress  and  energy.  Calculations  have  already  been  made  in  ducts  (as  mentioned  in  my  paper  at  this  meeting)  and  in 
jets  and  wakes,  i  apologize  to  Dr  Rotta  for  using  his  casual  remark  as  an  excuse  for  setting  the  record  straight. 

Has  Dr  Rotta  made  any  calculations  in  a  duct  taking  account  of  turbulent  transport  (“diffusion”)  of  length 
scale? 

J.C.Rotta:  For  plane  channel  flow,  some  calcuL  ions  have  been  made  using  a  collocation  method  to  solve  the 
ordinary  differential  equations.  The  results  agree  better  with  experiments  than  the  solutions  with  the  diffusion 
terms  neglected.  But  a  different  set  of  coefficients  was  used  for  these  early  calculations.  The  collocation  method 
was  not  used  any  longer. 

B.E.Launder:  Our  experience  at  Imperial  College  with  the  length  scale  equation  contorms  with  Dr  Rotta’s  remarks 
concerning  the  variation  of  L  near  a  wall:  namely,  that  one  does  not  predict  a  length  scale  which  increases 
linearly  with  distance  from  the  wall  unless  one  introduces  an  extra  generation-like  term.  We  have  found,  however, 
that  the  difficulty  is  circumvented  through  the  use  of  a  transport  equation  for  e  ,  the  energy  dissipation  rate  (in 
the  manner  of  Chou,  Davidov  and  Harlow  and  his  colleagues  at  the  Los  Alamos  Scientific  Laboratories). 

Our  view  is  that  the  differences  in  behaviour  of  these  two  equations  are  traceable  to  the  diffusion  terms  in  the 
respective  equations;  for,  while  the  diffusion  term  is  not  the  dominant  one,  it  is  nonetheless  of  significance  in  the 
length-scale-determining  equation  near  a  wall.  Current  modelling  practices  usually  entail  the  approximation  of  the 
diffusion  process  by  a  gradient-type  closure.  It  turns  out,  however,  as  one  of  those  unpalatable  facts  of  life  that 
the  length  scale  (on  q3L  )  just  does  not  diffuse  at  a  rate  proportional  to  its  spatial  gradient.  It  was  precisely  for 
this  reason  that  Ng  and  Spalding  (1970)  had  to  add  empirically  an  extra  term  to  their  q2L  equation  to  secure 
a  linearly  increasing  length  scale  in  near-wall  shearflows. 

In  contrast,  in  one  equation  for  the  transport  of  energy-dissipation  rate  a  gradient  hypothesis  for  the  diffusion 
of  e  leads,  without  further  tampering  with  the  equation,  to  satisfactory  predictions  of  the  length  scale  (which 
may  be  taken  as  q3/e  )  in  plane  flows  both  near  to  and  remote  from  walls.  A  recent  paper  by  Dr  Hanjalic  and 
me  has  provided  some  theoretical  support  for  representing  the  rate  of  diffusion  of  dissipation  by  a  gradient  flux 
approximation,  at  any  rate  for  the  boundary-layer  flows  which  are  here  in  question. 
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J. C.Rotta:  The  recent  wo-k  of  Dr  Launder,  Professor  Spalding  and  other  members  of  this  group  of  imperial 
College  provides  a  great  amount  of  valuable  experience,  further  investigations  will  certainly  benefit  by  this 
work,  it  was  interesting  to  leant  that  'he  experiences  of  these  investigators  with  the  length  scale  equation 
conform  to  my  own  findings,  although  different  wjys  have  been  tried  to  overcome  the  difficulties. 

L.S.C  Kovxsznay:  Your  theory  is  asymptotic  in  Reynolds  number  Does  this  mean  that  it  cannot  show 
dependerce  of  results  on  Reynolds  number? 

A.Rotta:  Theory  predicts  no  Reynolds  number  effect  for  free  shear  flow  cases.  For  flows  with  solid  boundaries 
a  Reynolds  number  effect  appears  as  a  consequence  of  matching  the  solution  with  the  law  of  the  wall. 

K. Genteir  You  mentioned  the  fact  that  the  constant  ip  was  too  small  to  fit  the  experiments  properly.  Since 
you  have  five  different  constants  to  be  adjusted,  how  can  you  be  sure  that  just  the  constant  tp  a  responsible 
for  certain  discrepancies  lietween  theory  and  experiment? 

J.A.Rotta:  To  answer  th.s  question,  it  may  be  kept  in  mind  that  the  law  of  the  wall  constraint  requires  the 
coefficient  of  the  dissipative  term  of  the  shear  stress  equation,  kp  ,  to  be  proportional  to  »p  .  Consequently, 
with  a  small  value,  ap  -  0.09  ,  both  terms,  production  and  aissipation,  are  weak.  Since  mean  velocity 
gradient  and  shear  stress  have  opposite  signs  in  the  central  region,  when  saddle  shaped  profiles  occur,  the  shear 
stress  production  and  dissipation  have  the  same  sign.  They  are  balanced  mainly  by  the  shear  stress  convection. 
On  the  other  hand,  with  a  high  value  of  ip  (and  kp  ),  the  dissipative  term  is  strong  and  is  compensated  by 
a  strong  production  of  apposite  sign.  Thus,  mean  velocity  gradient  and  shear  stress  have  the  same  sign  every¬ 
where.  he  shear  convection  has  only  a  weak  effect  in  this  case.  Calculations  based  on  a  value  of  »p  =  0.75 
indicate  no  saddle  shaped  mean  velocity  profiles,  ever,  though  the  diffusion  coefficients,  kq  and  kqT  ,  are 
varied  in  a  wide  range. 


Discussion  of  Paper  9 

“An  Experimental  Study  of  the  Compressible  Turbulent  Boundary  layer 
with  an  Adverse  Pressure  Gradient” 
presented  by  R.P.L.Voisinet 


J.E.Green:  Lmu  you  make  any  checxs  on  the  streamwise  integral  balances  of  momentum  and  heat  transfer? 

And,  if  so,  are  you  able  to  identify  the  source  of  the  appreciable  energy  defect  which  you  have  measured  in 
your  “adiabatic’'  boundary  layer? 

R.P.L.Vcisinet:  A  streamwise  momentum  balance  was  made  and  is  discussed  in  the  report,  however,  an  energy 
balance  was  not  made.  The  energy  defect  in  the  adiabatic  data  appears  to  be  due  to  the  fact  that  the  “adiabatic” 
condition  could  not  be  maintained  precisely  in  the  throat  region.  And,  as  was  pointed  out  in  the  paper,  slight 
variations  in  the  wall  temperature  at  the  throat  cause  large  variations  in  the  downstream  temperature  profiles. 

y  y  jj 

F.M. White:  For  the  plots  cf  — - - —  versus  —  ,  is  Tte  the  measured  value?  If  so,  is  it  varying 

Tte  "  Tw  Ue 

downstream  from  the  throat  and  a  function  of  nozzle  cooling?  If  so,  there  is  nothing  anomalous  about  your 
plots,  since  the  “lost  heat”  is  merely  being  convected  across  the  outer  layer  by  the  vertical  velocity  component. 

In  general,  I  believe  there  is  little  to  be  gained  of  a  fundamental  character  from  such  Tt  plots.  Both  Crocco 
and  Walz  are  wrong  for  fundamental  physical  reasons,  e.g.  Pr  &  1  ,  so  we  get  nothing  but  confusion  and 
arguments  from  displaying  the  data  in  this  manner. 

My  persona!  thanks  for  announcing  tc  the  world  that  nozzle  cooling  has  no  effect  on  the  skin-friction, 
since  this  is  one  of  the  basic  assumptions  of  my  little  theory. 

R.P.LVoisinet:  The  value  of  T,g  is  a  locally  measured  property  of  the  flow  and  was  not  observed  to  change 
with  streamwise  distance  or  throat  cooling. 
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Discussion  of  Paper  10 

“The  Supersonic  Turbulent  Boundary  Laye;  in  Adverse  Pressure  Gradient  - 
Experiment  and  Data  Analysis” 
presented  by  W.B.Sturefc 


A.D.Younj  With  regard  to  the  difficulty  of  determining  integral  quantities  due  to  the  ambiguity  in  defining  the 
boundary  layer  edge,  have  you  considered  doing  the  integration  along  the  isobars,  or  lines  coinciding  with  the 
isobars  near  the  boundary  layer  edge?  In  that  case  there  should  be  no  ambiguity. 

W.E.Stv.rek:  No  attempt  lias  been  made  to  evaluate  the  integral  thicknesses  along  isobars;  however,  isoban  have 
been  plotted  for  the  flew  over  the  ramp  model.  These  isobars  deviated  sufficiently  from  simple  straight  line 
exter  .ions  of  Mach  lines  from  the  outer  flow  to  discourage  the  r  use  as  a  path  of  integration. 

I. S.’.tonaldson:  How  confident  is  the  author  that  a  transverse  measurement  of  static  pressure  is  ?  measure  of 
two-dimensionality  of  the  flow? 

W.B.Sturek:  I  don’t  consider  the  transverse  static  pressure  measurements  to  indicate  absolute  two-dimensionality, 
but  rather  to  provide  an  indication  of  the  magnitude  of  the  departure  from  two-dimensionality  for  the  conditions 
of  this  test. 

J. E. Green;  In  your  slide  on  fluctuating  quantities,  is  the  scaling  quantity  e0  based  on  a  loal  or  a  reference 
quantity;  i.e.  does  the  slide  indicate  an  absolute  or  only  a  relative  increase  in  the  fluctuation  levels  in  the  adverse 
pressure  gradient? 

W.B.Sturek:  The  reference  value  was  0.005  Volt  and  was  the  same,  for  all  data  points  shown. 


Discussion  of  Paper  31 

“Turbulent  Boundary  Layers  at  Supersonic  and  Hypersonic  Speeds” 
presented  by  G.T.Coieman 


R.N.Cox:  Figure  1 4  of  your  paper  draws  an  important  conclusion  that  the  flap  angle  in  for  separation  levels  out 
as  the  Mach  number  increases.  There  must  be  some  doubt  about  the  two-dimensionality  of  the  experiments  as  the 
plate  has  a  small  aspect  ratio,  the  boundary  layer  is  thick,  and  much  of  the  flap  even  lies  withir.  the  tip  vortex 
region.  How  sure  are  you  that  this  leveling  out  does  really  occur? 

G.T.Coieman:  The  data  on  Figure  14  represent  a  “slice”  through  the  data  of  Figure  12  at  a  Reynolds  number  of 
4  x  106  -  this  was  chosen  because  it  included  a  lot  of  data  especially  our  new  data  scaled  to  the  condition. 
However  a  similar  cross-section  taken  at  a  higher  Reynolds  number  has  shown  a  similar  tread. 

J.LStollery:  (Comments  only)  To  add  to  Mr  Coleman’s  reply,  we  are  of  course  aware  that  no  experiment  is 
absolutely  two-dimensional.  We  would  however  expect  that  oij  reached  a  level  since,  at  a  flap  angle  of  46°,  the 
oblique  shock  will  detach  and  form  a  normal  one. 

LC.Squire:  In  your  paper  you  deduce  values  of  Rg  via  a  Reynolds  analogy.  How  do  these  values  agree  with 
those  found  from  your  traverse? 

G.T.Coieman:  We  have  not  done  this,  as  yet.  However,  it  will  be  carried  out  but  it  should  be  remembered  that 
an  assumed  temperature  distribution  was  used  in  the  derivation  of  the  velocity  profiles. 


Discussion  of  Paper  12 

"An  Experimental  Investigation  of  the  Turbulent  Boundary  Layer 
Along  a  Streamwise  Comer” 
presented  by  A.D.Young 


S.M.Bogdonoff:  1  was  most  interested  in  the  secondary  flow  phenomena  you  described,  is  it  possible  to  answer 
the  question  as  to  whether  the  secondary  flow  is  due  purely  to  the  laminar  character  or  is  it  possible  that  it  is  due 
to  geometry  or  physical  set  up? 
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/..D. Young.  I  do  not  think  that  the  secondary  flow  observed  in  the  laminar  case  is  just  a  peculiarity  of  our 
experiments,  although  I  accept  the  possibility.  It  was  evident  in  a  wide  range  of  circumstances  and  pressure 
distributions.  However,  I  think  that  the  question  remains  as  te  whether  it  is  an  essential  feature  of  laminar  flow, 
or  whether  it  is  a  manifestation  of  instability  «nd  is  therefore  presumably  dependent  on  Reynolds  number.  We 
were  not  able  to  get  down  to  a  low  enough  Reynolds  number  to  see  any  essential  change  in  the  development  of 
the  secondary  flow;  nevertheless,  l  am  inclined  to  favour  the  instability  hypothesis  because  of  the  way  ;te  mean 
flew  velocity  profiles  change  with  distance  downstream  from  the  leading  edge. 

Prof.  K.Gersten:  How  does  the  work  reported  compare  with  results  obtained  by  Rubin  ei  al.? 

A.D.Young:  I  recall  seeing  a  paper  a  few  yeais  ago  by  Rubin  and  his  colleagues  setting  out  the  analysis  and 
resulting  equations  for  the  laminar  flow  in  a  comer,  and  the  paper  indicated  that  work  was  proceeding  on  some 
solutions  of  those  equations.  I  have  not,  however,  seen  any  "tsults  of  such  calculations  as  yet  and  so  I  cannot  say 
how  they  compare  with  our  measurements.  Perhaps  Mr  Mojola  may  have  more  up-to-date  information  on  Rubin’s 
work. 

R.H.Korkegi'.  It  may  be  well  to  point  cut  that  the  Brooklyn  Polytechnic  team  have  developed  two  analyses: 

( 1 )  One  by  Bloom  and  co-workers  on  the  comer  boundary  layer  at  low  speeds  and  later 

(2)  A  merged  layer  analysis  by  Rubin  which  holds  for  relatively  low  Reynolds  numbers  and,  I  believe,  high 
Mach  numbers,  and  represents  the  flow  fields  all  the  way  from  the  wall  to  the  shock  wave. 

Dr  Gersten  was  alluding  to  .he  former  study,  I  believe. 

O. O.MojoIa:  The  work  of  Rubin  and  his  co-workers  has  been  published  in  a  recent  issue  of  the  Quarterly  of  Applied 
Mathematics.  Their  recent  work  indicates  a  secondary  flow  which  is  directed  inwards  along  the  walls  and  outwards 
roughly  along  the  comer  bisector.  But  as  far  as  I  can  make  out,  their  calculated  contours  of  the  streamwise  mean 
velocity  do  not  reflect  the  experimental  observed  (Zamir  and  Young,  1970,  Ref.  24)  distortion  of  the  streamwise 
velocity. 

P. Bradshaw:  Were  the  static  pressure  measurements  corrected  for  the  effect  of  turbulence  on  the  probe? 

O.O.MojoIa;  The  answer  is  NO,  because  we  don’t  know  HOW! 


Discussion  of  Paper  24 

“Etude  d’une  Couche  Limite  Turbulente  Avec  Injection  a  la  Paroi  d’un  Meme 
Gaz  ou  d’un  Gaz  Etranger” 
presented  by  R. Michel 


H.McDonald.  Do  you  have  any  comment  on  the  fact  that  some  people,  for  instance  Abeci  et  al.,  find  it  necessary 
to  include  an  effect  of  blowing  on  the  damping  constant  A  in  order  to  improve  the  agreement  between  theory 
and  experiment'; 

R.Michel:  Notre  hypothese  fondamentale  est  oue  la  correction  de  la  longueur  de  melange  proposee  par  Van  Driest 
est  valable  dans  le  cas  general  a  condition  de  retenir  comine  parametre  d'ir.fluence  le  rapport  rt/re  du  frottement 
turbulent  ou  frottement  laminaire.  Dans  le  cas  de  l’injection,  ceci  conduit  quand  on  exprime  la  correction  er. 
fonction  de  y*  ,  a  prendre  pour  la  “damping  constant” 

A*  =  26(1  +  v*  u+  rm  ■ 

La  modification  nous  apparait  done  comme  logiquement  necessaire;  i!  nous  semble  interessant  d’avoir  pu  la  faire 
apparaitre  par  le  seul  concept  d’influence  de  rt/re  valable  tres  generalement. 
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Discussion  of  Paper  25 

"A  Survey  of  Data  for  Turbulent  Boundary  Layers  with  Mass  Transfer" 
presented  by  D.Coles 


F.M. White:  If  Stevenson’s  law  is  used  to  prepare  curves  similar  to  your  Figure  2,  what  discrepancies  occur,  e  g.  are 
the  slopes  (k)  variable  or  the  wake  heights  erratic,  as  in  your  Figure  1 1?  Is  Simpson’s  law  “immensely”  better, 
"much”  better,  “somewhat”  better,  or  “slightly”  better? 

LC.Squire:  I  have  done  a  similar  anaiy-'s  for  Simpson’s  and  McQuaid’s  data  but  I  get  a  different  result  in  that  I 
support  Stevenson’s  proposal  for  the  law  of  ‘he  wail.  This basically  due  to  the  differences  in  skin-friction  results, 
I  have  re-analysed  Simpson’s  data  and  get  different  skin-friction  values  so  that  his  profiles  agree  with  Stevenson’s 
iaw. 

D.Coles:  (Answers  to  both  F.M.White  and  L.C. Squire)  In  all  of  my  data  processing  so  far,  three  different  analyses 
have  been  carried  out  in  parallel.  Two  of  these  are  discussed  at  length  in  my  paper.  The  third  is  a  mixing-length 
analysis  based  on  Stevenson’s  condition  for  the  intercept  in  tne  logarithmic  formula.  I  have  not  studied  the  results 
very  carefully,  because  l  consider  the  values  obtained  for  Cf  to  be  much  too  low  (for  moderate  or  large  blowing) 
compared  to  values  recommended  by  the  experimenters  The  latter  should  of  course  be  verified,  and  I  have  not  yet 
done  so.  At  the  moment,  I  consider  Simpson’s  law  to  be  “much”  better  than  Stevenson’s.  An  exchange  of 
information  seems  to  be  in  order. 


Discussion  of  Paper  26 

“The  Suppression  of  Shear  Layer  Turbulence  with  Mass  Transfer” 
presented  by  J.P.Johnston 


P.Bradshaw:  In  Figures  7b  and  7c  the  effect  of  increasing  rotation  number  at  given  Richardson  number  is  apparently 
to  reduce  the  mixing  length.  Granted  that  this  is  stretching  the  data  rather  far  the  trend  seems  fairly  well  established. 
Have  you  any  comments  on  this  rather  surprising  trend? 

J.P.Johnston:  The  trend  noted  is  clear  in  Figure  7b,  but  not  in  Figure  I:.  If  one  iccepts  the  accuracy  of  the  data 
to  be  better  than  ±  10%,  the  data  at  Ro  =  0.056  in  Figure  7c  is  not  consistent  with  the  idea  of  a  reduction  of 
mixing  length  as  suggested.  However,  if  the  trend  is  indeed  real,  it  suggests  that  the  parameter  0  is  itself  a  function 
of  rotation  number.  No  specific  claims  are  currently  made  for  the  absolute  accuracy  of  the  data,  but  it  is  felt  that 
the  trend  at  least  of  Figure  7b  is  real  and  deserves  some  comments.  First,  on  the  stable  side  of  the  channel,  the 
flow  will  become  laminar  at  sufficiently  high  Ro  .  When  laminar,  the  mixing  length  ratio  for  the  condition  of  our 
experiments  will  be  of  the  order  of  0.1  and  it  will  be  independent  of  Richardson  number.  The  transition  rotation 
number  for  Re  =  3.5  x  104  is  close  to  Ro  —  0.2,  roughly  twice  the  maximum  rotation  number  of  the  data 
in  Figure  7b.  Since  the  transition  process  is  not  sudden,  it  appears  logical  that  as  Ro  approaches  the  magnitude 
necessary'  for  transition  ba  k  to  laminar  tlow,  the  mixing  length  ratio  should  reflect  the  apparent  fact  that  the  real 
flow  may  be  intermittently  laminar  and  turbulent  as  transition  spots  sweep  by  a  fixed  point.  At  this  time,  I  am 
not  prepared  to  quar.tify  this  point  however. 

B.E.Lauuder:  In  order  to  calculate  the  mixing-length  distributions  in  your  flow  you  would  have  had  to  calculate 
the  shear  stress  distribution  across  the  channel.  Could  you  mention  briefly  how  you  determined  this,  please? 

J.P.Johnston:  [Dr  Johnston  replied  to  the  effect  that  the  flow  was  considered  fully  developed  and  the  wall  stresses 
were  found  by  way  of  Pieston  tube.! 

B.E.Laur.der:  Would  it  be  fair  to  say  that,  by  using  surface  impact  devices  to  determine  the  surface  stress,  you  have 
used  a  device  which  relies,  for  its  accuracy,  on  the  universality  of  the  mixing  length  near  the  wall,  in  order  to 
measure  non-universal  features  in  the  mixing-length  profile? 

J.P.Johnston:  As  pointed  out,  the  flow  was  close  to  fully-developed  and  thus  the  shear  stress  distribution  was 
linear.  Its  absolute  value  could  hence  be  determined  by  measurement  of  the  wall  shear  stress.  The  Preston  tube 
was  used  only  when  the  wali-layer  flow  was  turbulent.  In  the  original  study,  Reference  1,  experiments  were 
conducted  to  determine  tne  effects  of  rotation  and  tube  diameter,  d  ,  on  the  Preston  tube  results  in  terms  of  the 
parameter  Ttd2,/u  .  No  effects  were  noted  Our  limited  study  was  conducted  to  confirm  the  results  of  earlier 
work  (Hill  and  Moon.  M.I.T.,  Gas  Turbine  Lab.  Rept  No.  69,  June  1962)  in  which  fld2/u  was  varied  by  an  order 
of  magnitude  at  fixed  Re  and  Ro  ,  without  effect  on  the  wall  shear  indicated  by  the  tubes. 
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Discussion  of  Paper  27 

“Developpement  d'une  Couche  Limits  Turbulente  dans  un  Ecoulement 
Exterieur  Turbulent" 
presented  by  G.Charnay 


LS.CKovisznay 

1.  Les  auteurs  doivent  ctre  felicites  pour  cette  contrioution  interessan'e.  J'aimerais  poser  les  questions  suivantes. 
Quelle  est  U  definition  cxacie  de  fepaisseur  de  la  couche  Mmite?  Comment  est-elle  definie? 

2.  Est-ce  que  les  tensions  de  Reynolds  etaient  nulles  a  fepaisseur  y  =  6  ou  restaient-elles.  ..e  va.'eurs  finies  dans 
le  cas  de  pre  ’urbulence  forte? 

G.Chamay : 

!.  Pour  une  section  droite,  fepaisseur  de  la  couche  limits  est  egale  a  la  distance  entre  la  paroi  et  le  point  ou  la 
vitesse  moyenne  atteint  99iH  de  la  vitesse  exterieure.  A  cause  de  ('incertitude  qui  existe  sur  la  determination 
de  cette  distance,  chacwne  des  epaisseurs  rapportee  ici  est  en  fait  une  moyenne  des  resultats  obtenus  lors  de 
plusieur  essais. 

2.  Les  mesures  comparatives  que  nous  avons  effectuecs  montrent  que  pour  y  =  6  ,  les  tensions  de  Reynolds 
ne  sont  pas  nulles  ct  ce  d'autant  moins  que  le  niveau  de  turbulence  exterieur  est  plus  eleve.  A  partir  des  seuls 
resultats  presentes  ici,  il  est  difficile  de  faire  le  point  des  differents  phenomencs  qui  contribuent  a  I’accroissement 
de  ces  tensions  de  Reynolds,  car  aucun  echantillonnage  n’a  ete  encore  utilise. 

W.Schdnauer:  In  my  paper  (Ref.  No.  29)  !  gave  boundary  layer  equations,  which  contain  a  term  c0  .  This  term 
is  responsible  for  the  eddy  viscosity  at  the  edge  of  the  boundary  layer.  If  in  the  outside  motion  there  is  turbulence, 
the  value  ot  c0  increases  and  this  causes  a  flattening  of  the  velocity  profile  at  the  outer  edge  (the  boundary  layer 
is  enlarged)  and  an  increase  of  the  friction  coefficient.  This  c0  term  does  not  appear,  when  in  the  Prandtl  boundary 
layer  equations  an  eddy  viscosity  is  introduced  instead  of  the  laminar  viscosity.  But  this  term  just  dominates  the  flow 
at  the  outer  edge  of  the  boundary  layer,  and  explains  theoretically  the  effects  which  you  found  by  your  measure¬ 
ments. 

G.Chsrnay:  Votre  article  se  rattache  au  concept  du  coefficient  de  viscosite.  Nous  pensons  que  les  phenomdnes  qui 
se  passent  au  bord  de  la  couche  limite  perturbee  sont,  dans  leur  mecanisme,  beaucoup  plus  complexes. 

J.M.R.Graham:  I  recently  measured  the  turbulent  energy  balance  in  a  boundary  layei  in  a  similar  situation  and 
found  that  the  turbulence  diffusion  (obtained  by  difference)  was  largely  suppressed  in  the  outer  region  of  the 
boundary  layer.  This  I  assume  to  be  due  to  entrainment  of  the  freestream  turbulence  into  the  boundary  layer  in 
the  “gaps”  between  the  large  eddies.  This  inward  diffusion  of  turbulence  opposes,  in  the  mean,  the  outward 
diffusion  of  boundary  layer  turbulence  in  the;  large  eddies  of  the  boundary  layer. 

G.Chamay:  Oui,  vos  resultats  paraissent  bien  corroborer  noire  opinion  sur  I’origine  des  modifications  observees  a 
savoir  qu’elles  ne  sont  probablement  pas  dues  a  une  augmentation  du  processus  diffusif  de  finterieur  vers  f  exterieur 
de  la  couche  limite. 


Discussion  of  Paper  28 

“Some  Measurements  of  the  Distortion  of  Turbulence  Approach'ng 
a  Two-Dimensional  Body" 
presented  by  P.W.Bearman 


R.N.Cox’  Your  argument  that  filling  the  wake  by  a  free  streamline  body  would  ,i  oid  pressure  fluctuations  coming 
from  downstream  of  the  body  presumably  only  applies  to  the  case  of  L^/D  «  ' .  For  L^/D  »  I  ,  would  one 
not  expect  such  fluctuations  due  to  variation  of  the  equivalent  free  stre3mlir.es,  lift  effects  etc?  Did  you  measure 
pressure  fluctuations  on  the  body  surface? 

P.W.Bearman:  Professor  Cox  is  right  to  point  out  that  when  Lx/D  «  I  the  v-component.  of  turbulence  could 
induce  circulation  changes  about  the  complete  body.  The  cross-section  of  the  model  looks  somewhat  like  a  blunt- 
nosed  aerofoil  section.  I  owever  the  length  of  the  body  was  nearly  an  order  of  magnitude  greater  than  the  largest 
scale  of  turbulence,  and  it  should  be  valid  to  treat  the  complete  flow  as  inviscid  and  neglect  the  effect  of  any  Kutta 
condition  at  the  trailing  edge.  When  stating  the  condition  Lx  »  D  this  should  be  accompanied  by  the  further 
condition  Lx  «  c  ,  where  c  is  the  model  chord.  The  measurements  of  pressure  fluctuations  at  the  stagnation 
point  suggested  that  these  were  related  directly  to  the  approaching  turbulence. 
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APPENDIX  B 

MEETING  SUMMARY  SESSION 


Professor  Bogdonoff 

The  next  two  speakers  will  be  Dr  Ktichemann  from  England  and  Prof.  Libby 
from  the  U.S.  My  instructions  to  them  were  to  tell  us  what  they  thought 
was  important  or  what  they  thought  was  not  important,  or  tell  us  something 
about  the  scale  of  confusion  that  reigned  in  the  last  three  Jays.  This  was  a 
most  difficult  assignment  to  make,  but  1  thought  it  might  be  appropriate  in 
this  field  of  turbulence  to  end  off  perhaps  still  in  a  very  turbulent  state. 
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MEETING  SUMMARY  SESSION 


Dr  Kuchemann: 

Mr  Chairman.  Ladies  and  Gentlemen.  I  can  tell  you  what  the  specification  was  in  my  case.  I  am  the  outsider, 
someone  who  is  really  not  concerned  either  with  preparing  this  meeting  nor  with  the  work  that  is  being  done  in 
this  field.  I  look  at  it  as  someone  who  knows  nothing  about  it,  and  I  can  promise  you  that  1  shall  leave  you 
confused.  I  should  also  say  that  I  did  get  permission  from  the  Chairman  to  say  outrageous  things.  Now,  as  to 
my  impression,  I  must  say  that  I  am  quite  impressed  by  what  I  heard.  So  impressed,  in  fact,  that  I  am  almost  flat, 
almost  two-dimensional.  Seriously,  as  an  outsider,  who  hears  about  what  is  going  on  only  occasionally,  mainly  at 
such  conferences,  one  is  really  impressed  how  alive  the  subject  is  and  how  much  progress  is  really  made.  Things 
are  moving,  there  is  no  doubt  about  it,  but,  on  the  other  hand,  I  would  also  say  that  the  end  is  not  yet  in  sight. 

That  is  the  impression  that  I  got.  I  also  think  that  there  was  a  very  large  proportion  of  very  substantial  contri¬ 
butions,  really  solid  papers,  and  that  progress  was  reported  both  on  the  theoretical  side  and  in  experiments.  By 
theory,  I  mean  methods  for  calculating  things  as  well  as  numerical  methods  using  computational  aids.  It  is  really 
amazing  what  can  now  be  done  in  both  fields.  Another  impression  I  got  was  that  the  emphasis  in  recent  years  in 
the  work  reported  here  was  to  firm  up  on  the  fundamentals.  I:  seems  that  many  people  want  to  get  down  to  it 
and  find  out  more  about  the  fundamentals.  Now,  that  had  several  consequences.  One,  I  think,  was  th3t  people 
did  tend  to  concentrate  on  two-dimensional  flows.  This  was  rather  in  contrast  to  Bradshaw’s  introduction,  where 
he  showed  us  “complex  flows”  and  “awkward  cases”.  Actually,  very  little  of  that  did  come  up  at  the  meeting. 

There  were  very  few  papers  concerned  with  any  of  these  more  complex  flows,  and  very  little  on  three-dimensional 
flows.  A'so,  whereas  previously  in  order  to  be  respectable  you  had  to  prove  that  your  method  would  predict 
separate  i,  there  was  almost  utter  silence  about  the  phenomenon  of  separation  at  this  meeting.  Nobody  seemed 
to  want  to  know  about  that.  I  think  that,  in  this  respect,  there  was  very  little  progress  to  report  on,  and  1  think 
in  all  the  cases  that  Bradshaw  mentioned,  which  are  quite  important  cases  from  the  practical  point  of  view,  we 
are  really  a  very  long  way  behind.  I  think  we  find  it  all  very  difficult  even  to  visualize  what  the  large-scale 
structure  of  these  flows  really  is.  In  this  respect  we  are  poor.  Another  possible  consequence  of  concentrating  on 
the  fundamentals  was  the  apparent  emphasis  on  flows  where  an  equilibrium  structure  had  been  achieved.  This  was 
described  in  various  ways:  self-similar  flows,  self-preserving  flows,  and  some  people  talked  about  relaxed  flows.  I’m 
not  sure  what  the  professionals  mean  by  that,  but  it  conjures  up  visions  in  my  mind  of  a  tired  boundary  layer  coming 
home  after  a  hectic  day,  putting  its  feet  up  and  just  burbling  along  a  little.  If  you  look  at  it  from  the  practical  point 
of  view,  then  we  are  a  very  long  way  away  from  these  rather  select  boundary  layers.  Just  to  mention  one  typical 
case  some  of  us  are  concerned  with,  the  flow  over  a  supercritical  wing.  There,  the  boundary  layer  comes  out  of  a 
very  confusing  transition  process,  it  hardly  knows  what  instability  criteria  it  should  obey.  Then  it  is  subjected  to 
incoming  compression  waves  because  people  want  shockless  compressions.  These  waves  must  affect  at  least  the 
turbulence  structure  in  the  outer  part  of  the  boundary  layer,  I  would  have  thought.  After  that,  we  put  a  strong 
shockwave  on  it,  which  usually  comes  so  suddenly  that  it  has  to  separate.  When,  luckily,  it  will  re-attach,  it  has  to 
settle  down  to  some  other  kind  of  turbulence  structure.  But  we  hardly  leave  it  time  for  a  rest  and  subject  it 
to  the  strongest  possible  adverse  pressure  gradient,  nearly  up  to  the  point  of  sepa...  m.  Then  we  bend  the  whole 
thing  round  near  the  trailing  edge  and  let  it  join  up  with  another  lot  which  had  3n  entirely  different  history.  In  the 
process,  there  is  still  some  circulation  left  in  the  near  wake,  and  all  the  time  the  poor  boundary  layer  is  kicked 
sideways,  this  way  and  that  way,  on  these  three-dimensional  wings.  This  is  not  a  relaxed  life,  and  these  are  the 
boundary  layers  some  of  us  are  really  interested  in.  .  hat  is  what  I  mean  by  saying  that  we  have  a  long  way  to  go. 

For  this  reason,  1  got  a  bit  frightened  by  the  apparent  complexity  of  what  has  been  described  here,  even  iu 
the  simple  case  of  two-dimensional  flows.  The  theories  get  very  complex,  and  the  experimental  methods  get  equally 
complex.  In  the  theory,  1  think  we  seen,  to  get  up  to  9  differential  equations.  On  the  experimental  side,  I  got  the 
impression  that  even  the  conditional  samplers  find  it  difficult  to  understand  each  other.  How  can  one  then  predict 
practical  situations'.’  The  only  comfort  there  was  expressed  by  Mr  Peake  with  some  undisguised  glee,  when  he  said 
that  lie  found  no  increase  in  accuracy  or  prediction  with  the  complexity  of  method.  Even  the  simple  methods 
gave  adequate  answers,  in  his  opinion.  This  was  not  resolved  during  the  meeting.  Whei.  he  said  it,  there  was  very 
little  reaction.  1  thought  there  would  be  some  outbursts,  but  nothing  much  happened. 
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There  is  another  matter  which  to  my  mind  was  not  resolved  at  the  meeting.  Bradshaw  suggested  that  future 
experiments  should  concentrate  on  measuring  quantities  that  appear  in  the  calculation,  and  Young,  as  the  Chairman, 
then  questioned  this,  and  also  asked  whether  Bradshaw's  statement  that  the  theory  was  now  realistic  enough  could 
be  accepted.  But  there  was  no  answer  to  these  questions.  These  are  important  points,  and  it  is  rather  a  pity  that 
we  did  not  discuss  them  further.  If  you  ask  me,  I  an  inclined  to  answer  No  to  Professor  Young’s  questions.  For 
one  thing,  I  have  the  feeling  our  theories  are  not  yet  realistic  enough.  It  may  well  be  that  at  least  some  of  the 
bars  over  every  term  will  liave  to  come  off  before  v.e  get  a  theory  which  is  physically  realistic.  To  explain  what 
1  mean  by  that.  I’d  like  to  introduce  two  more  variations  on  a  theme  of  PrandtI.  Bradshaw  started  with  it,  so  I 
might  as  well  end  the  meeting  with  it.  The  first  variation  is  a  sort  of  adagio  in  6/8  time:  waves  in  a  supersonic 
flow  with  a  compressible  boundary  layer  underneath.  This  was  some  work  that  PrandtI  made  me  do  over  30  years 
ago.  He  wanted  to  know  what  are  the  interactions  between  these  waves  and  the  compressible  boundary  layer.  It 
is  a  problem  that  is  still  with  us.  Well,  at  that  time  1  had  to  take  account  of  the  pressure  Held  and  vary  the 
pressure  right  into  the  boundary  layer.  I  had  to  take  rotation  into  account,  as  there  was  shear  in  the  boundary 
layer,  but  I  was  allowed  to  leave  the  whole  flow  inviscid.  I  treated  an  inviscid  boundary  layer  and  actually  got 
some  answers  about  the  interaction.  Maybe,  we  could  play  this  variation  again  sometime  and  include  the  pressure 
field  induced  by  whatever  disturbances  wt  have  and  in  some  places  even  leave  viscosity  out.  I’m  not  sure  whether 
Professor  Domingos  would  approve  of  this. 

My  second  variation  comes  from  Prandtl’s  paper  of  1904,  the  one  we  all  live  on  and  play  tunes  on.  There  are 
actually  only  a  couple  of  pages  on  boundary  layer  theory  in  that  paper,  the  rest  is  concerned  with  flow  separations 
and  its  consequences,  especially  with  free  shear  layers.  These  he  regarded  to  be  surfaces  of  discontinuity,  and  what 
he  conjectured  then  was  actually  demonstrated  to  us  at  this  meeting  by  Dr  Brown  in  a  paper  by  Brown  and  Roshko. 
I  think  that  was  one  of  the  highlights  of  the  meeting.  A  really  beautifully  carried-out  and  thought-out  experiment, 
where  one  could  see  wha!  was  going  on.  I  have  a  feeling  that  the  main  features  of  that  flow  can  probably  he 
explained  by  a  model  of  an  inviscid  flow  involving  only  surfaces  of  discontinuity.  I  do  not  think  that  this  is  a 
stability  problem.  There  are  vortex  cores  present  all  the  time.  We  have  an  array  of  vortex  cores  growing  in  time 
as  they  move,  which  fits  well  with  the  observations.  It  is  a  regular  array  of  double-branched  vortex  cores  which 
a'e  swept  downstream.  They  induce  a  certain  far  field  and  that,  in  the  first  place,  can  explain  the  gradual  transition 
from  one  velocity  level  to  another.  The  near  field,  if  you  happen  to  go  through  one  of  the  cores,  will  explain  for 
you  the  velocity  jumps.  This  may  be  worth  working  out  in  more  detail.  It  would  be  a  model  which  involves  no 
shear  stress,  no  eddy  viscosity,  none  of  that;  only  large  lumps  of  vorticity  tumbling  along.  If  there  is  anything  in 
that  model,  one  thing  that  it  would  demonstrate  is  that  whatever  one  observes  depends  very  much  on  how  one 
observes  it.  An  instantaneous,  infinitely  fast,  traverse  would  pick  up  the  features  I  just  described.  A  slow  traverse 
would  show  something  quite  different.  Of  course,  it  must  be  very  difficult  then  to  make  any  sense  of  it  at  all  and 
to  analyse  such  results.  That  is  what  I  mean:  if  you  put  bars  over  what  you  measure,  you  might  in  fa:t  obscure 
what  is  a  perfectly  regular  motion.  This  kind  of  model.  I  think,  is  getting  fairly  close  to  Kovasznay’s  notion  of 
large-scale  organized  motion  inside  the  boundary  layer.  With  the  presence  of  a  wall,  it  must  be  more  complicated, 
and  that  is  why  he  said  organized  motion  but  ‘’occurring  at  random”.  What  I  described  would  be  perfectly  regular, 
no  randomness  in  it  at  all. 

Altogether,  I  think  we  are  now  catching  sight  of  some  of  the  real  physical  occurrences.  That  was  one  of  the 
outcomes  of  this  meeting,  one  of  the  impressions  1  got.  We  are  getting  io  grips  with  physical  reality,  and  I  really 
am  hopeful  that  the  enormous  improvements  in  the  experimental  techniques  will  help  us  to  see  better  what  is 
going  on.  We  had  some  most  impressive  reports  on  experimental  work;  Kovasznay  himself,  Willmarth,  Wehrmann, 
Kaplan  and  Laufer  are  looking  into  what  is  going  on.  So  there  is  some  real  hope  for  the  future,  and  I  can  only  say, 
carry  on,  please,  we  might  get  there  or.e  day.  Or  perhaps,  I  should  address  this  to  our  masters  and  ask  them,  please 
let  us  go  on. 


Professor  Paul  A. Libby: 

Mr  Chairman,  Ladies  and  Gentlemen.  When  Professor  Bogdonoff  called  n.-j  a  few  weeks  ago  and  asked  me  to 
make  some  remarks  at  the  close  of  this  meeting,  I  quickly  said  yes.  That  is  an  example  of  a  pnenomenon  which 
perhaps  others  of  you  have  experienced,  namely,  if  you  are  incited  to  do  something  two  weeks  ahead,  then  that  is 
infinite,  you  forget  about  saying  no,  and  you  just  go  ahead  and  say  yes.  That  is  in  fact  what  I  aid,  but  as  this 
moment  approached,  I  became  more  and  more  uneasy  about  presenting  an  Olympian  view  of  this  meeting.  Perhaps 
that  is  due  to  the  fact  that  1  do  not  want  to  think  of  myself  as  old  enough  to  put  forth  Olympian  views.  So  what 
1  can  do  is  give  you  some  personal  impressions,  for  what  they  may  be  worth,  of  this  meeting  and  what  we  heard. 

1  think  it  is  perhaps  convenient  to  divide  just  roughly  the  papers  up  into  those  which  concern  predictive 
methods  and  those  which  provide  s:.p»rimental  data.  Then  further,  of  course,  ihe  predictive  methods  can  be 
divided  into  the  more  or  less  classical  methods  involving  eddy-viscosity  and  mixing  length  concepts,  that  is  those 
methods  which  close  the  equations  we  have  to  deal  with  at  the  very  first  level.  !  must  say,  as  an  academic  person, 
it  is  very  discouraging  to  find  how  well  those  methods  do,  even  for  relatively  complicated  flows.  We  had  several 
papers  involving  three-dimensionality,  we  had  integial  methods  doing  very  complicated  flows  with  re-attachment 
and  things  of  that  sort,  and  by  and  large,  they  predict  very  well  many  of  the  things  that  an  engineer  wants  to  know, 
like  skin-friction  and  heat  transfer. 
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However,  these  methods  do  have  their  troubles.  If  you  try  to  apply  them  to  a  slot  flow,  I  think  you  will  get 
into  difficulty.  You  will  get  into  difficulty  in  general  when  things  are  changing  relatively  rapidly  with  x  ,  that  is. 
still  slowly  enough  with  x  ,  so  that  we  can  think  in  terms  of  a  boundary  layer  theory,  but  changing  relatively 
rapidly  with  x  as  lar  as  the  turbulence  is  concerned.  In  addition,  there  is  always,  it  seems  to  me,  a  large  class 
Oi  problems  where  we  may  want  to  know  more  than  just  skin-friction  and  mean  velocity  profile.  There  are 
problems  where  we  want  to  know  what  the  turbulent  kinetic  energy  is  for  example.  Dr  Donaldson  pointed  out 
the  very  interesting  <"act  that,  if  we  want  to  treat  in  a  more  serious  way,  chemically  reacting  turbulent  flows,  we 
are  going  to  have  to  do  something  a  >ut  those  second  and  third  order  correlations,  which  we  have  been  disregarding, 
not  because  we  knew  that  they  were  negligible,  but  because  we  did  not  know  what  to  do  with  them.  For  these 
reasons,  it  seems  to  me  the  second  group  of  predictive  methods  that  we  heard  about,  that  is  there  w^ch  involve 
closure  at  a  lower  level,  are  certainly  worthy  of  great  attention.  They  are  in  my  view  rather  exciting.  I  must  cay, 
however.  Hat  as  somebody  who  has  been  working  very  close  to  the  Donaldson  mode.,  in  fact,  simply  applying 
Donaldson’s  modelling  to  a  very  simple  flow,  namely  the  two-dimensional  mixing  flow,  1  am  somewhat  discouraged. 

I  certainly  was  not  further  encouraged  by  Professor  Rotta’s  talk  this  morning.  It  seems  to  me  that  when  we  start 
worrying  about  selecting  5,  8  or  9  parameters,  even  though  some  of  them  may  be  constrained  by  things  that  we 
know,  as  Professor  Rotta  told  us  this  morning,  we  will  soon  run  into  the  fact  that  the  amount  of  high  quality 
data  available  to  make  that  selection  forms  a  zero  set. 

I  have  had  the  discouraging  experience  recently  of  taking  what  I  thought  to  be  perfectly  reliable  data  on 
two-dimensional  mixing  flow,  not  being  able  to  predict  anything  very  well,  and  then  deciding  to  back  off  somewhat 
in  what  I  was  trying  to  do.  I  took  the  view  that  the  mean  velocity  profile  is  well-known  and  is  given  by  an 
elementary  function.  From  that  you  can  compute  the  shear,  that  is,  you  make  z  prediction  about  what  the  shear 
must  be.  I  did  that  and  compared  it  with  the  so-called  measured  shear.  It  was  off  by  a  factor  of  1.5!  Now,  it  is 
too  difficult  to  ask  a  predictive  method  to  be  applied  to  that  sort  of  situation.  Certainly,  you  are  not  going  to  be 
able  to  predict  5  or  8  parameters  from  data  of  that  quality.  Furthermore,  if  you  do  somehow  or  other  rationalize 
the  selection  of  that  many  parameters  in  these  new  methods  for  simple  flows,  I  am  afraid  we  are  not  going  to  have 
any  confidence  that  those  parameters  are  invariant  when  we  go  to  a  more  complex  flow.  If  you  wanted  to  predict, 
as  Dr  Donaldson  said,  the  two-dimensional  mixing  problem  just  to  get  the  mean  velocity  profile,  you  certainly 
would  not  use  these  methods,  but  these  methods  had  better  be  able  to  predict  th»i  flow  a  priori,  or  else  you 
certainly  are  not  going  to  make  predictions  with  confidence  in  some  of  the  more  exotic  flows  that  we  are  really 
interested  in.  As  to  the  experimental  data,  it  seems  to  me  that  they  can  be  also  divided  into  two  sets;  those  which 
involve  mean  flow  measurements  in  more  or  less  practical  flows,  not  of  the  complexity  that  Dr  Kiichemann 
described  to  us,  but  they  are  high  speed,  with  mass  transfer,  with  pressure  gradient,  approaching  separation,  etc., 
and,  of  course,  the  more  detailed  measurements  involving  conditioned  sampling,  hot  wire  anemometry  and  the  like. 

With  respect  to  the  former  flows,  I  was  very  impressed  and  pleased,  I  must  say,  that  several  research  workers 
actually  compared  their  data  with  a  variety  of  predictive  methods.  I  think  that  is  very  important,  because  one  of 
the  things  I  have  found  disturbing  over  the  years  is  the  following:  there  are  many  predictive  methods,  the  literature 
is  cluttered  with  them,  but  they  never  compare,  or  make  a  prediction  about  the  same  flow.  You  know.  Researcher 
A  compares  with  one  set  of  data,  and  Researcher  B,  who  has  i  different  method,  compares  with  another  set  of 
data.  I  defy  anyone,  without  a  lot  of  work,  to  make  an  assessment  of  which  of  those  predictive  methods  has 
some  general  applicability. 

A  few  years  aog,  I  tried  to  convince  the  NASA  Fluid  Mechanics  Advisory  Committee  that  in  the  case  of 
turbulent  compressible  boundary  layers,  it  should  select  a  few  model  situations  with  the  notion  that  a  Committee 
of  that  sort  would  be  able  to  impose  a  moral  obligation  on  the  various  generators  of  predictive  methods  to 
calculate  those  model  flows,  so  that  you  and  I  can  tell  how  well  they  do  on  those  particular  flows.  Well,  they 
thought  that  it  was  a  great  idea,  but  they  told  me  to  go  home  and  arrange  it.  I  must  say  that  that  was  not  what 
I  had  in  mind. 

We  realize  now  that  the  great  contribution  of  the  Stanford  meeting  was  that  it  took  a  particular  class  of 
turbulent  flows  and  did  just  as  I  have  indicated  shouid  be  done  for  other  flows,  namely,  they  set  up  some  model 
cases  _nd  people  who  had  methods  were  asked  to  compare  their  predictions  for  those  flows.  That,  of  course,  was 
very  illuminating.  I  can  guarantee  that  sometime  in  the  future  somebody  will  do  just  that  for  the  compressible 
turbulent  boundary  layer.  I  can  also  guarantee  that  when  it  is  done,  the  predictions  will  simply  scatter  all  over 
the  map  for  a  few  iterations,  and  then  some  parameters  will  be  adjusted  and  things  will  perhaps  settle  down. 

With  respect  to  the  s.cond  class  of  experimental  data,  that  is  those  concerned  with  spectra  and  conditioned 
sampling,  these  certainly  are  useful  in  elucidating  cur  notions  of  turbulence,  I  wculd  like  to  remind  you  of  that 
charming  observation  of  Professor  Kuvasznay,  in  which  he  divided  the  turbulent  community  into  those  who  had 
predictive  methods  without  much  turbulence,  and  those  with  turbulent  experimental  data  who  did  not  wish  to 
predict  anything.  There  is  perhaps  a  third  set,  which  Dr  Kuchemann  really  suggested,  namely,  those  engineers 
who  have  to  make  a  prediction  about  skin-friction  or  heat  transfer.  They  do  not  care  about  either  one  of  the 
former  groups  of  people. 

I  do  have  the  definite  impression,  it  may  be  wrong,  that  spectral  data  and  conditioned  sampling  have  had 
almost  zero  impact  on  predictive  methods.  Accordingly  1  was  pleased  to  see  that  Professor  Kovasznay  at  least 


indicated  in  the  la:  (  paragraph  of  his  paper,  that  he  is  thinking  along  the  lines  of  how  some  of  our  notions  of 
turbuient  shear  flows,  which  come  from  conditioned  sampling,  would  fit  into  a  predictive  method. 


Considering  the  fact  that  this  is  an  AGARD  meeting.  1  want  to  remind  you  that  it  has  been  six  years  since  we 
had  a  meeting  cf  this  sort.  The  last  one  was  in  1965  in  Naples,  I  believe.  If  1  would  compare  where  we  stand  now 
with  wha'  I  recall  of  that  meeting,  I  have  the  impression  that  the  predictive  methods  have  definitely  improved  in 
power  and  generality.  The  catalogue  of  mean  flow  data  that  we  have  at  our  disposal  has  expanded.  Our  funda¬ 
mental  notions  of  turbulence  seem  to  have  improved.  But  I  also  want  to  tell  you  that  I  have  the  impression  that 
we  are  sort  of  fighting  our  way  into  a  thicket,  and  that  it  will  be  a  long  time  before  we  come  out  the  other  side, 
if  at  all.  That,  of  course,  reminds  me  of  the  distinguished  scientist  who  was  quoted  as  saying  that  when  he  faced 
the  good  Lord  on  Judgement  Day,  he  was  going  to  ask  him  to  explain  two  matters,  namely,  the  fundamental 
meaning  of  quantum  mechanics  and  secondly,  the  nature  of  turbulence. 

in  closing,  I  think  we  all  must  thank  the  Program  Committee  for  arranging  this  excellent  meeting  and  must 
urge  them  in  five  or  six  years  from  now  to  have  a  corresponding  meeting.  1  think  we  must  also  thank  our  United 
Kingdom  colleagues  for  their  line  hospitality  in  this  wonderful  city.  Finally,  wc  must  all  go  home  and  do  some 
more  work  on  turbulent  shear  flows. 


APPENDIX  C 

A  SELECTION  OF 

AGARD  PUBLICATIONS  IN  RECENT  YEARS 


A  SELECTION  OF 

AG  ART)  PUBLICATIONS  L*  RECENT  YEARS 


CATEGORY  I  -  PUBLISHED  BY  TECHNiVISION  SERVICES  AND 
PURCHASABLE  FROM  BOOKSELLERS  OR  FROM:- 


Technical  Press  Ltd 
1 1 2  Westbourne  C-rove 
London  W.2 
England 


Hans  Heinrich  Petersen 
Postfach  265 
Borsteler  Chausee  85 
2000  Hamburg  61 
West  Germany 


Circa  Publications  Inc. 
415  Fifth  Avenue 
Pelham 

New  York  10803,  USA 


Diffusione  Edizioni  Anglo-Americaine 
Via  Lima 
00198  Rome 
Italy 


1969 

AGARDograph  120 

Supersonic  turbo-jet  propulsion  systems  and  components 

Edited  by  J.Chauvin,  August  1969. 

1970 

AGARDograph  115 

Wind  effects  on  launch  vehicles 

By  E.D.Geissler,  February  1970. 

AGARDograph  130 

Measurement  techniques  in  heat  transfer 

By  E.R.G. Eckert  and  R.J.Goldstein,  November  1970. 

Conference 

Proceedings  38 

New  experimental  techniques  in  propulsion  and  energetics  research 

Edited  by  D. Andrews  and  J.Surugue,  October  1970. 

CATEGORY  11  -  NOT  ON  COMMERCIAL  SALE  -  FOR 

AVAILABILITY  SEE  BACK  COVER 

1965 

Report  514 

The  production  of  intense  shear  layers  by  vortex  stretching  and  convection 

By  J.T.Stuart,  May  1965.  (Report  prepared  for  the  AGARD  Specialists’  Meeting 
“Recent  developments  in  boundary  layer  research",  May  1965.) 

AGARDograph  91 

The  theory  of  high  speed  guns 

By  A.E.Seigel,  May  1965. 

AGARDograph  97 
(in  foui  parts) 

Recent  developments  in  boundary  layer  research 

AGARD  Specialists’  Meeting,  Naples,  May  1965. 

C-2 

AGARDograph  102 
AGARDogrwh  103 

1966 

Report  525 

Report  526 

Report  539 
Report  542 
Report  548 
Report  550 
Report  551 

AGARDograph  109 

AGARDograph  1 1 2 

AGARDograph  113 

Conference 
Proceedin'”!  4 
(two  parts  and  one 
supplement) 

Conference 
Proceedings  10 

Conference 
Proceedings  1 2 
(in  two  parts) 

1967 

Report  558 

Advisory  Report  13 

AGARDograph  98 
AGARDograph  117 


L’upersonic  ir.lets 

By  lone  D.V.Faro,  May  1965. 

Aerodynamics  of  power  plant  installation 

AGARD  Specialists'  Meeting,  Tuliahoma.  October  1965. 


The  pitot  probe  in  low-density  hypersonic  flow 

By  S.A.Schaaf,  January  1966. 

Laminar  incompressible  leading  and  trailing  edge  flows  and  the  near  wake  rear  stagnation 
point 

By  Sheldon  Weinbaum.  May  1966. 

Changes  in  the  flow  at  the  base  of  a  bluff  body  due  to  a  disturbance  in  its  wake 

By  R.Hawkins  and  E.G.Trevett.  May  1966. 

Transonic  stability  of  fin  and  drag  stabilized  projectiles 

By  B. Cheers,  May  1966. 

Separated  flows 

(Round  Table  Discussion),  Edited  by  J.J.Ginoux,  May  1966. 

A  new  special  solution  to  the  complete  problem  of  the  internal  ballistics  of  guns 
By  C.K. Thornhill,  1966. 

A  review  of  some  recent  progress  in  understanding  catastrophic  yaw 

By  J.D.Nicolaides,  1966. 

Subsonic  wind  tunnel  wall  corrections 
By  Gardner,  Acum  and  Masked,  1966. 

Molecular  beams  for  rarefied  gasdynamic  research 
By  J.B.French,  1966. 

Freeflight  testing  in  high  speed  wind  tunnels 
By  B. Dayman,  Jr,  1966. 

Separated  flows 

Specialists’  Meeting,  Rhode-Saint-Genese  (VKI),  May  1966. 


The  fluid  dynamic  aspects  of  ballistics 

Specialists’  Meeting,  Mulhcuse.  September  1966. 

Recent  advances  in  aerothermochemistry 

7th  AGARD  Colloquium  sponsored  by  PEP  and  FDP,  Oslo,  May  1966. 


Experimental  methods  in  wind  tunnels  and  wider  tunnels,  with  special  emphasis  on  the 
hot-wire  anemometer 
By  K.Wieghardt  and  J.Kux,  1967. 

Aspects  of  V/STOL  aircraft  development 

(This  report  consists  of  three  papers  presented  during  the  joint  session  of  the  AGARD 
FDP  ar.d  FMP  held  in  Gottingen,  September  1967.) 

Graphical  methods  in  aerothermodynamics 
By  O.Lutz  and  G. Staffers,  November  1967. 

Behaviour  of  supercritical  nozzles  under  three-dimensional  oscillatory  conditions 

By  L.Crocco  and  W.A.Sirignano,  1967. 


C-3 


AGARDograph  119 

Thermo-molecular  pressure  effects  in  tubes  and  at  orifices 

By  M.Kinslow  and  G.D.Amey,  Jr,  1967. 

AGARDograph  121 

Techniques  for  measurement  of  dynamic  stability  derivatives  in  ground  test  facilities 
l y  C.J.iciiueler,  L.K.Ward  and  A.E.Hodapp,  Jr,  1967. 

AGARDogr-ph  124 

Nonequilibriurn  effects  in  supersonic-nozzle  flows 

By  J. Gordon  Hall  and  C.E.Treanor,  1967. 

Conference 

Proceedings  19 
(in  two  parts) 

Fluid  physics,  of  hypctsonic  wakes 

Specialists’  Meeting,  Fort  Collins,  Colorado,  May  1967. 

Conference 

Proceedings  22 

Fluid  dynamics  of  rotor  and  fan  supported  aircraft  at  subsonic  speeds 

Specialists’  Meeting,  Gottingen,  September  1967. 

Conference 

Proceedings  22  -  S  4 

As  above  -  with  supplement 

1968 

AGARDograph  132 

The  electron  beam  fluorescence  technique 

By  E.P.Muntz,  1968. 

Conference 

Proceedings  30 

Hypersonic  boundary  layers  and  flow  fields 

Specialists’  Meeting,  London,  May  1968, 

Conference 

Proceedings  30  Suppl. 

Supplement  to  the  above. 

Conference 

Proceedings  35 

Transonic  aerodynamics 

Specialists’  Meeting,  Paris,  September  1968. 

Conference 

Proceedings  35  Suppl. 

Supplement  to  the  above. 

1969 

Advisory  Report  17 

Technical  Evaluation  Report  on  AGARD  Specialists’  Meeting  on  Transonic  aerodynamics 
By  D.Kuchemann,  April  1969. 

AGARDograph  134 

A  portfolio  of  stability  characteristics  of  incompressible  boundary  layers 

By  H.J.Obremski,  M.V.Morkovin  and  M.Landahl,  1969. 

AGARDograph  135 

Fluidic  controls  systems  for  aerospace  propulsion 

Edited  by  R.J. Reilly,  September  1969. 

AGARDograph  137 
(in  two  parts) 

Tables  of  inviscid  supersonic  flow  about  circular  cones  at  incidence  7  =  1,4 

By  D.J. Jones,  November  1969. 

Conference 

Proceedings  42 

Aircraft  engine  noise  and  sonic  boom 

Joint  Meeting  of  the  Fluid  Dynamics  and  Propulsion  and  Energetics  Panels,  held  in 
Sain'-Louis,  France,  May  1969. 

Conference 

Proceedings  48 

The  aerodynamics  of  atmospheric  shear  flow 

Specialists’  Meeting,  Munich,  September  1969. 

1970 

Report  575 

Test  cases  for  numerical  methods  in  transonic  flows 

By  R.C.Lock,  1970 

Advisory  Report  22 

Aircraft  engine  noise  and  sonic  boom* 

By  W.R.Sears.  (Technical  Evaluation  Report  on  AGARD  FDP  and  PEP  Joint  Meeting 
on  “Aircraft  engine  noise  and  sonic  boom”.)  January  1970. 


“See  also  Advisory  Report  26  by  J.O.Powers  and  M.Pianko,  June  1970.  AR26  has  the  same  title  as  AR22  but  was  produced  by 
the  Propulsion  and  Energetics  Panel  of  AGARD  and  deals  primatily  with  engine  noise. 


C-4 


Advisory  Report  24 

Advisory  Report  30 

AGARDograph  138 
AGARDograph  144 

AGARDograph  145 

AGARDograph  146 

AGARDob-aph  147 


Conference 
Proceedings  60 

Conference 
Proceedings  62 

Conference 
Proceedings  65 

Conference 
Proceedings  71 

1971 

Report  588 


Advisory  Report  34 


Advisory  Report  35 


Advisory  Reoort  36 


Advisory  Report  37 


Conference 
Proceedings  83 


The  aerodynamics  of  atmospheric  shear  flows 

By  J.E.Cermak  and  B.W.Marsthner,  May  1970.  (Technical  Evaluation  Report  on  AGARD 
Specialists’  Meeting  on  “The  aerodynamics  of  atmospheric  shear  flows”.) 

Blood  circulation  and  respiratory  flow 

By  J.F.Gross  and  K.Gersten.  December  1970.  'Technical  Evaluation  Repoit  on  AGARD 
Specialists’  Meeting  on  the  above  subject.) 

Ballistic  range  technology 
By  T.N.Canning,  November  1970. 

Engineering  analysis  of  non-Newtonian  fluids 
By  D.C.Bogue  and  J.L. White,  July  1970. 

Wind  tunnel  pressure  measurement  techniques 

By  D.S.Bynum,  R.L.Ledford  and  W.E.Smotherman,  December  1970. 

The  numerical  solution  of  partial  differential  equations  governing  convection 
By  H.Lomax,  P.Kutler  and  F.B. Fuller,  November  1970. 

Non-reacting  and  chemically  reacting  viscous  flows  over  a  hyperboloid  at  hypersonic 
condition 

Edited  by  C.H.Lewis.  (M.Van  Dyke,  J.C.Adams,  F.G.Blottner,  A.M.O.Smith,  R.T.Davis 
and  G.L.Keltner  were  contributors.)  November  1970. 

Numerical  methods  for  viscous  flows 

By  R.C.Lock,  November  1970.  (Abstracts  of  papers  presented  at  a  Seminar  held  by  the 
FDP  of  AGARD  at  the  NPL,  Teddington,  UK,  18-21  September  1967.) 

Preliminary  design  aspects  of  military  aircraft 

March  1970,  AGARD  Flight  Mechanics  Panel  Meeting  held  in  The  Hague,  The  Netherlands, 
September  1969. 

Fluid  dynamics  of  blood  circulation  and  respiratory  flow 
Specialists’  Meeting,  Naples,  May  1970. 

Aerodynamic  interference 

Specialists’  Meeting,  Silver  Spring,  Maryland,  USA,  September  1970. 


Aerodynamic  testing  at  high  Reynolds  numbers  and  transi.nic  speeds 
By  D.Kiichemann,  1971. 

Aerodynamic  interference 

By  D.J. Peake,  May  1971.  (Technical  Evaluation  Report  of  the  Specialists’  Meeting  on 
“Aerodynamic  interference”,  September  1970.) 

Report  of  the  high  Reynolds  number  wind  tunnel  study  group  of  the  Fluid  Dynamics 
Panel 

April  1971 

Report  of  the  AGARD  Ad  Hoc  Committee  on  Engine-airplane  interference  and  wall 

corrections  in  transonic  wind  tunnel  tests 

Edited  by  A.Ferri,  F.Jaarsma  and  R.  Monti,  August  1971. 

Facilities  and  techniques  for  aerodynamic  testing  at  transonic  speeds  and  high  Reynolds 
number 

By  R.C.Pankhurst,  October  1971.  (Technical  Evaluation  Report  on  Specialists’  Meeting 
held  in  Gottingen,  Germany,  April  1971. 

Facilities  and  techniques  for  aerodynamic  testing  at  transonic  speeds  and  high  Reynolds 
number 

August  1971.  Specialists’  Meeting  held  in  Gottingen,  Germany,  April  1971. 


r 


Inlets  and  nozzles  for  aerospace  engines 

December  1971.  Meeting  held  in  Sandefjord,  Norway,  September  IV 7] . 
Turbulent  shear  flows 

January  1972.  Specialists’  Meeting  held  in  London,  England,  September  1971. 

Tables  of  inviscid  supersonic  flow  about  circular  cones  at  incidence,  -y  =  1  4 

Part  III,  by  D.J.Jones,  December  1971. 

AGARDograph  15  i  Ablation 

By  H.Hurwicz,  K.M.Kratsch  and  J  E.Rogan,  1972. 

AGARDograph  156  Planar  inviscid  transonic  airfoil  theory 

By  H.Yoshihara,  February  1972. 


Conference 
Proceedings  91 

Conference 
Proceedings  93 

AGARDograph  137 
(third  volume) 


r  ' 


* 


NATIONAL  DISTRIBUTION  CENTRES  FOR  UNCLASSIFIED  AGARD  PUBLICATIONS 

Unclassified  AGARD  publications  are  distributed  to  NATO  Member  Nations 
through  the  unclassified  National  Distribution  Centres  listed  below 


O 

iu 

UJ 

U 

u. 

fie 


2 

X 

Kj 

u 


i 


ITALY  A 

Aeronautica  Militare  * 

Ufficio  del  Delegato  Nazkmak  al! ‘AGARD 
3.  Piazzale  Adenauer 
Roma/EUR 

LUXEMBOURG  N 

Obtainable  through  BELGIUM 


BELGIUM 

Colonel  R.DALLEUR 
Coordinates  AGARD  -  V.S.L. 

Ctat-Major  Forces  Adriennes 
c .  me  Prince  Baudouin 
rrtcc  Dailly.  Bruxelles  3 

CANADA 

Director  of  Scientific  Information  Services 
Defence  Research  Board 
Detriment  of  National  Defence  -  ‘A’  Building 
Ottawa,  Ontario 

DENMARK 

Danish  Defence  Research  Board 
Osterbrogades  Kaseme 
Copenhagen  0 

FRANCE 

O.N.E.R.A.  (Direction) 

29,  Avenue  de  !*  Division  Leclerc 
92,  Chlti’Jon-sous-Bagncux 

GERMANY 

Zentralstelk  fur  Luftfahrtdokumentation 
und  Information 
Maria-Theresia  Str.  21 
8  Munchen  27 

Atm:  Dr  <ng.  HJ.RAUTENBERG 
GREECE 

Hellenic  Armed  Forces  Command 
D  Branch,  Athens 

ICELAND 

Director  of  Aviation 
c/o  Flugrad 
Reykjavik 


Netherlands  "• 

Netherlands  Delegation  to  AGARD 
National  Aerospace  Laboratoiy,  NLR 
Attn:  Mr  A.H.GEUDEKER 
P.O.  Box  126 
Delft 

NORWAY 

Norwegian  Defense  Research  Establishment 
Main  Library,  c/o  Mr  P.L.EKERN 
P.O  Box  25 
N-2007  Kjeller 

PORTUGAL 

Direccao  do  Service  de  Material 

da  Forca  Aerea 

Rua  de  Escola  Politecnic.1  42 

Lisboa 

Attn:  Brig.  General  Jose  de  Sousa  OLIVEIRA 
TURKEY 

Turkish  General  StaH  (ARGE) 

Ankara 

UNITED  KINGDOM 

Defence  Research  Information  Ceiure 
Station  Square  House 
St.  Mary  Cray 
Orpington,  Kent  BR 5  3RE 


£ 

m 

-O 


CD 

UJ 


z 


UNITED  STATES 

National  Aeronautics  and  Space  Administration  (NASA) 

Langley  Field,  Virginia  23365 

Attn:  Report  Distribution  and  Storage  Unit 


* 


•  • 


If  copies  of  the  original  publication  arc  not  available  at  these  centres,  the  following  may  be  pu "chased  from: 


Microfiche  or  Photocopy 

National  Technical 
Information  Service  (NTIS) 
5285  Port  Royal  Road 
Springfield 
Virginia  22151 ,  USA 


Microfiche 

ESRO/ELDO  Space 
Documentation  Service 
European  Space 
Research  Organization 
1 14,  Avenue  de  Neuilly 
92,  Neuilly-sur-Seine,  France 


Microfiche 

Technology  Reports 
Centre  (DTI) 

Station  Square  House 
St.  Mary  Cray 
Orpington,  Kent  BR5  3RE 
England 


The  request  r<  r  microfiche  or  photocopy  of  an  AGARD  document  should  include  the  AGARD  serial  number, 
iiitlc,  author  or  editor,  and  publication  date.  Requests  to  NTIS  should  include  the  NASA  accession  report  number. 


Full  bibliographical  references  and  abstracts  of  the  newly  issued  AGARD  publications  are  giver  in  the  follow’ng 
bi-monthly  abstract  journals  with  indexes: 


Scientific  and  Technical  Aerospace  Reports  (S  I  AR) 
published  by  NASA, 

Scientific  and  Technical  Information  Facility, 

P.O,  Box  33,  College  Park, 

Maryland  20740,  USA 


United  States  Government  Research  and  Development 
Report  Index  (USGDRI),  published  by  the 
Clearinghouse  for  Federal  Scientific  and  Technical 
Information,  Springfield,  Virginia  22 1 5 1 ,  USA. 


$ 

Printed  by  Technical  Editing  and  Reproduction  Ltd 
Harford  House,  7-9  Charlotte  St,  London.  WIP  1HD 


s 


l 


